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ABSTRACT

This paper is an extended abstract version of "Price of Anarchy
of Traffic Assignment with Exponential Cost Functions [5]". We
study a routing game where vehicles, selfish agents, independently
choose routes to minimize travel delays from road congestion. We
focus on exponential latency functions, unlike prior research using
polynomial functions like BPR. We calculate a tight upper bound for
the price of anarchy and compare it with the BPR function. Results
indicate that the exponential function has a lower upper bound
for traffic volumes below road capacity than the BPR function.
Numerical analysis using real-world data shows that the exponen-
tial function closely approximates road latency with even tighter
parameters, resulting in a relatively lower upper bound.
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1 INTRODUCTION

The traffic assignment problem is modelled as a congestion game
[2], where each player’s cost depends on their chosen route and
the number of others taking the same path. Road travel time is
determined by the number of vehicles on each road, according to
independent cost functions for each road in the network([7]. This
paper explores vehicle behaviour in a road network using game
theory, focusing on selfish decision-making and global optimization
[8], and autonomous driving in various traffic conditions, discussing
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decentralized control (selfish behaviour) and centralized control
(global optimization).

2 PROBLEM FORMULATION

We define a road network as a directed multigraph G = (V, P)
with a set of nodes (positions) V and a set of edges (roads) P. An
origin-destination (o,d) € V X V is a pair of locations and OD =
{(0j,d;) : Vi € [1,k],0; € V,d; € V \ {0;}} denotes the set of all
such origin-destinations in G. A route y is a simple path linked
between an (o, d). Let I} # @ denote all possible routes for (o;, d;)
and I' = Uje[1,4] Ti define all possible routes of G. A traffic flow
f : T — R is a function that maps each route y to a positive
number that represents the traffic volume (number of vehicles
per hour) of that route, and we use f; as a shorthand for f(y) to
simplify notation. We define the traffic demand r; € R as the total
number of vehicles per hour travelling between o; and d;. We say
that a flow f is feasible if and only if it satisfies X1, f(y) = ri
for all i € [1,k], and we let F denote the set of all feasible flows.
Furthermore, we define fj = 3 erpey fy as the traffic flow of the
road p for a feasible flow f. Each road p € P has a non-negative,
differentiable and non-decreasing cost function , : R — R that
takes the traffic flow f}, of that road as its input and that outputs
the travel time (in seconds) for a vehicle to drive along that road.
We use L to denote the set of all possible cost functions, and, for
some given road network G, we use L : P — L to denote the
function that maps each road p to its corresponding cost function
lp. For a feasible traffic flow, the travel time of a route is [, (f,) =
2Zpey lp(fp) and the cost of a vehicle is the travel time of the route
it selected. Furthermore, we define C(f) = Xpep lp(fp)fp as the
social cost incurred by the feasible flow f. An instance of the traffic
assignment problem is now defined as a tuple (G, 7, L), where G and
L are as above, and 7 = (ry,...,rg) is a tuple containing the traffic
demand r; of each origin-destination (0;,d;). Given an instance
(G,7,L), a feasible flow f* € F is a user equilibrium (UE) flow
if and only if for any origin-destination i € [1,k] and any y € T;
with f; > 0, we have I, (f;) < l},/(fy*,) for any y’ € I; and a
feasible flow f’ € F is a system optimum (SO) flow if and only if
C(f) = minger C(f). The price of anarchy (POA) of an instance

is POA(G, 7, L) = G

social cost of the UE flow and the social cost of the SO flow.

in which defined as the ratio between the
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3 POA WITH EXPONENTIAL FUNCTIONS

We are interested in instances of the traffic assignment problem
where each road has an exponential cost function. Specifically, we
assume that for each road p € P, the cost function can be expressed
as:

Ip(fy) = aeo +¢ (1)

where ﬁ; is the traffic flow of road p, and g, b, and ¢ are non-

negative coefficients, and we will sometimes stress this by writing

them as ayp, by, and ¢, instead for each road. Note that, for any

instance (G, 7, Lexp), there is a unique user equilibrium flow [3, 4],
where Lexp is a set of exponential cost functions.

Definition 3.1. (Anarchy Value [6]) Let (G, 7, Lexp) be an instance
with exponential cost functions, and let f* denote its user equilib-
rium flow. Then the anarchy value ¢, (7) of a road p is defined as
follows:

$p(F) = [Appp + (1~ Ap)]_l (2)
where A, € [0,1] is the solution of the equation l;(/'\.pﬁ;‘) =
« . I (Apfp)
Ip(fy) and py is defined as pp := ﬁ

LEMMA 3.2. For any function I of the form of Eq.(1) and for any
positive value x € R*, there is a unique value A € [0, 1] that solves
the equation I*(Ax) = I(x) (where I*(Ax) = %(Ax - 1(Ax)) is the
marginal cost function of [(Ax)).

e [0,1].

LEMMA 3.3. For any instance (G, 7, Lexp), we have:
PoA(G., T, Lexp) < ¢(Lexp)

3.1 Upper Bound of the POA

LemMA 3.4. For any instance (G, 7, Lexp), let f* denote its user
equilibrium flow. The anarchy value ¢, (7) of any road p € P with
cost functions of the form I(x) = ae®™ + ¢, where a, b, and ¢ are
non-negative coefficients, satisfies:

bx*

% _ bx*+1y _ 1
bx*+2-W(e ) W)

where W (-) is the Lambert W function [1] and x* = j;;‘ is the UE
flow of the road p.

Pp(7) <

®)

LEMMA 3.5. The expression is monotoni-

x
— +1) — 1
x+2—W (ex+l) W)

cally increasing for x > 0.

THEOREM 3.6. For any instance (G, T, Lexp) with exponential cost
functions, the price of anarchy satisfies the following.

I;A

PoA(G, 7, Lexp) < = l
bF+2— W(ebHy - —1__
W(Ebr+1)

©)

where F := }ie[1,k] Ti and b := maxpep bp.

3.2 Tightness of the Upper Bound

THEOREM 3.7. For any positive numbers b and #, there exists an
instance (G, 7, Lexp) (see Fig 1) with exponential cost functions, for
bi

hito— bi+1y_ 1
br+2—-W (e ) Wb

which PoA(G, 7, Lexp) is exactly equal to
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br I*

H(@) = e

lp(z) =€

©)

(a)
ly(z)=e

@

(b)
Ly (z) = e (bx + 1)

Figure 1: A Variant of Pigou’s example

bx

3.3 Alternative Upper Bound

LemMmA 3.8. For any non-negative x, we have

X < x < 2x
Tog(etl) = Serz=w(ex)— oL = Tog(x+D)

THEOREM 3.9. For any instance (G, 7, Lexp) with exponential cost
functions, its price of anarchy satisfies:
PoA(G, 7, Lexp) < —20F—
( exp) log(bi+1)

where 1= }ie[1,k] Ti and b := maxpep bp.

4 NUMERICAL RESULTS
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Figure 2: Real-world Data Curve Fit

We used two regions of the Australian NSW data as a basis. We
consider each of these regions as a single road segment of a road
network, and for each of them, we try to fit the real-world data
with an exponential function and with a BPR function. Looking at
the results in Fig.2 and Table 1 we see that the fit of the exponential
function is slightly better than that of the BPR function, which is
evidence to verify the validity of the exponential function.

Region m n to R?
BPR Sydney 0.04671 8.12 139 0.7847
Parramatta 0.03452 5.598 100.7 0.6434
EXP Sydney 0.004602 7.325 138.5 0.7856
Parramatta 0.02734 4.956 100.3 0.6443

Table 1: Curve Fit Results

5 CONCLUSION

The paper investigates the upper bound price of anarchy in road
networks with exponential latency functions. It explores the impact
of changes in traffic demand on this upper bound, comparing it
to the BPR function. Real traffic data supports the validity of the
exponential cost function, which provides higher accuracy than the
BPR function, especially when traffic rates are lower than capacity.
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