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ABSTRACT

In liquid democracy, agents can either vote directly or delegate

their vote to a different agent of their choice. This results in a

power structure in which certain agents possess more voting weight

than others. As a result, it opens up certain possibilities of vote

manipulation, including control and bribery, that do not exist in

standard voting scenarios of direct democracy. Here we formalize

a certain kind of election control – in which an external agent

may change certain delegation arcs – and study the computational

complexity of the corresponding combinatorial problem.
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1 INTRODUCTION

Liquid democracy is an innovative approach to democratic gov-

ernance that can be thought of as a middle-point between direct

and representative democracy. It has attracted significant attention

both from practitioners and from academics, mainly as it offers

greater flexibility to voters: essentially, voters participating in liq-

uid democracy can not only choose how to fill their ballot, but they

can choose instead of filling their ballot to delegate their vote to

another voter of their choice.

More elaborately, unlike traditional models where agents either

directly participate in the decision-making process by explicitly
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casting their vote – as in direct democracy – or elect representatives

to make decisions on their behalf – as in representative democracy,

liquid democracy offers a hybrid system that allows for both direct

and indirect participation. At its core, liquid democracy enables

individuals to delegate their voting power to trusted proxies while

retaining the option to vote directly on specific issues. This fluidity

of participation holds the potential to enhance democratic engage-

ment, facilitate more informed decision-making, and address the

limitations of existing democratic systems.

One of the key advantages of liquid democracy indeed lies in the

added flexibility it provides to voters. By allowing individuals to

delegate their voting power to trusted proxies, liquid democracy

empowers citizens to actively participate in decision-making even

when they are unable to devote extensive time and effort to every

issue. This flexibility enables individuals to delegate their votes

to experts or representatives they trust on specific subjects, while

still retaining the ability to directly vote on matters that are of

particular importance to them. Importantly, this has the potential

of increasing the quality of the decision making process.

Like any democratic system, however, liquid democracy is not

immune to potential challenges, including the risk of voter manip-

ulation. Given the fluid nature of delegation, there is the natural

concern that influential or malicious actors could exert undue influ-

ence by strategically delegating votes or exploiting the trust placed

in them as proxies. Such manipulation could undermine the princi-

ples of fairness and equality that are fundamental to the democratic

process. The issue of the vulnerability of liquid democracy to cer-

tain different forms of manipulation has yet to receive sufficient

attention from the research community.

Here we consider several forms of manipulation in the context

of liquid democracy. In particular, we concentrate on the computa-

tional complexity of successfully conducting these manipulations.

In particular, we are interested in the situation in which some ex-

ternal agent tries to rig the result of the election by redirecting few

delegation arcs.

We define a corresponding combinatorial problem and study

its computational complexity. We observe cases that allow for

polynomial-time algorithms, cases that allow for XP algorithms, pa-

rameterized (approximation) algorithms, as well as cases for which
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no efficient algorithms exist (assuming certain complexity theoretic

hypothesis, such as 𝑃 ≠ 𝑁𝑃 ).

We wish to stress that liquid democracy is currently utilized in

practical settings for decisions of varying significance, from polit-

ical realms like the German Pirate Party to financial contexts in

various blockchain ventures. Its appeal lies both in its potential

to enhance democratic participation as well as its promise to im-

prove the quality of the decision making itself. Thus, we argue that,

recognizing the limitations and vulnerability of liquid democracy

to external forms of influence – such as the ones we study in the

current paper – is essential for a better understanding and usage of

liquid democracy.

2 RELATEDWORK

By now, liquid democracy has attracted significant attention from

the research community. In particular, it is studied from a po-

litical science perspective [4, 20]; from an algorithmic point of

view [7, 10, 19]; from a game-theoretic point of view [3, 12, 22]; and

from an agenda aiming at pushing its boundaries by increasing the

expressiveness power that is granted to voters [6, 18].

Here we study election control in liquid democracy; in this con-

text, we mention the extensive survey on control and bribery [14].

Indeed, due to their importance, the problems of control and bribery

are studied thoroughly [2, 5, 21].

To the best of our knowledge, however, the topic of election

control and bribery in the context of liquid democracy was not

yet studied. We do mention the work of [22] and its follow up

paper [9], in which agents may behave strategically. Note, however,

that we are interested not in vote manipulation (by the community

members themselves) but in election control (by an external agent).

Thus, from this point of view, our work extends the vast literature

on control and bribery – that is currently applied to settings such as

single-winner elections and multiwinner elections – to the setting

of liquid democracy. And, as the most distinguishing feature of

liquid democracy is its usage of vote delegations, we study the

natural control action of altering the delegations themselves.

Another related line of research focuses on opinion diffusion in

social networks. Following vote delegation chains in liquid democ-

racymirrors the process of tracking preferences in opinion diffusion.

Notably, [1, 13] provided insights into opinion propagation using a

voting rule similar to our approach for resolving multi-delegations.

Finally, note that the type of liquid democracy we consider here

is not only the standard type in which a voter may delegate their

vote to a single other voter but also a version in which a voter may

delegate to several other voters, in which case the votes of this

set of voters is aggregated to compute the vote of the delegating

voter. In this context, we are closer to more advanced types of liquid

democracy [8, 17].

3 CONTROL BY REDIRECTING ARCS

Next, we first position our work within the landscape of control

problems for liquid democracy; and then describe our formal model.

3.1 Liquid Democracy and Election Control

Generally speaking, when considering election control in liquid

democracy, there are several orthogonal factors to take into account:

• The ballot type: e.g., whether ballots are binary, plurality,

approval, ordinal, cumulative.

• The delegations type: e.g., whether delegations are transi-

tive, coarse-grained or fine-grained [6, 18], whether several

delegations are possible for a single agent.

• The actions at the disposal of the controlling agent: e.g.,

whether the controlling agent can add edges, remove edges,

redirect edges, change the ballots of some voters.

• The goal of the controlling agent: e.g., whether the goal is to

make some predefined preferred candidate win the election.

Following the taxonomy above, it is worthwhile to note that

here we consider: approval ballots; transitive coarse-grained ballots

with possibly more than one delegate to each agent; a controlling

agent that can only redirect edges and whose goal is to make some

predefined preferred candidate a winner of the election after the

controlling actions and the unraveling of the (partially modified)

delegations.

3.2 Formal Model

We describe our formal model. Our formal model contains the

following ingredients:

• A set of voters 𝑉 = {𝑣1, . . . , 𝑣𝑛}.
• A delegation graph 𝐺 = (𝑉 , 𝐸), which is a directed graph

where the voters are the vertices. If the delegation graph has

an out-degree of at most one, then we sometimes refer to the

situation as a “single-delegation” setting; while, in general, it

is a “multi-delegation” setting. A voter 𝑣𝑖 with out-degree 0

is said to be an active voter, while a voter 𝑣𝑖 with out-degree

strictly positive is said to be a passive voter.

• A cost function 𝑐𝑜𝑠𝑡 : 𝐸 (𝐺) → N. The cost of an arc in the

delegation graph 𝐺 is the cost of redirecting this arc.

• We consider approval elections, so there is a (global) set of

candidates 𝐶 = {𝑐1, . . . , 𝑐𝑚} and each active voter 𝑣𝑖 corre-

sponds to a ballot 𝑏𝑖 ⊆ 𝐶 .

• An unraveling function R that takes several ballots and re-

turns a ballot; it is used in the following way: the ballot

of a passive voter delegation to active voters with ballots

𝑏1, . . . , 𝑏𝑧 is unravelled to the ballot R(𝑏1, . . . , 𝑏𝑡 ), as ex-

plained next.) Note that, throughout the paper we consider

several rules R as the unravelling function as described be-

low. In particular, we consider the following rules:

– The union function: here, R returns the union of the

ballots it gets as input: R(𝑏1, . . . , 𝑏𝑡 ) = ∪𝑧∈[𝑡 ]𝑏𝑧 .
– Approval function: an approval function takes a ballot

and returns the set of candidates approved by the maxi-

mum number of voters.

– GreedyMRC function: Under GreedyMRC, we return a

set of candidates obtained by the following method: we

start with an empty set and perform a sequence of itera-

tions, where in each iteration we (a) add to the current set,

a set of candidates 𝑆 approved by the largest number of

voters (all the candidates in 𝑆 are approved by the same

number of voters) and (b) remove the voters that approve

candidates in 𝑆 from further consideration.

Note that the choice of unraveling function is only relevant

for multiple delegation.
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• Given a delegation graph 𝐺 and an unraveling function R,
we can define the unraveled vote of each passive voter by

following its delegations transitively; in particular, a passive

voter 𝑣𝑖 with out-arcs to 𝑢1, 𝑢2, 𝑢3 – say, all of which are

active voters – will be assigned the unravelled ballot 𝑏𝑖 =

R(𝑢1, 𝑢2, 𝑢3); this happens transitively (i.e., at each level). For
simplicity, assume that there are no cycles.From real-world

applications of liquid democracy, in particular in the context

of the LiquidFeedback platform, we know that usually the

number of cycles is rather limited in practice. Let 𝑏𝑖 be the

ballot of 𝑣𝑖 if 𝑣𝑖 is an active voter and its unravelled vote if

𝑣𝑖 is a passive voter.

• A voting rule W that takes a set of (possibly some of which

are unravelled) ballots and returns a candidate 𝑐★ ∈ 𝐶 as the

winner of the election. Note that, throughout the paper we

considerW as the Approval voting rule, which returns

the name of the candidate with the highest number of votes;

we discuss other options in the Outlook section towards the

end of the paper.

• An external agent – referred to as the controller – who has

a predefined budget of 𝑘 and who can change a set of arcs,

say 𝑆 , whose total cost is at most 𝑘 and whose goal is to

make some predefined preferred candidate 𝑐★ a winner of

the election where we first redirect the arcs in 𝑆 , then unravel

all delegations using R, then apply W on the (direct and

unravelled) ballots, and then seewhether 𝑐★ is in thewinning

committee𝑤 .

By redirecting an arc we mean taking an arc (𝑢, 𝑣), removing

it from the graph, and inserting a different arc (𝑢, 𝑣 ′).
So, formally, the problem we are considering in this paper can

be defined as follows:

Constructive Control by Redirecting Arcs

(CCRA)

Input: A delegation graph 𝐺 = (𝑉 , 𝐸) with costs function

𝑐𝑜𝑠𝑡 with approval ballots over a set of candidates 𝐶 , an

unraveling function R, a voting ruleW, a preferred can-

didate 𝑐★, and a budget 𝑘 .

Question: Does there exist a delegation graph 𝐺 ′
that is

achieved from 𝐺 by performing redirections within the

budget 𝑘 , such that, after unraveling all of the delegations

of 𝐺 ′
using R, 𝑐★ is the unique winner of the resulting

election using W?

We denote the number of delegation as #delegations and the

number of approvals as #approvals.
The following example illustrates our model.

Example 1. Consider the delegation graph in Figure 1 on the voter set

{𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣6} and the candidate set {𝑐1, 𝑐2, 𝑐3, 𝑐★}, where 𝑐★ is

the preferred candidate. Let the cost of every arc be 1. Consider union

function as the unraveling function R and approval voting as the

voting ruleW. In Figure 1(a), since 𝑣2 delegates to 𝑣3 and 𝑣4, the vote

of 𝑣2 is {𝑐1, 𝑐2, 𝑐★}. Similarly, the vote of 𝑣5 is {𝑐1, 𝑐2} and the vote of
𝑣1 is {𝑐1, 𝑐2, 𝑐3, 𝑐★}. Since 𝑐1 is approved by the maximum number

of voters, 𝑐1 is the winner in the delegation graph in Figure 1(a). We
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v4

<latexit sha1_base64="wTMdZkdX6VjZjVecGtljjLo8WJc=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolU9Fj04rGi/YA2lM120y7dbMLupFBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWju5nfGnNtRKyecJJwP6IDJULBKFrpcdyr9kplt+LOQVaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzyabGbGp5QNqID3rFU0YgbP5ufOiXnVumTMNa2FJK5+nsio5ExkyiwnRHFoVn2ZuJ/XifF8MbPhEpS5IotFoWpJBiT2d+kLzRnKCeWUKaFvZWwIdWUoU2naEPwll9eJc3LiletXD1Uy7XbPI4CnMIZXIAH11CDe6hDAxgM4Ble4c2Rzovz7nwsWtecfOYE/sD5/AEPyI2p</latexit>

v5

<latexit sha1_base64="RZ/ci1/fNeWd16JpN6gsCJIN+zE=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRI9ELx4xyiOBDZkdGpgwO7uZmSUhGz7BiweN8eoXefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU0eJYthgkYhUO6AaBZfYMNwIbMcKaRgIbAXju7nfmqDSPJJPZhqjH9Kh5APOqLHS46RX7RVLbtldgKwTLyMlyFDvFb+6/YglIUrDBNW647mx8VOqDGcCZ4VuojGmbEyH2LFU0hC1ny5OnZELq/TJIFK2pCEL9fdESkOtp2FgO0NqRnrVm4v/eZ3EDG78lMs4MSjZctEgEcREZP436XOFzIipJZQpbm8lbEQVZcamU7AheKsvr5PmVdmrlKsPlVLtNosjD2dwDpfgwTXU4B7q0AAGQ3iGV3hzhPPivDsfy9ack82cwh84nz8RTI2q</latexit>

{c1, c2}

<latexit sha1_base64="y+mdwlBxnYCikV7XKD4T8nYJn68=">AAAB8nicdVDLSsNAFJ34rPVVdelmsAgupExCre2u6MZlBfuAJITJdNIOnUzCzEQooZ/hxoUibv0ad/6Nk7aCih64cDjnXu69J0w5UxqhD2tldW19Y7O0Vd7e2d3brxwc9lSSSUK7JOGJHIRYUc4E7WqmOR2kkuI45LQfTq4Lv39PpWKJuNPTlPoxHgkWMYK1kVwvJ4F9TgLHmwWVKqohg0YDFsRuItuQVqvpOC1ozy2EqmCJTlB594YJyWIqNOFYKddGqfZzLDUjnM7KXqZoiskEj6hrqMAxVX4+P3kGT40yhFEiTQkN5+r3iRzHSk3j0HTGWI/Vb68Q//LcTEdNP2cizTQVZLEoyjjUCSz+h0MmKdF8aggmkplbIRljiYk2KZVNCF+fwv9Jz6nZ9drFbb3avlrGUQLH4AScARtcgja4AR3QBQQk4AE8gWdLW4/Wi/W6aF2xljNH4Aest0/CdJDw</latexit>

(b)

{c1, c
?}

<latexit sha1_base64="241TelkD6tUntVkB05EG4wNfdmU=">AAAB+HicdVDLSgMxFM3UV62Pjrp0EyyCCymZUmu7K7pxWcE+oDMOmTRtQzOZIckIdeiXuHGhiFs/xZ1/Y6atoKIHLhzOuZd77wlizpRG6MPKrayurW/kNwtb2zu7RXtvv6OiRBLaJhGPZC/AinImaFszzWkvlhSHAafdYHKZ+d07KhWLxI2extQL8UiwISNYG8m3i25KfOeU3LpKY+nOfLuEysigVoMZcerIMaTRqFcqDejMLYRKYImWb7+7g4gkIRWacKxU30Gx9lIsNSOczgpuomiMyQSPaN9QgUOqvHR++AweG2UAh5E0JTScq98nUhwqNQ0D0xliPVa/vUz8y+snelj3UibiRFNBFouGCYc6glkKcMAkJZpPDcFEMnMrJGMsMdEmq4IJ4etT+D/pVMpOtXx2XS01L5Zx5MEhOAInwAHnoAmuQAu0AQEJeABP4Nm6tx6tF+t10ZqzljMH4Aest0+9EJMs</latexit>

{c1, c
?}

<latexit sha1_base64="241TelkD6tUntVkB05EG4wNfdmU=">AAAB+HicdVDLSgMxFM3UV62Pjrp0EyyCCymZUmu7K7pxWcE+oDMOmTRtQzOZIckIdeiXuHGhiFs/xZ1/Y6atoKIHLhzOuZd77wlizpRG6MPKrayurW/kNwtb2zu7RXtvv6OiRBLaJhGPZC/AinImaFszzWkvlhSHAafdYHKZ+d07KhWLxI2extQL8UiwISNYG8m3i25KfOeU3LpKY+nOfLuEysigVoMZcerIMaTRqFcqDejMLYRKYImWb7+7g4gkIRWacKxU30Gx9lIsNSOczgpuomiMyQSPaN9QgUOqvHR++AweG2UAh5E0JTScq98nUhwqNQ0D0xliPVa/vUz8y+snelj3UibiRFNBFouGCYc6glkKcMAkJZpPDcFEMnMrJGMsMdEmq4IJ4etT+D/pVMpOtXx2XS01L5Zx5MEhOAInwAHnoAmuQAu0AQEJeABP4Nm6tx6tF+t10ZqzljMH4Aest0+9EJMs</latexit>

{c3, c
?}

<latexit sha1_base64="8i4c6nEb17W5X33R+MuQhX6TbwE=">AAAB+HicdVBNSwMxEM3Wr1o/uurRS7AIHqRka63trejFYwXbCt11yaZpG5rNLklWqEt/iRcPinj1p3jz35htK6jog4HHezPMzAtizpRG6MPKLS2vrK7l1wsbm1vbRXtnt6OiRBLaJhGP5E2AFeVM0LZmmtObWFIcBpx2g/FF5nfvqFQsEtd6ElMvxEPBBoxgbSTfLrop8U+Oya2rNJbu1LdLqIwMajWYEaeOHEMajXql0oDOzEKoBBZo+fa7249IElKhCcdK9RwUay/FUjPC6bTgJorGmIzxkPYMFTikyktnh0/hoVH6cBBJU0LDmfp9IsWhUpMwMJ0h1iP128vEv7xeogd1L2UiTjQVZL5okHCoI5ilAPtMUqL5xBBMJDO3QjLCEhNtsiqYEL4+hf+TTqXsVMunV9VS83wRRx7sgwNwBBxwBprgErRAGxCQgAfwBJ6te+vRerFe5605azGzB37AevsEwCyTLg==</latexit>

v6

<latexit sha1_base64="89XHUHu8jihKhQvJlgidMltaQuI=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNPo5ELx4xyiOBDZkdemHC7OxmZpaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRQ8epYlhnsYhVK6AaBZdYN9wIbCUKaRQIbAbDu5nfHKHSPJZPZpygH9G+5CFn1FjpcdS96hZLbtmdg6wSLyMlyFDrFr86vZilEUrDBNW67bmJ8SdUGc4ETgudVGNC2ZD2sW2ppBFqfzI/dUrOrNIjYaxsSUPm6u+JCY20HkeB7YyoGehlbyb+57VTE974Ey6T1KBki0VhKoiJyexv0uMKmRFjSyhT3N5K2IAqyoxNp2BD8JZfXiWNi7JXKV8+VErV2yyOPJzAKZyDB9dQhXuoQR0Y9OEZXuHNEc6L8+58LFpzTjZzDH/gfP4AEtCNqw==</latexit>

v6

<latexit sha1_base64="89XHUHu8jihKhQvJlgidMltaQuI=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNPo5ELx4xyiOBDZkdemHC7OxmZpaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRQ8epYlhnsYhVK6AaBZdYN9wIbCUKaRQIbAbDu5nfHKHSPJZPZpygH9G+5CFn1FjpcdS96hZLbtmdg6wSLyMlyFDrFr86vZilEUrDBNW67bmJ8SdUGc4ETgudVGNC2ZD2sW2ppBFqfzI/dUrOrNIjYaxsSUPm6u+JCY20HkeB7YyoGehlbyb+57VTE974Ey6T1KBki0VhKoiJyexv0uMKmRFjSyhT3N5K2IAqyoxNp2BD8JZfXiWNi7JXKV8+VErV2yyOPJzAKZyDB9dQhXuoQR0Y9OEZXuHNEc6L8+58LFpzTjZzDH/gfP4AEtCNqw==</latexit>

Figure 1: (a) Input delegation graph, (b) Delegation graph

after redirecting arc (𝑣5, 𝑣3) to (𝑣5, 𝑣6)

redirect the arc (𝑣5, 𝑣3) to (𝑣5, 𝑣6) as depicted in Figure 1(b). Now, 𝑐★ is

approved by 5 voters (all but 𝑣3 approves 𝑐
★
) and no other candidate is

approved by 5 voters. Thus, 𝑐★ is the unique winner in the delegation

graph in Figure 1(b).

Table 1 and Table 2 summarise the classical and parameterized

complexity of our problem, respectively.

Remark 1. Note that W can be any single-winner voting rule

operating on approval ballots. Similarly, R can be any committee

selection rule with variable number of winners (usually referred to

as a VNW rule) [15]. As such, it means that our model is general

enough to apply any VNW rule to its unravelling procedure and any

single-winner voting rule as its winner selection procedure.

Remark 2. In many works on liquid democracy there is an under-

lying social graph connecting the voters and voters can only delegate

to their corresponding friends. Note that, in our setting, a voter can

delegate to any other voter; so, put differently, we study the special

case in which the underlying social graph is a clique. Since we study

a special case, our hardness results hold also for the general case with

an arbitrary underlying social graph.

All the missing proofs are in supplementary. We assume the

familiarity with the parameterized and approximation algorithms.

Their definitions are discussed in the supplementary.

4 HARDNESS RESULTS

We begin with our results regarding the computational hardness

of the CCRA problem. Both our NP-hardness results are due to

the polynomial-time reduction from the Vertex Cover problem

in cubic graphs and the W[2]-hardness results are due to the same

reduction from the Hitting Set problem.

In the Vertex Cover problem in cubic graphs, given a cubic

graph 𝐺 = (𝑉 , 𝐸) (the degree of every vertex is three), and an

integer
˜𝑘 , the goal is to find a set 𝑆 ⊆ 𝑉 (𝐺) of size at most

˜𝑘 such

that at least one of the endpoint of every edge is in 𝑆 . The problem

is known to be NP-hard [16]. In the Hitting Set problem, given a

universe 𝑈 , a family, F , of subsets of𝑈 , and an integer
˜𝑘 , the goal

is to find a set 𝑆 ⊆ 𝑈 such that for every set 𝐹 ∈ F , 𝑆 ∩F ≠ ∅. Note
that Hitting Set is a generalisation of the Vertex Cover problem,

and it is known to be W[2]-hard with respect to the parameter

˜𝑘 [11].

We begin with our first hardness result.

Theorem 1. CCRA is NP-hard when R is union function or approval

function or GreedyMRC funtion even when

(1) every vertex in the delegation graph satisfies one of the follow-

ing conditions:
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Table 1: Computational Complexity of CCRA

#delegations=1 #delegations ≥ 1

#approvals = 1 #approvals ≥ 1 #approvals = 1 #approvals ≥ 1

P(Theorem 3) NP-complete(Theorem 2) NP-complete(Theorem 1) NP-complete(Theorem 1)

Table 2: Parameterized Complexity of CCRA. Here, 𝛿+ (𝐺) is the maximum out-degree of a

vertex in𝐺 , 𝛿− (𝐺) is the maximum in-degree of a vertex in𝐺 , and 𝜆(𝐺) is the maximum length

of a path in the delegation graph 𝐺 . ? denote that the complexity is open.

Parameters

#delegations=1 #delegations ≥ 1

#approvals ≥ 1 #approvals = 1 #approvals ≥ 1

#voters (𝑛) FPT(Theorem 4) FPT(Theorem 4) FPT(Theorem 4)

#active voters (𝑡 ) XP(Theorem 5), FPT-ASa(Theorem 6) ? ?

#candidates (𝑚) XP, FPT-ASb(Corollary 1) ? ?

𝛿+ (𝐺 ) + 𝛿− (𝐺 ) + #approvals paraNP-hard(Theorem 2) paraNP-hard(Theorem 1) paraNP-hard(Theorem 1)

𝛿+ (𝐺 ) + 𝜆 (𝐺 ) + #approvals paraNP-hard(Theorem 2) paraNP-hard(Theorem 1) paraNP-hard(Theorem 1)

𝑘 + #redirections W[2]-hard
c
(Theorem 2) W[2]-hard

d
(Theorem 1) W[2]-hard

d
(Theorem 1)

a
The parameter is 𝑡 + 𝜖 .

b
The parameter is𝑚 + 𝜖 .

a,b
For both the results, we assume that there is an active voter who either approves only 𝑐★ or any subset of candidates that excludes

𝑐★.
d
The result holds even when 𝛿+ (𝐺 ) + 𝛿− (𝐺 ) + #approvals is constant or 𝜆 (𝐺 ) + #approvals is constant.

e
The result holds even when 𝛿− (𝐺 ) + #approvals is constant or 𝜆 (𝐺 ) + #approvals is constant.

(a) out-degree is at most three, the maximum length of a path

in the delegation graph is at most two, and the cost of arcs

belong to {1, 2}
(b) out-degree is at most two and in-degree is at most two

(2) size of approval set is one

(3) only one voter approves 𝑐★

Furthermore, it isW[2]-hard with respect to 𝑘 + #redirections with
all the above constraints except that in 1(𝑎) out-degree is not bounded
by a constant.

Proof. We focus the proof for the union function. The proof is

exactly the same for other two unraveling functions as well since

in our gadget the set of candidates obtained by all these unraveling

functions is same.

We give a polynomial time reduction from the Vertex Cover

problem in cubic graphs. Let (𝐺, ˜𝑘) be an instance of Vertex Cover
such that 𝐺 is a cubic graph. We construct an instance of CCRA

that satisfies constraints 1(𝑎), 2, and 3 in the theorem statement.

We will discuss later the required modifications for constraint 1(𝑏).
The construction is as follows.

• For every edge 𝑒 ∈ 𝐸 (𝐺), we have a candidate 𝑐𝑒 . Addition-
ally, we have a candidate 𝑐★ (our preferred candidate).

• For every vertex 𝑣 ∈ 𝑉 (𝐺), we have two passive voters 𝑣

and 𝑣 ′, and 𝑣 delegates to 𝑣 ′. The cost of this arc is 1.
• For every edge 𝑒 ∈ 𝐸 (𝐺), we have an active voter 𝑒 who

approves the candidate 𝑐𝑒 . If 𝑢 is an endpoint of 𝑒 , then 𝑢′

delegates to 𝑒 and the cost of this arc is 2.

• We add a special voter 𝑣★ who approves the candidate 𝑐★.

• For every edge 𝑒 ∈ 𝐸 (𝐺), we add a set of dummy voters

𝐷𝑒 = {𝑑𝑒
1
, . . . , 𝑑𝑒

𝑘−5}. Each dummy voter in 𝐷𝑒
delegates to

the active voter 𝑒 and the cost of this arc is 2.

• The budget 𝑘 is
˜𝑘 .

Let𝐻 be the delegation graph that we constructed. Note that in this

graph the score of 𝑐★ is 0 and 𝑘 for every other candidate. Figure 2

illustrates the construction.

.

.

.

.

.

.

De1

<latexit sha1_base64="7AiilqvbcOw17VExe0bDLZYSmwg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNRDx4r2A9oY9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1FipdfuYYc+b9MoVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2bnTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpr+TPlfIjBhbQpni9lbChlRRZmxCJRuCt/jyMmmeVb3z6sX9eaV2ncdRhCM4hlPw4BJqcAd1aACDETzDK7w5ifPivDsf89aCk88cwh84nz/4149X</latexit>

Dem

<latexit sha1_base64="lCmKvbA/VlpuyAw0S1igwT5SW6E=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNRDx4r2A9oY9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1FipdfuYYS+a9MoVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2bnTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpr+TPlfIjBhbQpni9lbChlRRZmxCJRuCt/jyMmmeVb3z6sX9eaV2ncdRhCM4hlPw4BJqcAd1aACDETzDK7w5ifPivDsf89aCk88cwh84nz9UEo+T</latexit>

u0
2

<latexit sha1_base64="Cks2g/3X0O1pgXidowAhJK3NiY4=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbRU9ktLXosevFYwX5Au5Rsmm1Dk+ySZIWy9C948aCIV/+QN/+N2XYP2vpg4PHeDDPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9C7zu09UaRbJRzOLqS/wWLKQEWwyKbkc1oblilt1F0DrxMtJBXK0huWvwSgiiaDSEI617ntubPwUK8MIp/PSINE0xmSKx7RvqcSCaj9d3DpHF1YZoTBStqRBC/X3RIqF1jMR2E6BzUSvepn4n9dPTHjjp0zGiaGSLBeFCUcmQtnjaMQUJYbPLMFEMXsrIhOsMDE2npINwVt9eZ10alWvXm081CvN2zyOIpzBOVyBB9fQhHtoQRsITOAZXuHNEc6L8+58LFsLTj5zCn/gfP4AbAGN1w==</latexit>

u2

<latexit sha1_base64="R6C0Ukt7sATDkS4hL8vGHY+Ihh0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKRY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+7Rf65crbtWdg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKuVb169eKuXmlc53EU4QRO4Rw8uIQG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcLOo2m</latexit>

un

<latexit sha1_base64="Wojci6exmhi/okcQk4I38qMkx7g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPZlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1atVL+9rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBmKo3i</latexit>

u0
n

<latexit sha1_base64="GXTi5ODbrJH/YlhZn3BOpRSIerA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoseiF48VTFtoQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRW8epItQnMY9VN8Saciapb5jhtJsoikXIaSec3OV+54kqzWL5aKYJDQQeSRYxgk0upecDOajW3Lo7B1olXkFqUKA1qH71hzFJBZWGcKx1z3MTE2RYGUY4nVX6qaYJJhM8oj1LJRZUB9n81hk6s8oQRbGyJQ2aq78nMiy0norQdgpsxnrZy8X/vF5qopsgYzJJDZVksShKOTIxyh9HQ6YoMXxqCSaK2VsRGWOFibHxVGwI3vLLq6R9Wfca9auHRq15W8RRhhM4hQvw4BqacA8t8IHAGJ7hFd4c4bw4787HorXkFDPH8AfO5w/G8Y4T</latexit>

e1

<latexit sha1_base64="cXLbeUKpBcSczBcjcCdMbVbUHJ8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0gH2vX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj91Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSeui6tWql/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP/FHjZU=</latexit>

e2

<latexit sha1_base64="JAuEfLs/nXhZqR2J0W/SabxSNkg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKRY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOle+zX+uWKW3XnIKvEy0kFcjT75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbRrVa9evbirVxrXeRxFOIFTOAcPLqEBt9CEFjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AHyy42W</latexit>

e3

<latexit sha1_base64="cZ9QLwlChxH7Am73+jZtg46NAAE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/Pbj6g0j+WDmSToR3QoecgZNVa6x/55v1xxq+4c5C/xclKBHI1++bM3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmxyoCEsbIlDZmrPycyGmk9iQLbGVEz0sveTPzP66YmvPIzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll/+S1pnVa9WvbirVerXeRxFOIJjOAUPLqEOt9CAJjAYwhO8wKsjnGfnzXlftBacfOYQfsH5+Ab0T42X</latexit>

em

<latexit sha1_base64="yFRJ6Load35y1FDagPLPFMC/c1s=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpbhJ2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSNsGm4EdhKFVAYC28H4dua3n1BpHkePZpKgL+kw4iFn1FjpAfuyX664VXcOskq8nFQgR6Nf/uoNYpZKjAwTVOuu5ybGz6gynAmclnqpxoSyMR1i19KIStR+Nj91Ss6sMiBhrGxFhszV3xMZlVpPZGA7JTUjvezNxP+8bmrCaz/jUZIajNhiUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSeui6tWql/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP0xGjdE=</latexit>

2
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v?

<latexit sha1_base64="1kkgHtjzBLB2QK+86VZSBRSoNjM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cK9gPaWDbbTbt0swm7k0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGdzO/NebaiFg94iThfkQHSoSCUbRSa/zUNUh1r1xxq+4cZJV4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflrqp4QllIzrgHUsVjbjxs/m5U3JmlT4JY21LIZmrvycyGhkziQLbGVEcmmVvJv7ndVIMb/xMqCRFrthiUZhKgjGZ/U76QnOGcmIJZVrYWwkbUk0Z2oRKNgRv+eVV0ryoepfVq4fLSu02j6MIJ3AK5+DBNdTgHurQAAYjeIZXeHMS58V5dz4WrQUnnzmGP3A+fwCEBo+y</latexit>

{c?}

<latexit sha1_base64="CXQtMPIZdo+ZjRM2774j4CguFs8=">AAAB8nicdVBNS8NAEN3Ur1q/qh69LBbBU0lCre2t4MVjBfsBTSyb7aZdutmE3YlQQn+GFw+KePXXePPfuGkrqOiDgcd7M8zMCxLBNdj2h1VYW9/Y3Cpul3Z29/YPyodHXR2nirIOjUWs+gHRTHDJOsBBsH6iGIkCwXrB9Cr3e/dMaR7LW5glzI/IWPKQUwJGGngZvfM0EOXNh+WKXbUN6nWcE6dhO4Y0mw3XbWJnYdl2Ba3QHpbfvVFM04hJoIJoPXDsBPyMKOBUsHnJSzVLCJ2SMRsYKknEtJ8tTp7jM6OMcBgrUxLwQv0+kZFI61kUmM6IwET/9nLxL2+QQtjwMy6TFJiky0VhKjDEOP8fj7hiFMTMEEIVN7diOiGKUDAplUwIX5/i/0nXrTq16sVNrdJyV3EU0Qk6RefIQZeoha5RG3UQRTF6QE/o2QLr0XqxXpetBWs1c4x+wHr7BOnrkaQ=</latexit>

{ce1
}

<latexit sha1_base64="hMEoDrMW8u9+Vxyj6IZPMFVBb6s=">AAAB8nicdVBNS8NAEN3Ur1q/qh69LBbBU0lCre2t4MVjBVsLSQib7aZdutkNuxuhhPwMLx4U8eqv8ea/cdNWUNEHA4/3ZpiZF6WMKm3bH1ZlbX1jc6u6XdvZ3ds/qB8eDZXIJCYDLJiQowgpwignA001I6NUEpREjNxFs6vSv7snUlHBb/U8JUGCJpzGFCNtJM/PcZiT0Cn8Iqw37KZt0G7Dkjgd2zGk2+24bhc6C8u2G2CFflh/98cCZwnhGjOklOfYqQ5yJDXFjBQ1P1MkRXiGJsQzlKOEqCBfnFzAM6OMYSykKa7hQv0+kaNEqXkSmc4E6an67ZXiX56X6bgT5JSnmSYcLxfFGYNawPJ/OKaSYM3mhiAsqbkV4imSCGuTUs2E8PUp/J8M3abTal7ctBo9dxVHFZyAU3AOHHAJeuAa9MEAYCDAA3gCz5a2Hq0X63XZWrFWM8fgB6y3T6z4kXw=</latexit>

{ce2
}

<latexit sha1_base64="+5UaSKwLES1OH/0ESYuW6QDulo8=">AAAB8nicdVBNS8NAEN3Ur1q/qh69LBbBU0lCre2t4MVjBVsLSQib7aZdutkNuxuhhPwMLx4U8eqv8ea/cdNWUNEHA4/3ZpiZF6WMKm3bH1ZlbX1jc6u6XdvZ3ds/qB8eDZXIJCYDLJiQowgpwignA001I6NUEpREjNxFs6vSv7snUlHBb/U8JUGCJpzGFCNtJM/PcZiT0C38Iqw37KZt0G7Dkjgd2zGk2+24bhc6C8u2G2CFflh/98cCZwnhGjOklOfYqQ5yJDXFjBQ1P1MkRXiGJsQzlKOEqCBfnFzAM6OMYSykKa7hQv0+kaNEqXkSmc4E6an67ZXiX56X6bgT5JSnmSYcLxfFGYNawPJ/OKaSYM3mhiAsqbkV4imSCGuTUs2E8PUp/J8M3abTal7ctBo9dxVHFZyAU3AOHHAJeuAa9MEAYCDAA3gCz5a2Hq0X63XZWrFWM8fgB6y3T65/kX0=</latexit>

{ce3
}

<latexit sha1_base64="lqz8nDDzTRIJKjsBPaZ7FpyuYIc=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwVZJaa7sruHFZwT4gCWEynbRDJzNhZiKUkM9w40IRt36NO//GSVtBRQ9cOJxzL/feEyaMKm3bH1ZpbX1jc6u8XdnZ3ds/qB4eDZRIJSZ9LJiQoxApwignfU01I6NEEhSHjAzD2XXhD++JVFTwOz1PiB+jCacRxUgbyfUyHGQkuMi9PKjW7Lpt0GrBgjht2zGk02k3Gh3oLCzbroEVekH13RsLnMaEa8yQUq5jJ9rPkNQUM5JXvFSRBOEZmhDXUI5iovxscXIOz4wyhpGQpriGC/X7RIZipeZxaDpjpKfqt1eIf3luqqO2n1GepJpwvFwUpQxqAYv/4ZhKgjWbG4KwpOZWiKdIIqxNShUTwten8H8yaNSdZv3ytlnrNlZxlMEJOAXnwAFXoAtuQA/0AQYCPIAn8Gxp69F6sV6XrSVrNXMMfsB6+wSwBpF+</latexit>

{cem
}

<latexit sha1_base64="DbB8AjWYwJKIj8I76gAykYT73sk=">AAAB8nicdVBNS8NAEN3Ur1q/qh69LBbBU9mEWttbwYvHCrYWkhA22027dLMJuxuhhPwMLx4U8eqv8ea/cdNWUNEHA4/3ZpiZF6acKY3Qh1VZW9/Y3Kpu13Z29/YP6odHQ5VkktABSXgiRyFWlDNBB5ppTkeppDgOOb0LZ1elf3dPpWKJuNXzlPoxnggWMYK1kVwvJ0FOg7jwiqDeQE1k0G7DktgdZBvS7XYcpwvthYVQA6zQD+rv3jghWUyFJhwr5doo1X6OpWaE06LmZYqmmMzwhLqGChxT5eeLkwt4ZpQxjBJpSmi4UL9P5DhWah6HpjPGeqp+e6X4l+dmOur4ORNppqkgy0VRxqFOYPk/HDNJieZzQzCRzNwKyRRLTLRJqWZC+PoU/k+GTtNuNS9uWo2es4qjCk7AKTgHNrgEPXAN+mAACEjAA3gCz5a2Hq0X63XZWrFWM8fgB6y3Twirkbg=</latexit>

k � 4

<latexit sha1_base64="rCuYT1kCI4Xu1g03LKeP95Dz0Rc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRiB4LXjxWtB/QhrLZTtqlm03Y3Qil9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RTW1jc2t4rbpZ3dvf2D8uFRUyeZYthgiUhUO6QaBZfYMNwIbKcKaRwKbIWj25nfekKleSIfzTjFIKYDySPOqLHSw+jC75UrbtWdg6wSLycVyFHvlb+6/YRlMUrDBNW647mpCSZUGc4ETkvdTGNK2YgOsGOppDHqYDI/dUrOrNInUaJsSUPm6u+JCY21Hseh7YypGeplbyb+53UyE90EEy7TzKBki0VRJohJyOxv0ucKmRFjSyhT3N5K2JAqyoxNp2RD8JZfXiXNy6rnV6/u/UrNz+Mowgmcwjl4cA01uIM6NIDBAJ7hFd4c4bw4787HorXg5DPH8AfO5w+ux41e</latexit>

vertices

vertex gadget edge gadget

u1

<latexit sha1_base64="5OvA3XURcV73l4yCJGzf6rhS/WM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpIR14g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68TtpXVa9Wrd/XKo1aHkcRzuAcLsGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAFgI2X</latexit>

u0
1

<latexit sha1_base64="+uwl0zyGbjaAHgsRl8nr2ty+Rg0=">AAAB63icbVBNSwMxEJ34WetX1aOXYBE9lV2p6LHgxWMF+wHtUrJptg1NskuSFcrSv+DFgyJe/UPe/Ddm2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdop7+7tHxxWjo7bJk41ZS0ai1h3Q2KY4Iq1LLeCdRPNiAwF64STu9zvPDFteKwe7TRhgSQjxSNOic2l9GLgDypVr+bNgVeJX5AqFGgOKl/9YUxTyZSlghjT873EBhnRllPBZuV+alhC6ISMWM9RRSQzQTa/dYbPnTLEUaxdKYvn6u+JjEhjpjJ0nZLYsVn2cvE/r5fa6DbIuEpSyxRdLIpSgW2M88fxkGtGrZg6Qqjm7lZMx0QTal08ZReCv/zyKmlf1fx67fqhXm3UizhKcApncAk+3EAD7qEJLaAwhmd4hTck0Qt6Rx+L1jVUzJzAH6DPH2ZHjcg=</latexit>

Figure 2: Illustration of NP-hardness claimed in Theorem 1

with constraints 1(a), 2, and 3. The dotted arcs are to illustrate

that the out-degree of every 𝑢′ is three. Here, 𝑒1 = 𝑢1𝑢2 is an

edge in𝐺 . An approved candidate by an active voter is written

in the blue color next to the voter name. The number on the

top of an edge is the cost of redirection.

Next, we prove the correctness. In the forward direction, suppose

that 𝑆 is a solution to (𝐺,𝑘). Without loss of generality, we assume

that |𝑆 | = 𝑘 . If 𝑣 ∈ 𝑆 , then we redirect the arc (𝑣, 𝑣 ′) to (𝑣, 𝑣★). Since
the cost of arc (𝑣, 𝑣 ′) is 1 and |𝑆 | = 𝑘 , the total cost of redirection

is 𝑘 . Now, we prove that 𝑐★ is the unique winner in the delegation

graph 𝐻★
obtained after redirections. For every vertex 𝑣 ∈ 𝑆 , we
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have an arc (𝑣, 𝑣★) in 𝐻★
. Furthermore, since 𝑣 is the source vertex

(vertex with in-degree zero) in the delegation graph, the vote of 𝑐★

is 𝑘 . For every edge 𝑒 (= 𝑢𝑣) ∈ 𝐸 (𝐺), 𝑢′ and 𝑣 ′ delegates to 𝑒 . Since
either 𝑢 or 𝑣 is in 𝑆 , the vote of candidate 𝑐𝑒 decreases by at least 1,

hence, the score of 𝑐𝑒 in 𝐻★
is at most 𝑘 − 1 (𝑘 − 5 votes are due to

dummy voters). Thus, 𝑐★ is the unique winner in 𝐻 .

In the reverse direction, suppose that 𝐻★
is the delegation graph

obtained after redirecting arcs within the budget such that 𝑐★ is

the unique winner. Let 𝑆 be the set of arcs that are redirected in 𝐻

to obtain 𝐻★
. We can safely assume that all the arcs are redirected

to 𝑣★ because if an arc is redirected to some other voter say 𝑣 ,

then instead of 𝑣 , redirecting it to 𝑣★ increases the score of 𝑐★ and

decrease the score of other voters. We modify 𝑆 a bit as follows.

Suppose that an arc (𝑑, 𝑒) ∈ 𝑆 , and (𝑢′, 𝑒) ∉ 𝑆 , where 𝑢′ is a voter
corresponding to the vertex 𝑢 ∈ 𝑉 (𝐺), which is an endpoint of the

edge 𝑒 ∈ 𝐸 (𝐺). Then, delete (𝑑, 𝑒) from 𝑆 and add (𝑢′, 𝑒) in 𝑆 . Note

that the cost of both the arcs is same, so there the total cost remain

same. Redirection of arc (𝑑, 𝑒) decreases the score of the candidate
𝑐𝑒 by 1 and increase the score of 𝑐★ by 1. However, redirection of

arc (𝑢′, 𝑒) decreases the score of the candidate 𝑐𝑒 by at least 1 and

increase the score of 𝑐★ by at least 1 (“at least" because we might

have already redirected arc (𝑢, 𝑒)). Thus, 𝑆 is still a solution. We

can safely assume that if an arc (𝑢′, 𝑒) is redirected, then (𝑢,𝑢′)
is not redirected as it only contributes in the cost, but does not

increase/decrease the score.

We construct a set 𝑆 ′ ⊆ 𝑉 (𝐺) as follows: if an edge incident to

𝑢′ ((𝑢,𝑢′) or (𝑢′, 𝑒)) is in 𝑆 , add the vertex 𝑢 ∈ 𝑉 (𝐺) in 𝑆 ′. Next,
we prove that 𝑆 ′ is a vertex cover of 𝐺 of size at most 𝑘 . Let 𝛼, 𝛽,𝛾

be the number of arcs in 𝑆 , that are incident on dummy voters, arcs

of type (𝑢′, 𝑒), and arcs of type (𝑢,𝑢′). Thus, the cost of redirection
is 2𝛼 + 2𝛽 + 𝛾 and the score of 𝑐★ is 𝛼 + 2𝛽 + 𝛾 .

Claim 1. By redirecting arcs in 𝑆 , the score of every candidate 𝑐𝑒 ,

where 𝑒 ∈ 𝐸 (𝐺), reduces by at least 1.

Proof. Note that in the delegation graph 𝐻 , the score of every

candidate 𝑐𝑒 , where 𝑒 ∈ 𝐸 (𝐺), is 𝑘 and the score of 𝑐★ is 0. If there

exists a candidate whose score is 𝑘 in the delegation graph 𝐻★
,

then the score of 𝑐★ is at least 𝑘 + 1. Thus, 𝛼 + 2𝛽 + 𝛾 > 𝑘 . Hence,

2𝛼+2𝛽+𝛾 > 𝑘 , a contradiction to the fact that the cost of redirection

is at most 𝑘 . □

Due to Claim 1 and the modified 𝑆 , we know that for every voter

𝑒 , either (𝑢′, 𝑒) ∈ 𝑆 or (𝑢,𝑢′) ∈ 𝑆 (not both), where 𝑢 is an endpoint

of edge 𝑒 ∈ 𝐸 (𝐺). Thus, due to the construction of 𝑆 ′, for every edge
𝑒 ∈ 𝐸 (𝐺), at least one of its endpoint is in 𝑆 ′. We next claim that the

size of 𝑆 ′ is at most 𝑘 . For every vertex 𝑢 ∈ 𝑉 (𝐺), either (𝑢,𝑢′) ∈ 𝑆

or (𝑢′, 𝑒), not both. Thus, |𝑆 ′ | = 𝛽 + 𝛾 . Since 2𝛼 + 2𝛽 + 𝛾 ≤ 𝑘 , it

follows that 𝛽 + 𝛾 ≤ 𝑘 . Hence, |𝑆 ′ | ≤ 𝑘 .

This completes the proof of Theorem 1 with constraints 1(a), 2,

and 3.

Next, we mention the required modification to decrease the in-

degree and out-degree of the delegation graph. Figure 3 illustrates

these modifications. Now, every vertex 𝑢 ∈ 𝑉 (𝐺), we add four

passive voters 𝑢,𝑢′, 𝑢, and �̃�; 𝑢 delegates to 𝑢′ as earlier, and 𝑢′

delegates to 𝑢 and �̃�. For every edge 𝑒 ∈ 𝐸 (𝐺), we have a passive
voter 𝑒 and an active voter 𝑒′ who votes for the candidate 𝑐𝑒 . The

passive vote 𝑒 delegates to 𝑒′. Let 𝑒1, 𝑒2, 𝑒3 be the edges incident to

the vertex 𝑢 in𝐺 . Then, 𝑢 delegates to 𝑒1 and 𝑒2, and �̃� delegates to

𝑒3. In particular, 𝑢 delegates to two passive voters corresponding

to two edges incident to 𝑢 in 𝐺 , and �̃� delegates to the passive

voter corresponding to the third edge incident to 𝑢 in 𝐺 . Note

that the score of 𝑐𝑒 in 𝐻 was 𝑘 , where 𝑒 ∈ 𝐸 (𝐺). Thus, to meet

the same score, we add 𝑘 − 8 dummy passive voters in 𝐷𝑒
. Let

𝐷𝑒 = {𝑑𝑒
1
, . . . , 𝑑𝑒

𝑘−8}. Then, for every 𝑖 ∈ [𝑘 − 7], 𝑑𝑒
𝑖
delegates to

𝑑𝑒
𝑖+1, and 𝑑𝑒

𝑘−8 delegates to 𝑒′. The budget is same as earlier, i.e.,

𝑘 = ˜𝑘 . To ensure that the arc (𝑒, 𝑒′) is not redirected, we set the cost
of this arc as 𝑘 + 1, for every 𝑒 ∈ 𝐸 (𝐺). Furthermore, we set the cost

of arc (𝑢,𝑢′) as 1 and the remaining arcs as 𝑘 + 1. The correctness

is same as earlier. Note, that now we can only redirect the arcs of

type (𝑢,𝑢′) within the budget.

…

e1

<latexit sha1_base64="cXLbeUKpBcSczBcjcCdMbVbUHJ8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0gH2vX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj91Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSeui6tWql/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP/FHjZU=</latexit>

e01

<latexit sha1_base64="5xrgL54/SKAXbD36Zoc1TfIO2bo=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoseiF48V7Ae0oWy2k3bpbhJ2N0Ip/QtePCji1T/kzX/jps1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSNsGm4EdhKFVAYC28H4LvPbT6g0j6NHM0nQl3QY8ZAzajIJz/tev1xxq+4cZJV4OalAjka//NUbxCyVGBkmqNZdz02MP6XKcCZwVuqlGhPKxnSIXUsjKlH70/mtM3JmlQEJY2UrMmSu/p6YUqn1RAa2U1Iz0steJv7ndVMT3vhTHiWpwYgtFoWpICYm2eNkwBUyIyaWUKa4vZWwEVWUGRtPyYbgLb+8SlqXVa9WvXqoVeq3eRxFOIFTuAAPrqEO99CAJjAYwTO8wpsjnRfn3flYtBacfOYY/sD5/AFSDY3G</latexit>

e2

<latexit sha1_base64="JAuEfLs/nXhZqR2J0W/SabxSNkg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKRY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOle+zX+uWKW3XnIKvEy0kFcjT75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbRrVa9evbirVxrXeRxFOIFTOAcPLqEBt9CEFjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AHyy42W</latexit>

e02

<latexit sha1_base64="2+5dfvYZvDy/Kzay8UPDicH4HFI=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ6Kkmp6LHoxWMF+wFtKJvtpF26uwm7G6GU/gUvHhTx6h/y5r8xaXPQ1gcDj/dmmJkXxIIb67rfztr6xubWdmGnuLu3f3BYOjpumSjRDJssEpHuBNSg4AqblluBnVgjlYHAdjC+y/z2E2rDI/VoJzH6kg4VDzmjNpPwol/tl8puxZ2DrBIvJ2XI0eiXvnqDiCUSlWWCGtP13Nj6U6otZwJnxV5iMKZsTIfYTamiEo0/nd86I+epMiBhpNNSlszV3xNTKo2ZyCDtlNSOzLKXif953cSGN/6UqzixqNhiUZgIYiOSPU4GXCOzYpISyjRPbyVsRDVlNo2nmIbgLb+8SlrVilerXD3UyvXbPI4CnMIZXIIH11CHe2hAExiM4Ble4c2Rzovz7nwsWtecfOYE/sD5/AFTkY3H</latexit>

e3

<latexit sha1_base64="cZ9QLwlChxH7Am73+jZtg46NAAE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/Pbj6g0j+WDmSToR3QoecgZNVa6x/55v1xxq+4c5C/xclKBHI1++bM3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmxyoCEsbIlDZmrPycyGmk9iQLbGVEz0sveTPzP66YmvPIzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll/+S1pnVa9WvbirVerXeRxFOIJjOAUPLqEOt9CAJjAYwhO8wKsjnGfnzXlftBacfOYQfsH5+Ab0T42X</latexit>

e03

<latexit sha1_base64="F+/uO8d9u+1lhC3WUJxMU4iwYOI=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ6KolW9Fj04rGC/YA2lM120i7dbMLuRiilf8GLB0W8+oe8+W/ctDlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6y/zWEyrNY/loxgn6ER1IHnJGTSbhWe+yVyq7FXcGsky8nJQhR71X+ur2Y5ZGKA0TVOuO5ybGn1BlOBM4LXZTjQllIzrAjqWSRqj9yezWKTm1Sp+EsbIlDZmpvycmNNJ6HAW2M6JmqBe9TPzP66QmvPEnXCapQcnmi8JUEBOT7HHS5wqZEWNLKFPc3krYkCrKjI2naEPwFl9eJs2LiletXD1Uy7XbPI4CHMMJnIMH11CDe6hDAxgM4Rle4c2JnBfn3fmYt644+cwR/IHz+QNVFY3I</latexit>

De1

<latexit sha1_base64="7AiilqvbcOw17VExe0bDLZYSmwg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNRDx4r2A9oY9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1FipdfuYYc+b9MoVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2bnTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpr+TPlfIjBhbQpni9lbChlRRZmxCJRuCt/jyMmmeVb3z6sX9eaV2ncdRhCM4hlPw4BJqcAd1aACDETzDK7w5ifPivDsf89aCk88cwh84nz/4149X</latexit>

vertices

vertex gadget

edge gadget

k � 8

<latexit sha1_base64="z1op7F+yALSVwc5ozh0UsKpvyxs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRij0WvHisaG2hDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjRx2nimGLxSJWnYBqFFxiy3AjsJMopFEgsB2Mb2Z++wmV5rF8MJME/YgOJQ85o8ZK9+OLer9ccavuHGSVeDmpQI5mv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE9b9jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV8njZdWrVa/uapVGLY+jCCdwCufgwTU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz+0141i</latexit>

u0

<latexit sha1_base64="l8vU8idj0Y2YlCljtkjMR4Yn0F0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh/S8X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1WvVr16r5WqdfyOIpwAqdwAR5cQx3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB0CTjSQ=</latexit>

û

<latexit sha1_base64="5el81GqoNm99SWQnG6pevLSoF+I=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48V7Ae0oWy2m3bpZhN2J0IJ+RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md3O/+8S1EbF6xFnC/YiOlQgFo2il7mBCMUvzYbXm1t0FyDrxClKDAq1h9WswilkacYVMUmP6npugn1GNgkmeVwap4QllUzrmfUsVjbjxs8W5ObmwyoiEsbalkCzU3xMZjYyZRYHtjChOzKo3F//z+imGt34mVJIiV2y5KEwlwZjMfycjoTlDObOEMi3srYRNqKYMbUIVG4K3+vI66VzVvUb9+qFRazaKOMpwBudwCR7cQBPuoQVtYDCFZ3iFNydxXpx352PZWnKKmVP4A+fzB6oPj8A=</latexit>

ũ

<latexit sha1_base64="H27KaCjvroiGxR/cqtNopD3jhBs=">AAAB8HicbVBNS8NAEN34WetX1aOXxSJ4KolU9Fjw4rGC/ZA2lM1m0i7dbMLuRCihv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLUikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk0hxZPZKK7ATMghYIWCpTQTTWwOJDQCca3M7/zBNqIRD3gJAU/ZkMlIsEZWumxj0KGkGfTQaXq1tw56CrxClIlBZqDylc/THgWg0IumTE9z03Rz5lGwSVMy/3MQMr4mA2hZ6liMRg/nx88pedWCWmUaFsK6Vz9PZGz2JhJHNjOmOHILHsz8T+vl2F04+dCpRmC4otFUSYpJnT2PQ2FBo5yYgnjWthbKR8xzTjajMo2BG/55VXSvqx59drVfb3aqBdxlMgpOSMXxCPXpEHuSJO0CCcxeSav5M3Rzovz7nwsWtecYuaE/IHz+QM9MJCp</latexit>

u

<latexit sha1_base64="6xauuTRVWyenD6WaSvQDtuJsc8M=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W9WvW6WavUa3kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwB4A+M8w==</latexit>

Figure 3: Modifications in Figure 2 in the vertex gadget, edge

gadget, and dummy vertices for NP-hardness of Theorem 1

with constraint 1(b). Here, 𝑢 is an endpoint of 𝑒 in 𝐺 .

Instead of Vertex Cover, if we give the same reduction from the

Hitting Set problem, we obtain the claimed W[2]-hardness. □

Since the problem is NP-hard even for two delegations, next we

study the problem for single delegation. Unfortunately, we again

have a negative result.

Theorem 2. CCRA is NP-hard when R is union function or approval

function or GreedyMRC function, #delegations = 1 even when

(1) the delegation graph satisfies one of the following conditions:

(a) the maximum length of a path in the delegation graph is at

most one and the cost of all the arcs is 1

(b) every vertex in the delegation graph has in-degree at most

one

(2) size of approval set is at most three

(3) only one voter approves 𝑐★

Furthermore, it isW[2]-hard with respect to 𝑘 + #redirections even
when #delegations = 1 and condition 1 and 3 holds.

Proof. We focus the proof for the union function. The proof is

exactly the same for other two unraveling functions as well since

in our gadget the set of candidates obtained by all these unraveling

functions is same.
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We give a polynomial time reduction from the Vertex Cover

problem in cubic graphs. Let (𝐺, ˜𝑘) be an instance of Vertex Cover
such that 𝐺 is a cubic graph. The idea is similar to the one used

to prove Theorem 1. Here, 𝑢 delegates to 𝑢′ and 𝑢′ approves all
the candidates corresponding to the edges incident on 𝑢. Dummy

voters in 𝐷𝑒
delegate to the voter corresponding to the edge 𝑒 , who

approves 𝑐𝑒 . Figure 4 illustrates the construction. Next, we present

the construction, in detail. We first construct an instance of CCRA

that satisfies constraints 1(𝑎), 2, and 3 in the theorem statement.

We will discuss later the required modifications for constraint 1(𝑏).
The construction is as follows.

• For every edge 𝑒 ∈ 𝐸 (𝐺), we have a candidate 𝑐𝑒 . Addition-
ally, we have a candidate 𝑐★ who is our favorite candidate.

For every 𝑢 ∈ 𝑉 (𝐺), let 𝐸𝑢 be the set of candidates corre-

sponding to the edges incident to 𝑢 in 𝐺 .

• For every vertex 𝑢 ∈ 𝑉 (𝐺), we have a passive voter 𝑢 and

an active voter 𝑢′. The voter 𝑢 delegates to 𝑢′ and the voter

𝑢′ approves all the candidates in 𝐸𝑢 .

• For every edge 𝑒 ∈ 𝐸 (𝐺), we have an active voter 𝑒 who

approves the candidate 𝑐𝑒 .

• For every edge 𝑒 ∈ 𝐸 (𝐺), we add a set of dummy voters

𝐷𝑒 = {𝑑𝑒
1
, . . . , 𝑑𝑒

𝑘−4}. Each dummy voter in 𝐷𝑒
delegates to

the active voter 𝑒 and the cost of this arc is 1.

• We add a special voter 𝑣★ who approves the candidate 𝑐★.

• The cost of all the arcs is 1.

• The budget 𝑘 is
˜𝑘 .

Let 𝐻 be the delegation graph that we constructed. Note that in

this graph the score of 𝑐★ is 0 and 𝑘 for every other candidate.

De1

<latexit sha1_base64="7AiilqvbcOw17VExe0bDLZYSmwg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNRDx4r2A9oY9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1FipdfuYYc+b9MoVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2bnTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpr+TPlfIjBhbQpni9lbChlRRZmxCJRuCt/jyMmmeVb3z6sX9eaV2ncdRhCM4hlPw4BJqcAd1aACDETzDK7w5ifPivDsf89aCk88cwh84nz/4149X</latexit>

Dem

<latexit sha1_base64="lCmKvbA/VlpuyAw0S1igwT5SW6E=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNRDx4r2A9oY9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1FipdfuYYS+a9MoVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2bnTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpr+TPlfIjBhbQpni9lbChlRRZmxCJRuCt/jyMmmeVb3z6sX9eaV2ncdRhCM4hlPw4BJqcAd1aACDETzDK7w5ifPivDsf89aCk88cwh84nz9UEo+T</latexit>

un

<latexit sha1_base64="Wojci6exmhi/okcQk4I38qMkx7g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPZlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1atVL+9rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBmKo3i</latexit>

u0
n

<latexit sha1_base64="GXTi5ODbrJH/YlhZn3BOpRSIerA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoseiF48VTFtoQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRW8epItQnMY9VN8Saciapb5jhtJsoikXIaSec3OV+54kqzWL5aKYJDQQeSRYxgk0upecDOajW3Lo7B1olXkFqUKA1qH71hzFJBZWGcKx1z3MTE2RYGUY4nVX6qaYJJhM8oj1LJRZUB9n81hk6s8oQRbGyJQ2aq78nMiy0norQdgpsxnrZy8X/vF5qopsgYzJJDZVksShKOTIxyh9HQ6YoMXxqCSaK2VsRGWOFibHxVGwI3vLLq6R9Wfca9auHRq15W8RRhhM4hQvw4BqacA8t8IHAGJ7hFd4c4bw4787HorXkFDPH8AfO5w/G8Y4T</latexit>

e1

<latexit sha1_base64="cXLbeUKpBcSczBcjcCdMbVbUHJ8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0gH2vX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj91Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSeui6tWql/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP/FHjZU=</latexit>

em

<latexit sha1_base64="yFRJ6Load35y1FDagPLPFMC/c1s=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpbhJ2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSNsGm4EdhKFVAYC28H4dua3n1BpHkePZpKgL+kw4iFn1FjpAfuyX664VXcOskq8nFQgR6Nf/uoNYpZKjAwTVOuu5ybGz6gynAmclnqpxoSyMR1i19KIStR+Nj91Ss6sMiBhrGxFhszV3xMZlVpPZGA7JTUjvezNxP+8bmrCaz/jUZIajNhiUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSeui6tWql/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP0xGjdE=</latexit>

1

v?

<latexit sha1_base64="1kkgHtjzBLB2QK+86VZSBRSoNjM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cK9gPaWDbbTbt0swm7k0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGdzO/NebaiFg94iThfkQHSoSCUbRSa/zUNUh1r1xxq+4cZJV4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflrqp4QllIzrgHUsVjbjxs/m5U3JmlT4JY21LIZmrvycyGhkziQLbGVEcmmVvJv7ndVIMb/xMqCRFrthiUZhKgjGZ/U76QnOGcmIJZVrYWwkbUk0Z2oRKNgRv+eVV0ryoepfVq4fLSu02j6MIJ3AK5+DBNdTgHurQAAYjeIZXeHMS58V5dz4WrQUnnzmGP3A+fwCEBo+y</latexit>

{c?}

<latexit sha1_base64="CXQtMPIZdo+ZjRM2774j4CguFs8=">AAAB8nicdVBNS8NAEN3Ur1q/qh69LBbBU0lCre2t4MVjBfsBTSyb7aZdutmE3YlQQn+GFw+KePXXePPfuGkrqOiDgcd7M8zMCxLBNdj2h1VYW9/Y3Cpul3Z29/YPyodHXR2nirIOjUWs+gHRTHDJOsBBsH6iGIkCwXrB9Cr3e/dMaR7LW5glzI/IWPKQUwJGGngZvfM0EOXNh+WKXbUN6nWcE6dhO4Y0mw3XbWJnYdl2Ba3QHpbfvVFM04hJoIJoPXDsBPyMKOBUsHnJSzVLCJ2SMRsYKknEtJ8tTp7jM6OMcBgrUxLwQv0+kZFI61kUmM6IwET/9nLxL2+QQtjwMy6TFJiky0VhKjDEOP8fj7hiFMTMEEIVN7diOiGKUDAplUwIX5/i/0nXrTq16sVNrdJyV3EU0Qk6RefIQZeoha5RG3UQRTF6QE/o2QLr0XqxXpetBWs1c4x+wHr7BOnrkaQ=</latexit>

{ce1
}

<latexit sha1_base64="hMEoDrMW8u9+Vxyj6IZPMFVBb6s=">AAAB8nicdVBNS8NAEN3Ur1q/qh69LBbBU0lCre2t4MVjBVsLSQib7aZdutkNuxuhhPwMLx4U8eqv8ea/cdNWUNEHA4/3ZpiZF6WMKm3bH1ZlbX1jc6u6XdvZ3ds/qB8eDZXIJCYDLJiQowgpwignA001I6NUEpREjNxFs6vSv7snUlHBb/U8JUGCJpzGFCNtJM/PcZiT0Cn8Iqw37KZt0G7Dkjgd2zGk2+24bhc6C8u2G2CFflh/98cCZwnhGjOklOfYqQ5yJDXFjBQ1P1MkRXiGJsQzlKOEqCBfnFzAM6OMYSykKa7hQv0+kaNEqXkSmc4E6an67ZXiX56X6bgT5JSnmSYcLxfFGYNawPJ/OKaSYM3mhiAsqbkV4imSCGuTUs2E8PUp/J8M3abTal7ctBo9dxVHFZyAU3AOHHAJeuAa9MEAYCDAA3gCz5a2Hq0X63XZWrFWM8fgB6y3T6z4kXw=</latexit>

{cem
}

<latexit sha1_base64="DbB8AjWYwJKIj8I76gAykYT73sk=">AAAB8nicdVBNS8NAEN3Ur1q/qh69LBbBU9mEWttbwYvHCrYWkhA22027dLMJuxuhhPwMLx4U8eqv8ea/cdNWUNEHA4/3ZpiZF6acKY3Qh1VZW9/Y3Kpu13Z29/YP6odHQ5VkktABSXgiRyFWlDNBB5ppTkeppDgOOb0LZ1elf3dPpWKJuNXzlPoxnggWMYK1kVwvJ0FOg7jwiqDeQE1k0G7DktgdZBvS7XYcpwvthYVQA6zQD+rv3jghWUyFJhwr5doo1X6OpWaE06LmZYqmmMzwhLqGChxT5eeLkwt4ZpQxjBJpSmi4UL9P5DhWah6HpjPGeqp+e6X4l+dmOur4ORNppqkgy0VRxqFOYPk/HDNJieZzQzCRzNwKyRRLTLRJqWZC+PoU/k+GTtNuNS9uWo2es4qjCk7AKTgHNrgEPXAN+mAACEjAA3gCz5a2Hq0X63XZWrFWM8fgB6y3Twirkbg=</latexit>

k � 4

<latexit sha1_base64="rCuYT1kCI4Xu1g03LKeP95Dz0Rc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRiB4LXjxWtB/QhrLZTtqlm03Y3Qil9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RTW1jc2t4rbpZ3dvf2D8uFRUyeZYthgiUhUO6QaBZfYMNwIbKcKaRwKbIWj25nfekKleSIfzTjFIKYDySPOqLHSw+jC75UrbtWdg6wSLycVyFHvlb+6/YRlMUrDBNW647mpCSZUGc4ETkvdTGNK2YgOsGOppDHqYDI/dUrOrNInUaJsSUPm6u+JCY21Hseh7YypGeplbyb+53UyE90EEy7TzKBki0VRJohJyOxv0ucKmRFjSyhT3N5K2JAqyoxNp2RD8JZfXiXNy6rnV6/u/UrNz+Mowgmcwjl4cA01uIM6NIDBAJ7hFd4c4bw4787HorXg5DPH8AfO5w+ux41e</latexit>

vertices

u1

<latexit sha1_base64="5OvA3XURcV73l4yCJGzf6rhS/WM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpIR14g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68TtpXVa9Wrd/XKo1aHkcRzuAcLsGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAFgI2X</latexit>

u0
1

<latexit sha1_base64="+uwl0zyGbjaAHgsRl8nr2ty+Rg0=">AAAB63icbVBNSwMxEJ34WetX1aOXYBE9lV2p6LHgxWMF+wHtUrJptg1NskuSFcrSv+DFgyJe/UPe/Ddm2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdop7+7tHxxWjo7bJk41ZS0ai1h3Q2KY4Iq1LLeCdRPNiAwF64STu9zvPDFteKwe7TRhgSQjxSNOic2l9GLgDypVr+bNgVeJX5AqFGgOKl/9YUxTyZSlghjT873EBhnRllPBZuV+alhC6ISMWM9RRSQzQTa/dYbPnTLEUaxdKYvn6u+JjEhjpjJ0nZLYsVn2cvE/r5fa6DbIuEpSyxRdLIpSgW2M88fxkGtGrZg6Qqjm7lZMx0QTal08ZReCv/zyKmlf1fx67fqhXm3UizhKcApncAk+3EAD7qEJLaAwhmd4hTck0Qt6Rx+L1jVUzJzAH6DPH2ZHjcg=</latexit>

… …

…

…
Eu1

<latexit sha1_base64="4ed1sjg0VhZK5Hvs+1BpuTxezfg=">AAAB7nicdVBNSwMxEJ2tX7V+VT16CRbBU8mWWttbQQSPFewHtMuSTdM2NJtdkqxQlv4ILx4U8erv8ea/MdtWUNEHA4/3ZpiZF8SCa4Pxh5NbW9/Y3MpvF3Z29/YPiodHHR0lirI2jUSkegHRTHDJ2oYbwXqxYiQMBOsG06vM794zpXkk78wsZl5IxpKPOCXGSt1rP018d+4XS7iMLWo1lBG3jl1LGo16pdJA7sLCuAQrtPzi+2AY0SRk0lBBtO67ODZeSpThVLB5YZBoFhM6JWPWt1SSkGkvXZw7R2dWGaJRpGxJgxbq94mUhFrPwsB2hsRM9G8vE//y+okZ1b2UyzgxTNLlolEikIlQ9jsacsWoETNLCFXc3orohChCjU2oYEP4+hT9TzqVslstX9xWS83qKo48nMApnIMLl9CEG2hBGyhM4QGe4NmJnUfnxXldtuac1cwx/IDz9glneI+Y</latexit>

Eun

<latexit sha1_base64="DA0xr7+bLv0bcTjwTJhYsCvjtuA=">AAAB7nicdVBNSwMxEJ2tX7V+VT16CRbBU8mWWttbQQSPFewHtMuSTdM2NJtdkqxQlv4ILx4U8erv8ea/MdtWUNEHA4/3ZpiZF8SCa4Pxh5NbW9/Y3MpvF3Z29/YPiodHHR0lirI2jUSkegHRTHDJ2oYbwXqxYiQMBOsG06vM794zpXkk78wsZl5IxpKPOCXGSt1rP018OfeLJVzGFrUayohbx64ljUa9Umkgd2FhXIIVWn7xfTCMaBIyaaggWvddHBsvJcpwKti8MEg0iwmdkjHrWypJyLSXLs6dozOrDNEoUrakQQv1+0RKQq1nYWA7Q2Im+reXiX95/cSM6l7KZZwYJuly0SgRyEQo+x0NuWLUiJklhCpub0V0QhShxiZUsCF8fYr+J51K2a2WL26rpWZ1FUceTuAUzsGFS2jCDbSgDRSm8ABP8OzEzqPz4rwuW3POauYYfsB5+wTEKY/V</latexit>

{<latexit sha1_base64="o7U7mpBXrYzsjbwxNLWFvRlNUc0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh17WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6qXq16eV+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB54cjW0=</latexit>

k � 4

<latexit sha1_base64="rCuYT1kCI4Xu1g03LKeP95Dz0Rc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRiB4LXjxWtB/QhrLZTtqlm03Y3Qil9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RTW1jc2t4rbpZ3dvf2D8uFRUyeZYthgiUhUO6QaBZfYMNwIbKcKaRwKbIWj25nfekKleSIfzTjFIKYDySPOqLHSw+jC75UrbtWdg6wSLycVyFHvlb+6/YRlMUrDBNW647mpCSZUGc4ETkvdTGNK2YgOsGOppDHqYDI/dUrOrNInUaJsSUPm6u+JCY21Hseh7YypGeplbyb+53UyE90EEy7TzKBki0VRJohJyOxv0ucKmRFjSyhT3N5K2JAqyoxNp2RD8JZfXiXNy6rnV6/u/UrNz+Mowgmcwjl4cA01uIM6NIDBAJ7hFd4c4bw4787HorXg5DPH8AfO5w+ux41e</latexit>

vertices

{<latexit sha1_base64="o7U7mpBXrYzsjbwxNLWFvRlNUc0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh17WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6qXq16eV+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB54cjW0=</latexit>

1

1 1
1 1

Figure 4: Illustration of NP-hardness claimed in Theorem 2.

𝐸𝑢 is the set of candidates corresponding to the edges incident

to 𝑢 in𝐺 . The set of approved candidates by an active voter is

written in the blue color next to the voter name. The number

on an edge is the cost of redirection.

To prove the result for the constraint 1(b), 2, and 3, we do the

same modification as in Theorem 1. Note that the only active voters

𝑒 , for every 𝑒 ∈ 𝐸 (𝐺) has large in-degree. All the other vertices
have in-degree (out-degree) at most 1. Thus, to decrease the out-

degree of 𝑒 , we add a path on the dummy voters. That is, for every

𝑖 ∈ [𝑘 − 5], 𝑒 ∈ 𝐸 (𝐺), 𝑑𝑒
𝑖
delegates to 𝑑𝑒

𝑖+1 and 𝑑
𝑒
𝑘−4 delegates to the

voter 𝑒 . Figure 5 illustrates the modification. The cost of arc of type

(𝑢,𝑢′) is 1 and for the remaining arcs, it is 𝑘 + 1. The correctness is

same as earlier. Now, we can only redirect the arcs of type (𝑢,𝑢′).

De1

<latexit sha1_base64="7AiilqvbcOw17VExe0bDLZYSmwg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNRDx4r2A9oY9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1FipdfuYYc+b9MoVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2bnTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpr+TPlfIjBhbQpni9lbChlRRZmxCJRuCt/jyMmmeVb3z6sX9eaV2ncdRhCM4hlPw4BJqcAd1aACDETzDK7w5ifPivDsf89aCk88cwh84nz/4149X</latexit>

Dem

<latexit sha1_base64="lCmKvbA/VlpuyAw0S1igwT5SW6E=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNRDx4r2A9oY9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1FipdfuYYS+a9MoVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2bnTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpr+TPlfIjBhbQpni9lbChlRRZmxCJRuCt/jyMmmeVb3z6sX9eaV2ncdRhCM4hlPw4BJqcAd1aACDETzDK7w5ifPivDsf89aCk88cwh84nz9UEo+T</latexit>

un

<latexit sha1_base64="Wojci6exmhi/okcQk4I38qMkx7g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPZlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1atVL+9rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBmKo3i</latexit>

u0
n

<latexit sha1_base64="GXTi5ODbrJH/YlhZn3BOpRSIerA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoseiF48VTFtoQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRW8epItQnMY9VN8Saciapb5jhtJsoikXIaSec3OV+54kqzWL5aKYJDQQeSRYxgk0upecDOajW3Lo7B1olXkFqUKA1qH71hzFJBZWGcKx1z3MTE2RYGUY4nVX6qaYJJhM8oj1LJRZUB9n81hk6s8oQRbGyJQ2aq78nMiy0norQdgpsxnrZy8X/vF5qopsgYzJJDZVksShKOTIxyh9HQ6YoMXxqCSaK2VsRGWOFibHxVGwI3vLLq6R9Wfca9auHRq15W8RRhhM4hQvw4BqacA8t8IHAGJ7hFd4c4bw4787HorXkFDPH8AfO5w/G8Y4T</latexit>

e1

<latexit sha1_base64="cXLbeUKpBcSczBcjcCdMbVbUHJ8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0gH2vX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj91Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSeui6tWql/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP/FHjZU=</latexit>

em

<latexit sha1_base64="yFRJ6Load35y1FDagPLPFMC/c1s=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpbhJ2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSNsGm4EdhKFVAYC28H4dua3n1BpHkePZpKgL+kw4iFn1FjpAfuyX664VXcOskq8nFQgR6Nf/uoNYpZKjAwTVOuu5ybGz6gynAmclnqpxoSyMR1i19KIStR+Nj91Ss6sMiBhrGxFhszV3xMZlVpPZGA7JTUjvezNxP+8bmrCaz/jUZIajNhiUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSeui6tWql/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP0xGjdE=</latexit>

1

v?

<latexit sha1_base64="1kkgHtjzBLB2QK+86VZSBRSoNjM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cK9gPaWDbbTbt0swm7k0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGdzO/NebaiFg94iThfkQHSoSCUbRSa/zUNUh1r1xxq+4cZJV4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflrqp4QllIzrgHUsVjbjxs/m5U3JmlT4JY21LIZmrvycyGhkziQLbGVEcmmVvJv7ndVIMb/xMqCRFrthiUZhKgjGZ/U76QnOGcmIJZVrYWwkbUk0Z2oRKNgRv+eVV0ryoepfVq4fLSu02j6MIJ3AK5+DBNdTgHurQAAYjeIZXeHMS58V5dz4WrQUnnzmGP3A+fwCEBo+y</latexit>

{c?}

<latexit sha1_base64="CXQtMPIZdo+ZjRM2774j4CguFs8=">AAAB8nicdVBNS8NAEN3Ur1q/qh69LBbBU0lCre2t4MVjBfsBTSyb7aZdutmE3YlQQn+GFw+KePXXePPfuGkrqOiDgcd7M8zMCxLBNdj2h1VYW9/Y3Cpul3Z29/YPyodHXR2nirIOjUWs+gHRTHDJOsBBsH6iGIkCwXrB9Cr3e/dMaR7LW5glzI/IWPKQUwJGGngZvfM0EOXNh+WKXbUN6nWcE6dhO4Y0mw3XbWJnYdl2Ba3QHpbfvVFM04hJoIJoPXDsBPyMKOBUsHnJSzVLCJ2SMRsYKknEtJ8tTp7jM6OMcBgrUxLwQv0+kZFI61kUmM6IwET/9nLxL2+QQtjwMy6TFJiky0VhKjDEOP8fj7hiFMTMEEIVN7diOiGKUDAplUwIX5/i/0nXrTq16sVNrdJyV3EU0Qk6RefIQZeoha5RG3UQRTF6QE/o2QLr0XqxXpetBWs1c4x+wHr7BOnrkaQ=</latexit>

{ce1
}

<latexit sha1_base64="hMEoDrMW8u9+Vxyj6IZPMFVBb6s=">AAAB8nicdVBNS8NAEN3Ur1q/qh69LBbBU0lCre2t4MVjBVsLSQib7aZdutkNuxuhhPwMLx4U8eqv8ea/cdNWUNEHA4/3ZpiZF6WMKm3bH1ZlbX1jc6u6XdvZ3ds/qB8eDZXIJCYDLJiQowgpwignA001I6NUEpREjNxFs6vSv7snUlHBb/U8JUGCJpzGFCNtJM/PcZiT0Cn8Iqw37KZt0G7Dkjgd2zGk2+24bhc6C8u2G2CFflh/98cCZwnhGjOklOfYqQ5yJDXFjBQ1P1MkRXiGJsQzlKOEqCBfnFzAM6OMYSykKa7hQv0+kaNEqXkSmc4E6an67ZXiX56X6bgT5JSnmSYcLxfFGYNawPJ/OKaSYM3mhiAsqbkV4imSCGuTUs2E8PUp/J8M3abTal7ctBo9dxVHFZyAU3AOHHAJeuAa9MEAYCDAA3gCz5a2Hq0X63XZWrFWM8fgB6y3T6z4kXw=</latexit>

{cem
}

<latexit sha1_base64="DbB8AjWYwJKIj8I76gAykYT73sk=">AAAB8nicdVBNS8NAEN3Ur1q/qh69LBbBU9mEWttbwYvHCrYWkhA22027dLMJuxuhhPwMLx4U8eqv8ea/cdNWUNEHA4/3ZpiZF6acKY3Qh1VZW9/Y3Kpu13Z29/YP6odHQ5VkktABSXgiRyFWlDNBB5ppTkeppDgOOb0LZ1elf3dPpWKJuNXzlPoxnggWMYK1kVwvJ0FOg7jwiqDeQE1k0G7DktgdZBvS7XYcpwvthYVQA6zQD+rv3jghWUyFJhwr5doo1X6OpWaE06LmZYqmmMzwhLqGChxT5eeLkwt4ZpQxjBJpSmi4UL9P5DhWah6HpjPGeqp+e6X4l+dmOur4ORNppqkgy0VRxqFOYPk/HDNJieZzQzCRzNwKyRRLTLRJqWZC+PoU/k+GTtNuNS9uWo2es4qjCk7AKTgHNrgEPXAN+mAACEjAA3gCz5a2Hq0X63XZWrFWM8fgB6y3Twirkbg=</latexit>

k � 4

<latexit sha1_base64="rCuYT1kCI4Xu1g03LKeP95Dz0Rc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRiB4LXjxWtB/QhrLZTtqlm03Y3Qil9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RTW1jc2t4rbpZ3dvf2D8uFRUyeZYthgiUhUO6QaBZfYMNwIbKcKaRwKbIWj25nfekKleSIfzTjFIKYDySPOqLHSw+jC75UrbtWdg6wSLycVyFHvlb+6/YRlMUrDBNW647mpCSZUGc4ETkvdTGNK2YgOsGOppDHqYDI/dUrOrNInUaJsSUPm6u+JCY21Hseh7YypGeplbyb+53UyE90EEy7TzKBki0VRJohJyOxv0ucKmRFjSyhT3N5K2JAqyoxNp2RD8JZfXiXNy6rnV6/u/UrNz+Mowgmcwjl4cA01uIM6NIDBAJ7hFd4c4bw4787HorXg5DPH8AfO5w+ux41e</latexit>

vertices

u1

<latexit sha1_base64="5OvA3XURcV73l4yCJGzf6rhS/WM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpIR14g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68TtpXVa9Wrd/XKo1aHkcRzuAcLsGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAFgI2X</latexit>

u0
1

<latexit sha1_base64="+uwl0zyGbjaAHgsRl8nr2ty+Rg0=">AAAB63icbVBNSwMxEJ34WetX1aOXYBE9lV2p6LHgxWMF+wHtUrJptg1NskuSFcrSv+DFgyJe/UPe/Ddm2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdop7+7tHxxWjo7bJk41ZS0ai1h3Q2KY4Iq1LLeCdRPNiAwF64STu9zvPDFteKwe7TRhgSQjxSNOic2l9GLgDypVr+bNgVeJX5AqFGgOKl/9YUxTyZSlghjT873EBhnRllPBZuV+alhC6ISMWM9RRSQzQTa/dYbPnTLEUaxdKYvn6u+JjEhjpjJ0nZLYsVn2cvE/r5fa6DbIuEpSyxRdLIpSgW2M88fxkGtGrZg6Qqjm7lZMx0QTal08ZReCv/zyKmlf1fx67fqhXm3UizhKcApncAk+3EAD7qEJLaAwhmd4hTck0Qt6Rx+L1jVUzJzAH6DPH2ZHjcg=</latexit>

…

…
Eu1

<latexit sha1_base64="4ed1sjg0VhZK5Hvs+1BpuTxezfg=">AAAB7nicdVBNSwMxEJ2tX7V+VT16CRbBU8mWWttbQQSPFewHtMuSTdM2NJtdkqxQlv4ILx4U8erv8ea/MdtWUNEHA4/3ZpiZF8SCa4Pxh5NbW9/Y3MpvF3Z29/YPiodHHR0lirI2jUSkegHRTHDJ2oYbwXqxYiQMBOsG06vM794zpXkk78wsZl5IxpKPOCXGSt1rP018d+4XS7iMLWo1lBG3jl1LGo16pdJA7sLCuAQrtPzi+2AY0SRk0lBBtO67ODZeSpThVLB5YZBoFhM6JWPWt1SSkGkvXZw7R2dWGaJRpGxJgxbq94mUhFrPwsB2hsRM9G8vE//y+okZ1b2UyzgxTNLlolEikIlQ9jsacsWoETNLCFXc3orohChCjU2oYEP4+hT9TzqVslstX9xWS83qKo48nMApnIMLl9CEG2hBGyhM4QGe4NmJnUfnxXldtuac1cwx/IDz9glneI+Y</latexit>

Eun

<latexit sha1_base64="DA0xr7+bLv0bcTjwTJhYsCvjtuA=">AAAB7nicdVBNSwMxEJ2tX7V+VT16CRbBU8mWWttbQQSPFewHtMuSTdM2NJtdkqxQlv4ILx4U8erv8ea/MdtWUNEHA4/3ZpiZF8SCa4Pxh5NbW9/Y3MpvF3Z29/YPiodHHR0lirI2jUSkegHRTHDJ2oYbwXqxYiQMBOsG06vM794zpXkk78wsZl5IxpKPOCXGSt1rP018OfeLJVzGFrUayohbx64ljUa9Umkgd2FhXIIVWn7xfTCMaBIyaaggWvddHBsvJcpwKti8MEg0iwmdkjHrWypJyLSXLs6dozOrDNEoUrakQQv1+0RKQq1nYWA7Q2Im+reXiX95/cSM6l7KZZwYJuly0SgRyEQo+x0NuWLUiJklhCpub0V0QhShxiZUsCF8fYr+J51K2a2WL26rpWZ1FUceTuAUzsGFS2jCDbSgDRSm8ABP8OzEzqPz4rwuW3POauYYfsB5+wTEKY/V</latexit>

{<latexit sha1_base64="o7U7mpBXrYzsjbwxNLWFvRlNUc0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh17WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6qXq16eV+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB54cjW0=</latexit>

1

…

k � 4

<latexit sha1_base64="rCuYT1kCI4Xu1g03LKeP95Dz0Rc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRiB4LXjxWtB/QhrLZTtqlm03Y3Qil9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RTW1jc2t4rbpZ3dvf2D8uFRUyeZYthgiUhUO6QaBZfYMNwIbKcKaRwKbIWj25nfekKleSIfzTjFIKYDySPOqLHSw+jC75UrbtWdg6wSLycVyFHvlb+6/YRlMUrDBNW647mpCSZUGc4ETkvdTGNK2YgOsGOppDHqYDI/dUrOrNInUaJsSUPm6u+JCY21Hseh7YypGeplbyb+53UyE90EEy7TzKBki0VRJohJyOxv0ucKmRFjSyhT3N5K2JAqyoxNp2RD8JZfXiXNy6rnV6/u/UrNz+Mowgmcwjl4cA01uIM6NIDBAJ7hFd4c4bw4787HorXg5DPH8AfO5w+ux41e</latexit>

vertices

{<latexit sha1_base64="o7U7mpBXrYzsjbwxNLWFvRlNUc0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh17WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6qXq16eV+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB54cjW0=</latexit>

…
k + 1

<latexit sha1_base64="cFCPX9l3BO7OZ5SrdwmChs628ss=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiFT0WvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO//YRK81g+mkmCfkSHkoecUWOlh/GF1y9X3Ko7B1klXk4qkKPRL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhDd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6R1WfVq1av7WqVey+Mowgmcwjl4cA11uIMGNIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w+nMY1Z</latexit>

k + 1

<latexit sha1_base64="cFCPX9l3BO7OZ5SrdwmChs628ss=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiFT0WvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO//YRK81g+mkmCfkSHkoecUWOlh/GF1y9X3Ko7B1klXk4qkKPRL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhDd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6R1WfVq1av7WqVey+Mowgmcwjl4cA11uIMGNIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w+nMY1Z</latexit>

k + 1

<latexit sha1_base64="cFCPX9l3BO7OZ5SrdwmChs628ss=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiFT0WvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO//YRK81g+mkmCfkSHkoecUWOlh/GF1y9X3Ko7B1klXk4qkKPRL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhDd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6R1WfVq1av7WqVey+Mowgmcwjl4cA11uIMGNIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w+nMY1Z</latexit>

k + 1

<latexit sha1_base64="cFCPX9l3BO7OZ5SrdwmChs628ss=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiFT0WvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO//YRK81g+mkmCfkSHkoecUWOlh/GF1y9X3Ko7B1klXk4qkKPRL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhDd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6R1WfVq1av7WqVey+Mowgmcwjl4cA11uIMGNIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w+nMY1Z</latexit>

Figure 5: Modifications in Figure 5 for NP-hardness of Theo-
rem 1 with constraint 1(b).

Instead of Vertex Cover, again if we give the same reduction

from Hitting Set, we obtain the claimed W[2]-hardness with
respect to 𝑘 + #redirections, but the size of approval set is no
longer a constant.

□

The complexity of CCRA when #delegations = 1 and

#approvals = 2 elude us so far.

5 ALGORITHMIC RESULTS

In this section, we design exact, parameterized, and approximation

algorithms for CCRA in various settings.

Preprocessing. We perform the following simple preprocessing

step on the given CCRA instance. We partition the active voters

into equivalence classes based on their approval sets, i.e., for each

subset 𝐶′ ⊆ 𝐶 of candidates, let 𝑆𝐶′ be the set of active voters

whose approval set is equal to𝐶′
. Then, for each𝐶′

such that 𝑆𝐶′ is

non-empty, we add a virtual active voter 𝑣𝐶′—who does not have an

actual vote, i.e., does not add to the resulting scores— and add arcs

from each original active voter 𝑣 ∈ 𝑆𝐶′ to 𝑣𝐶′ of cost∞. It is easy to

see that this results in an equivalent instance of CCRA wherein the

number of active voters is upper bounded by the number of subsets

𝐶′ ⊆ 𝐶 such that 𝑆𝐶′ ≠ ∅, which is at most 2
𝑚
. In the following

algorithms, we work with the instances of CCRA preprocessed in

this manner.

5.1 Polynomial-Time Algorithm

In the following theorem, we give a polynomial-time algorithm for

CCRA in the single-delegation, single-approval setting.

Theorem3. CCRA is polynomial-time solvable when #delegations =

1 and #approvals = 1.

Proof. Due to preprocessing and #approvals = 1, we know

that each active voter votes for a distinct candidate and 𝑡 = 𝑚.

Let us arbitrarily number the active voters as 𝑣0, 𝑣1, 𝑣2, . . . , 𝑣𝑡 such

that each 𝑣𝑖 votes for candidate 𝑐𝑖 , where 𝑐𝑡 = 𝑐∗, our preferred
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candidate. Since #delegations = 1, the set of vertices currently

voting for 𝑐𝑖 , by the virtue of the active voter 𝑣𝑖 forms a tree, say𝑇𝑖 .

First, we prove the following lemma that is used as a subroutine in

the main algorithm.

Lemma 1. There exists a polynomial-time algorithm that returns,

for each 1 ≤ 𝑖 ≤ 𝑡 , an array 𝐴𝑖 of length |𝑉 (𝑇𝑖 ) | + 1, such that for

each 0 ≤ 𝑗 ≤ |𝑉 (𝑇𝑖 ) |, 𝐴𝑖 [ 𝑗] is equal to the minimum-cost of a subset

of arcs from 𝑇𝑖 , whose redirection yields at least 𝑗 votes for 𝑐∗. One
can also compute in polynomial-time, as the corresponding subsets of

arcs realizing the minimum cost.

Proof. We perform a bottom-up dynamic programming on the

𝑇𝑖 , which we root at the active voter 𝑣𝑖 . Thus, every arc (𝑢, 𝑣) is
directed from a child 𝑢 to its parent 𝑣 . For each vertex 𝑣 with parent

𝑤 , we associate two arrays, namely 𝐴𝑣 and 𝐵𝑣 – since the root 𝑣𝑖
does not have a parent, we only define 𝐵𝑣𝑖 for it, which is also the

final output of the algorithm.

Let ℓ𝑣 denote the number of nodes in the subtree rooted at 𝑣

(denoted by 𝑇𝑣 ), then 𝐴𝑣 has length ℓ𝑣 + 1 and 𝐵𝑣 has length ℓ𝑣 ,

these two arrays represent the computational primitives for the

dynamic steps in the algorithm. For 0 ≤ 𝑗 ≤ ℓ𝑣 − 1, 𝐵𝑣 [ 𝑗] is the
minimum cost of arcs from 𝐸 (𝑇𝑣), whose redirection yields at least

𝑗 votes from 𝑉 (𝑇𝑣) \ {𝑣}; whereas for 0 ≤ 𝑗 ≤ ℓ𝑣 , 𝐴𝑣 [ 𝑗] is the
minimum cost of arcs from 𝐸 (𝑇𝑣) ∪ {(𝑣,𝑤)}, whose redirection

yields at least 𝑗 votes from 𝑉 (𝑇𝑣).
Leaf case. If 𝑢 is a leaf, then 𝐵𝑢 is an array of length 1, with

𝐵𝑢 [0] B 0.

Computing 𝐴𝑣 given 𝐵𝑣 . Let 𝑣 be a vertex (other than the

root 𝑣𝑖 ) with parent 𝑤 . Suppose we have already correctly com-

puted the array 𝐵𝑣 of length ℓ = |𝑉 (𝑇𝑣) |. Then, we define 𝐴𝑣 [ℓ] =
𝑐𝑜𝑠𝑡 ((𝑣,𝑤)), since redirection of edge (𝑣,𝑤) is the only way to ob-

tain ℓ votes. For all other 0 ≤ 𝑗 ≤ ℓ − 1, define

𝐴𝑣 [ 𝑗] = min {𝐵𝑣 [ 𝑗], 𝑐𝑜𝑠𝑡 ((𝑣,𝑤))} . (1)

Computing 𝐵𝑣 given the arrays𝐴 for the children. Consider

a vertex 𝑣 with children 𝑢1, 𝑢2, . . . , 𝑢𝑟 (numbered arbitrarily), and

for each 1 ≤ 𝑞 ≤ 𝑟 , let 𝑒𝑞 = (𝑢𝑞, 𝑣) be the edge between 𝑣 and 𝑞-th

child. Suppose that we have computed the arrays 𝐴𝑣𝑞 for every 𝑣𝑞 .

For simplicity, we denote 𝐴𝑣𝑞 by 𝐴𝑞 . We compute the array 𝐵𝑣 by

iteratively merging the arrays for the children, as follows. First, we

merge 𝐴≤1 B 𝐴1 and 𝐴2 to compute 𝐵≤2 (discussed next). Then,

we merge𝐴≤2 with𝐴3 to compute𝐴≤3, and so on. The final output
𝐵𝑣 is equal to 𝐴≤𝑡 computed in this manner.

Now we discuss how to compute 𝐴≤𝑦+1, given an array 𝐴≤𝑦 of

length ℓ′𝑦 + 1, where ℓ′𝑦 = |⋃
1≤𝑞≤𝑦 𝑉 (𝑇𝑢𝑦

) |, and an array 𝐴𝑦+1 of
length ℓ𝑦+1+1. This is done as follows. For each 0 ≤ 𝑗 ≤ ℓ′𝑦+ℓ𝑦+1+1,
define

𝐴≤𝑦+1 [ 𝑗] = min

0≤𝑥≤min

{
𝑗,ℓ ′𝑦

} {𝐴≤𝑦 [𝑥] +𝐴𝑦+1 [ 𝑗 − 𝑥]
}

(2)

The correctness of the dynamic program is argued in the supple-

mentary. □

We use the algorithm in Lemma 1 to compute the arrays 𝐴𝑖 [·]
for each 0 ≤ 𝑖 < 𝑡 (since 𝑣𝑡 votes for 𝑐

∗
, we will not redirect any

arcs out of tree𝑇𝑡 ). We use these arrays to perform another level of

dynamic programming, to solve CCRA optimally. Our DP table is

parameterized by a tuple, (𝑖, 𝑘, 𝑥), where 0 ≤ 𝑖 < 𝑡 , and 0 ≤ 𝑥, 𝑘 ≤ 𝑛,

and the corresponding entry𝑇 [𝑖, 𝑘, 𝑥] is equal to the minimum cost

of arcs redirected from𝑇1 ∪ . . .∪𝑇𝑖 to get at least 𝑘 votes for 𝑐∗ (i.e.,
the arcs will be redirected into 𝑣𝑡 ), and leaving at most 𝑥 votes for

the first 𝑖 candidates, 𝑐1, . . . , 𝑐𝑖 .

For the base case, we define 𝑇 [0, 𝑘, 𝑥] = 0 iff 𝑘 = 𝑥 = 0 and

𝑇 [0, 𝑘, 𝑥] = +∞ otherwise. Suppose we have already computed all

the entries of the form 𝑇 [𝑖 − 1, 𝑘, 𝑥]. Let 𝑙𝑖 = |𝑉 (𝑇𝑖 ) | + 1 denote the

number of voters in the 𝑖-th tree. We compute the entries in the

𝑖-th row using the following recurrence.

𝑇 [𝑖, 𝑘, 𝑥] = min

𝑙𝑖−𝑥≤ 𝑗≤𝑙𝑖
{𝐴𝑖 [ 𝑗] +𝑇 [𝑖 − 1, 𝑘 − 𝑗, 𝑥]} (3)

The correctness of this recurrence is argued in the supplementary.

The final output of the algorithm is the minimum value 𝑇 [𝑡, 𝑘, 𝑥]
over all 0 ≤ 𝑥 < 𝑘 ≤ 𝑛.

□

5.2 Parameterized Algorithms

We design the fixed-parameter tractable (FPT) algorithms with re-

spect to the parameters, number of vertices (𝑛), the number of

active voters (t), and number of candidates (𝑚). First, we have the

following result.

Theorem 4. CCRA is FPT w.r.t. the parameter 𝑛.

Proof. The proof is by enumerating solutions and returning a

minimum-cost solution found wherein our preferred candidate 𝑐∗

is the unique winner. Note that the number of redirected arcs in any

solution is at most 𝑛2, and for each redirected arc, there are at most

𝑛 choices for the new destination. Thus, the number of solutions is

upper bounded by 2
𝑛2 · 𝑛𝑛2

= 2
𝑂 (𝑛2

log𝑛)
. In the single-delegation

scenario (i.e., #delegations = 1), note that the number of edges in

the graph is upper bounded by 𝑛, and thus the running time of the

algorithm improves to 2
𝑂 (𝑛 log𝑛)

. □

Nowwe turn toCCRAwhen #delegations = 1 and #approvals ≥
1, and first design an XP algorithm for CCRA parameterized by the

number of active voters (Theorem 5). Subsequently, we show that

in the special case of this setting, one can obtain an FPT approxi-

mation scheme (FPT-AS) for CCRA parameterized by the number

of active voters (Theorem 6), i.e., a (1 + 𝜖)-approximation for the

minimum cost that runs in time 𝑓 (𝑡, 𝜖) · (𝑚 + 𝑛)𝑂 (1)
where 𝑡 is the

number of active voters.

Theorem 5. CCRA is XP with respect to 𝑡 , the number of active

voters when #delegations = 1.

Proof sketch. For each active voter 𝑣𝑖 , 1 ≤ 𝑖 ≤ 𝑡 , let 𝑇𝑖 be the

corresponding tree and let 𝑙𝑖 = |𝑉 (𝑇𝑖 ) | denote the number of voters

in the tree.

Fix 1 ≤ 𝑖 ≤ 𝑡 . We generalize the dynamic programming algo-

rithm from Lemma 1 to first compute the answers to the subprob-

lems of the following form. Let 𝑆 = {𝑣1, 𝑣2, . . . , 𝑣𝑡 ′ } be a multiset of

size 1 ≤ 𝑡 ′ ≤ 𝑡 (with repetitions) such that 𝑣 𝑗 ∈ {1, 2, . . . , 𝑙𝑖 }. Then,
let 𝑇 [𝑖, 𝑆] denote the minimum cost of deleting a subset of arcs

𝐴 from 𝑇𝑖 such that, 𝐴 can be decomposed into 𝐴1 ⊎𝐴2 ⊎ . . . 𝐴𝑡 ′ ,

where the total number of votes obtained from the set 𝐴 𝑗 is at least

𝑣 𝑗 . In the supplementary, we generalize the algorithm from Lemma

1, and show that table can be computed in time 𝑛𝑂 (𝑡 )
.
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Suppose that we have computed the tables 𝑇 [𝑖, 𝑆] for each 𝑖 and
eachmultiset 𝑆 . Now, fix an optimal solution. For each 1 ≤ 𝑖 ≠ 𝑗 ≤ 𝑡 ,

let 𝑛(𝑖, 𝑗) denote the number of votes redirected by the optimal

solution from𝑇𝑖 into 𝑣 𝑗 . We guess the numbers𝑛(𝑖, 𝑗) – note that the
number of guesses is upper bounded by 𝑛𝑡

2

. Fix one such guess. For

each 1 ≤ 𝑖 ≤ 𝑡 , define the multiset 𝑆𝑖 = {𝑛(𝑖, 𝑗) : 1 ≤ 𝑗 ≤ 𝑡, 𝑗 ≠ 𝑖},
and we look up the optimal cost of redirecting a subset of arcs

from 𝑇𝑖 to get the votes as given in 𝑆𝑖 using the entry 𝑇 [𝑖, 𝑆𝑖 ]. The
total cost corresponding to this guess is defined as

∑𝑡
𝑖=1𝑇 [𝑖, 𝑆𝑖 ].

Finally, we return the minimum solution found over all guesses.

It follows that the algorithm runs in time 𝑛𝑂 (𝑡2 )
and returns an

optimal solution. □

Now we consider the special case of CCRA in the single dele-

gation, multi-approval setting, where our preferred candidate 𝑐∗

appears separately from the rest of the candidates. More specifi-

cally, we assume that there exists an active voter, say 𝑣𝑡 , whose

approval set is equal to {𝑐∗}, and the approval sets of other active

voters do not contain 𝑐∗ – note that they may be arbitrary subsets

of 𝐶 \ {𝑐∗}. At an intuitive level, this setting is easier to handle

due to the fact that, in an optimal solution, each redirected edge is

redirected into 𝑣𝑡 . We proceed to the following theorem that gives

an FPT approximation scheme (FPT-AS).

Theorem 6. CCRA with #delegations = 1 and #approvals ≥ 1,

admits an FPT-AS parameterized by 𝑡 and 𝜖 in the special setting,

where 𝑐∗ appears separate from the rest of the candidates. That is, in

this setting, for any 0 ≤ 𝜖 ≤ 1, there exists an algorithm that runs in

time (𝑡/𝜖)𝑂 (𝑡 ) · (𝑚 + 𝑛)𝑂 (1)
and returns a solution of cost at most

(1 + 𝜖) times the optimal redirection cost.

Proof. First, by iterating over all edges, we “guess” the most

expensive edge in the optimal solution. Consider one such guess

corresponding to edge 𝑒 with cost𝑤 . In the following, we describe

the algorithm assuming this guess is correct, i.e., 𝑤 is indeed the

weight of the most expensive edge in the optimal solution. Then,

we want to find a solution that only contains edges of cost at most

𝑤 , which implies that 𝑂𝑃𝑇 , the cost of the optimal solution is at

least𝑤 and at most 𝑛 ·𝑤 (recall that #delegations = 1, so the total

number of edges in 𝐺 is at most 𝑛).

Next, for each active voter 𝑣𝑖 ≠ 𝑣1, let𝑤𝑖 denote the total cost of

the edges redirected from the tree𝑇𝑖 into 𝑣1 in the optimal solution.

Note that

∑
𝑖 𝑤𝑖 = 𝑂𝑃𝑇 . Let 𝑤 ′

𝑖
= max {𝑤𝑖 , 𝜖𝑤/2𝑛}. Note that

𝜖𝑤/𝑛 ≤ 𝑤 ′
𝑖
≤ 𝑤𝑛, and

∑𝑡
𝑖=2𝑤

′
𝑖
≤ (1 + 𝜖/2) · 𝑂𝑃𝑇 , where 𝑂𝑃𝑇

denotes the cost of an optimal solution. Next, let 𝑝𝑖 = ⌈log
1+𝜖 (𝑤 ′

𝑖
)⌉,

i.e., (1+𝜖/3)𝑝𝑖 is the smallest power of 1+𝜖 that is at least𝑤 ′
𝑖
. Note

that for each 2 ≤ 𝑖 ≤ 𝑡 , log
1+𝜖/3 (𝜖𝑤/2𝑛) ≤ 𝑝𝑖 ≤ log

1+𝜖/3 (𝑛𝑤) + 1,

which implies that all the value of 𝑝𝑖 lies in the interval of range

𝑟 = log
1+𝜖/3

(
𝑛𝑤

𝜖𝑤/2𝑛

)
= 𝑂 ( log𝑛

𝜖2
).

Next, we guess the value of 𝑝𝑖 for each 2 ≤ 𝑖 ≤ 𝑡 – note that the

number of guesses is at most 𝑟𝑡−1. Let 𝑝′
2
, 𝑝′

3
, . . . , 𝑝′𝑡 be the guessed

values. Then, we use the polynomial-time algorithm in Lemma 1

to find, for each 2 ≤ 𝑖 ≤ 𝑡 , the largest number of votes that can

be obtained from the tree 𝑇𝑖 using cost at most (1 + 𝜖/3)𝑝′
𝑖 , and

redirect such edges to 𝑣1. After doing this for all 2 ≤ 𝑖 ≤ 𝑡 , we

check whether 𝑐∗ is the unique winning candidate. We return the

minimum-cost solution found over all guesses for𝑤 and all guesses

for 𝑝′
𝑖
. Note that when we correctly guess the values of 𝑝𝑖 , it holds

𝑤𝑖 ≤ (1 + 𝜖/3)𝑝𝑖 , thus, the maximum number of votes from 𝑇𝑖 that

can be obtained using a budget of (1 + 𝜖/3)𝑝𝑖 is at least the number

of votes that can be obtained using a budget of 𝑤𝑖 . Thus, in the

iteration corresponding to the correct guess, when each guessed

value is indeed equal to 𝑝′
𝑖
, the number of votes obtained for 𝑐∗ is

no fewer than that in the optimal solution (since from each tree 𝑇𝑖 ,

the number of votes obtained by a solution of cost (1 + 𝜖/3)𝑝′
𝑖 is no

fewer than that of cost𝑤𝑖 ). Furthermore, the cost of the combined

solution thus obtained, is at most (1 + 𝜖/2) · (1 + 𝜖/3) ≤ (1 + 𝜖)
times the cost of an optimal solution.

Finally, we argue about the running time, which is dominated

by the number of guesses for the values of 𝑝𝑖 . The total number

of guesses is at most

(
log𝑛
𝜖

)𝑂 (𝑡 )
. Now we consider two cases. If

𝑡 ≤ log𝑛

log log𝑛
, then the previous quantity is at most

1

𝜖𝑂 (𝑡 ) · 𝑛𝑂 (1)
.

Otherwise, if 𝑡 >
log𝑛

log log𝑛
, then

(
log𝑛
𝜖

)𝑂 (𝑡 )
≤

(
𝑡
𝜖

)𝑂 (𝑡 )
. Thus, in

either case, we can upper bound the number of guesses, and in turn

the running time of the algorithm by (𝑡/𝜖)𝑂 (𝑡 ) · (𝑚 + 𝑛)𝑂 (1)
.

□

Recall that our preprocessing step bounds the number of active

voters 𝑡 by the number of distinct approval sets, which is at most

2
𝑚
. Thus, Theorem 5 and Theorem 6 immediately result in the

following corollary.

Corollary 1. Consider CCRA when #delegations = 1 and

#approvals ≥ 1. In this setting, the problem is XP w.r.t. 𝑚 (the

number of candidates), and admits an FPT-AS parameterized by𝑚

and 𝜖 in the special case when 𝑐∗ appears separate from the rest of

the candidates.

6 OUTLOOK

As liquid democracy is gaining more attention in different applica-

tions – as well as more real-world usage, including in high-stakes

ones – it is important to study different aspects of it, including

the possibility of external agents controlling and rigging elections

performed using liquid democracy. In this context, here we consid-

ered a particular form of election control for liquid democracy by

redirecting arcs. Below we describe few future research directions

that we view as important and promising: (1) A natural expansion

of our work may be to consider not only single-winner elections

but also multiwinner elections; and, related, to consider other un-

raveling functions R and other voting rules W. (2) A different

generalization of our work is to consider general underlying social

graphs, as described in Remark 2. (3) An immediate future research

direction is to consider other forms of election control and bribery,

e.g. do not redirect arcs but change the delegation graph in other

ways. (4) Another future research direction would be to study the

type of control we study here but from a more practical point of

view, e.g., by performing computer-based simulations to estimate

the feasibility of successfully controlling a real world election by

redirecting liquid democracy arcs.
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