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ABSTRACT
In facility location games, one aims at designing a mecha-
nism to decide the facility location based on the addresses re-
ported by all agents. In the standard facility location game,
each agent wants to minimize the distance from the facility,
while in the obnoxious facility game, each agent prefers to
be as far away from the facility as possible. In this paper
we revisit the two games on a line network by finely defin-
ing more reasonable agent cost (utility) functions in terms of
their satisfaction degree with respect to the facility location.
Namely, a happiness factor within [0, 1] is introduced to mea-
sure the difference between the best facility location for an
agent and the one given by the mechanism. Agents aim at a
largest possible happiness factor while the social satisfaction
is to maximize the total factors. For the standard facility
location game, we observe that the median mechanism [4] is
of 3/2-approximation. We then devise a 5/4-approximation
group strategy-proof mechanism. For the obnoxious facility
game, we show the majority mechanism [1] is best possible
with approximation ratio of two.

Categories and Subject Descriptors
F.7.2 [Theory of computation]: Theory and algo-
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1. INTRODUCTION
Facility location is one of the fundamental optimization

problems, that assigns one or several facilities to a given
network so that all clients in the network are served and the
total cost is minimized. It is assumed that the full informa-
tion of clients is known as public knowledge. In a game set-
ting, however, the location of each client (we call an agent
in the terminology of game theory) is private, that is not
known before an algorithm is designed. The system manager
(mechanism designer) is required to publicize an algorithm
(mechanism) first. Then the agents report their locations
(addresses) in the network, based on which the mechanism
decides the facility locations. In the standard facility loca-
tion game, each agent wants to minimize the distance from
the facility, while in the obnoxious facility game, each agent
prefers to be as far away from the facility as possible. It is
of great interests if all agents are willing to tell the truth.
The mechanism designer thus aims at strategy-proof mech-
anisms (where no agents have incentives to lie) maximizing
the total utility (or minimizing the total cost) of the agents.

In the literature, the research of the facility location game
and the obnoxious facility game has rich history. However,
to the best of our knowledge, in both games, the cost or
utility of each agent is simply the distance from the agent to
the facility location. We observe that for agents at different
positions, the best utilities or costs they can achieve from
any mechanism will be different. To reflect the relative hap-
piness of each agent compared to the best she can achieve,
in this paper, we propose the happiness factor of each agent,
which considers the agent’s degree of satisfaction for the fa-
cility location.
Related results. In the facility location game, each agent
wants to minimize the distance from the facility. Moulin [3]
and Schummer and Vohra [5] characterized a class of gener-
alized median voter schemes for the single-peak preference
on the line and other networks, respectively. The study of
approximation mechanism design for facility location games
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was first introduced by Procaccia and Tennenholtz [4]. They
proposed the best possible strategy-proof mechanisms for
the facility location game for minimizing the sum of all the
agents’ costs (minSum) and the maximum cost (minMax).

For the obnoxious facility game, each agent wants to stay
far away from the facility. Cheng et al. [1] first proposed
and studied the obnoxious facility game for maximizing the
sum of all the agents’ utilities (maxSum). Ibara and Nag-
amochi [2] characterized all the strategy-proof mechanisms.

2. PROBLEM STATEMENT
We study the setting where the underlying network is a

closed interval I = [0, 1]. There are n agents in the in-
terval, denoted as N = {1, 2, . . . , n}. Each agent i has
a location xi ∈ I, which is private information. Let x =
(x1, x2, . . . , xn) ∈ In denote the agents’ location profile. In
our setting, a mechanism f is a function f : In → I where
the input is the reported location profile and the output is
the facility location. As mentioned before, in this paper,
each agent wants to maximize her satisfaction degree, which
is named happiness factor in our setting.

Let y ∈ I denote the facility location. Since our setting is
an interval, let d(y, xi) = |y − xi| be the distance between
agent i and the facility. Let dimax = max{d(0, xi), d(1, xi)}
denote the longer distance from agent i to two endpoints.
For the facility location game, the happiness factor func-

tion h(y, xi) for agent i is h(y, xi) = 1 − d(y,xi)

dimax
. And for

the obnoxious facility game, the happiness factor function is

h(y, xi) = d(y,xi)

dimax
. In our setting, the social satisfaction is

the sum of all the agents’ happiness factors, i.e., SH(y,x)
is

∑
i∈N h(y, xi). In this paper, we aim to design mecha-

nisms to elicit the location profile and maximize the social
satisfaction as much as possible.

If a mechanism f elicits the true location profile, we say
the mechanism is strategy-proof, i.e., no agent can improve
her happiness factor by misreporting. Formally, given any
location profile x, we have h(f(x), xi) ≥ h(f(x′i,x−i), xi) for
all x′i ∈ I, where x−i = (x1, . . . , xi−1, xi+1, . . . , xn) is the lo-
cation profile without agent i. Moreover, a mechanism f is
group strategy-proof if no any coalition of agents can im-
prove their happiness factors by misreporting their loca-
tions simultaneously, i.e., given any location profile x, for
any non-empty subset S ⊆ N , there exists i ∈ S such that
h(f(x), xi) ≥ h(f(x′S ,x−S), xi) for any x′S ∈ I |S|, where
x−S is the location profile without agents in S.

Let y∗ denote the optimal facility location. A mechanism
f is ρ-approximation if SH(y∗,x) ≤ ρ · SH(f(x),x) for any
location profile x.

3. MAIN RESULTS

3.1 The facility location game
We first study the median mechanism in [4], which returns

the leftmost median agent’s location as the facility location.
In their setting, the mechanism gets an optimal solution.
However, in our setting, it cannot guarantee optimality any
longer.

Theorem 3.1. The median mechanism is a group
strategy-proof mechanism with approximation ratio 3/2 for
maximizing the social satisfaction.

Then we consider a better mechanism below.

Mechanism 1. Given a location profile x ∈ In, without
loss of generality, we assume that x1 ≤ x2 ≤ · · · ≤ xn.
Mechanism f outputs

f(x) =

 1/5 if med(x) ∈ [0, 1
5
]

4/5 if med(x) ∈ [ 4
5
, 1]

med(x) otherwise
,

where med(x) is the output of the median mechanism.

Theorem 3.2. Mechanism 1 is a group strategy-proof
mechanism with approximation ratio 5/4 for maximizing the
social satisfaction.

We then consider lower bounds for the facility location
game. We obtain the following theorem.

Theorem 3.3. Let N = {1, 2, · · · , n}, where n ≥ 2. Any
strategy-proof mechanism cannot have an approximation ra-
tio less than 8− 4

√
3 for maximizing the social satisfaction.

We finally consider a mechanism when there are only
two agents. We establish the following group strategy-proof
mechanism and the approximation ratio is 8− 4

√
3.

Mechanism 2. Given a location profile x ∈ I2, if two
agents is in different sides of 1/2, mechanism f outputs 1/2;
otherwise outputs the one which is closer to 1/2.

3.2 The obnoxious facility game
In [1], a majority mechanism is presented. If the num-

ber of agents in [0, 1/2] is larger than (or equal to) that in
(1/2, 1], the mechanism outputs 1, otherwise outputs 0.

Theorem 3.4. The majority mechanism is a group
strategy-proof mechanism with approximation ratio 2 for
maximizing the social satisfaction.

Now we turn to consider lower bounds and we get the fol-
lowing theorem which implies that the majority mechanism
is the best.

Theorem 3.5. Let N = {1, 2, · · · , n}, where n ≥ 2. Any
strategy-proof mechanisms cannot have an approximation ra-
tio less than 2 − ε for maximizing the social satisfaction,
where ε > 0 is an arbitrary small number.
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