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ABSTRACT
The Banzhaf Power Index (BPI) is a method of measuring the

power of voters in determining the outcome of a voting game.
Some voting games exhibit a hierarchical structure, including the
US electoral college and ensemble learning methods; we call such
games hierarchical voting games. It is generally understood that
BPI in hierarchical voting games can be computed via a recursive
decomposition of the hierarchy, which can substantially reduce
the calculation’s complexity. We identify a key (previously undocu-
mented) assumption on which this decomposition is based, namely
balance, meaning one group of voters has enough votes to win
whenever the complementary group of voters does not, and vice
versa. We then introduce a generalization of BPI that we call Ex-
tended BPI (EBPI) for all voting games, including those that are not
balanced, which simplifies to BPI in balanced games. We show that
BPI in unbalanced hierarchical voting games decomposes in terms
of EBPI at each level in the hierarchy, which yields computational
savings analogous to those achieved in the balanced case. As a
sample application, we take advantage of the compositionality of
language, and model the impact of individual words on a sentence’s
sentiment as a voting game. As the complement of a phrase in a
sentence does not necessarily have the opposite sentiment, this
voting game is unbalanced and requires our decomposition of BPI
in terms of EBPI. Our results suggest that EBPI is an effective proxy
for BPI (because the meaning of a sentence is not always 100%
compositional), and demonstrate a dramatic improvement in run
time.
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1 BACKGROUND
Elections. Elections are a form of group decision-making in-

tended to produce outcomes that reflect the collective preferences
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of the group, or at least give the impression of doing so. The design-
ers of an election might want their system to embody principles of
fairness, such as “one person, one vote” [4, 11]. In complex elections,
it is often unclear how much influence an individual voter has on
the outcome, making it difficult to assess whether the system is
fair or not. Measures of power can help us determine whether our
elections meet our standards of fairness.

Elections are often modeled as a type of cooperative game called
voting games [8, 28]. A voting game comprises a set of voters
and a characteristic function, the latter of which takes as input a
coalition, i.e., a subset of voters, and returns a binary variable. If
the characteristic function outputs a 1 (resp. 0), we say that the
coalition is a winning (resp. losing) coalition.

Electoral processes in representative democracies can have hier-
archical structure. In the US, for example, voters vote for electoral
college delegates, who then vote to elect the president. Likewise,
voters in Slovenian National Council elections vote for a representa-
tive in their local councils, who in turn vote for national councillors,
who in turn vote on legislation in the National Council. We call
these voting games hierarchical, as they are structured as trees,
with voters as the leaf nodes, such that their votes propagate up the
tree to intermediate nodes, with the result at each level determined
by the characteristic function at that level.

Banzhaf Power Index. In 1965, Banzhaf defended a mathematical
measure of power in voting games [5] first introduced by Penrose
[21] but then largely forgotten [9], now called the Banzhaf power
index (BPI). BPI has since found many applications, such as the US
electoral college [6], various councils and parliaments within the
European Union [3, 10, 12, 22, 24], the International Monetary Fund
[2], feature importance in machine learning [15], and shareholders
and corporate boards [13, 16].

The formula for computing BPI is exponential: each of the 2𝑛
coalitions must be examined to determine whether it is a winning
coalition, with and without each of the 𝑛 voters. This leads to a
time complexity of 𝑂(2𝑛) per voter [14], which can be prohibitive,
for example, when 𝑛 is the number of eligible voters in the US.

BPI in hierarchical voting games, however, decomposes in terms
of BPI at each of the 𝑑 levels in the hierarchy, according to a formula
we call multiplicative BPI (MBPI) [19]. This decomposition provides
a massive speedup when the branching factor 𝐾 ≪ 𝑛.

2 CONTRIBUTIONS
Balanced games. Our first contribution is to identify the key

mathematical property of a voting game that is necessary for the
decomposition of BPI into MBPI. This property is balance (or proper
strong [27]), which connotes that the complement of every winning
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Naive (BPI) Balanced (MBPI) General (MEBPI)

One voter 𝑂(2𝑛) 𝑂(𝑑2𝐾 ) 𝑂(𝑛𝑑𝐾2𝐾 )
All voters 𝑂(𝑛2𝑛) 𝑂(𝑛𝑑2𝐾 ) 𝑂(𝑛𝑑𝐾2𝐾 )

Table 1: BPI algorithm run times where 𝑑 is the depth of the
tree, 𝑛 is the number of voters, and 𝐾 is the branching factor.

(resp. losing) coalition is a losing (resp. winning) coalition. In games
that are not balanced, MBPI does not necessarily recover BPI.

Unbalanced games. Although many common voting games are
balanced, others are not. For example, if a supermajority (not a
simple majority) is required to win, then the corresponding voting
game is not balanced. In the US Senate, 60 votes are required to
pass most legislation; thus, this game is unbalanced, as every set of
41 to 59 senators is a losing coalition, as is its complement.

In search of a decomposition theorem for unbalanced hierarchi-
cal voting games, we introduce a generalization of BPI that we call
extended BPI (EBPI), which is applicable to all monotone voting
games, balanced or not. (In a monotone voting game, adding a
voter to a winning coalition cannot turn it into a losing coalition.)
Then, just as BPI can be calculated efficiently via MBPI in balanced
hierarchical games, we propose multiplicative EBPI (MEBPI) to effi-
ciently calculate EBPI in unbalanced hierarchical games. Our main
theorem states that MEBPI yields a novel, more efficient means of
calculating BPI for this larger class of games.

The EBPI formula, which generalizes BPI, is a factor of 𝐾 slower
than the naive BPI formula. Furthermore, to use the MEBPI for-
mula to calculate the BPI of even one voter requires calculating
the number of winning and losing coalitions at every subgame in
the hierarchy, and thus involves a full tree traversal. As a result,
calculating MEBPI is substantially slower than calculating MBPI,
so should only be used in unbalanced games. But like MBPI for
balanced games, MEBPI for unbalanced games is a vast improve-
ment over the naive approach. We summarize the complexity of
our formulas as compared to naively computing BPI in Table 1.

3 EXPERIMENTS
To demonstrate the utility of our algorithms, we compare MBPI

and MEBPI with the naive approach in two experimental settings.

Slovenian national council. To demonstrate the speedup in the
balanced case, we calculate the BPI of individual voters in Velenje
and Ljubljana in Slovenian National Council elections.

Slovenia’s national council is elected via a complex process: there
are 40 indirectly elected members, 22 that represent municipalities
and 18 that represent special interests, such as sports and culture,
or farmers. Each of these members is elected by an electoral college:
for the 22 members that represent municipalities, these electoral
colleges are the local assembly, and for the other 18 members, these
electoral colleges include members of the sector they represent [18].
As such, this voting game is hierarchical.

Calculating the power of any individual Slovenian voter on a
piece of legislation in the Slovenian National Council by computing
BPI naively is intractable, since it would involve examining all 2𝑛
coalitions, where 𝑛 is the number of voters in Slovenia (around 2

million). However, as this voting game is balanced, we can compute
BPI via MBPI. We find that the BPI of a voter in Velenje is about
three times that of a voter in Ljubljana.

Vocabulary Selection. We next turn our attention to the problem
of vocabulary selection in sentiment analysis, which we tackle
by finding the words that are most influential (as measured by
approximate BPI) in determining a text’s sentiment [20].

Word importance is useful in the problem of vocabulary selection
in natural language processing models. A smaller vocabulary makes
models more interpretable [1, 23], requires less memory [25], is
more amenable to use in a resource-constrained setting [26], and is
less prone to over fitting [7, 17]. BPI has been used as a heuristic
to solve the vocabulary selection problem, taking the power of
individual words as a proxy for their importance [20].

Language has sentiment, typically either positive, negative, or
neutral. Furthermore, individual words have “power” in determin-
ing the sentiment of text. For example, a review that reads “The
food is delicious.” conveys a positive sentiment, stemming from the
word “delicious.” We can thus view sentiment analysis as a voting
game in which each word is a voter contributing to overall senti-
ment. Moreover, because the structure of grammar is inherently
hierarchical, we model word importance as a hierarchical voting
game.

Our approach is only approximate, however, as sentiment is not
perfectly compositional. Thus, we obtain only an approximation of
BPI, albeit one that can be calculated much faster than the exact
value. We compare our approximate values to exact values on small
problem instances, and conclude that our approximations are ac-
ceptable given the large speedup provided by our algorithms. The
run time on sentences of different lengths can be seen in Figure 1a.
MEBPI is slower than MBPI, but is more faithful to BPI.

(a) The run time to compute BPI, MBPI, andMEBPI as sentence length
increases. BPI quickly becomes intractable, while MEBPI is on par
with MBPI, despite its much broader applicability.
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