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ABSTRACT

Reward machines (RMs) are an effective approach for addressing

non-Markovian rewards in reinforcement learning (RL) through

finite-state machines. Traditional RMs, which label edges with

propositional logic formulae, inherit the limited expressivity of

propositional logic. This limitation hinders the learnability and

transferability of RMs since complex tasks will require numerous

states and edges. To overcome these challenges, we propose First-

Order Reward Machines (FORMs), which use first-order logic to

label edges, resulting in more compact and transferable RMs. We

introduce a novel method for learning FORMs and a multi-agent

formulation for exploiting them and facilitate their transferability,

where multiple agents collaboratively learn policies for a shared

FORM. Our experimental results demonstrate the scalability of FORMs
with respect to traditional RMs. Specifically, we show that FORMs
can be effectively learnt for tasks where traditional RM learning

approaches fail. We also show significant improvements in learning

speed and task transferability thanks to the multi-agent learning

framework and the abstraction provided by the first-order language.
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• Theory of computation→ Reinforcement learning; • Com-

puting methodologies→ Inductive logic learning; Logic pro-

gramming and answer set programming.
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1 INTRODUCTION

In recent years, reinforcement learning [RL; 33] has emerged as a

powerful technique to train autonomous agents able to reach super-

human performance across a wide range of applications, including

games [23, 29, 40, 41], autonomous driving [16, 26], finance [4, 30],

and science [28, 31]. Despite these successes, RL struggles to handle

tasks that require long-term planning and abstraction, particularly

when rewards are non-Markovian, i.e. they depend on histories of

states and actions. Reward machines [RMs; 37] offer a promising

solution by leveraging finite-state machines to encode the temporal

structure of tasks and allow agents to handle non-Markovian re-

wards. However, traditional RMs rely on propositional logic to label

transitions, which limits their expressivity and scalability. Abstract-

ing over object properties (e.g., colour or type) is unfeasible with

propositional logic: it requires all combinations to be encoded in the

RM, leading to a combinatorial explosion in the number of states

and edges. As a result, RMs are difficult to learn and transfer across

different tasks, especially as the complexity of the tasks increases.

In this paper, we make the following contributions. (i) We in-

troduce First-Order Reward Machines (FORMs), a novel formulation

of RMs that uses first-order logic to label transitions, enhancing

expressivity and transferability. (ii)We propose a new RM learning

method which is, to the best of our knowledge, the first to tackle the

problem of learning RMs with first-order logic. (iii)We formalise

the exploitation of an RM as a multi-agent problem, where multiple

agents collaboratively learn the policies of the RM. Finally, (iv) we

demonstrate empirically the benefit of our approach over traditional

RM learning methods, in both learning and transferability.

The paper is organised as follows. Section 2 introduces the back-

ground of our work. Section 3 formalises FORMs, and describes our

methods for learning and exploiting them. We evaluate our meth-

ods’ performance and the reusability of FORMs in Section 4. Section 5
discusses related work, and Section 6 concludes the paper.

2 BACKGROUND

In this section, we cover three basic topics needed to understand our

approach. We discuss reinforcement learning and a state-of-the-art

algorithm which we use to learn policies. We present the notion of

a reward machine which we build upon and generalise it to a First-

Order Reward Machine (FORM). Finally, we discuss the Learning

from Answer Sets framework, which we use to learn FORMs.
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(a) Environment instance.
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(b) Traditional RM encoding of the example task.

𝑢0 𝑢1 𝑢2 𝑢𝐴
∀𝑋 . 𝑋 ∃𝑋 . 𝑋

(c) FORM encoding of the example task.

Figure 1: An instance of the environment (a), and RMs for the task “visit all followed by any before reaching ” (b, c).

See Example 2.1 for details.

2.1 Reinforcement Learning

Reinforcement learning [RL; 33] is a machine learning paradigm

where an agent learns to make sequential decisions by interacting

with an environment, often modeled as a Markov decision pro-

cess (MDP). The agent’s objective is to learn a policy 𝜋 , a mapping

from states to actions, that maximizes the expected cumulative

discounted reward (called return) 𝑅 =
∑𝑇
𝑡=0

𝛾𝑡𝑟𝑡 , where 𝑟𝑡 ∈ R is

the reward received at time-step 𝑡 , 𝛾 ∈ [0, 1) is the discount factor,
and 𝑇 is the time horizon. The agent observes the current state

𝑠𝑡 of the environment, takes an action 𝑎𝑡 ∼ 𝜋 (·|𝑠𝑡 ) according to

its current policy 𝜋 , transitions to a new state 𝑠𝑡+1 ∼ 𝑝 (·|𝑠𝑡 , 𝑎𝑡 )
according to the environment transition function 𝑝 , and receives a

reward 𝑟𝑡 = 𝑟 (𝑠𝑡 , 𝑎𝑡 , 𝑠𝑡+1) from the reward function 𝑟 .

Proximal policy optimization [PPO; 27] is a state-of-the-art RL

algorithm that, based on the policy gradient theorem [34], directly

learns a policy 𝜋 (𝑎𝑡 |𝑠𝑡 ) as an action distribution conditioned on a

state 𝑠𝑡 . PPO optimizes a surrogate objective function that balances

exploration and exploitation; specifically, PPO uses a clipped prob-

ability ratio to constrain the policy update, ensuring that the new

policy does not deviate too much from the old policy, preventing

large and destabilizing changes. PPO has the advantage of being ro-

bust and effective on a wide range of tasks while requiring minimal

hyperparameter tuning [43].

2.2 Learning from Answer Sets

Answer set programming [ASP; 15] is a declarative programming

language for knowledge representation. A problem is expressed in

ASP using logic rules, and the models (known as answer sets) of its

representation are its solutions. Within the context of this paper, an

ASP program 𝑃 is a set of normal rules. Given any atoms h, b1, . . . , bn,
c1, . . . , cm, a normal rule is of the form h : - b1, . . . , bn, not c1, . . . ,
not cm where h is the head, b1, . . . , bn, not c1, . . . , not cm is (col-
lectively) the body of the rule, and “not” represents negation as

failure. An atom is ground if it is variable free. Informally, given a

set of ground atoms (or interpretation) 𝐼 , a ground normal rule is

satisfied if the body is not satisfied by 𝐼 or the head is satisfied by 𝐼 .

The reader is referred to [14] for further details on the semantics

of ASP programs. ILASP [17] is a state-of-the-art inductive logic

programming system for learning ASP programs from partial an-

swer sets. A program 𝑃 is said to accept an example 𝑒 if and only if

there exists an answer set 𝐴 of 𝑃 ∪ 𝑒 . An ILASP task [18] is a tuple

𝑇 = ⟨𝐵, 𝑆𝑀 , 𝐸⟩, where 𝐵 is the ASP background knowledge, 𝑆𝑀 is

the set of rules allowed in the hypotheses (called hypothesis space),

and 𝐸 is a set of examples . A hypothesis 𝐻 ⊆ 𝑆𝑀 is a solution of 𝑇

if and only if 𝐵 ∪ 𝐻 accepts all examples 𝑒 ∈ 𝐸.

2.3 Reward Machines

Reward machines [RMs; 37, 38] are finite-state machine represen-

tations of reward functions. RMs encode the temporal structure of

a task’s rewards, enabling expressive and interpretable specifica-

tions; besides, they enable handling non-Markovian reward tasks

by using the state of the RM as an external memory.

Reward machines are defined in terms of high-level events (or

observables) P, which aim to abstract the environment’s state space

𝑆 . More specifically, the transitions of an RM are labelled with sets

of observables𝑂 (or observations). We denote by O the set of all pos-

sible observations, i.e. the powerset of P, such that |O| ≪ |𝑆 |. The
abstraction from environment states and actions to observations is

performed by a labelling function 𝐿 : 𝑆 ×𝐴 × 𝑆 → O.
Definition 2.1 (Reward Machine). An RM is a tuple RM =

⟨U,P, 𝑢0, 𝑢𝐴, 𝑢𝑅, 𝛿𝑢 , 𝛿𝑟 ⟩, whereU is a finite set of states; P is a set

of observables whose powerset is denoted as O;𝑢0, 𝑢𝐴, 𝑢𝑅 ∈ U are the

initial, accepting and rejecting state, respectively; 𝛿𝑢 : U × O → U
is a deterministic state-transition function that maps a RM state

and an observation to the next RM state; and 𝛿𝑟 : U × U → R is

a deterministic reward-transition function that returns the reward

given a pair of RM states determining a transition.

We now introduce a running example used throughout the paper.

Example 2.1. Let us consider an agent ( ) navigating the grid

environment in Figure 1a. The grid consists of several checkpoints
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(e.g. 4 ), each characterised by a unique identifier and a colour, and a

goal location placed in the bottom right corner. These checkpoints

and the goal constitute the set of observables P. At each step, the

agent observes the state of the environment. The labelling function 𝐿

returns the set of observables in the cell where the agent has stepped

on, e.g. { 4 } if the agent moves forward in Figure 1a.

Several non-Markovian tasks can be formulated in this environ-

ment, each consisting of observing a sequence of observables, e.g. “visit

all yellow checkpoints followed by any blue checkpoint before

reaching ”. Figure 1b shows the propositional RM for this task. To

“visit all yellow checkpoints”, the agent may start with 0 followed by

1 or vice-versa. To “visit any blue checkpoints”, the agent can visit

either 4 or 5 . After completing these sub-tasks, in the specified

order, the agent can reach the goal .

We assume the tasks are such that the reward is 1 if completed

and 0 otherwise. Accordingly, in the case of RMs, we assume the

reward is 1 only on transitions to the accepting state 𝑢𝐴 . We thus

omit the rewards from the RM figures for clarity.

Learning of Reward Machines. When the RM is unknown ‘a priori’,

it can be learnt from sequences of observations (or traces) seen by

the agent. Furelos-Blanco et al. [11] present an approach that learns

RMs from traces using the ILASP inductive logic programming

system introduced in Section 2.2. The RM is expressed in ASP using

the following rules:

• Facts ed(𝑢,𝑢′, 𝑖), which encode the presence of an edge from

𝑢 to 𝑢′ with identifier 𝑖; and

• Rules with head
¯𝜙 (𝑢,𝑢′, 𝑖, T), which encode the negation of

the formulae to be satisfied for the RM transition 𝑖 from 𝑢 to

𝑢′.

Example 2.2. Given the RM in Figure 1b, the ASP rules that encode

the transition 𝑢3 → 𝑢4 are:
ed(𝑢3,𝑢4, 0) .
ed(𝑢3,𝑢4, 1) .
¯𝜙 (𝑢3,𝑢4, 0, T) : - not obs( 4 , T), step(T).
¯𝜙 (𝑢3,𝑢4, 1, T) : - not obs( 5 , T), step(T).

 ,
where atoms obs(𝑜, T) and step(T) indicate respectively that ob-

servable 𝑜 is observed at time T, and T is a time-step. Note that (i) the

disjunction is encoded with two edges whose indices are 0 and 1, and

(ii) the transition rules encode
¯𝜙 (i.e., the negation of 𝜙), explaining

the use of not [11].

The hypothesis space for the ILASP task learning the ASP rules

that encode the reward machine, like the ones from Example 2.2, is

defined as:

𝑆𝑀 =

{
ed(𝑢,𝑢′, 𝑖 ) .
¯𝜙 (𝑢,𝑢′, 𝑖, T) : - obs(𝑜, T), step(T).
¯𝜙 (𝑢,𝑢′, 𝑖, T) : - not obs(𝑜, T), step(T).

}
, (1)

where 𝑢 ∈ U \ {𝑢𝐴, 𝑢𝑅}, 𝑢′ ∈ U \ {𝑢}, 𝑖 ∈ [1, 𝑘], 𝑜 ∈ P, and 𝑘

is a hyperparameter denoting the maximum number of disjuncts

(i.e., edges) between each pair of states. Traces, which form the

examples of an ILASP task, are encoded as a set of obs(𝑜, T) facts;

e.g., {obs( ,0).obs( 1 ,1).step(0).step(1)}. To be consid-

ered as a solution, a hypothesis (i.e., the ASP encoding of an RM)

must accept all traces.

As it can be observed in Equation 1, the number of ed facts in the

hypothesis space scales quadratically with the number of states in

the RM (|U|) and linearly with the maximum of disjuncts allowed

in the transition rules (𝑘): ( |U| − 2) · ( |U| − 1) · 𝑘 . Additionally,
the number of

¯𝜙 rules depends on the number of observables (|P |):
( |U| − 2) · ( |U| − 1) ·𝑘 · 2|P |. As the number of states, disjuncts, or

observables increase, learning the RM quickly becomes unfeasible.

This underscores the need for new solutions to ensure that RM

learning can scale effectively.

3 METHODOLOGY

The limited expressivity of propositional logic formulae presents

significant challenges to the broader adoption of RM-based ap-

proaches for RL. For instance, propositional logic cannot express

tasks in terms of the properties of a specific or a group of entities,

such as the colour of checkpoints in Example 2.1. This limitation

substantially increases the number of sub-task combinations to be

captured (if expressed at propositional level), resulting in larger

RMs that are more difficult to learn and exploit. In addition, the

restriction to a fixed set of observables hinders the re-use of RMs

across different scenarios (e.g., on environments with different num-

bers of objects of the same colour). To address these limitations, we

propose to label the edges of RMs using first-order formulae. The

high expressivity of first-order logic allows for more compact and

general RMs, making them easier to learn and transfer across differ-

ent scenarios. We first illustrate the intuition behind our approach

by building upon the RM from Example 2.1.

Example 3.1. Figure 1c displays the First-Order RM (FORM) for the
task “visit all yellow checkpoints followed by any blue checkpoint

before reaching ”. Despite encoding the same task, the FORM is

more compact than its propositional counterpart (Figure 1b).

Existentially quantified formulae reduce the number of edges re-

quired to encode the disjunctions, impacting the parameter 𝑘 in Equa-

tion 1 (Figure 2a). Universally quantified formulae reduce the number

of states and, consequently, the number of edges required to encode a

task (Figure 2b).
1

𝑢1 𝑢2

5

4

⇒ 𝑢1 𝑢2

∃𝑋 . 𝑋

(a) Existentially quantified formulae.

𝑢0

𝑢1

𝑢2

𝑢3

1 2

2 1

⇒ 𝑢0 𝑢1

∀𝑋 . 𝑋

(b) Universally quantified formulae.

Figure 2: Equivalence between Propositional RMs and FORMs.

1
An example with three yellow checkpoints is shown in [2, Appendix A].
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We now formalise the first-order language over which the transi-

tions of FORMs are defined (Section 3.1) and provide a formal defini-

tion of a first-order RM (Section 3.2). We then introduce our method

for learning FORMs (Section 3.3) and exploiting them (Section 3.4).

3.1 Language

In this section, we introduce the first-order languageL used to label

transitions in FORMs. The signature of L, denoted as Σ = ⟨C,K⟩, is
composed of a set C of constants and a set K of 𝑛-ary predicates.

Predicates with 0-arity are referred to as propositions. A variable

𝑋 of a predicate P ∈ K is bound if it is in the scope of a quantifier

𝑄 ∈ {∀, ∃}. A ground atom is a predicate whose arguments are

constants. A quantified atom is a predicate whose variables are

bound, e.g. ∃𝑋 .P (𝑋 ). A ground instance, 𝜓𝑔 , of a quantified atom

𝜓 is a ground atom generated by replacing all variables in𝜓 with

constants. Propositions, ground atoms and quantified atoms are

atomic formulae of L. The first-order language L of a FORM is

defined as follows.

Definition 3.1. Given a signature Σ = ⟨C,K⟩, the language L
is the set of formulae defined inductively as follows:

(1) An atomic formula is a formula.

(2) If𝜓 is a formula, then so is ¬𝜓 .
(3) If 𝜓1 and 𝜓2 are formulae, then 𝜓1 ∧ 𝜓2, and 𝜓1 ∨ 𝜓2 are

formulae.

We refer to formulae in a first-order language L as L-formulae.

The set of all propositions and ground atoms in L is called the

Herbrand Base of L, denotedHBL .

Example 3.2. Consider the environment given in Figure 1a. The

language L for this environment has the signature Σ = ⟨C,K⟩ given
by the following sets:

C ={𝑜0, . . . , 𝑜12},
K ={ , , , , , , },

where the predicates are pictograms for unary predicates yellow,
blue, red, gray, purple, green, and the proposition goal, respec-
tively. We depict a ground atom of L as a predicate pictogram with

the subscript of its constant argument, e.g. blue(𝑜4) is depicted as

4 . Analogously, we depict quantified atoms with the quantifier and

the predicate pictogram with the bound variable, e.g. ∀𝑋 .yellow(𝑋 )
is depicted as ∀𝑋 ; . 𝑋 . The proposition and the negated formula

¬ 4 are examples of L-formulae.

3.2 First-Order Reward Machines (FORMs)
We formalise now the notion of a first-order RM (FORM), where
transitions are labelled with formulae of a first-order language L.
FORMs enhance the expressivity of traditional RMs. The core enti-

ties that characterise a FORM are its observables, labelling function,

and state-transition function. In what follows, we describe how

these entities are defined and how the satisfiability of L-formulae

labelling the transitions of a FORM is checked.

Definition 3.2 (First-Order RM). A First-Order RM over a first-

order language L is a tuple FORML = ⟨U,HBL , 𝑢0, 𝑢𝐴, 𝑢𝑅, 𝛿𝑢 , 𝛿𝑟 ⟩
whereU, 𝑢0, 𝑢𝐴, 𝑢𝑅 and 𝛿𝑟 are as defined in Definition 2.1, and

• HBL is the set of observables, and

• 𝛿𝑢 : U×O∗ →U×O∗ is the state-transition function taking
a state and a history of observations to a new state and an

updated history.

Observables and Labelling Function. Differently from traditional

RMs, where observables are given as a set of propositions P, the
observables in a FORML are defined as the Herbrand base of the

first-order language L. The labelling function 𝐿 thus returns at each

time-step, a subset ofHBL as an observation.

State-Transition Function. The state-transition function 𝛿𝑢 gener-

alises that of a traditional RM in two ways. Firstly, it supports the

use of first-order formulae returned by a logical transition func-

tion 𝜙 : U ×U → L. Secondly, it takes a history of observations

instead of a single observation. This is important to semantically

evaluate universally quantified atoms. To relax the requirement of

having to see all the ground instances of the universally quantified

atoms in the same observation, we use the following interpretation.

Given a history, a universally quantified atom is true when all

its ground instances are contained in the history. We refer to this

history as a buffer 𝐵 = [𝑂𝑡−𝑘 , . . . ,𝑂𝑡 ] which gathers observations

from time-step 𝑡 − 𝑘 to 𝑡 , where 𝑘 ≥ 0 is the length of the buffer.

Algorithm 1 shows the pseudo-code that defines 𝛿𝑢 . The buffer 𝐵

contains all the observations perceived since the current RM state

was reached. The buffer is emptied when a transition to a new state

is taken (l.4), or updated with the current observation otherwise

(l.1). The L-formulae are given by the logical transition function

𝜙 and are evaluated against the buffer (l.3).

Algorithm 1: State-Transition Function 𝛿𝑢

Input: The current FORM state 𝑢, the latest observation 𝑂𝑡 , the

buffer 𝐵 .

Output: The next FORM state 𝑢′, the updated buffer .

1: 𝐵 ← 𝐵 ⊕ 𝑂𝑡

2: for all 𝑢′ ∈ U do

3: if 𝐵 |= 𝜙 (𝑢,𝑢′) then
4: 𝐵 ← []
5: return 𝑢′, 𝐵
6: 𝑢′ ← 𝑢

7: return 𝑢′, 𝐵

In the following section, we define the notion of satisfiability of

an L-formula given a buffer 𝐵 .

Satisfiability of L-formulae. Given a buffer 𝐵 = [𝑂𝑡−𝑘 , . . . ,𝑂𝑡 ],
observables that are included in 𝐵 are assumed to be true. Any

other observable from HBL not included in 𝐵 is assumed to be

false. We can now define the satisfiability of a L-formula given a

buffer 𝐵 = [𝑂𝑡−𝑘 , . . . ,𝑂𝑡 ].

Definition 3.3. Let 𝐵 = [𝑂𝑡−𝑘 , . . . ,𝑂𝑡 ] be a buffer for some

𝑘 ≥ 0. Let𝜓 be a L-formula. 𝐵 satisfies𝜓 , written 𝐵 |= 𝜓 , is defined

as follows:

• 𝐵 |= 𝜓 if𝜓 ∈ 𝑂𝑡 , where𝜓 is a proposition or a ground atom.

• 𝐵 |= 𝜓 if𝜓𝑔 ∈ 𝑂𝑡 for some ground instance𝜓𝑔 of𝜓 , where𝜓

is an existentially quantified atom.

• 𝐵 |= 𝜓 if 𝜓𝑔 ∈
⋃

0≤𝑖≤𝑘 𝑂𝑡−𝑖 for all ground instance 𝜓𝑔 of 𝜓 ,

where𝜓 is a universally quantified atom.
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• 𝐵 |= ¬𝜓 if 𝐵 ̸ |= 𝜓

• 𝐵 |= 𝜓1 ∧𝜓2 if 𝐵 |= 𝜓1 and 𝐵 |= 𝜓2.

Note that a universally quantified formula is satisfied over a

buffer when all ground instances of the formula, in the language L
have been observed, i.e. are included in the buffer. The number of

occurrences of the same observation throughout the buffer is not

relevant. All other atomic formulae of L are satisfied over a buffer,

if the most recent observation satisfies them.

Example 3.3. Given the RM in Figure 1c, we exemplify the satisfi-

ability of different L-formulae𝜓 for different buffer examples:

Proposition Let𝜓 = and 𝐵 = [{ }
]
; then, 𝐵 |= 𝜓 .

Existentially Quantified Atom Let𝜓 = ∃𝑋 𝑋 and𝐵 =
[
{ 0 },

{ 4 }
]
; then, 𝐵 |= 𝜓 .

Universally Quantified Atom Let𝜓 = ∀𝑋 . 𝑋 , 𝐵1 =
[
{ },

{ 0 }, { 4 }, { 1 }
]
, and 𝐵2 =

[
{ }, { 0 }, { 4 }

]
; then,

𝐵1 |= 𝜓 and 𝐵2 ̸ |= 𝜓 .

Conjunctions Let𝜓 = ∀𝑋 . 𝑋 ∧ , 𝐵1 =
[
{ }, { 0 }, { 4 },

∅, { 1 }
]
, and 𝐵2 =

[
{ }, { 0 }, { 4 }, ∅, { 1 }, ∅, { }

]
;

then, 𝐵1 ̸ |= 𝜓 since 𝐵1 |= ∀𝑋 . 𝑋 but 𝐵1 ̸ |= , and 𝐵2 |= 𝜓

since 𝐵2 |= ∀𝑋 . 𝑋 and 𝐵2 |= .

3.3 FORM Learning
We now focus on the problem of learning a FORM from the observa-

tion traces collected by the agent. Although observations are sets

of ground atoms and propositions, the goal is to learn an abstract

representation of the task’s structure using lifted first-order formu-

lae. To achieve this, we leverage the support of ASP for variables

and learn ASP rules for the L-formulae constituting the FORM.
The set of observables (HBL ) and the set of predicates (K)

are not known ‘a priori’; instead, they are automatically derived

from the observation traces and used to dynamically generate a

new ILASP learning task. We model existentially and universally

quantified atoms as ASP rules and expand the hypothesis space

from Equation 1 to allow the edges of the RM to be labelled with

quantified atoms or their negations. Formally,

𝑆𝑀 =



ed(𝑢,𝑢′, 𝑖 ) .
¯𝜙 (𝑢,𝑢′, 𝑖, T) : - obs(𝑜, T),step(T).
¯𝜙 (𝑢,𝑢′, 𝑖, T) : - not obs(𝑜, T),step(T).
¯𝜙 (𝑢,𝑢′, 𝑖, T) : - e_pred(𝑝, T),step(T).
¯𝜙 (𝑢,𝑢′, 𝑖, T) : - not e_pred(𝑝, T),step(T).
¯𝜙 (𝑢,𝑢′, 𝑖, T) : - a_pred(𝑝, T),step(T).
¯𝜙 (𝑢,𝑢′, 𝑖, T) : - not a_pred(𝑝, T),step(T).


,

where 𝑢 ∈ U \ {𝑢𝐴, 𝑢𝑅}, 𝑢′ ∈ U \ {𝑢}, 𝑖 ∈ [1, 𝜅], 𝑜 ∈ HBL , and
𝑝 ∈ K .

Listing 1 presents the ASP encoding for an existentially quan-

tified atom. The rule e_pred(p,T) is true iff a ground atom of

p is observed at time-step T. Listing 2 shows the ASP encoding

of a universally quantified atom. The rule p_holds(O,T) is true

whenever the observable O is present in the buffer at time-step T.
We use this rule to encode the all_p_hold(T), evaluating to true

for all time-steps T for which all the ground atoms of p holds. Fi-
nally, the rule a_pred(p,T), used in the hypothesis space, encodes

a universally quantified atom and is true for the first time-step T
when all the ground atoms of p have been observed. These rules

make use of the atoms:

• obs(O, T): the observable O is seen at time-step T;
• st(T, X): the RM was in state X at time-step T;
• step(T): T is a valid time-step (i.e. its value is between 0 and

the maximum trace length); and

• state(X): X is an RM state.

Listing 1: ASP encoding for an existentially quantified sentence

∃𝑋 .p(𝑋 )
1 e_pred(p, T) :- obs(O, T), p(O).

The rule e_pred(p, T) is true when an observable seen at time-step

T is a ground atom of p.

Listing 2: ASP encoding for a universally quantified sentence

∀𝑋 .p(𝑋 )
1 # evaluate if the observation p(O) was observed at T

2 # while being in the current state of the RM.

3 p_holds(O, T) :-

4 obs(O, T2), p(O),

5 T >= T2, st(T, X), st(T2, X),

6 step(T), step(T2), state(X).

7 # rules to evaluate whether all the ground atoms

8 # of p hold at T.

9 not_all_p_hold(T) :-

10 not p_holds(O, T), p(O), step(T).

11 all_p_hold(T) :-

12 not not_all_p_hold(T), step(T).

13 # rule used in the hypothesis space that will be true

14 # when all the ground atoms of p have been seen for

15 # the first time in the current state of the RM

16 a_pred(p, T) :- all_p_hold(T),

17 not all_p_hold(T-1), step(T).

The rule a_pred(p, T) is true when all the ground atoms of p have

all been observed while being in the same RM state.

Determinism. The state-transition function 𝛿𝑢 , like in traditional

RMs, must be deterministic; that is, two or more transitions cannot

be simultaneously satisfied from a given state. To guarantee this

property, the L-formulae on such transitions must be mutually ex-

clusive. Two transitions are mutually exclusive if an atomic formula

appears positively on one transition and negatively on the other.

Mutual exclusivity is encoded through ASP rules and enforced at

learning time so that the output FORMs are guaranteed to be deter-

ministic. Since quantified atoms can represent multiple associated

ground instances, we also define rules that translate quantified

atoms into their corresponding sets of ground instances. We refer

the reader to [2, Appendix E] for the encoding of mutual exclusivity

and the mapping from quantified atoms into ground instances.

3.4 Policy Learning

The vast majority of the algorithms used to learn the policy as-

sociated with the RM are based on CRM [38], an algorithm that

learns a single policy for the whole RM. This poses some concerns

on the transferability of the learnt solution, and more specifically

on the ability to reuse the policy associated with a given sub-task

of the RM. To address this issue, we propose a novel formulation

as a multi-agent problem, where a team of agents (one for each RM

state) collaborate to complete the task. Our approach grounds the
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(c) Blue-AllYellow-7

Figure 3: Average undiscounted return for the three tasks.

problem of RL with RM into the Markov game framework and, com-

bined with FORM, enables the transfer of the learnt policies across
scenarios (e.g., with different objects) to speed up the learning.

We formalise the problem as a collaborative Markov game of 𝑁

agents defined with the tuple G = ⟨RM, 𝑁 , 𝑺, 𝒔𝑰 ,𝑨, 𝑝, 𝑟, 𝛾⟩, where
RM is a FORM, 𝑁 = |URM | is the number of agents equal to

the number of states in the FORM; 𝑺 = 𝑆 ′
1
× · · · × 𝑆 ′

𝑁
is the set of

joint states; 𝒔𝑰 ∈ 𝑺 is a joint initial state; 𝑨 = 𝐴1 × · · · × 𝐴𝑁 is

the set of joint actions; 𝑝 : 𝑺 × 𝑨 → 𝑺 is a deterministic joint

transition function; and 𝑟 : (𝑺 ×𝑨)+ × 𝑺 → R𝑁
is the joint reward

function. The objective of the game is to find a team policy 𝝅 =

𝜋1 × · · · × 𝜋𝑁 mapping joint states to joint actions such that the

sum of the individual expected cumulative rewards is maximised.

In practice, each state of the FORM is assigned an RL agent respon-
sible for learning a policy to accomplish the associated sub-task.

Since the FORM state-transition function is deterministic, we can

only be in a single state at any given time; therefore, only one RL

agent acts at each time-step. The joint reward function is designed

so that the reward received is uniformly shared among all the agents

that contributed to reaching the current state (i.e.,
𝑟
𝑛′ where 𝑟 is the

global reward obtained and 𝑛′ is the number of agents that have

participated in getting 𝑟 ), implying that their assigned FORM state
was visited. Consequently, the agents work collaboratively and in

turns to traverse the FORM towards the accepting state.

Agent State Space. Since all agents act in the same environment,

their state space 𝑆 ′𝑢 is the environment’s state space 𝑆 . However, de-

pending on the outgoing transitions from a given FORM state 𝑢 ∈ U,

the state space 𝑆 ′𝑢 of the associated agent may be extended. As de-

scribed in Section 3.2, universally quantified formulae are evaluated

over multiple time-steps using an observation buffer 𝐵, making the

sub-task non-Markovian as the policy becomes dependent on a

history (i.e., the buffer).

We address this issue by extending the state space 𝑆 ′𝑢 of agent

𝑢 with indicators encoding whether the ground atoms of inter-

est have been perceived by the agent, hence making the sub-task

Markovian. Let 𝑔𝑢 denote the set of ground atoms of a universally

quantified formula that must be satisfied to exit a FORM state 𝑢. The

extended state 𝑠′𝑢 is constructed by concatenating the state 𝑠 from

the environment with the indicators computed using the buffer 𝐵 :

𝑠′𝑢 = 𝑠 ⊕ [1{𝑝∈𝐵 } ;∀𝑝 ∈ 𝑔𝑢 ] .

Example 3.4. Let us consider 𝜙𝑢→𝑢′ = ∀𝑋 . 𝑋 ∨ 2 . The steps

followed to extend the state space are:

(1) Identify the universally quantified predicates: { }.
(2) Get the ground atoms associated: 𝑔𝑢 =

[
4 , 5

]
.

(3) Extend the state space: 𝑆 ′𝑢 = 𝑆 × {0, 1} |𝑔𝑢 | .
At time-step 𝑡 = 5, assume 𝐵 =

[
{ 0 }, { 4 }

]
; then, 𝑠′

𝑢,5
= 𝑠5⊕[1, 0].

The FORM states without outgoing transitions labelled with uni-

versally quantified formulae keep the state 𝑆 of the environment.

4 EXPERIMENTS

We demonstrate the benefits of the proposed FORM learning and

exploitation approach in the environment from Figure 1a. The tasks

posed in this environment are challenging to traditional RM learn-

ing methods, especially as the number of objects increases. We

first show the benefits of FORM learning with respect to standard

RL algorithms and methods leveraging propositional RMs (with

and without learning them). Second, we show that first-order logic

eases the transfer of RMs and policies to more complex scenar-

ios (e.g., with more objects). Additional experimental details are

described in [2, Appendix C].
2

4.1 FORM Learning
We evaluate the performance of our approach in its ability to learn

and exploit FORMs.We consider three baselines: (i) PPO [27], to show

how RMs help deal with non-Markovian tasks; (ii) Recurrent PPO

using a recurrent network to keep track of the history (iii) Hand-

crafted FORM, which assumes the FORM is known ‘a priori’; and (iv) a

state-of-the-art propositional RM learning approach [11]. Both (iii)

and (iv) employ our multi-agent based exploitation method.

In the following paragraphs, we compare our approach against

the baselines in three, increasingly complex, tasks.

Task 1 –AllYellow. The task consists in visiting all yellow check-

points before going to the location. Figure 1a illustrates the

environment with two yellow checkpoints. This task is chosen to

2
Code available at https://github.com/leoardon/form.
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be relatively simple to ensure that traditional RM learning methods

work so that we can compare against them.

𝑢0 𝑢1 𝑢𝐴

∀𝑋 .
𝑋

(a) FORM encoding.

𝑢0

𝑢1

𝑢2

𝑢3 𝑢𝐴

1 2

2 1

(b) Propositional RM encoding.

Figure 4: RMs for the AllYellow task.

Objective. We wish to assess the performance impact of learning

FORMs as opposed to using a traditional RM learning method [11].

With fewer states, fewer sub-tasks need to be learnt, which should

make the policy learning easier and therefore faster.

Results. Figure 4 presents the FORM and propositional RM encod-

ings of the task and Figure 3a the learning curves of the different

approaches. The traditional RL learning algorithm PPO (in blue)

fails at solving this non-Markovian task since it does not learn

history-dependent policies by default. Recurrent PPO (in purple)

converges rapidly to a high return but fails to find the optimal pol-

icy. On the other hand, the RM-based solutions successfully learn

an optimal policy to solve the task. The perfect FORM (Figure 4a)

is learnt quickly (policy learning iteration #3) by our algorithm.

Similarly, the perfect propositional RM (Figure 4b) is learnt at itera-

tion #4; however, it requires learning more policies since the RM

has more states. Our method (in red) converges significantly faster

than the propositional RM learning method (in green), almost on

par with the case where the RM is not learnt (in orange).

Task 2 – GreenButOne-NoLava. For this task, the environment

is mademore complexwith the introduction of five randomly placed

lava cells , ending the episode whenever the agent steps on any

of them. The number of green checkpoints is increased from

two to three. In this task, the agent must visit any green checkpoint

different than 12 (which is also green), then reach the goal

but without ever stepping on the lava .

𝑢0 𝑢1 𝑢𝐴

𝑢𝑅

∃𝑋 . 𝑋
∧¬ 12

(a) FORM encoding.

𝑢0 𝑢1 𝑢𝐴

𝑢𝑅

10

11

(b) Propositional RM encoding.

Figure 5: RMs for the GreenButOne-NoLava task.

Objective. This experiment intends to show the expressivity of the

learnable rules, including complex disjunctions between first-order

formulae and ground atoms or propositions, and the ability to learn

a FORM with rejecting states.

Results. The results are presented in Figure 3b, where we can see

that the Handcrafted FORM baseline (in orange) outperforms the

other two RM-based approaches converging faster. However, both

the Propositional RM-based method (in green) and ours (in red)

achieve a very similar level of performance. In both cases, they

manage to correctly learn the RMs illustrated in Figure 5, showing

that akin to traditional RM learning methods, our FORM-learning
method can induce complex task structures involving both accept-

ing and rejecting states. Both RMs share the same number of states,

and thus the policies to train, which explains the similar perfor-

mance.

Task 3 – Blue-AllYellow-7. The task consists of visiting any

blue checkpoint , followed by visiting all yellow checkpoints

, visiting the checkpoint 7 , and reaching the location. The

grid in Figure 1a contains two checkpoints for each colour. This task

is much more complex than the previous ones since it combines

existentially and universally quantified atoms, ground atoms, and

propositions over a long sequence of sub-tasks.

𝑢0 𝑢1 𝑢2 𝑢3 𝑢𝐴
∃𝑋 .

𝑋 ∀𝑋 .
𝑋 7

Figure 6: FORM for the Blue-AllYellow-7 task.

Objective. This experiment aims to demonstrate the scalability of

our approach compared to existing RM learning techniques. The

expressivity of the first-order language supported by FORMs enables
a more compact encoding, addressing the scalability concerns of

learning propositional RMs.

Results. The results are shown in Figure 3c. Our approach manages

to learn the FORM encoding the structure of this task (Figure 6), while
the propositional RM approach (in green) fails to find the correct

RM (see Figure 9 in [2, Appendix A]) and times out due to the size

of the RM to learn (two more states and twice as many edges as

the FORM encoding). Moreover, our approach (in red) reaches the

same performance level as that with a handcrafted FORM (in orange).

Our approach therefore scales to more complex problems whereas

existing methods cannot.

4.2 FORM Transfer
One of the advantages of FORMs lies in their ability to learn RMs

that capture the structure of a task without necessarily being bound

to the individual objects of the environments but rather to their

properties (e.g., their colour in our case). It makes the RM transfer-

able to new tasks, considerably improving learning efficiency. Our

multi-agent formulation lets us also transfer the trained policies to

the new task. Depending on the ‘a priori’ knowledge available, we

may want to restrict the re-training to the ones that need it (see

results below) or re-train all of them (see [2, Appendix F]). In both

cases, the transferred policies are used as a warm start.

Setup. We reuse the FORM and policies learnt for the AllYellow

task (Figure 3a) in two tasks. These tasks increase the number of

yellow checkpoints to four and six, respectively. We evaluate

the change in learning speed between learning from scratch (w/o
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Figure 7: Transfer of the FORM learnt for the task from

Figure 1c, to an environment with more yellow checkpoints

(w/ reuse) compared against full FORM learning (w/o reuse).

reuse) and reusing the FORM and policies (w/ reuse). The policy

associated with the RM state 𝑢0 where the agent must “visit all ”

is retrained, whereas that for going to remains unchanged.

Objective. This experiment aims to show the transferability of

FORMs and the ability to adapt quickly to new tasks. FORMs help
abstract the environment settings, while the multi-agent formula-

tion helps the transfer of the policies associated with the sub-tasks.

Results. Figure 7 shows (in black) the performance of the base

solution being transferred (two yellow checkpoints) along with the

performance of our approach learning the FORM and the policies

for four and six yellow checkpoints (coloured dotted lines). We then

reuse the transferred FORM and policies to solve those tasks (coloured
solid lines). We see a significant speed-up in the learning of the

optimal policies in both cases, highlighting the benefits of reusing

existing solutions trained on simpler tasks. See [2, Appendix F] for

more experiments.

5 RELATEDWORK

Exploiting RMs. Recent work has also aimed at increasing the

expressivity of RMs, e.g. by introducing counter variables that

support richer grammars [7]. In parallel, other languages such as

linear temporal logic have also been used to formulate task specifica-

tions [1, 9, 10, 36]. These approaches primarily focus on exploiting

the given task structure. Unlike these methods, our approach tackles

the challenge of learning the task structure itself.

The exploitation of RMs is often performed in the literature

through QRM [37] or CRM [38]. Although both learn policies over

the joint state space 𝑆×U of theMDP and RM, the former associates

an action-value function with each RM state, whereas the latter

keeps a single action-value function. These algorithms employ a

counterfactual mechanism that enables reusing the experiences for

an RM state to update the value associated with other RM states; as

such, the underlying RL algorithms are off-policy, e.g. DDQN [38],

DDPG [32, 38], and SAC [32]. QRM and our approach both learn a

policy for each RM state; however our approach uses an on-policy

algorithm (PPO). Li et al. [20] also use PPO with RMs but learn a

single policy conditioned on 𝑆 ×U. Besides, the 𝑄-value function

in QRM is updated by using the successor state’s value function,

creating a dependency between the policies of each state. We, on the

other hand, take the approach of using the global reward returned

by the RM as a signal for each agent, limiting the dependency

between the policies, hence increasing transferability.

Our multi-agent exploitation method aligns with the options

framework [35]. In our formulation, each agent operates an option

determining the next action to accomplish a sub-task. In our case,

an option terminates when the RM state changes (i.e., the option

for the next RM state initiates). Unlike the options framework,

which usually considers rewards during an option’s activation,

our approach distributes rewards to all agents that contributed to

reaching the current RM state.

Learning RMs. Most RM research has focused on relaxing the

assumption that the RM is known ‘a priori’, proposing various

methods to learn it dynamically. These methods include discrete

optimization [39], SAT solving [42], state-merging [13], inferring

LTL formula from expert data [5], and inductive logic program-

ming [11, 24], the latter of which forms the base of our approach.

These techniques leverage traces collected through the agent’s ex-

ploration or provided by an expert to learn the RM. All these meth-

ods have focused on learning propositional RMs, which are tailored

to specific scenarios and thus lack reusability. Additionally, as the

task complexity increases, the size of the RMs typically grows ex-

ponentially, making them impossible to learn. Finally, more loosely

related to our work, other methods learn ASP rules as a proxy for

the policy [6, 22]. However, unlike our work, the ASP encode the

decision rule of the policy rather than the structure of the task.

To address the scalability issues inherent to propositional RMs,

recent work has proposed to compose them hierarchically [12],

learning small RMs that call each other. This approach requires

knowing the level of each RM in the hierarchy and learns them

bottom-up. Besides, existentially and universally quantified atoms

cannot be hierarchically decomposed, making HRM suffer the same

problem as standard RM learning approaches in these cases. Simi-

larly, work on multi-agent RL decomposes a task across multiple

agents, each learning their own RM [3].While these approaches still

focus on propositional RMs, they could be extended to incorporate

our contributions.

6 CONCLUSION

While the literature has actively contributed to improving the ex-

ploitation and learning of RMs, existing methods primarily focus

on propositional RMs, which are limited in their generalizability

and scalability. In this paper, we introduced First-Order Reward

Machines (FORMs), a novel extension of reward machines (RMs)

that leverages first-order logic to enhance expressivity and trans-

ferability. We propose a learning algorithm that effectively learns

FORMs from traces, and a multi-agent framework that facilitates effi-

cient policy learning and transfer. Experimental results demonstrate

that, unlike traditional RM methods, FORMs enhance scalability, en-
able faster policy and RM learning, and ease task transferability.

Although our approach provides greater expressivity than proposi-

tional logic, extending our methodology to include languages like

LTL could be an interesting avenue to be able to also learn the

structure of temporally extended tasks.
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