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ABSTRACT
Congestion games offer a primary model of non-cooperative games,
and a number of generalizations have been proposed, such as
weighted congestion games, congestion games with mixed costs,
and congestion games with complementarities. In this paper, we
prove the existence of pure Nash equilibria in weighted matroid
congestion games with complementarities and their further general-
ization, under a simplified assumption. Some extensions of previous
results on congestion games with mixed costs are also presented.
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1 INTRODUCTION
Congestion games [3] offer a primary model in the study of non-
cooperative games in algorithmic game theory [16, 18]. The most
important feature of the model is that every congestion game is
a potential game, which implies that every congestion game has a
pure Nash equilibrium [17], and the converse is also true [15].

Since those primary results, a number of generalized models
have been proposed. In a weighted congestion game, each player
has a weight and the cost of a resource is a function of the total
weight of the players using it. In a player-specific congestion game,
the resources have a cost function specific to each player.

A congestion game is referred to as a singleton game if every
strategy of every player consists of a single resource, and as a
matroid game if the strategy space of each player is a base family of
amatroid. Everymatroid player-specific congestion game has a pure
Nash equilibrium [1, 14], and every weighted matroid congestion
game has a pure Nash equilibrium [1]. Study on further generalized
models includes [10, 19].
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In a bottleneck congestion game, the cost on a player is the max-
imum cost of the resources in her strategy. Banner and Orda [2]
proved that network bottleneck congestion games of certain kinds
have pure Nash equilibria. Related study appears in [8, 9].

Feldotto, Leder, and Skopalik [7] proposed a common generaliza-
tion of classical congestion games and bottleneck congestion games,
called congestion games with mixed costs, and proved the existence
of pure Nash equilibria in certain classes (Theorem 4 below). In an-
other generalized model of congestion games with complementarities
[6], the cost imposed on a player is determined by an aggregation
function, which a general function of the costs of the resources in
her strategy. Feldotto, Leder, Skopalik [6] proved the existence of a
pure Nash equilibrium in matroid games under some assumption
on the monotonicity of the aggregation function, which is defined
in a sophisticated manner (Theorem 5). Related work dealing with
aggregation cost functions appears in [12, 13].

A central issue in this paper is a common generalization of
weighted congestion games and congestion games with comple-
mentarities. On the basis of the previous results [1, 6, 19], we prove
that every matroid game in this model has a pure Nash equilibrium
if the aggregation function has a certain monotonicity (Theorem
8). In particular, it implies the existence of pure Nash equilibria in
weighted matroid bottleneck congestion games (Corollaries 9). We
remark here that the monotonicity of the aggregation function is
defined in a way much simpler than that in [6]. Some extensions
of the results on congestion games with mixed costs [7] are also
presented.

2 PRELIMINARIES
A congestion game is represented by a tuple (𝑁, 𝐸, (S𝑖 )𝑖∈𝑁 , (𝑐𝑒 )𝑒∈𝐸 ).
Here, 𝑁 = {1, . . . , 𝑛} and 𝐸 denote the sets of the players and the
resources, respectively. For each 𝑖 ∈ 𝑁 , let S𝑖 ⊆ 2𝐸 denote the
strategy space of 𝑖 . For each 𝑒 ∈ 𝐸, a cost function 𝑐𝑒 : Z+ → R+
is associated. For a strategy profile S = (𝑆1, . . . , 𝑆𝑛) and a resource
𝑒 ∈ 𝐸, let 𝑁𝑒 (S) denote the set of the players choosing 𝑒 in her
strategy, and 𝑛𝑒 (S) its cardinality. Now 𝑐𝑒 (𝑛𝑒 (S)) ∈ R+ represents
the cost of using a resource 𝑒 . The cost 𝛾𝑖 (S) imposed on a player
𝑖 ∈ 𝑁 is defined as the total cost of the resources in her strategy 𝑆𝑖 .

In a weighted congestion game (𝑁, 𝐸, (S𝑖 )𝑖∈𝑁 , (𝑐𝑒 )𝑒∈𝐸 , (𝑤𝑖 )𝑖∈𝑁 ),
each player 𝑖 ∈ 𝑁 has a nonnegative weight𝑤𝑖 ∈ R+. For 𝑁 ′ ⊆ 𝑁 ,
let 𝑤 (𝑁 ′) =

∑
𝑖∈𝑁 ′ 𝑤𝑖 . In a strategy profile S = (𝑆1, . . . , 𝑆𝑛), the

cost of using a resource 𝑒 is equal to 𝑐𝑒 (𝑤 (𝑁𝑒 (S))). Hereafter, we
assume that 𝑐𝑒 is monotonically nondecreasing for each 𝑒 ∈ 𝐸.

Theorem 1 ([1]). Every weighted matroid congestion game possesses
a pure Nash equilibrium.
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A further generalizedmodel of congestion games with set-functional
costs is proposed [19]. A distinctive feature is that 𝑐𝑒 is a set function
on 2𝑁 . We remark that the same kind of generalization is proposed
by Kiyosue and Takazawa [11] for budget games [4, 5]. Takazawa
[19] extended Theorem 1 as follows.

Theorem2 ([19]). Everymatroid congestion gamewith set-functional
costs has a pure Nash equilibrium.

In a player-specific congestion game (𝑁, 𝐸, (S𝑖 )𝑖∈𝑁 , (𝑐𝑖,𝑒 )𝑖∈𝑁,𝑒∈𝐸 ),
a cost function 𝑐𝑖,𝑒 : Z+ → R+ is defined for each 𝑖 ∈ 𝑁 and 𝑒 ∈ 𝐸.

Theorem 3 ([1]). Every player-specific matroid congestion game
possesses a pure Nash equilibrium.

A congestion games with mixed costs [7] is represented by

(𝑁, 𝐸, (S𝑖 )𝑖∈𝑁 , (ℓ𝑒 )𝑒∈𝐸 , (𝑏𝑒 )𝑒∈𝐸 , (𝛼𝑖 )𝑖∈𝑁 ).
For each 𝑒 ∈ 𝐸, let ℓ𝑒 : Z+ → R+ and 𝑏𝑒 : Z+ → R+ denote its
latency cost function and bottleneck cost function, respectively. We
assume that both ℓ𝑒 and 𝑏𝑒 are monotonically nondecreasing. For
each 𝑖 ∈ 𝑁 , let 𝛼𝑖 ∈ [0, 1] denote her preference value. In a strategy
profile S, the cost 𝛾𝑖 (S) imposed on a player 𝑖 ∈ 𝑁 is defined as

𝛾𝑖 (S) = 𝛼𝑖 ·
∑︁
𝑒∈𝑆𝑖

ℓ𝑒 (𝑛𝑒 (S)) + (1 − 𝛼𝑖 ) ·max
𝑒∈𝑆𝑖

{𝑏𝑒 (𝑛𝑒 (S))}.

The cost functions ℓ𝑒 and 𝑏𝑒 (𝑒 ∈ 𝐸) have monotone dependence if
there exists a monotonically nondecreasing function 𝑑 : R+ → R+
satisfying that 𝑏𝑒 (𝑥) = 𝑑 (ℓ𝑒 (𝑥)) for each 𝑥 ∈ Z+ and each 𝑒 ∈ 𝐸.

Theorem 4 ([7]). A congestion game with mixed costs has a pure
Nash equilibrium in the following three cases.

(i) It is a singleton game.
(ii) It is a matroid game and 𝛼𝑖 ∈ {0, 1} for each player 𝑖 ∈ 𝑁 .
(iii) It is a matroid game and the cost functions have monotone

dependence.

A congestion game with complementarities [6] is represented as

(𝑁, 𝐸, (S𝑖 )𝑖∈𝑁 , (𝑐𝑒 )𝑒∈𝐸 , 𝑔).
In this model, 𝑔 denotes the aggregation function, which is defined
on R𝑟

+ for a positive integer 𝑟 , and we assume that the sizes of
the strategies of all players are 𝑟 . For 𝑖 ∈ 𝑁 and a strategy profile
S = (𝑆1, . . . , 𝑆𝑛), where 𝑆𝑖 = {𝑒1, . . . , 𝑒𝑟 }, the cost 𝛾𝑖 (S) on 𝑖 in S is

𝛾𝑖 (S) = 𝑔(𝑐𝑒1 (𝑛𝑒1 (S)), . . . , 𝑐𝑒𝑟 (𝑛𝑒𝑟 (S))) .
Feldotto, Leder, Skopalik [6] proved the existence of a pure Nash

equilibrium in a matroid game with 𝑔 being a weakly monotone
function, which is defined in a sophisticated manner.

Theorem 5 ([6]). Every matroid congestion game with complemen-
tarities has a pure Nash equilibrium if 𝑔 is weakly monotone.

3 WEIGHTED CONGESTION GAMES WITH
COMPLEMENTARITIES AND BEYOND

A congestion game with set-functional costs and complementarities
is described as

(𝑁, 𝐸, (S𝑖 )𝑖∈𝑁 , (𝑐𝑒 )𝑒∈𝐸 , 𝑔).
The difference from congestion games with complementarities is
that 𝑐𝑒 : 2𝑁 → R+ is a set function for each 𝑒 ∈ 𝐸. This model in-
cludes that of weighted congestion games with complementarities.

We adopt the following definition of weakly monotone functions,
which is simpler than that in [6].

Definition 6. Let 𝑟 be a positive integer. A function 𝑔 : R𝑟
+ → R

is weakly monotone if, for each 𝑥,𝑦 ∈ R+, it holds that

𝑔(𝒗′, 𝑥) ≤ 𝑔(𝒗′, 𝑦) for each 𝒗′ ∈ R𝑟−1
+ , or

𝑔(𝒗′, 𝑥) ≥ 𝑔(𝒗′, 𝑦) for each 𝒗′ ∈ R𝑟−1
+ .

Associated with Definition 6, the monotonicity of the cost func-
tion 𝑐𝑒 : 2𝑁 → R (𝑒 ∈ 𝐸) is adjusted in the following way.

Definition 7. Let 𝑔 : R𝑟
+ → R be a weakly monotone function. A

function 𝑐 : 2𝑁 → R+ is monotonically nondecreasing with respect
to 𝑔 if, for each 𝑋,𝑌 ⊆ 𝑁 with 𝑋 ⊆ 𝑌 , it holds that

𝑔(𝒗′, 𝑐 (𝑋 )) ≤ 𝑔(𝒗′, 𝑐 (𝑌 )) for each 𝒗′ ∈ R𝑟−1
+ .

Our main technical contribution is the following theorem, which
amounts to a common extension of Theorems 1, 2, and 5.

Theorem 8. A matroid congestion game (𝑁, 𝐸, (S𝑖 )𝑖∈𝑁 , (𝑐𝑒 )𝑒∈𝐸 , 𝑔)
with set-functional costs and complementarities has a pure Nash equi-
librium if the aggregation function 𝑔 : R𝑟

+ → R is weakly monotone
and the cost function 𝑐𝑒 : 2𝑁 → R+ is monotonically nondecreasing
with respect to 𝑔 for each resource 𝑒 ∈ 𝐸.

The following corollary is immediately derived from Theorem 8.

Corollary 9. Every weighted matroid bottleneck congestion game
in which the strategies of all players have the same cardinality has a
pure Nash equilibrium.

4 GENERALIZATIONS OF CONGESTION
GAMES WITH MIXED COSTS

A player-specific congestion game with mixed costs is represented by

(𝑁, 𝐸, (S𝑖 )𝑖∈𝑁 , (ℓ𝑖,𝑒 )𝑖∈𝑁,𝑒∈𝐸 , (𝑏𝑖,𝑒 )𝑖∈𝑁,𝑒∈𝐸 , (𝛼𝑖 )𝑖∈𝑁 ).
The following theorem extends Theorem 4(i)(ii).

Theorem 10. A player-specific congestion game𝐺 with mixed costs
has a pure Nash equilibrium in the following two cases.

(i) 𝐺 is a singleton game.
(ii) 𝐺 is a matroid game and 𝛼𝑖 ∈ {0, 1} for each player 𝑖 ∈ 𝑁 .

A congestion game with mixed and set-functional costs, including
a weighted congestion game with mixed costs, is represented by

(𝑁, 𝐸, (S𝑖 )𝑖∈𝑁 , (ℓ𝑒 )𝑒∈𝐸 , (𝑏𝑒 )𝑒∈𝐸 , (𝛼𝑖 )𝑖∈𝑁 ),
where ℓ𝑒 : 2𝑁 → R+ and 𝑏𝑒 : 2𝑁 → R+ are set functions. We
generalize the definition of the monotone dependence of ℓ𝑒 and 𝑏𝑒
(𝑒 ∈ 𝐸) as the existence of a monotonically nondecreasing function
𝑑 : R+ → R+ satisfying that

𝑏𝑒 (𝑁 ′) = 𝑑 (ℓ𝑒 (𝑁 ′)) (𝑁 ′ ⊆ 𝑁 ).
For this model, Theorem 4(iii) is extended as follows.

Theorem 11. A congestion game 𝐺 with mixed and set-functional
costs has a pure Nash equilibrium if𝐺 is a matroid game and the cost
functions have monotone dependence.
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