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ABSTRACT

In this work, we consider the problem of fairly allocating a set of
indivisible items to agents, who have additive and random valu-
ations for the bundles of items they receive. The valuations that
each agent has for all items are independent and bounded, and their
realizations are only revealed after allocating the items. The goal
is to determine an allocation that minimizes, in expectation, the
maximum envy that an agent has for the bundle assigned to each
other, without knowing in advance the realization of the random
valuations.

We first show how to compute in polynomial time and determin-
istically an allocation that guarantees an expected maximum envy
of at most O(w+/In(n)m/n), where n is the number of agents, m is
the number of items and w is the maximum valuation for each item.
Furthermore, we show that the above bound cannot be improved,
that is, there is an instance for which the expected maximum envy
of any allocation is at least Q(w+/In(n)m/n). Finally, we resort to
randomized algorithms that return (random) allocations satisfy-
ing further efficiency guarantees, such as ex-ante envy-freeness
and ex-ante Pareto optimality. If we relax the constraint of ex-ante
Pareto optimality, we provide an algorithm that still works without
knowing the probability distributions of agent valuations.
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1 INTRODUCTION

Fair allocation problems have garnered significant attention from a
multitude of researchers in recent decades. An early work in this
domain is attributed to [25]. These types of problems have implica-
tions across diverse academic fields, encompassing mathematics,
economics, and social science. They can be primarily classified into
two categories: problems that pertain to divisible items and those
that concern indivisible items (see [2, 14] for comprehensive sur-
veys). Our study falls under the latter category, where we address
a broadly applicable framework in which m indivisible items need
to be allocated among n agents having a valuation for each bundle
of items, and the aim is to allocate all items in a way that is as
fair as possible. An item allocation is called envy-free if each agent
prefers her own bundle to the one assigned to any other agent.
For divisible items, envy-free allocations always exist [26, 27] and
several protocols to find one have been developed (e.g., [6]), but, for
the setting with indivisible items, it may not always be possible to
allocate items fairly. Thus, a feasible goal becomes that of finding
approximately fair allocations, in which the maximum envy among
agents is somehow bounded.

In most of the prior literature, the problem of finding approxi-
mately fair allocations has been studied under valuations which
are deterministic and known to the agents, and several existen-
tial results and polynomial time algorithms have been provided
[15, 17, 21]. In particular, [21] considered the general case of mono-
tone valuations over bundles, and provide a polynomial time algo-
rithm to compute an allocation whose maximum envy is bounded
by the maximum marginal increment. Their algorithm also satisfies
a stronger fairness notion introduced by [15], envy-freeness-up-to-
one-good (EF1), which requires that each agent can recover envy-
freeness by deleting at most one item from the bundle assigned to
any other agent. [17] showed that a simple round-robin algorithm
guarantees EF1 for the restricted case of additive valuations, where
the valuation for a bundle is given by the sum of the values of
its elements. Several works [1, 3, 9, 10, 17, 18] also focused on the
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existence and computation of EF1 allocations satisfying further de-
sirable efficiency properties, such as Pareto optimality, under which
it is not possible to improve the utility of an agent without reducing
that of somebody else.

More recently, several frameworks in which allocations and
agent valuations are not deterministic, but random, have received
considerable attention from the scientific community. Random al-
locations, generally called lotteries, have been successfully used to
obtain approximately fair allocations that are also ex-ante envy-free
(i.e., the expected value of each agent is at least as large as that
she would have for the bundles assigned to other agents) [4, 5, 20]
and/or ex-ante (fractional) Pareto optimality [4, 16]. Regarding ran-
dom valuations, most of the works have focused on settings in
which the agent valuations are picked from probability distribu-
tions verifying some mild assumptions, and their realizations are
observed before allocating the items [7, 8, 19, 22-24]. In this work,
we consider a fair allocation model where each agent has an inde-
pendent random valuation for each item, that can be observed after
allocating the items. This setting is motivated by real-life scenarios
in which agents may not know the exact valuation for an item,
but rather discovers it after receiving the item or observing how
another agent enjoys it.

2 MODEL AND DEFINITIONS

Given a non-negative integer k, let [k] := {1,...,k} denote the
set of the first k positive integers. We denote random variables by
bold letters, while we use italic letters to denote their realizations.
Let N := [n] be a set of n agents and M := {g1,...,gm} be a set
of m items. Each agent i € N has a random item valuation v; j
for each item gj, distributed according to a probability distribu-
tion P; ; that takes values in [0, w], for some w > 0; we assume
that, for any i € [n], all the distributions in {#; ; : g; € M} are
independent. Let p; ; := E[o; j] denote the expected valuation of
agent i for item g;; in the following, we implicitly assume that
pi,j can be computed via a polynomial-time oracle; the assump-
tion on the polynomial-time oracle can be relaxed, by assuming
that we are able to sample from each distribution P; ;. If v; ; is
constant for any i € N and g; € M (that is, v; j = p; j), we say
that valuations are deterministic. As we assume additive valua-
tions, for each agent i, a random valuation over bundles v; such
that v;(A) = Zgj cA vi,j for each bundle A € M is induced. The
triple (N, M, (P j)ic Nygje M) constitutes the input instance of the

problem described below. An allocation A=(Ay,...,Ap)isa parti-
tion of M in n bundles, where A; is the bundle assigned to agent i.
Given an allocation A and a realization (vi,j)s,j of the random item
valuations (v;,;);,j, the maximum envy under allocation A and real-
ization (v;,;) is defined as Enuy(z‘i (vi,j)i,j) = max; pen 0i(Ap) —
0;(A;) = max; pen (ZgjeAh Vi,j = LgjeA; vi,j), that is, the maxi-
mum difference between the valuation that any agent i has for the

bundle assigned to any other agents and the valuation of the bundle
that she receives. Analogously, the expected maximum envy un-

der allocation A is defined as Envy(ﬁ) =E [Erwy(A), (vi,)ij)| =

E [maxi,heN (Zgj Ay, Vij — Zgj €A; ui,j)] , i.e., the expected value
of the maximum envy.
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3 OUR RESULTS

Considering that agent valuations are random, we aim at finding
an allocation with a bounded expected maximum envy. We point
out that the problem of minimizing the maximum expected envy
has been also considered in [11], where randomized algorithms for
computing assignments in an online setting are designed.

We show how to compute in polynomial time an allocation
that guarantees an expected maximum envy Enoy(A) of at most

w (1 + %) In(n) |-%.| +weO (w1 lln(n)%) (Theorem 1), that is

sublinear in both n and m. We also show that the above guarantee
cannot be improved, as we provide an instance for which any allo-
cation with a sufficiently large number of items has an expected
maximum envy of at least Q(w+/In(n)m/n) (Theorem 2). This result
introduces a separation with the classic framework of deterministic
valuations, where the envy is bounded by the maximum marginal
increment w [21].

Then, we consider the possibility of allocating items in a random
way, and this allows to obtain other desirable efficiency properties,
such as ex-ante envy freeness and ex-ante Pareto optimality. In par-
ticular, we first provide a polynomial time randomized algorithm
that returns a random allocation satisfying ex-ante envy-freeness
and matching the above sublinear bound on the expected maxi-
mum envy (Theorem 3). Furthermore, our randomized algorithm
works even in the online setting considered by [11], and asymp-
totically improves the expected maximum envy achieved by their
randomized algorithm. Finally, we show how to compute in poly-
nomial time a random allocation that is both ex-ante envy-free and
ex-ante Pareto optimal and has an expected maximum envy of at
most O(w+/In(n)m) (Theorem 4). By exploiting the lower bound
of Theorem 2, we show that the upper bound of Theorem 3 cannot
be asymptotically improved, and the one provided in Theorem 4
cannot be improved up to a poly-logarithmic factor.

4 FUTURE WORKS

Our work leaves several research directions. An open problem left
by our work is that of closing the gap between O(w+/In(n)m) and
Q(w+/m) on the expected maximum envy of allocations which
satisfy both ex-ante EF and PO. Similarly as done in [15] for the
notion of EF1, it would be interesting to know how many items, in
expectation, each agent should remove from any bundle to recover
the envy-freeness. It would be also nice to embed the stochastic
aspects introduced in this work in other fair allocation settings (e.g.,
fair allocation with graph connectivity constraints [12, 13, 28]) and
other fairness criteria (e.g., proportionality, maximin share [2, 14]).
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