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ABSTRACT
A society graph, as considered by [Faliszewski et al., IJCAI 2018], is

a graph corresponding to an election instance where every possible

ranking is a node, and the weight of such a node is given by the

number of voters whose vote correspond to the said ranking. A

natural diffusion process on this graph is defined, and an immediate

question that emerges is whether there is a diffusion path that leads

to a particular candidate winning according to a certain voting

rule—this turns out to be NP-complete.

In this contribution, we consider the setting when votes are ap-

proval ballots, as opposed to rankings—and we consider both the

possible and necessary winner problems. We demonstrate that it is

possible to efficiently determine if a candidate is a possible winner

(i.e, if there exists a diffusion path along which a given candidate

wins the election) if the underlying society graph is a star (i.e, tree

of diameter at most two), while the problem is NP-complete for

trees of diameter d for d > 2. Analogously, we show that it is pos-

sible to efficiently determine if a candidate is a necessary winner

(i.e, a winner for every possible diffusion path) if the underlying

society graph is a star, while the problem is coNP-complete for trees

of diameter d for d > 2. We also show the following results on

structured graphs for the possible winner problem: the problem is

strongly NP-complete on a disjoint union of paths, and on trees of

constant diameter. We also report preliminary experiments from

an ILP-based implementation.
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1 INTRODUCTION
We consider the interplay of opinion diffusion and elections out-

comes in the context of elections held using approval ballots. An

election is most naturally modeled as a profile of voter opinions

over a set of candidates. With increasing communication between

voters (e.g, peer-to-peer discussions on social media platforms) and

between candidates and voters (e.g, coordinated campaigns), the

final profile representing votes that are submitted is typically not

consistent with the original opinions of the voters—these opinions

have likely evolved over discourse related to the election process,

and we would like to understand how this evolution impacts elec-

tion outcomes.

For instance, it is conceivable that because of the way voters influ-

ence each others’ opinions, the winner with respect to the original

voting profile may be quite different from the winner with respect

to the profile that manifests after the convergence of some appro-

priate diffusion process [8] that models the evolution of individual

opinions. This prompts natural questions in the spirit of election

“control” [3, 6, 9], where one is interested in knowing if the diffusion

process can be influenced to engineer a specific outcome, either

constructive (where the goal is to make a specific candidate win), or

destructive (where the goal is to ensure that a particular candidate

does not win).

A natural way to understand how voter opinions evolve based on

how they are influenced by other voters is to associate a graph with

the set of voters—typically a voter is adjacent, in this graph, to other

voters who she is most likely to be influenced by. One view might

be that a voter is likely to be influenced by her close and trusted

friends. This leads the “social network” model, where a voter is

adjacent to people she knows [1, 2]. However, one might argue that

not all friends hold the same influence over an individual, and it

would typically be challenging to solicit accurate data about how

people influence each other through interpersonal relationships.

The other approach is to say that people are influenced by other peo-

ple who hold similar views, even if they do not know them socially.

Indeed, it is common for people to subscribe to certain ideologies

based on targeted campaigns by vocal supporters of said ideologies,

even if they have no direct association with the campaigners. This

is naturally modeled using what are called “society graphs,” where

we have nodes corresponding to “worldviews” (to be more specific,

every possible ballot is represented by a vertex), and all voters who

subscribe to a particular worldview (as represented by a ballot) are

effectively mapped to the node representing said worldview [4, 7].

We then have that a pair of nodes are adjacent if the ballots are
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similar. One of the original motivations for this model is that the

edges represent the fact that voters from various clusters are very

likely to interact with each other due to the similarity of their views.

For instance, like-minded voters tend to follow similar social media

personalities and because of the nature of discovery algorithms

on social media platforms, they see “more of the same,” leading

to interactions between the voters over these common sources of

information.

This model is particularly useful in the context of large-scale elec-

tions, where information about friendships are other relationships

capturing scope of influence may be scarce, and it would be rea-

sonable to assume that people who have similar opinions are most

likely to influence each other provided the numbers are appropri-

ately substantial. It is also a useful view from the perspective of

campaigners, who naturally organize their outreach around groups

of like-minded people, whether or not they are socially connected.

RelatedWork. The notion of society graphs was introduced by Knop
et al. [7]. Our work is inspired by problems studied by Faliszewski

et al. [4, 5], where similar problems are studied in the context of

society graphs based on rankings. In a society graph based on

rankings, every ranking of candidates is a vertex, and there is an

edge between a pair of vertices corresponding to rankings p and

q if it is possible to transform p into q with a single swap of two

consecutive candidates. They obtain algorithms that are FPT in

the number of candidates for the problems of determining possible

winners and the feasibility of certain kinds of bribery, that work

for all ILP-expressible voting rules.

2 OUR CONTRIBUTION
Our main contribution is to extend the society graph model to the

setting of approval ballots.

Our Model. We consider elections based on approval ballots. An

election consists of a set C ofm candidates and set V of n voters,

and for each voter v ∈ V, v’s vote is given by Sv ⊆ C, the set

of candidates v approves. Let w : 2C → N ∪ {0} be the function

defined as follows: for S ⊆ C, w(S) is the number of voters v such

that S = Sv; that is, w(S) is the number of voters whose set of

approved candidates is precisely S. We call w(S) the weight of S,
and we call w the weight function. Notice that as each candidate

approves exactly one subset, we have ΣS⊆Cw(S) = n, the number

of voters. For a candidate c ∈ C, the number of votes v has is

ΣS⊆C;c∈Sw(S), and we denote this quantity by sc(c), the score
of c. We say that a candidate c is the winner (resp. a co-winner)

of the election if sc(c) > sc(c ′) (resp. sc(c) ⩾ sc(c ′)) for every
c ′ ∈ C \ {c}. The society graph associated with an election is the

graphGwith vertex set consists of all subsets S of Cwithw(S) > 0,

and two vertices S and T ofG are adjacent if and only if |S△T | = 1,

i.e., the the sets S and T differ by exactly one candidate. Notice that

an election is completely described by the society graph G and the

weight function w.

Diffusion Process. We consider a diffusion process on G, which

works as follows. The atomic unit of the diffusion process is an

update step, by which we mean the following: if a vertex S has a

neighbor T such that w(T) is greater than the weight of all the

other neighbors of S plus S’s own weight, then S would gravitate

towards T . Formally, for a vertex S, an update step with respect to

S is performed if S has a neighbor T such that

w(T) > w(S) + ΣS′∈N(S)\{T}w(S ′), (1)

where N(S) is the set of neighbors of S. And at the end of such an

update step, the weight of S is updated to 0 and the weight of T is

updated tow(T) +w(S). We say that the society graph G is stable

if no update step can be performed; that is, Equation 1 does not

hold for any pair of vertices S and T ofG. By a diffusion process on

G, we mean a sequence of update steps that renders G stable in the

end. Notice that either G is stable, or at least one diffusion process

exists (and that every diffusion process has at most |G| update steps,

where G is the number of vertices of G).

Computational Problems. We are interested in the problems of the

following type. (a) The Possible Winner problem (resp. the Possi-

ble Co-Winner problem): Given an election specified by its society

graph G and the weight function w and a preferred candidate

p ∈ C, is there is a diffusion process on G such that p is the winner

(resp. co-winner) at the end of the diffusion process? (b) The Neces-

sary Winner problem (resp. the Necessary Co-Winner problem):

Given an election specified by its society graph G and the weight

function w and a preferred candidate p ∈ C, is p the winner (resp.

co-winner) at the end of every diffusion process on G?

Our Complexity Results. We prove a number of algorithmic and

hardness results, and in particular, establish a complexity dichotomy

for the Possible Winner and the Necessary Co-Winner problems

when the society graph is a tree. Our results are as follows.

• Possible Winner can be solved in polynomial time if the soci-

ety graph is a tree of diameter two, and is NP-hard on society

graphs of diameter three.

• Necessary Co-Winner can be solved in polynomial time if the

society graph is a tree of diameter two, and is coNP-hard on

society graphs of diameter three.

• Possible Winner is strongly NP-complete even when the soci-

ety graph is a tree of constant diameter.

• Possible Winner is strongly NP-complete even when the soci-

ety graph is a disjoint union of paths.

Our Experimental Results. We implemented an ILP-based approach

for the Possible Winner and Possible Co-Winner problems,

and we document some preliminary experiments performed using

Gurobi, a widely available ILP solver. Intuitively, what we observed

was indicative of the diffusion not causing too much damage—in

the sense that although different pathways do lead to different can-

didates winning on specific instances, it is not the case that a large

number of winners emerge simply from the diffusion process. We

note that our ILP formulation is flexible and can account for several

variations of the base model.
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