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ABSTRACT

We study fair allocation of indivisible goods among agents with
additive valuations. We obtain novel approximation guarantees
for two of the strongest fairness notions in discrete fair division,
namely envy-free up to the removal of any positively-valued good
(EFx) and pairwise maximin shares (PMMS). Our approximation
guarantees are in terms of an instance-dependent parameter y €
(0, 1] that upper bounds, for each indivisible good in the given
instance, the multiplicative range of nonzero values for the good
across the agents.

First, we consider allocations wherein, between any pair of
agents and up to the removal of any positively-valued good, the
envy is multiplicatively bounded. Specifically, the current work

2
)
approximately EFx allocation for any given fair division instance
with range parameter y € (0, 1]. For instances with y > 0.511, the
obtained approximation guarantee for EFx surpasses the previously
best-known approximation bound of (¢ —1) ~ 0.618, here ¢ denotes
the golden ratio.

Furthermore, we study multiplicative approximations for PMMS.
For fair division instances with range parameter y € (0, 1], the cur-
rent paper develops a polynomial-time algorithm for finding allo-
cations wherein the PMMS requirement is satisfied, between every
pair of agents, within a multiplicative factor of gy, En route to this
result, we obtain novel existential and computational guarantees
for %-approximately PMMS allocations under restricted additive
valuations.

develops a polynomial-time algorithm that computes a (
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1 INTRODUCTION

Discrete fair division is an active field of research that studies
fair allocation of indivisible goods among agents with individual
preferences [6, 39]. Extending the reach of classic fair division
literature, which predominantly focused on divisible goods [14, 38],
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this budding field addresses resource-allocation settings wherein
the underlying resources have to be integrally allocated and cannot
be fractionally assigned among the agents. Motivating real-world
instantiations of such allocation settings include fair division of
public housing units [11, 23], courses [15], and food donations
[5, 41]. The widely-used platform Spliddit.org [33, 43] provides fair
division solutions for oft-encountered allocation scenarios.

Classic fairness criteria—such as envy-freeness [30, 44] and pro-
portionality [24]—were formulated considering divisible goods and
cannot be upheld in the context of indivisible goods. In particular,
envy-freeness requires that every agent is assigned a bundle that
she values at least as much as any other agent’s bundle, and, indeed,
an envy-free allocation does not exist if we have to assign a single
indivisible good among multiple agents. Motivated by such consid-
erations, a key conceptual thrust in discrete fair division has been
the development of meaningful analogs of classic fairness notions.

A notably compelling analog of envy-freeness is obtained by con-
sidering envy-freeness up to the removal of any positively-valued
good (EFx). Introduced by Caragiannis et al. [18], EFx considers the
elimination of envy between any pair of agents via the hypothetical
removal of any positively-valued good from the other agent’s bun-
dle.! Despite significant interest and research efforts, the universal
existence of EFx allocations remains unsettled. In fact, establishing
the existence of EFx allocations is widely regarded as one of central
open questions in discrete fair division [42].

As yet, the existence of exact EFx allocations has been estab-
lished in rather specific settings; see related works mentioned below.
Hence, to obtain fairness guarantees in broader contexts, recent
works have further focused on computing allocations that are ap-
proximately EFx.? In particular, the work of Plaut and Roughgarden
[40] provides an exponential-time algorithm for finding allocations
wherein, between any pair of agents and up to the removal of any
good, the envy is multiplicatively bounded by a factor of 1/2; this
result for %—approximately EFx allocations holds under subaddi-
tive valuations. Subsequently, for additive valuations Amanatidis et
al. [8] developed a polynomial-time algorithm for finding (¢ — 1)-
approximately EFx allocations, here ¢ is the golden ratio. Farhadi
et al. [26] developed an efficient algorithm with the same approxi-
mation factor of (¢ — 1) =~ 0.618.

The current work contributes to this thread of research by devel-
oping novel approximation guarantees for EFx and related fairness
notions. Our guarantees are in terms of an instance-dependent
parameter y € (0, 1]. In particular, for each (indivisible) good g
in the given fair division instance, we define the range parameter

1As in [18], we consider EFx with the removal of any positively-valued good from the
other agent’s bundle. A stronger version, wherein one requires envy-freeness up to
the removal of every good (positively valued or not), has also been considered in the
literature; see, e.g., [21].
2Such algorithmic results imply commensurate existential guarantees for approxi-
mately EFx allocations.
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Figure 1: Histograms from Spliddit.org data.

¥g € (0,1] as ratio between the smallest nonzero value of g and
largest value for g among the agents (see equation (1)). Further-
more, we define the range parameter y for the given instance as the
minimum y, across all goods g. Hence, the parameter y bounds, for
each indivisible good g, the multiplicative range of nonzero values
for g among the agents.

Note that a high y € (0, 1] does not rule out drastically different
values across different goods. In particular, for restricted additive
valuations (see, e.g., [4]) the parameter y = 1; recall that, under
restricted additive valuations, every good g has an associated base
value, and each agent either values g at zero or at its base value.
Further, y = 1 under binary, additive valuations. Also, for instances
in which there are only two possible values, 0 < a < b, for all the
goods, we have y = a/b; such instances have been studied recently
in fair division; see, e.g., [3, 25, 27, 32].

Interestingly, higher values of y are prevalent across user sub-
mitted instances at Spliddit.org [33, 43]. As mentioned previously,
this platform has been widely used to solve, in particular, discrete
fair division problems submitted by users. We consider the data
gathered at Spliddit.org (over several years) and evaluate the range
parameters of the goods and instances: Figure 1 plots the number
of (user-submitted) discrete fair division instances associated with
different bins of the range parameter y € (0, 1]. The figure also
provides a similar histogram for the range parameters y, of the
goods g. Here, for every submitted instance and each participating
agent, we set the goods’ values below 10% of the agent’s value for
the grand bundle to zero — we perform this calibration to account
for users’ aversion toward reporting zero valuations. Overall, these
observations highlight the relevance of focussing on fair division in-
stances with relatively high range parameter y; specifically, 85.23%
indivisible goods have y; > 0.51 and 47.53% of submitted instances
have range parameter y > 0.51.

Our Results and Techniques. We develop a polynomial-time algo-
rithm that computes a (%H)—EFX allocation for any given fair
division instance with additive valuations and range parameter
v € (0,1] (Theorem 3.8 in Section 3). Note that the obtained approx-

imation factor % > y for all y € (0, 1); see Figure 2. Further-

. 2y
more, for any y > 0.511, the obtained guarantee Nzl > 0.618.
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Hence, for instances with y > 0.511, our EFx result surpasses the
best-known approximation bound of (¢ — 1) ~ 0.618 [7, 26].% As
mentioned previously, a notable fraction of discrete fair division
instances submitted at Splitddit.org have such a high y.
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Figure 2: Approximation factor ﬁ achieved for EFx.

Our EFx algorithm is based on an adroit extension of the envy-
cycle-elimination method of Lipton et al. [36]. We assign goods
iteratively while considering them in decreasing order of their base
values (formally defined in Section 2). Here, for each agent, the first
assigned good is judiciously selected via a look-ahead policy; see
Section 3 for details.

Another relevant fairness criterion for indivisible goods is the no-
tion of pairwise maximin shares (PMMS). Specifically, for any agent
i, a 1-out-of-2 maximin share from a set S is defined as the maxi-
mum value that the agent can guarantee for herself by proposing a
partition of S into two subsets—X and S\X—and then receiving the
minimum valued one between the two. An allocation is said to be
PMMS-fair if every agent i receives at least her 1-out-of-2 maximin
share when considering—for each other agent j—the set S as the
union of the bundles assigned to i and j. Under additive valuations,
PMMS is, in fact, a stronger notion than EFx: any PMMS allocation

3Recall that ¢ denotes the golden ratio.
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is guaranteed to be EFx [18]. As for EFx, the existence of PMMS
allocations is an interesting open question [6].

In this paper, we study multiplicative approximations for PMMS.

It is known that, under additive valuations, there always exists an
allocation in which the PMMS requirement is satisfied between
every pair of agents, i and j, within a multiplicative factor of 0.781
[35]. For fair division instances with range parameter y € (0, 1],
the current paper develops a polynomial-time algorithm for finding
allocations wherein the PMMS requirement is satisfied between
every pair of agents, i and j, within a multiplicative factor of gy
(Theorem 4.2 in Section 4). This algorithmic result implies the
existence of %y-approximately PMMS allocations for instances with
v € (0,1]. En route to this result, we obtain novel existential and
computational guarantees for g—approximately PMMS allocations
under restricted additive valuations.
Additional Related Work. Caragiannis et al. [18] formulated the
notion of EFx and showed that, under additive valuations, any
(exact) PMMS allocation is also EFx. Gourvés et al. [34] considered
a notion similar to EFx in the context of matroids.

Despite marked research efforts, the existence of exact EFx allo-
cations has been established in specific settings: EFx allocations are
known to exist when agents have identical valuations [40], when
the number of agents is two [40] or three [20], when the number
of goods is at most three more than the number of agents [37],
or when agents have binary [10], bi-valued [7, 31], or restricted
additive [4, 16] valuations.

Towards relaxations of EFx, recent works have also addressed
EFx allocations with charity. The objective here is to achieve EFx
by assigning a subset of goods and (possibly) leaving some goods
unallocated as charity. Chaudhury et al. [22] proved the existence of
a partial EFx allocation that leaves at most (n—1) goods unassigned;
here n denotes the number of agents in the fair division instance.
This bound was later improved to (n—2) goods by Berger et al. [13].
It was also shown in [13] that for four agents, an EFx allocation can
always be obtained by discarding at most one good.

Caragiannis et al. [17] focused on the economic efficiency of EFx
allocations. They showed the existence of partial EFx allocations
with at least half the optimal Nash social welfare. This was further
generalized in the work of Feldman et al. [29], establishing the
existence of partial allocations that are simultaneously a-EFx and
guarantee a 1/(a + 1) fraction of the maximum Nash welfare.

Another line of work combines (1 — ¢)-approximation guaran-
tees with charity. The work of Chaudhury et al. [21] introduced the
notion of rainbow cycle number, R(d), and proved that any appro-
priate bound on R(d) translates to a sublinear upper bound on the
number of unallocated goods. In particular, Chaudhury et al. [21]
showed that R(d) € O(d*), implying an upper bound of Oc(n/%)
on the number of unassigned goods. This was subsequently im-
proved to Oe(n2/3) [2, 12] and recently to O¢(4/nlogn) [1, 19].

2 NOTATION AND PRELIMINARIES

We study the problem of fairly allocating m € Z, indivisible goods
among n € Z4 agents. The cardinal preferences of the agents i € [n],
over the goods, are specified by valuation functions v; : 2lml
R>o. In particular, v; (S) denotes the value that agent i € [n] has for
any subset of goods S C [m]. Hence, denoting [m] = {1,...,m} as
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the set of goods and [n] = {1,..., n} as the set of agents, a discrete
fair division instance is a tuple ([n], [m], {v;}1, ).

This work considers additive valuations: v;(S) = Xges0i({9}),
for any agent i € [n] and all subsets of goods S € [m]. We will
write the value of any good g € [m] for agent i € [n] as v;(g) and
write P; to denote the set of goods positively valued by agent i,
ie,P; ={g € [m] | vi(g) > 0}. We will assume, without loss of
generality that for each agent i, the set P; is nonempty - for an
agent i with P; = 0 every allocation is fair and, hence, such an
agent can be disregarded without impacting any of our fair division
algorithms. Along similar lines, we will assume, throughout, that
for each good g, there exists at least one agent with a nonzero
value for g. To simplify notation, for any subset S € [m] and good
g € [m], we write S+ g to denote SU{g} and S — g to denote S\ {g}.
Range Parameter. Our approximation guarantees—associated
with the fairness notions defined below—are in terms of an instance-
dependent range parameter y € (0, 1]. This parameter essentially
upper bounds, for each good g, the multiplicative range of nonzero
values for g across the agents. Formally, for instance ([n], [m], {v;}]_)
and each good g € [m], we define the range parameter y, as ratio
of the smallest nonzero and largest value for g, i.e.,

minj:vj(g)>0 Uj(g)
max; vi(g)

Yg = (1)

Furthermore, the range parameter for the instance is defined as
Y= minge[m] Yg-

The parameter y bounds the range for nonzero values for each
good individually: for each good g € [m] and for any pair of agents
i,j € [n], with a nonzero value for g, we have v;(9) > y vj(g).
Therefore, for each good g, we can define a base value v(g) =
\¥g max;c[n] vi(g) and note the following useful property:> For
every agent i € [n] and each good g € [m], either v;(g) = 0 or

0i(g) € [x/mg), %a@]

Indeed, by the definitions of the base value v(g) and y, we have
max;e[p) 0i(g) = \/;Y—gﬁ(g) < %5(9). Furthermore,

@)

min
jvj(g)>0

Observe that, when y = 1, the value v;(g) € {0,9(g)}, for each
agent i € [n]. That is, y = 1 corresponds to the well-studied class
of restricted additive valuations. Also, for any collection of additive
valuations, the parameter y > 0.
Allocations. An allocation A = (A1, Ag,...,Ap) refers to an n-
tuple of pairwise disjoint subsets A1, Ay, ..., Ay C [m] (e, A;i N
Aj = 0, for alli # j). Here, each subset A; is assigned to agent
i € [n] and is referred to as a bundle. An allocation can be partial,
ie., U;’zlAi C [m]. Hence, for disambiguation, we will use the term
allocation to denote partitions in which all the goods have been
assigned and, otherwise, use the term partial allocation.
Fairness Notions. We next define the fairness constructs consid-
ered in this work.

0i(9) =g max 0i(9) = Vg 9(9) = \y v(9).

41f all the agents have zero value for a good g, i.e., if max; v;(g) = 0, then, by
convention, we set yg = 1.

SEquivalently, one can set the base value 7(g) as the geometric mean
of the maximum and the minimum nonzero values for g, ie, o(g) =

\/mi“j:vj<g)>o 0(g) - max; v;(g).
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Definition 2.1 (a-EFx). For parameter a € (0, 1) and fair division
instance {[n], [m], {v;};), an allocation A = (Ay,...,Ay) is said to
be a-approximately envy-free up to the removal of any positively-
valued good (a-EFx) iff, for every pair of agents i, j € [n] and for
every good g € Aj N P; (i.e, for every good in agent j’s bundle that
is positively valued by i), we have v;(A;) > a v;(A; — g).

Setting a = 1 in Definition 2.1 gives us the notion of exact EFx
allocations. We also address a share-based notion of fairness. In
particular, for any agent i € [n] and subset of goods S C [m], we
define the 1-out-of-2 maximin share, yl(z) (S), as the maximum value
that agent i can guarantee for herself by proposing a partition of S
into two subsets—X and S \ X—and then receiving the minimum
valued one between the two, ,ui(z) (S) =maxxcs min{v;(X),v;(S\
X)}.

An allocation (Aj,...,Ay,) is said to be fair with respect to pair-
wise maximin shares (PMMS) iff every agent i € [n] receives at
least her 1-out-of-2 maximin share when considering A; and the
bundle of any other agent j, i.e., v;(A;) > ,ui(z) (Ai UAj), for all
J # i. Approximately PMMS-fair allocations are defined as follows.

Definition 2.2 (¢-PMMS). For parameter a € (0, 1) and instance
{[n], [m], {vi}i), an allocation A = (Ay,...,Ap) is said to be a-
PMMS iff v;(A;) > « ,ul.(z) (A; UAj), for every pair of agents i # ;.

Remark. Note that an a-EFx allocation (or an a-PMMS allocation)
continues to be a-approximately fair even if one scales the agents’
valuations (i.e., sets vi(g) <« s; vi(g), for all agents i and goods g,
with agent-specific factors s; > 0). By contrast, such a heterogeneous
scaling can change the parameter y. This, however, is not a limitation,
since, for any given instance, we can efficiently find scaling factors
that induce the maximum possible range parameter; see full version of
the paper [9] for details. One can view this scaling as a preprocessing
step which can potentially improve y.

3 FINDING APPROXIMATELY EFx
ALLOCATIONS

This section develops an algorithm that computes a ( VSET’;/— 1 )—EFx

allocation in polynomial-time, for any given fair division instance
with range parameter y € (0, 1]. This algorithmic result also implies
the guaranteed existence of such approximately EFx allocations.

Our algorithm is based on an extension of the envy-cycle-elimination

method of [36]. Analogous to Lipton et al. [36], we use the construct
of an envy-graph (Definition 3.1); however, while considering these
graphs we restrict attention to certain subsets of agents. Section
3.1 provides the definitions and results for envy-cycle elimination.
Section 3.2 details our algorithm.

We note that, via a somewhat simpler algorithm, one can effi-
ciently find y-EFx allocations. However, the current work provides
\/5_'_272;_1 > vy, for all y € (0,1). This
strengthening highlights the scope of improvements for the EFx
criterion and brings out interesting technical features of the envy-
cycle elimination algorithm.

a stronger guarantee, since

3.1 Envy-Cycle Elimination

Definition 3.1 (Envy graph). For any (partial) allocation A =
(A1,...,An) and any subset of agents N C [n], the envy graph
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G(N, A) is a directed graph on |N| vertices. Here, the vertices
represent the agents in N and a directed edge from vertex i € N to
vertex j € N is included in G(N, A) iff v; (A;) < vi(4;).

One can always ensure (by reassigning the bundles among the
agents) that the envy-graph is acyclic. In particular, if G(N, A)
contains a cycle iy — iy — ... — i — i1, then we can resolve
the cycle by reassigning the bundles as follows: A;, = A;,,, for
all 1 <t < k and A;;, = Aj;. Note that, here, every agent in the
cycle receives a higher-valued bundle, and for the agents not in
the cycle, the assigned bundles remain unchanged. Hence, such
a reassignment of bundles ensures that envy edges either shift
or are eliminated, and no new envy edges are formed. Overall,
a polynomial number of such reassignments (cycle eliminations)
yield an acyclic envy graph. This observation is formally stated in
Lemma 3.2.

LEMMA 3.2. Given any partial allocation A = (A1, ..., An) and
any subset of agents N C [n], we can reassign the bundles A;-s
among the agentsi € N and find, in polynomial time, another partial
allocation B = (By,...,By) with the properties that (i) the envy-
graph G(N, B) is acyclic and (ii) the values v;(B;) > v;(A;), for all
agentsi € [n].

It is relevant to note that any acyclic envy-graph G(N, B) nec-
essarily admits a source vertex s € N. Such an agent s € N is not
envied by any agent i € N, under the current partial allocation
8. In summary, Lemma 3.2 implies that we can always update a
partial allocation (by reassigning the bundles) such that the agents’
valuations do not decrease and we find an unenvied agent s.

Utilizing this envy-cycle elimination framework, the algorithm
of Lipton et al. [36] achieves the fairness notion of envy-freeness up
to the removal of one good (EF1). In particular, this EF1 algorithm
starts with empty bundles (A; = 0 for all agents i € [n]) and
iteratively assigns the goods. During each iteration, the algorithm
updates the current partial allocation A to ensure that the envy-
graph G([n], A) is acyclic and, hence, identifies an unenvied agent
s € [n]. To maintain EF1 as an invariant, it suffices to allocate any
unassigned good to the agent s.

Our algorithm also follows the envy-cycle elimination frame-
work, however it allocates the goods in a judicious order. In partic-
ular, for each agent, the first assigned good is intricately selected.
The next section details our algorithm and establishes the main EFx
result of this work.

3.2 Look-Ahead Assignment

Our algorithm, LABASE (Algorithm 1), starts with empty bundles
(A; = 0 for all i), initializes Z = [n] as the set of agents that have
zero goods, and then iteratively assigns the goods. In each iteration,
LABASE considers an unassigned good with highest base value.®
That is, the algorithm considers the good g € argmaxj,c;; v(h);
throughout the algorithm’s execution, U denotes the set of (cur-
rently) unassigned goods. The algorithm also considers—in rele-
vant cases and for a chosen parameter 1 € (0, 1]—a look-ahead set
Uy = {9 €U |uv(g9) > n maxpey 9(h)}. Note that Uy consists of

®Recall that, for an instance with range parameter y, the base value of a good g is
defined as 9(g) = /yy max; v;(g).
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Algorithm 1 LABAsE: Look-ahead assignment guided by base val-
ues

Input: Instance 7 = ([n], [m], {v;};) with range parameter y.

Output: A complete allocation A = (Ay,...,An).
1: Initialize bundle A; = 0, for each agent i € [n]. Set parameter

n= @ € (0,1].

2: Also, write U = [m] to denote the set of unassigned goods and
Z = [n] to denote the set of agents with an empty bundle.

: while U # 0 do

Select good g € arg maxy,c; 0(h).

if there exists an agent i € Z such that v;(g) > 0 then
Define set Uy = {g € U | 9(g9) = n maxpcyy v(h)}.
Select a good f; € arg maxpep, v;i(h) and set A; = {fi}.
Update Z « Z —i,and U « U — f;.

8: elseif v;(g) =0 for all agents i € Z (or Z = 0) then

IR

9 Consider the envy-graph G([n]\Z, A) and resolve envy-
cycles in the graph, if any (Lemma 3.2).
10: Set s € [n] \ Z to be a source vertex in G([n]\Z, A).

Update A; « As+gand U « U —g.
11:  endif
12: end while

13: return allocation A = (Ay,...,Apn).

all goods with relatively large base values among the current set of
unassigned goods.

The algorithm essentially ensures that the first good assigned
to each agent i is of relatively high value under v; and, at the same
time, this good also has a sufficiently high base value. To achieve
these two (somewhat complementary) requirements together, the
algorithm first checks if there exists an agent i that currently has
an empty bundle (i.e., i € Z) and positively values the good g (see
Line 5 in Algorithm 1). Such an agent i is allowed to select its most
preferred good from the set Uy, i.e., agent i receives as its first
good f; € arg maxp e, v; (h); note that f; is selected considering
the agent i’s valuation v; and not the base values. Lemma 3.4 be-
low shows that the two stated (complementary) requirements are
satisfied via this first-good selection.

Otherwise, if all the agents with empty bundles (i.e., all agents
i € Z) have zero value for the good g, then we restrict attention to
the remaining agents [n] \ Z and assign g following the envy-cycle
elimination framework: we ensure that—for the current partial
allocation A—the envy-graph G([n] \ Z, A) is acyclic, identify a
source s € [n] \ Z in the graph, and assign g to agent s.

One can directly verify that LABASE (Algorithm 1) terminates
in polynomial time. The remainder of the section establishes the
EFx guarantee achieved by this algorithm. All the missing proofs
appear in the full version of the paper [9].

LEMMA 3.3. At the end of any iteration of Algorithm 1, let A =
(A1,...,An) be the maintained partial allocation and let i be any
agent contained in the set Z. Then, for all j € [n], the bundle A;
contains at most one good that is positively valued good by i. That is,
the EFx condition holds fori € Z against all other agents j € [n].

The following lemma establishes a key property of the first good
assigned to each agent. Recall that, for any given instance with
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V5+4y—1

range parameter y, the algorithm sets r = >— this choice of
n is guided by an optimization consideration which appears in the
analysis below.

LEmMMA 3.4. Consider any iteration of the algorithm wherein the
if-condition (Line 5) executes, and leti € [n] be the agent that receives
the good f; in that iteration. Then,

0i(fi) 2 }—’;vi(g) forallg € U and
o(fi) = no(g)

Here, U is the set of unassigned goods during that iteration.

forallg e U.

The lemma below complements Lemma 3.4 by addressing the
else-if condition in Algorithm 1.

LEmMA 3.5. Consider any iteration of the algorithm in which the
else-if condition (Line 8) executes, and let s € [n] be the agent that
receives the good g in that iteration. Then,

5(3) > o(h), forallh e U.

Here, U is the set of unassigned goods during that iteration.

Proor. The lemma follows directly from the selection criterion
for good g in Line 4 of the algorithm. o

Note that, for each assigned bundle A, we can associate an order
of inclusion with all the goods in As. The bundles are reassigned
among the agents (in Line 9), but—bundle wise—the inclusion order
remains well defined. In particular, for any bundle As and any agent
i € [n], we can index the goods in A; N P; = {91, 92, ...,9x} such
that the good g; was assigned before go during the algorithm’s exe-
cution, gz before g3, and so on. The following corollaries consider
different values of the count k and establish useful value relations
between these goods gy, . . ., gk

CoOROLLARY 3.6. Consider any iteration of the algorithm in which
the else-if condition (Line 8) executes, assigning good g to agent s €
[n]. Let A = (A1,...,Ap) be the partial allocation among the agents
at the end of the iteration. Then, for any agenti € [n] with|AsNP;| <
1, the EFx guarantee holds for agent i against s.

ProOF. Since the set Ag N P; contains at most one good, the EFx
condition holds for agent i against s (see Definition 2.1). O

CoOROLLARY 3.7. Consider any iteration of the algorithm in which
the else-if condition (Line 8) executes, assigning good g to agent s €
[n]. Let A = (A1,...,Apn) be the partial allocation among the agents
at the end of the iteration. Also, let i € [n] be an agent such that
As NP ={qg1,..., 9}, for countk > 2. Then, we have

vi(91) > ny vi(g) and
vi(gs) > yvi(g) forallindicest € {2,...,k}.
Here, goods g1 to gj. are indexed in order of inclusion.
We now establish the main result of this section.
THEOREM 3.8. Given any fair division instance I = ([n], [m], {v;}:)

2y )_
oHay—1

with range parametery € (0, 1], Algorithm 1 computes a

EFx allocation in polynomial time.
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ProoF. We prove, inductively, that in the algorithm each main-
. . . . 2y _ _
tained partial allocation A is (—5+ o 1) EFx and, hence, the re

turned allocation also satisfies the stated guarantee.

The base case of this induction argument holds, since the initial
allocation (comprised of empty bundles) is EFx. Now, consider any
iteration of the algorithm and let A’ = (A’,..., A},) denote the
partial allocation at the beginning of the considered iteration and
A = (Aq,...,An) be the allocation at the end of the iteration. We
will assume, via the induction hypothesis, that the partial allocation

. 2
Ais (ks

Towards this, we will analyze the assignment through the if-
block (Line 5) and the else-if block (Line 8) separately. That is, we
will establish the approximate EFx guarantee for A considering
the following two complementary cases - Case I: The if-condition
executes in considered iteration or Case II: The else-if condition
executes in considered iteration.

)—EFx and prove that so is the updated one A.

Case I: The if-condition executes. Here, the updated allocation A =
(Aj,...,Ap) is obtained from the starting allocation A’ = (A4, ...,
A})) by assigning the good f; to the selected agent i, who initially
has an empty bundle (A} = 0). Hence, we have A; = A} for all
agents j # i and A; = {f;}. In this case we show that the approxi-
mate EFx guarantee continues to hold under A between any pair
of agents a,b € [n]. Note that, if a,b # i, then, inductively, the
guarantee holds. For a = i, note that the value v;(A;) > v;(A]) = 0
and, hence (as in A’), the approximate EFx guarantee continues
to hold for agent a = i against any other agent b (with bundle
A;} = Ap). Finally, we consider the approximate EFx guarantee for
agents a € [n] against agent b = i: since |A;| = 1, we in fact have
EFx against b = i. This completes the analysis under Case L

Case II: The else-if condition executes. Here, note that the approx-
imate EFx guarantee satisfied by the (starting) partial allocation
A’ is upheld even after the envy-cycle resolutions in Line 9. That
is, the partial allocation obtained after Line 9 (and before the as-
signment of the good g) is also (#)-EFX. This claim follows
from Lemma 3.2: in envy-cycle elimination we only reassign the
bundles and the valuations of the n agents do not decrease. With a
slight abuse of notation, we will reuse A’ = (A, ..., A},) to denote
2
e )-EFx
partial allocation A’ the envy-graph G([n]\ Z, A’) is acyclic. Now,

the algorithm selects a source s in this graph and assigns good g
to agent s. Hence, in the updated allocation A = (A1,...,A,), we
have A; = Aj for all agents i # s and As = A{ + 7.

In this case as well, we will establish the approximate EFx guar-
antee under A for every pair of agents a, b € [n]. First, note that,
for any agent a that is contained in set Z at the end of the consid-
ered iteration, EFx holds under A (see Lemma 3.3). Also, if in the
considered pair a, b € [n], the agent b # s, then the approximate
EFx guarantee (against b) carries forward from the allocation A’,
since vg(Aq) > vg(AL) and Ay = A;.

Hence, the remainder of the proof addresses the guarantee for
agents a € [n]\Z against agent b = s. Note that if the assigned good
g is of zero value for agent a € [n] \ Z (i.e., v4(g) = 0), then (as in

this resolved partial allocation. In particular, for the (
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the starting allocation A’), the desired approximate EFx guarantee
holds for a against A; = A} + g. Therefore, for the subsequent
analysis we assume that v,(g) > 0. Recall that P, denotes the set of
goods positively valued by agent a, i.e., P, = {g € [m] | v4(g) > 0}.
Write count k” = |A} N P,| and note that |As N Py| = k’ + 1, since
As=A,+gand g€ P,.

Based on the value of the count k’ = |A} N Pg|, we have the
following sub-cases. In each sub-case, we establish the stated ap-
proximate EFx guarantee, under A, for agents a € [n] \ Z and
against agent s, thereby completing the proof.

Case II(a): |A; N P4| = 0. Here, |[As N Pg| = k" + 1 = 1 and, hence,
Corollary 3.6 (invoked with i = a) directly implies that EFx holds
for agent a against s in the allocation A.

Case I(b): |A; N Py| = 1. Write g; to the denote the good that
constitutes the singleton [A; N Py|. In addition, since g € Ag and
v4(9) > 0, we have Ag N P, = {g1,9}.

Note that, in the current context, s is a source in the envy graph
G([n]\ Z, A’) and agent a € [n] \ Z. Hence, v,(Ag) = v4(A}) >
0a(A%) = v4(g1) = va(As—9). This inequality implies envy-freeness
for agent a against A upon the removal of g.

We next address the removal of g; from A, ie., we compare
v4(Aq) and v4(g). Since agent a € [n]\Z, this agent must have been
assigned a good, f3, in an earlier iteration. During that iteration,
the following containment must have held: g € U; note that the set
of unassigned goods is monotonically decreasing. Hence, invoking
Lemma 3.4 (with i = a), we obtain v,(f;) > % v4(9). Since the
valuation of any agent does not decrease throughout the execution
of the algorithm (see, in particular, Lemma 3.2), v4(A,) = v4(AL) >
va(fa) = % v4(9)-

With n = —@_1, we obtain the desired (—\/sf%— ] )—EFx guar-

antee for allocation A in Case II(b): v4(Ag) > %va (As —g) forall
gEeAs NP,
Case I(c): |A; N Py| > 2. Write gy,...,gj to denote all the k’ =
|A% N Pg| > 2 goods in the set A} N Pg; these goods are indexed in
order of inclusion. Also, note that As N P, = {g1,92, ..., gx’»g}- We
will show that, in the current sub-case as well, it holds that

va(Ag) = %va(AS —g) forallge AsNPy={g1,....9%,9} (3)

The desired inequality (3) directly holds for g = g: agenta € [n] \ Z
and s is a source in the envy-graph G([n] \ Z, A’), hence, we have
0a(Ag) = va(AL) = va(A}) = va(As — 9). Next, we establish the
desired inequality (3) for g = g1 and subsequently for g = g;, with

indices t € {2,...,k’}. Using again the facts that a € [n] \ Z and s
is a source in the envy-graph G([n] \ Z, A’), we have

va(Aq) = 0a(Ag) = 04(A%) = v4(AS - g1) +0va(g1)

2 0a(As = g1) + 1y va(9)
(applying Corollary 3.7 with i = a)

=1y va (A5 —g1+9) + (1-ny)va(A5 —9g1)

=1y va (As —g1) + (1—-ny)va(A;—g1) (4)
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The last equality follows from As = A} + g. In the current sub-case,
|A; N Pg4| = 2. Hence, there exists at least one good g2 € (A
For gy, Corollary 3.7 (applied with i = a) gives us v4(g2) > yv4(9),
i.e., we obtain v, (A% — g1) > y v4(9). Adding y v, (A% — g1) to both
sides of the last inequality gives us

(1+y) va(As — g1) 2 v (va(A% — 91) +va(9))

=)/Ua(A;+§_91)=YUa(AS_91) (5

Equation (5) reduces to v4(A% — g1) = 1+yva (As — g1). The last
inequality and (4) give us
va(Ag) 2 Ny vg (As —g1) + (1- ’7}’) Ua (As —g1)
_ Y
= (m+=ny) 7 v (As —g1)
1+
- (X2 aucas =g ©
For parameter n = —'5+‘21y_1, it holds that ()/(11T4;1)) = % ; in fact,

1 is specifically chosen to satisfy this equality.” Hence, equation (6)
leads to the desired inequality (3) for g = g;.

Finally, to establish inequality (3) for g = g;, with index t €
{2,...,k’}, we start with

va(Aa) = va(Ay) = va(AY) = va(As — gr) +valgr)

> vg(A§ = gr) +y0a(9)

(applying Corollary 3.7 with i = a)
=y va (A¢ = gr +9) + (1-y)va(AL - g1)
=y va (As —g1) + (1) valA5 - g1) ™

Since g1 € (A% — g¢) N Py, using Corollary 3.7 (for g; and i = a)
we obtain v, (A} — g¢) = va(g1) = 1y va(g). The last inequality is

equivalent to v, (A} —gr) > 1Zm/z)a(A’ gr+9) = 1JrWoa(As gt)-
Using the last inequality and equation (7), we obtain
ny
va(Aa) 2 yva (As —ge) + (1-y) va(As — gt)
1+ny
ny
=(y+(1-y) 22— Ao —
y+( Y)1+’7y va(As — gt)
y(1+n)
= As — 8
T+ny vq(As — gt) (®)
Since 7 < 1, the approximation factor Y4r > YD _ ¥ o cay)
7= theapp Ty =y

that n is specifically chosen to satisfy the last equality. Therefore,
from (8), we obtain the desired inequality (3) for g = g;, with indices
t € {2,...,k’}. This completes the analysis for Case II(c).

Overall, in each case, the allocation A (maintained by the al-
gorithm at the end of the considered iteration) upholds the EFx

Y o_ 2y i -
guarantee with approximation factor = ( Nersvam ) This com
pletes the inductive argument and estabhshes the theorem. O

"Equivalently, 7 is set as the positive root of the quadratic equation 7 + 7 = 1+7y.

- g1)-
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4 FINDING APPROXIMATELY PMMS
ALLOCATIONS

This section develops a polynomial time algorithm for finding gy—
PMMS allocations for fair division instances 7 with range parame-
tery € (0,1].

To obtain this result we first establish a reduction from the given
instance 7 to an instance 7 with range parameter 1 (Theorem 4.1).
The reduction is approximation preserving up to a factor of y: any
a-PMMS allocation (bearing a relevant property) in Tis guaranteed
to be an ay-PMMS allocation in 7.

With this reduction in hand, we proceed to develop (in Section 5)
a polynomial time algorithm that computes a %-PMMS allocation
(with the relevant property) for instances with range parameter
1. This algorithmic result and the reduction give us the stated %y-
PMMS approximation guarantee (Theorem 4.2).

THEOREM 4.1. Given any fair division instance I = ([n], [m], {v;}:)
with range parameter y, we can efficiently construct another instance
I= ([n], [m], {vi};) with range parameter 1 such that

o For each agent i € [n], the subset of positively valued goods,
P;, remains unchanged, and

o Anya-PMMS allocation A = (Ay, ..., Ap) inT with the prop-
erty that A; C P, for alli € [n], is an ay-PMMS allocation
inf.

A complete proof of Theorem 4.1 appears in the full version [9];
we provide a proof sketch here.
Proof Sketch. To construct instance I= ([nl], [m], {v;}i) from the
given instance 7, we set the agents’ additive valuations v; as follows:
for each agent i and good g, if v;(g) = 0, then we set v;(g) = 0.
Otherwise, if v;(g) > 0 (i.e., g € P;), then set v;(g) as the base value
of the good, v;(g9) = v(g). By construction, the range parameter is
equal to 1 in 1.

Recall that yl.(z) (S) denotes the pairwise maximin share of agent i,

for subset of goods S C [m], in 7. Also, write ﬁ;z) (S) to denote the
pairwise maximin share in 7. One can show that, for any S C [m],
it holds that 7 1) (S) < 72 (5).

Now, consider any a-PMMS allocation A = (Ay,...,Ap) in I
with the property that A; C P;, for all i € [n]. Under A and for all
agents i, j, we have v;(A;) > aﬁfz) (A;j U Aj). Using this inequal-
ity and the bound between the pairwise maximin shares, it can
be shown that v; (A4;) > ay yfz) (A; UAj) for all agents i, j € [n].
Therefore, the stated approximate PMMS guarantee holds for allo-
cation A in instance 7. This completes the proof sketch.

With Theorem 4.1 in hand, we focus our attention on instances
with y = 1. For such instances, in Section 5 we develop a polynomial-
time algorithm for computing 2 §-PMMS allocations. The algorithm
developed in Section 5 in fact ﬁnds a -PMMS allocation (A1, ..., An)
in which for each agent i we have A; Q P; (see Lemma 5.2 in Section
5). Hence, using Theorem 4.1 and Theorem 5.1, we obtain the main
result for finding approximately PMMS allocations:

THEOREM 4.2. For any given fair division instance I = ([n], [m], {vi}:),

with range parametery € (0, 1], we can compute a %y—PMMS allo-
cation in polynomial time.
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5 APPROXIMATE PMMS WITH RANGE
PARAMETER 1

This section develops a polynomial-time algorithm (Algorithm 2)
that computes g—PMMS allocations for instances with range pa-
rameter 1. The following theorem is the main result of this section.

THEOREM 5.1. For any given instance I = {[n], [m],{vi}i), with
range parameter 1, we can compute a g-PMMS allocation in polyno-
mial time.

Throughout this section, we denote the given instance (with
range parameter 1) as I = ([n], [m], {vi};). Here, the pairwise
maximin share of agent i, for any subset of goods S C [m], will be
denoted as ﬁf.z) (S) = maxycs min{0;(Y),7;(S \ Y)}. Also, write
P(g) = {i € [n] | 9;(g) > 0} as the set of agents that positively
value good g € [m]. Note that, for instance 7, with range parameter
equal to one, the base value of each good g satisfies v(g) = v;(g) for
all i € P(g). Also, recall that P; denotes the set of goods positively
valued by i, i.e, P; = {g € [m] | v;(g) > 0}.

Our PMMS algorithm (Algorithm 2) starts with empty bundles
for the agents and assigns the goods iteratively. In each iteration,
the algorithm selects, among the currently unassigned goods U, one
with the maximum base value, i.e., it selects g € arg maxy,c; v(h).
The algorithm then considers the envy-graph restricted to the
agents who positively value g and the partial allocation A at the
start of the iteration. In particular, we consider the directed graph
G (P(3), A) wherein a directed edge exists from vertex i € P(g) to
vertex j € P(q) iff 0;(A;) < 0i(A;).

We will show that the graph G (P(g), A) is always acyclic (Lemma
5.2). That is, we can always find a source s in the graph G (P(3), A),
without having to resolve envy cycles in it. The algorithm assigns
the good 7 to the source agent s € P(g). Note that restricting the
envy graph to P(g) ensures that g is only assigned to an agent who
positively values it.3

Algorithm 2 Allocation in decreasing order of base values

Input: Instance I= ([n], [m], {v;};) with range parameter 1.
Output: A complete allocation A = (A, ..., Ap).
1: Initialize A; = 0, for each agent i € [n], and write U = [m].
2: while U # 0 do
3. Select an unassigned good g € arg maxy,c; 0(h), and con-
sider the envy graph G(P(3), A).
4 Sets € P(J) to be a source vertex in G(P(9), A).
{é (1_3(@, A) is guaranteed to be acyclic (Lemma 5.2).}
5:  Update A; « As+gand U « U —g.
6: end while

7. return Allocation A = (Ay,...,Ap).

LEMMA 5.2. Let g(ﬁ(@, A) be any envy-graph considered during
the execution of Algorithm 2 (in Line 3). Then, é(?@ A) is acyclic.
In addition, for any partial allocation A = (A, ..., Ap) considered
in the algorithm, we have A; C P;, for all agentsi € [n].

8This design decision helps us in establishing the property A; C P;, which is required
in Theorem 4.1.
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Lemma 5.2 ensures that Algorithm 2 executes successfully. Fur-
thermore, one can directly verify that the algorithm terminates
in polynomial time; the missing proofs appear in the full version
[9]. Hence, the remainder of the section addresses the approximate
PMMS guarantee achieved by Algorithm 2. Towards this, we pro-
vide two supporting results (Lemmas 5.3 and 5.4). The following
lemma shows that, in each iteration of the algorithm, the approx-
imate PMMS guarantee is preserved for the agent receiving the
good.

LEmMMA 5.3. Consider any iteration of Algorithm 2 wherein agent
s receives the good g. Let A’ = (A, ..., A},) denote the partial allo-
cation maintained by the algorithm at the beginning of the iteration
and A = (A1,...,Ap) be the one at the end. If a-PMMS guarantee
held under allocation A’ for agent s, then the guarantee also holds

for s under A. That is, if vg(A}) > aﬁgz)(A; +A;),for all j € [n],
then Ty (As) > afil®) (As +Aj).

We next show that, for each agent i and among the positively
valued goods P;, the goods are assigned in decreasing order of 7; ().

LEMMA 5.4. Consider any iteration of Algorithm 2, wherein agent
s receives the good g, and let A = (Ay, ..., Ap) denote the partial
allocation maintained by the algorithm at the end of the iteration.
Then, for each agent i € [n], good g is the least valued good in the set
A;j U (As N P;), i.e, 0i(g) > 0;(g) forall goods g € A; U (Ag N P;).

Theorem 5.1 follows from the above-mentioned lemmas and via
an involved case analysis. A complete proof of this theorem is given
in the full version of the paper [9].

6 CONCLUSION AND FUTURE WORK

The current work establishes approximation guarantees for EFx
and PMMS criteria in terms of range parameter y of fair division
instances. In particular, we develop an efficient algorithm for com-

puting (#)—EFX allocations. The work also proves that %y—

PMMS allocations can be computed in polynomial time.

For these approximation factors, improving the dependence on
y is a relevant direction for future work. Indeed, this research di-
rection provides a quantitative route to progress toward the EFx
conjecture. In particular, it would be interesting to establish the
existence of exact EFx allocation for instances in which, say, y is at
least 1/2. Another interesting specific question here is to study the
existence of exact maximin share (MMS) allocations for restricted
additive valuations. Notably, recent (non)examples, which show
that MMS allocations do not always exist, have y = 0.9 [28]. In
this range-parameter framework, studying the tradeoffs between
fairness and welfare is another relevant direction of future work.
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