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ABSTRACT
In this paper, we introduce a novel class of non-cooperative games,

in which a closed network of queues is shared between multiple

players. Each player receives a reward based on the throughput of

their jobs, while they incur a cost that varies with the number of jobs

they submit. Closed queueing networks are a commonly used sto-

chastic formalism that model a variety of real-world situations, and

this paper presents an application to competitive vehicle-sharing

systems. In our vehicle-sharing system model, each provider re-

ceives revenue from each trip, but pays a cost based on the total

number of vehicles. The core technical results of this paper include

conditions that guarantee the existence of a pure Nash equilibrium,

and an efficient equilibrium-finding algorithm. We apply this model

to a case study of a hypothetical vehicle-sharing system in Oslo.

The results indicate that adding a single competitor can increase

the number of trips taken by up to 14.1%, adding two competitors

can increase the amount by up to 18.9%, and a highly competitive

market can increase this by up to 30%.
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1 INTRODUCTION
The rise of vehicle-sharing systems has led to situations in which

multiple providers must compete for ridership in a given area. Many

cities feature multiple rideshare providers such as Uber, Bolt, or

Lyft. The city of Milan has three distinct bikesharing providers, the

city of Bangkok has four, and the city of Berlin has seven [1]. In

order to accurately understand the effect of competition among

providers, policy makers and operators may wish to analyze these

transportation systems from a game-theoretic perspective.

The use of steady-state queueing models to analyze the perfor-

mance of a vehicle-sharing system is well-established [3, 8, 9]. In [2]

and [8], points at which customers can access vehicles are modeled
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as single-server queues within a queueing network. Transporta-

tion between stations is represented by infinite-server (IS) queues

[2]. However a notable drawback of these models is that they are

non-competitive, and there is a single provider that controls the

entire network. To analyze competitive systems, we define and

analyze a class of games in which providers decide the number of

jobs that they submit, at cost, into a closed queueing network. We

establish conditions for equilibrium, and introduce an algorithm for

equilibrium finding. Then, we present an application of this model

to an empirical case study, involving a vehicle-sharing system in

Oslo with multiple competing providers.

2 GAME FORMULATION AND EQUILIBRIA
Definition 1. We define a Cournot queueing game as follows,

• A set of 𝑅 players
• A set of strategies S = [𝑥min

1
, 𝑥max

1
] × [𝑥min

2
, 𝑥max

2
] × . . . ×

[𝑥min

𝑅
, 𝑥max

𝑅
], where [𝑥min

𝑟 , 𝑥max

𝑟 ] ⊂ N
• A single-class, closed queueing network containing −/𝑀/𝑐 and
−/𝐺/∞1 queues.

• A fixed background quantity 𝑞 ∈ N, which represents a con-
stant quantity of jobs in the network that is independent of the
strategy of any player

• For each player, a function𝜓𝑟 (𝑥𝑟 ) : N→ R, which represents
the cost of submitting 𝑥𝑟 jobs into the system.

In our competitive vehicle-sharing system model, each distinct

provider is modeled by a player. The physical network is modeled

by a stochastic queueing network, where −/𝑀/1 queues repre-

sent stations at which customers can access vehicles, and −/𝐺/∞
delays represent the travel time between stations. Each job is a

vehicle, and the service rate at an −/𝑀/1 queue 𝑖 , 𝜇𝑖 , represents the

exponentially-distributed rate at which customers arrive to use a

vehicle [2, 6, 8]. In non-trivial networks, each queue will be empty

with some non-zero probability, which causes lost trips and reduces

throughput. Therefore, the goal of each provider 𝑟 is to maximize

their throughput, less their cost𝜓𝑟 , by deciding their fleet size 𝑥𝑟 .

The strategy of each player is represented by a scalar value

𝑥𝑟 ∈ N ∩ [𝑥min

𝑟 , 𝑥max

𝑟 ], which represents the number of jobs they

submit into the system. Where𝑇 represents the system throughput

and 𝑥−𝑟 =
∑
𝑠≠𝑟 𝑥𝑠 , the utility for player 𝑟 is,

𝑈𝑟 (𝑥𝑟 , 𝑥−𝑟 ) =
{

𝑥𝑟
𝑥𝑟+𝑥−𝑟+𝑞𝑇 (𝑥𝑟 + 𝑥−𝑟 + 𝑞) −𝜓𝑟 (𝑥𝑟 ) 𝑥𝑟 ≠ 0

0 𝑥𝑟 = 0

(1)

Assumption 1. 𝜓𝑟 is convex over 𝑥𝑟 .

1
By Kendall’s notation, −/𝑀/𝑐 means a queue with exponentially-distributed service

and c servers, and −/𝐺/∞ means a pure delay (otherwise known as an infinite-server

queue) with no queueing effects and a general service distribution.
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The next assumption contains two conditions that, along with

Assumption 1, guarantee the existence of an equilibrium in the

price-inhomogeneous case. The first, which we title non-monopoly,

ensures that no player can submit more than the majority of jobs,

plus one. The second, which we term light-load, is consistent with

a lightly-loaded queueing network.

Assumption 2. The strategy set S is restricted such that at least
one of these two conditions hold for all possible pure strategy profiles
x, where 𝑍 (𝑁 ) is the response rate 𝑇 (𝑁 )/𝑁 ,

• (non-monopoly) 𝑥𝑟 ≤ 𝑥−𝑟 + 𝑞 + 1, for all players 𝑟 , or
• (light load) (∑𝑥𝑠 + 1)Δ2𝑍 (𝑞 +∑

𝑥𝑠 ) + Δ𝑍 (𝑞 +∑
𝑥𝑠 ) ≤ 0

Theorem 1. [7] Let 𝐺 be a Cournot queueing game, in which all
players have identical service rates and routing probabilities, that
either meets Assumptions 1 and 2, or has a shared price 𝑝 where all
pricing functions are equal to𝜓𝑟 (𝑥𝑟 ) = 𝑝𝑥𝑟 . Then there is at least one
Nash equilibrium among pure strategies.

3 EQUILIBRIUM COMPUTATION
Next, we present results that establish the existence of a polynomial-

time algorithm for equilibrium computation, if the pricing functions

are convex. Equilibria are found via backward reply correspon-

dences [4, 5] from the total quantity 𝑄 . The first result, Theorem 2,

introduces necessary and sufficient conditions for a strategy profile

to be an equilibrium, in terms of the total quantity 𝑄 .

Theorem 2. [7] Let Assumption 1 be true. Then, the following,
together, are necessary and sufficient conditions for 𝑥𝑟 to be the least
best response of 𝑥−𝑟 + 𝑞, 𝑏¯ 𝑟 (𝑥−𝑟 + 𝑞), where 𝑄 = 𝑥𝑟 + 𝑥−𝑟 + 𝑞,

(1) Δ𝑥𝑟𝑈𝑟 ≤ 0, if 𝑥𝑟 < 𝑥max

𝑟

(2) 𝑥𝑟 ∈ [𝑥min

𝑟 , 𝑥max

𝑟 ]
(3) 𝑥𝑟 +

∑
𝑠≠𝑟 𝑥

max

𝑠 + 𝑞 ≥ 𝑄

(4) 𝑥𝑟 +
∑
𝑠≠𝑟 𝑥

min

𝑠 + 𝑞 ≤ 𝑄

(5) There is not another pair (𝑄 ′, 𝑥 ′𝑟 ) such that 𝑥 ′𝑟 < 𝑥𝑟 , 𝑄
′ <

𝑄, 𝑥𝑟 − 𝑥 ′𝑟 = 𝑄 −𝑄 ′, and all previous conditions apply

Next, we derive an interval, 𝐼𝑟
3
, in which all strategies must fall

in order to be a best-reply correspondence to a given total quantity.

Of particular interest is 𝑥
𝑝𝑖𝑣𝑜𝑡
𝑟 , which is the minimum strategy that

meets conditions 1-4.

Theorem 3. [7] Let Assumption 1 be true. Let 𝑄 be the total job
quantity under a given strategy profile, 𝑄 =

∑
𝑟 𝑥𝑟 . Then, the set of

𝑥𝑟 such that 𝑥𝑟 = 𝑏
¯ 𝑟

(𝑄 − 𝑥𝑟 ) is either ∅, or an interval of the form

𝐼𝑟
3
=

[
𝑥
𝑝𝑖𝑣𝑜𝑡
𝑟 (𝑄), 𝑥𝑟 (𝑄)

]
(2)

𝑥𝑟 (𝑄) = min(min𝑄 ′<𝑄 {𝑥𝑝𝑖𝑣𝑜𝑡𝑟 (𝑄 ′) −𝑄 ′} +𝑄 − 1,

𝑥max

𝑟 , 𝑄 − 𝑞 −∑
𝑠≠𝑟 𝑥

min

𝑠 ) (3)

where 𝑥𝑝𝑖𝑣𝑜𝑡𝑟 is the least possible value of 𝑥𝑟 that fulfills conditions
1-4.

Using this, the total quantity at equilibrium can be found by

iterating through each possible quantity, and then checking if 𝑄 ∈∑
𝑟 𝐼

𝑟
3
. This algorithm is quite efficient. In a random experiment,

we analyze equilibria for 10, 000 Cournot queueing games. With

20 players, linear prices, and strategies within [10, 190], we find
equilibria for each game with an average runtime of 0.0578 seconds.
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Figure 1: Empirical Case Study (T: Throughput)

When prices are affine, we can find the value of 𝑥
𝑝𝑖𝑣𝑜𝑡
𝑟 by starting

with an estimate,

𝑥
𝑝𝑖𝑣𝑜𝑡
𝑟 =

Δ𝜓𝑟 (𝑥𝑟 ) − 𝑍 (𝑄 + 1)
Δ𝑍 (𝑄) (4)

Then, we can use this quantity to find 𝑥
𝑝𝑖𝑣𝑜𝑡
𝑟 directly. If Δ𝑍 (𝑄) = 0,

then 𝑥
𝑝𝑖𝑣𝑜𝑡
𝑟 = max(𝑥min

𝑟 , 𝑄 − 𝑞 −∑
𝑠≠𝑟 𝑥

max

𝑠 ). If Δ𝑍 (𝑄) < 0,

𝑥
𝑝𝑖𝑣𝑜𝑡
𝑟 =


⌊𝑥𝑝𝑖𝑣𝑜𝑡𝑟 ⌋ Δ𝑥𝑟𝑈𝑟 (⌊𝑥𝑝𝑖𝑣𝑜𝑡𝑟 ⌋, 𝑄) ≤ 0, ⌊𝑥𝑝𝑖𝑣𝑜𝑡𝑟 ⌋ ∈ 𝐼𝑟

1

⌈𝑥𝑝𝑖𝑣𝑜𝑡𝑟 ⌉ ⌈𝑥𝑝𝑖𝑣𝑜𝑡𝑟 ⌉ ∈ 𝐼𝑟
1
, and the prior case does not hold

𝑥max

𝑟 ⌊𝑥𝑝𝑖𝑣𝑜𝑡𝑟 ⌋ > 𝐼𝑟
1

min 𝐼1 ⌈𝑥𝑝𝑖𝑣𝑜𝑡𝑟 ⌉ ≤ 𝐼𝑟
1

(5)

𝐼𝑟
1
=

[
max(𝑥min

𝑟 , 𝑄 − 𝑞 −
∑︁
𝑠≠𝑟

𝑥max

𝑠 ),min(𝑥max

𝑟 , 𝑄 − 𝑞 −
∑︁
𝑠≠𝑟

𝑥min

𝑠 )
]
(6)

4 EXPERIMENTAL RESULTS
We present an empirical case study, involving the design of a new

mobility system with multiple, distinct providers, in Oslo. We use a

dataset
2
of 1,116,344 trips in 2021, in order to infer the service rate

and routing probability at each station.We present two experiments,

one with constant prices and a varying number of customers, and

another with 6 providers with heterogeneous prices. In the first

case, we consider numbers of players within [1, 15], with prices

sampled uniformly within [0.2, 1.0]. For each player count, 20, 000

games were analyzed. For the inhomogeneous case, we select a

common price 𝑝𝑐𝑜𝑚𝑚𝑜𝑛 uniformly within [0.2, 1.0]. The price for
each player, 𝑝𝑟 , is distributed according to min(max(𝑝𝑐𝑜𝑚𝑚𝑜𝑛 +
N(0, 0.1), 0.2), 1.0). The strategy range for each player is set to

[1, 66] to ensure compatibility with Assumption 2. Figure 1a shows

how the number of trips changes in the homogeneous case as more

players are added. Figure 1b compares the price and the throughput

in the homogeneous case. Figure 1c shows the throughput of the

inhomogeneous and the homogeneous cases, at each price level.

5 CONCLUSION
In conclusion, we have defined a novel class of games on closed

queueing networks. We have proven conditions for equilibrium

existence, and defined an efficient algorithm for finding equilibria.

Then, we have illustrated these with a case study. In the future, this

class of games may be extended to multi-class networks.

2
https://oslobysykkel.no/en/open-data/historical
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