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ABSTRACT

Data valuation is increasingly used in machine learning (ML) to
decide the fair compensation for data owners and identify valu-
able or harmful data for improving ML models. Cooperative game
theory-based data valuation, such as Data Shapley, requires evalu-
ating the data utility (e.g., validation accuracy) and retraining the
ML model for multiple data subsets. While most existing works on
efficient estimation of the Shapley values have focused on reducing
the number of subsets to evaluate, our framework, DUPRE, takes an
alternative yet complementary approach that reduces the cost per
subset evaluation by predicting data utilities instead of evaluating
them by model retraining. Specifically, given the evaluated data
utilities of some data subsets, DUPRE fits a Gaussian process (GP) re-
gression model to predict the utility of every other data subset. Our
key contribution lies in the design of our GP kernel based on the
sliced Wasserstein distance between empirical data distributions.
In particular, we show that the kernel is valid and positive semi-
definite, encodes prior knowledge of similarities between different
data subsets, and can be efficiently computed. We empirically ver-
ify that DUPRE introduces low prediction error and speeds up data
valuation for various ML models, datasets, and utility functions.
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1 INTRODUCTION

In recent years, there has been growing interest in data valua-
tion and understanding how much data is worth in machine learn-
ing (ML). Data valuation can be used to determine the fair compen-
sation that data owners deserve for sharing their data [9, 27] and to
identify valuable datasets to explain and improve the performance
of their models [8]. A common category of data valuation meth-
ods that values a data point/set (relative to the data contributed
by others) is cooperative game theory (CGT) based valuation [26].
Suppose the ML model is trained on data from a set N of n data
owners (owners). Data Shapley [8], a popular CGT-based valuation
technique, values an owner i by its Shapley value
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The data utility function u maps any coalition (i.e., set) C C N of
owners to the ML performance achievable by their data. A concrete
example of u is the validation accuracy on a trained neural network.
Other CGT-based valuations include the least-core solution [34]
and semivalues [18, 30], such as the Banzhaf value, which is similar
to the Shapley value but uses a different set of weights (o)c)?:’o1
such that each we > 0 and Y- w. (")
expression
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While CGT-based valuations satisfy desirable axioms, they all
require an exponential number of evaluations of u. This high com-
plexity motivates existing works to study more efficient methods for
estimating the Shapley value and other semivalues by (i) reducing
the number of evaluations or (ii) reducing the cost per evaluation.
Each data utility evaluation may involve expensive model retrain-
ing from scratch to evaluate its predictive performance. Our work
addresses (ii) and is complementary to methods that address (i).

Most existing works focus on (i) and propose Monte Carlo meth-
ods, such as permutation sampling, group testing [9], and reusing
samples (data utility evaluations) to compute the semivalues for
multiple owners efficiently [16, 19]. To address (ii), some works
propose heuristics to avoid retraining the ML model from scratch.
For example, TMC-Shapley [8] simply approximates A (i|C) =
u(C U i) — u(C) with 0 when u(C) is sufficiently close to u(N).
Gradient Shapley [8] considers training the ML model (e.g., deep
neural network) over a single training epoch so multiple utilities
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(e.g., u(C), u(CUi) then u(C U {i, j})) can be incrementally com-
puted. Jia et al. [9] suggest using the influence function heuristic
to approximate Ay (i|C) when owner i owns a single data point.
It also describes how to compute the Shapley value of all points
exactly in log-linear time for their k-nearest neighbor utility func-
tion. However, these methods cannot be applied for all models (e.g.,
neural networks trained over multiple epochs), utility functions
(e.g., when u(C) < u(N)) and datasets (e.g., the influence approxi-
mation may be inaccurate when each owner owns a larger dataset
instead [15]). These limitations raise an important question: For
faster data valuation, is there a general method to reduce the cost per
data utility evaluations that works for all models, utility functions,
and datasets?

Wang et al. [31] have proposed predicting data utility for any
input dataset and using a hybrid of actual utility evaluations and
predicted evaluations during data valuation. They briefly analyzed
how this hybrid slightly worsens the CGT-based valuation approxi-
mation error. However, Wang et al. [31] did not optimize the predic-
tor and simply trained a neural network that takes in an indicator
vector for each coalition C (i.e., an n-dimensional vector where
each entry is 1 if the corresponding owner is present in C and 0 if
absent).

Our work seeks to optimize the predictor and addresses the
following questions: (1) Can the predictor further exploit the simi-
larity between data of different owners? For example, if owners i
and j have highly similar data, can the predictor leverage the prior
knowledge that u(C U i) = u(C U j) (instead of learning the rela-
tionship from more data utility evaluations)? (2) Additionally, can
the predictor quantify the uncertainty in its prediction?

Gaussian process regression (GPR) seems well-suited to this task.
We can (1) incorporate prior knowledge by specifying an appropri-
ate kernel over datasets and (2) quantify the additional uncertainty
in the estimated semivalue (due to the predictor) using the GPR
posterior covariance. However, adapting GPR presents challenges:
The kernel must be positive semi-definite (PSD), to ensure a nonde-
generate GP posterior and offer computational savings as compared
to directly evaluating the utility from model retraining. We propose
measuring the similarity between empirical data distributions with
a sliced Wasserstein distance (SW) kernel, as Meunier et al. [22] have
proven that the kernel is PSD. Additionally, our method is com-
putationally efficient: after precomputing the sorted projections
once, the SW distance used in each kernel entry can be computed in
linear time w.r.t. the total dataset size. Our method, DUPRE, fits a GP
model based on some actual data utility evaluations. Subsequently,
DUPRE predicts the utility of unevaluated coalitions and can be used
to identify those with high uncertainty for further actual evalu-
ations. DUPRE complements any exact CGT-based valuation and
approximation techniques proposed to address (i).

In summary, we make the following key contributions. In Sec-
tion 2, we formulate the problem of predicting the utility of coali-
tions using GPR and propose a suitable valid kernel to measure
the similarity between datasets for regression and classification
problems. In Section 3, we describe how to estimate the semival-
ues based on the GP model.! In Section 4, we empirically verify

The supplementary materials can be found at https://kakaeriol.github.io/dupre/.
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that DUPRE introduces a low prediction error and speeds up data
valuation for various few models, datasets, and utility functions.

2 PROBLEM FORMULATION

We consider n data owners N = {1,...,n}. Data owner i has a
dataset D; = (Xj, y;) where X; is the input matrix and y; is the tar-
get outputs. Each owner i shares their dataset D; with the mediator,
who train ML models on data from multiple owners to assign a
fair data value ¢; to each data owner i. Let C C N denote a coali-
tion of data owners with the aggregated dataset D¢ = (X¢,yc),
where Xc £ UjecX; and yo = Uiecyi-z

()
Value ‘/’,‘ .E Coalitions
- ° (Actual) "M'TI\:T?EI}'; 5> Utility s — A,uy
alue ¢, .E .SZ{=A1,-~~:AH mode
: (Predicted) > GP Predictor i —» B,Ug
® #B=B8B,...,B,
Value ¢,
—— @m
Data Valuation ¢

Figure 1: We partition all (sampled) coalitions into two fami-
lies of sets. The utilities of coalitions in A are actually evalu-
ated by training the ML model and measuring the utility, e.g.,
validation accuracy. In contrast, the utilities of coalitions in
8B are predicted by the Gaussian Process (GP) model.

The data utility function u maps any coalition C to the perfor-
mance (e.g., negated mean squared error) of the ML model trained
on their data, u(C). The function u may be expensive to evaluate
for complex models such as deep neural networks.

For any j, let coalitions A and B; be subsets of N. Given a actual
utility evaluations of coalitions in A = (A; ;.’:1 (i.e., (u(A))acn)
our goal is to learn a predictor @ that predicts b data utilities of
coalitions in 8 = (B j)?=1' Subsequently, we use both the actual
utility evaluations at A and predicted utility evaluations at 8 to
exactly compute or approximate the CGT-based data valuation, as
shown in Figure 1.

For each coalition C, we model the data utility u(C) = v(C) + ec
where €ec is sampled from a Gaussian distribution with zero mean
and variance o?. We specify the underlying generating function
v as a Gaussian process [32] with a covariance kernel k (see Ap-
pendix A.1). Given the observed utilities u # for coalitions A, the
posterior belief of the utilities g7 for coalitions B follows a
Gaussian distribution

g g ~ N(E[ﬁzsm],V[ﬁBm])
Eliga]l =Kg alKaxa+01 lug
Viigal =Kg s -KgalKaa+oll 'Kag.

Here,Kg_# is a matrix whose j, i entry is k(Bj, A;), the similarity
between the aggregated datasets of Dp; and that of D,. Notice that
there are O(a? + ab + b?) unique kernel entries in Kg 4 andK g 4.
The inverse of the kernel matrix only needs to be computed once

2For notation convenience, we say (x, y) € Dc if there exists an index j such that
the j element of X and yc are x and y, respectively.
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in O(a®) time. Subsequently, each utility prediction only involves
matrix multiplication.

Our next challenge is to decide the kernel function k over datasets
or data distributions such that the kernel is (I) valid (see Appendix B
for properties a valid kernel must satisfy such as positive semi-
definite, PSD) and (IT) computationally efficient. The former results
in a valid GP while the latter ensures that the method is useful in
practice.

2.1 Choice of Kernel

For simplicity, we start by ignoring the target outputs and consid-
ering only the input matrix, i.e., D; = X; for every i. How do we
measure the similarity between the aggregated dataset D4 (from
owners in A) and Dg? Equivalently, let § be the Dirac delta distribu-
tion, how do we measure the distance between the empirical data
distributions P(D4) = ﬁ 2xeD, 6(x) and P(Dp)? We quantify
the distance between the empirical data distributions using optimal
transport distances (see Appendix A.2) rather than f-divergences.
Optimal transport distances, such as the Wasserstein distance, ex-
hibit desirable mathematical properties including symmetry and
the triangle inequality, which are essential for defining valid ker-
nels and comparing distributions even when their supports are
disjoint. Optimal transport distances measure the minimal total
cost required to transform one distribution into another. In partic-
ular, the Wasserstein distance captures the intrinsic geometry of
the space of distributions [22] and admits an intuitive interpreta-
tion: it is the minimum total cost of transporting mass from the
distribution P(D4) to P(Dg).

However, the kernel based on the squared Wasserstein distance,
ie., k(A B) « e*WZZ(]P(DA)’P(DB)> may not be PSD when the data
dimension exceeds 1 [2, 22], thus violating (I). Moreover, as com-
puting the Wasserstein distance involves an optimization prob-
lem, the most efficient method [7] still takes O(max(|D4], [Dg|)?)
time.3 This computation burden becomes expensive when repeated
O(a? + ab + b?) times for each kernel entry, violating (IT). Thus, we
must use alternatives to the Wasserstein distance, such as the sliced
Wasserstein distance (SW) [22] that provably satisfies (I).

PROPOSITION 1 ([22]). The exponential kernels k(A, B) based on
the SW distance, including exp (—y-SWip (P(DA),IP(DB))) and

exp (—y . SW’; (P(Dyp), IP(DB))) are positive semi-definite (PSD) and
valid fory > 0 and p € [0, 1].

To address (IT), the SW distance can be efficiently approximated
using Monte Carlo sampling with L projections. After each pro-
jection, the Wasserstein distance between one-dimensional dis-
tributions can be computed analytically. We additionally observe
that only line 10 in Algorithm 1, which merges two sorted pro-
jection lists, is unique to the coalition pair (A, B). Thus, only this
step, which takes O(L - (|Da| + |Dpg|)) time, is repeated for the
O(a? + ab + b?) unique kernel entries. The L factor can be further
reduced by parallelizing the computation for multiple projected
directions. Given D4 has dimension m, steps 1-9 in Algorithm 1
only need to be precomputed once in O(L|D4|m + L|D | log|D4l)
time.

30 hides polylogarithmic factors.
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Algorithm 1 Sliced Wasserstein Distance Computation

Input: Two dataset matrices X4, Xp with m features/columns
Parameter: Number of projected directions L
Output: Sliced Wasserstein Distance SW(X4, Xp) between X4 and
XB,

1: s 0

2. for/=1to L do

3. Uniformly sample 0 distributed on unit sphere

4 Iy (X4) « XAQ(I)

5. Ipw (Xa) < sort(Ilga (Xa))

6: HH(I) (XB) — XBH(’)

7. g (Xp) « sort(Ilyw (Xp))

8 Fx, < the empirical c.d.f. with IT»q) (X4a)
9:  Fxj « the empirical c.d.f. with ITy) (XB)
10: S S+ % (fol |F§fl‘ (z) — F};; (2) |sz)1/p
11: end for

12: return s

2.2 Supervised Learning

In this section, we will additionally consider the target outputs y;
for each owner i. Specifically, we will define a transformation G,
that will map the dataset (consists of both the input matrix and
target outputs) to a common feature space.

DEFINITION 1. Given the transformation Gy, the supervised sliced
Wasserstein (SSW) distance between the empirical data distribution
Dy and Dg is

SSH, (P(D4), B(Dp); Gy) = S, (B(Gy(Da)), B(Gy (D)) -

Supervised regression. Data valuation can be applied on re-
gression problems, where the output y; is a vector of real values. We
concatenate y; with X; and vary the weight on y; using a parameter
1. Formally, let G, (Dc) = nXc ® (1 - n)yc, where ny € (0,1] is the
scaling weight for the feature space.

Supervised classification. Data valuation is also often applied
in supervised classification problems, where the output y; is a vec-
tor of discrete class labels. At first glance, we can concatenate y;
with Xj, however, how do we measure the distance between dif-
ferent labels such as ‘airplane’, ‘bird’, and ‘truck’ in CIFAR-10?
Inspired by Alvarez-Melis and Fusi [1], we quantify the distance
between labels yk and y/ as the sliced Wasserstein distance be-
tween the aggregated datasets with corresponding labels y* and
v/, ie., SW(P(x; | (xi,y%) € DN),P(x; | (xi,¥/) € DN)). Thus, the
’bird’ label is closer to ‘airplane’ than ‘truck’. We then use multi-
dimensional scaling (MDS) [5] to embed each class y/ as a vector
e(y/), preserving the distances between class labels. The function
e is also applied element-wise to embed the target outputs yc. For-
mally, let G;(Dc) = nXc @ (1 — n)e(yc), where n € (0,1] are
scaling weights for the feature and label spaces, respectively.

PROPOSITION 2. The kernel k(A, B) = e_YSSWZP(P(DA>’P(D”)5Q'I)
is a valid kernel wheny > 0 and p € [0,1] andn > 0.

The proof based on Proposition 1 can be found in Appendix B.2.
The following toy example demonstrates why our chosen kernel
makes intuitive sense. In Figure 2, as owners [ and I’ own similar
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data, the similarity k(C U l,C U!’) is large for any coalition C. In
contrast, as owners [ and j have very different data, the similarity
k(CUI,CU j) is always small. Thus, in a GP model, an observa-
tion of the utility of the coalition with [ would greatly reduce the
uncertainty of that with I but not j.

—- 0.04 0.05 0.22
s g
; -_- 0.04 0.05 0.21
. g
N g - 0.04 0.04 - 0.01 0.02
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Figure 2: Datasets / and [’ are similar while datasets [ and j are
very different. The SSW kernel similarity k(CULCU!") = .99
is large as compared to the similarity kK(CU,C U j) = 0.19.

3 SEMIVALUE ESTIMATION

We have defined the GP model and kernel to predict utilities for
coalitions in 8. Given the a actual utility evaluations of A (i.e.,
u ), we first learn the kernel hyperparameters (e.g., y) and choose
the norm of the SW distance and scaling weights 7 for the feature
and output spaces to maximize the log-likelihood. Then, we predict
the posterior belief of the utilities iig| # of coalitions in 8. How
do we compute the semivalue, such as the Shapley value, based on
the observed utilities u # of coalitions in A and the posterior belief
g 4 of coalitions in B?

PROPOSITION 3 (SEMIVALUE PREDICTION). Let wfﬂ and WiBIﬂ
denote the vectors containing the weights of all coalitions in A and
B respectively. The j-th entry of wiﬂ corresponds to the weight of
coalition A; in the computation of (i) the Shapley value ¢, (i) and (ii)
the semivalue @y (i), as defined in Equations 1 and 2). Wheni ¢ Aj,
the j-th entry is given by (i)_l/(n(|nA_jl|)) or (ii) —w|A;|- Wheni € Aj,

n-1

the j-th entry is (i) 1/("(|Aj|—1)) or (ii) w|A;]-1-

The estimated Shapley value and semivalue for owner i, denoted
as ¢; and @;, are given by the weighted sum wiﬂTuﬂ + W%TﬁgLﬂ
which follows the distribution

N(wTug +wyg Elig 4], wy Vig alwg).
i
N A
used to estimate ¢] can also correspond to the weights used

REMARK 1 (MONTE CARLO APPROXIMATION). The weights w

and wiB‘ 2
in Monte Carlo estimates of Shapley value[9, 16], ¢}. In practice, when
using Monte Carlo estimates, the sampled coalitions are collected
and subsequently partitioned for actual evaluation and prediction, as

illustrated in Figure 1.

Proposition 3 considers only the uncertainty arising from the
use of GP model predictions instead of actual utility evaluations

Value
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(refer to (ii) in Section 1). When Monte Carlo approximation is used,
the total uncertainty in the estimate qgl’ should also consider the
uncertainty introduced by Monte Carlo sampling. Formally, let opsc
denote the standard deviation introduced by Monte Carlo methods,
such as those described by Kolpaczki et al. [16], which evaluates
and utilizes only a subset of all coalitions (see (i) in Section 1). Let
ogp represent the standard deviation associated with our GP model,
defined as the square root of the variance in Proposition 3. The total
uncertainty V[él’] is upper bounded by aép + 012\/10 + 20GpoMcC-

3.1 Active Querying to Accelerate Uncertainty
Reduction

We can reduce the variance O'é p associated with our GP model
further by additionally evaluating b coalitions 8 C 8. In particular,
for each B € B, the mediator trains a model on the aggregated data
Dgp to evaluate u(B) and only predicts the utility of the remaining
coalitions B \ B. Instead of randomly selecting b coalitions, the
mediator can actively select the b coalitions that lead to the largest
reduction in the semivalue variance:

B = argmaxcc g cl=p W’BT ~(V[tg 4l - V[ig zaecl) 'WlB.
®)
Here, ® denote the concatenation operator and V[ig| #] is the pre-
dictive variance of the utilities in B given observed utilities from
A. As the weighted variance reduction function is often mono-
tone submodular [4], Equation (3) can be maximized by the greedy
algorithm in Algorithm 2.

Algorithm 2 Greedy Active Selection with Efficient Inverse Update

Input: Evaluated coalitions and utilities, (A, u 4); unevaluated
coalitions, B; kernel function k; semivalue weight vector W%
Parameter: Number of additional evaluations b
Output: Selected coalitions B for additional evaluations

1: Initialize: B « (), K™! « (Kg 5 +0*1) ™!

2. for j=1to b do

3. Setmax_VR « 0, G* « null
for G € 8\ B do

4
5 LetC «— B & (G,)
6 Incrementally update K=! using the previous inverse and
k(G, A @ B) (as described in Appendix C.3)
7: Compute the variance reduction:
VR — (wig)" - Kg 26cK 'Kaec,s - Wy
8: if VR > max_VR then
9: Update max_VR «— VR, G* « G
10: end if
11:  end for
122 Add the selected coalition: B «— B @ (G*,)
13: end for

14: return B

4 EXPERIMENTS

We conduct experiments across several datasets to evaluate the
effectiveness of our methods. For classification tasks, we utilize (a)
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the Moon dataset [24], (b) the MNIST dataset [6], (c) the CIFAR-10
dataset [17], and (d) the IMDb dataset [20]. For regression tasks,
we employ (e) the California Housing dataset (CaliH) [23], which
provides real-world housing data. We use accuracy as the utility
function for classification tasks and the R? score for regression

n ~ )2
k f 2 _ 1— SSres -1 z‘l;l(y—‘_g’)
tasks, defined as R SSer ST (yi7)?

experiments, we employ the Shapley value, the most widely used
semivalue.

Our experiments aim to achieve three primary objectives: (i)
to investigate how factors such as the kernel and the number of
randomly and actively selected coalitions affect the performance
and computation time of our framework in computing Shapley
values; (ii) to demonstrate the application of our framework in data
valuation, particularly for classification tasks; and (iii) to highlight
the advantages of uncertainty quantification.

Baseline: We evaluate three baselines to compare with our pro-
posed approach. The first baseline, denoted as OTDD, is based on
the label-feature distance concept from Alvarez-Melis and Fusi
[1]. Although this baseline employs the optimal transport distance
between feature-label pairs, it is important to note that the expo-
nential kernel derived from OTDD is not valid, unlike the kernel
we propose. We summarize the computational complexity of each
distance metric in Appendix B.3, Table 1. For this baseline, we
implement the Sliced Wasserstein distance as the label distance
for efficiency.* The second and third baselines, inspired by Wang
et al. [31], represent each dataset D; with a binary indicator vector
(01 encoding) b; € {0,1}", indicating the indices present for each
data owner i. These methods are referred to as GP-binary and
NN-binary, employing Gaussian Process Regression and Neural
Networks, respectively. Finally, for our SSW kernel, we set n = 0.5.

. Finally, in our

4.1 Coalition Utility Prediction

This section empirically evaluates the utility prediction perfor-
mance of our proposed kernel SSW and the baseline methods. We
compare the computation time between our DUPRE framework and
an exhaustive evaluation of all possible coalitions. Our experiments
include two settings: one where o randomly selected coalitions’
utilities are evaluated by model training and another (with -a suffix)
where half of the coalitions are randomly selected and the other
a /2 coalitions are actively selected as described in Algorithm 2 and
Figure 1. After evaluating these « coalitions, we train our DUPRE
framework on their utilities and then estimate the utilities of all
remaining coalitions.

To assess the effectiveness of our methods, we compute the mean
and standard deviation of the mean squared error (MSE) between
our predictions and the actual utilities over ten runs, each using a
different set of randomly evaluated coalitions (with random seeds
from 0 to 9). We also calculate the Pearson correlation coefficient
[14] to evaluate the correlation between predicted and actual utili-
ties and use Kendall’s tau metric [12] to assess the ranking order
of predicted and actual Shapley values, which is critical for under-
standing a data owner’s contribution.

1/p
4 Alvarez-Melis and Fusi [1] originally defined the distance as <||x —-x'||P + W;) ,

where W}f is the p-Wasserstein distance between label distributions. In our implemen-
tation, we use the Sliced Wasserstein (SW) distance for improved efficiency.
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We first consider predicting the validation accuracy on the MNIST
dataset, using a neural network as the ML model for evaluation.
Each of the 6 data owners holds a distinct subset of digit labels:
{1,4,5,7,8},{2}, {9}, {6}, {0}, {3}. As shown in Figure 3, our ker-
nel (SSW) outperforms the other baselines, evidenced by a lower
mean squared error (MSE) in (a) and higher Pearson correlation
coefficients in (c). While the active selection process improves per-
formance, it also increases computation time. Nonetheless, our
DUPRE framework remains faster than an exhaustive actual eval-
uation of all possible coalitions. Moreover, our kernel provides a
superior ranking of Shapley values than other kernels, as indicated
by the higher Kendall’s tau coefficients in (d).

—e— SSW
== GP-binary

= OTDD
NN-binary

SSW-a
GP-binary-a

OTDD-a
--- evaluated all

o o
o o
w B

MSE on predicted u(C)
o
ks 2 ks
N

0.01
0.00 =
8 16 24 32 40 8 16 24 32 40
No. of evaluated coalitions, a No. of evaluated coalitions, o
(a) MSE (b) Time
1.0 1.0
c
L
F}
£0.8 30'8
£ c
S % 0.6
£0.6 c
o Q
£ ¥0.4
[}
204
0.2
8 16 24 32 40 8 16 24 32 40

No. of evaluated coalitions, a
(d) Shapley's correlation

No. of evaluated coalitions, a
(c) Utility’s Correlation

Figure 3: A comparison of the quality of the utility predic-
tions and time taken for various methods on the MNIST
dataset with 6 owners. The -a suffix indicates that we have
actively selected 50% of the coalitions to accelerate uncer-
tainty reduction.

We repeat this experiment on the regression dataset, CaliH, as
illustrated in Figure 4, and use Multi-Layer Perceptron (MLP) as
the ML model. The kernel based on OTDD is not applicable here, as
it requires classification labels. Once again, our proposed kernel
results in lower MSE and higher correlations than the baselines.

4.2 Evaluating the Quality of Shapley Value
Predictions

In this section, we explore two approaches for computing the Shap-

ley value: predicting the utilities of all coalitions to estimate exact

Shapley values and predicting only the utilities of a subset to esti-
mate approximate Shapley values.
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Figure 4: A comparison of the quality of the utility pre-
dictions and time taken for various methods on the CaliH
dataset with 6 owners. The -a suffix indicates that we have
actively selected 50% of the coalitions to accelerate uncer-
tainty reduction.

4.2.1 Exact Shapley Value Estimation. We evaluated our framework
on the CIFAR-10 and CaliH datasets with 8 data owners. For CIFAR-
10, the utility function is the accuracy of the trained ResNet model.
In Table 1, the first segment computes the Shapley value based on
the predicted utilities from a GP model that is trained on the utility
of 100 actually evaluated coalitions. In contrast, the GP model in
the second segment is additionally trained on the utility of 10 more
coalitions, randomly selected or selected by Algorithm 2.

We use Pearson and Kendall’s tau correlation coefficients as
evaluation metrics to assess the agreement between our predicted
and the exact Shapley values, i.e., (g{;i)ieN and (¢;)ien. We also
compare against LAVA [11], a model-agnostic method that estimates
Shapley values based on the distance between datasets and the
task dataset, without requiring ML model training. Our method,
SSW, produces estimates that are more correlated with the exact
Shapley values, as evidenced by higher Pearson and Kendall’s tau
coeflicients as compared to other kernels. In contrast, the LAVA
method results in the lowest correlations. Additionally, we observe
that active selection, which incurs a slightly higher computation
cost, improves the correlation more than random selection.

4.2.2 Approximate Shapley Value Estimation. Next, we evaluate
our approach using the MNIST dataset distributed among 10 data
owners. We compute the approximate Shapley values using per-
mutation sampling, as outlined by Castro et al. [3]. We limit the
number of permutation samples considered by the total number of

1562

AAMAS 2025, May 19 - 23, 2025, Detroit, Michigan, USA

evaluated and predicted coalitions. Refer to Appendix C.4 for more
details.

In our experiments, we actually evaluate the utilities of 512
coalitions by ML model training and use these utilities to train
our GP model. Then, we either consider evaluating the utilities of
another additional 250 coalitions (purple line) or predicting the
utilities of § additional coalitions (f € [0, 250]) using the GP model
with different kernels. The key objective of the experiment is to
determine if these predicted utilities can effectively substitute for
actual utility evaluations.

=p= GP-binary =¥= OTDD == = evaluated all
—g= SSW NN-binary
20.00025 0.990
- 7
] 13 ‘v
< ] fom
0.00020| 2 0.085| L= \‘\ }
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Figure 5: A comparison of the quality of the approximate
Shapley value predictions for various methods on the MNIST
dataset. The approximate Shapley value is computed us-
ing 512 actual utility evaluations and an additional f ac-
tual/predicted coalition utilities.

In Figure 5, the x-axis represents the number of additional coali-
tions used to compute the approximate Shapley value ¢;. We mea-
sure the mean squared error (MSE) between the estimated approx-
imate Shapley value ggl' and the exact Shapley value ¢; computed
using Equation 1 as well as the Pearson correlation between the
estimated approximate Shapley values and exact Shapley values
across data owners. The purple lines exhibit a strictly decreasing
MSE and a strictly increasing Pearson correlation as more coalitions
are evaluated. Similarly, for our SSW kernel, both the MSE and Pear-
son correlation improve as more coalitions are predicted. Given
that the performance of the SSW kernel mirrors that of the actual
evaluations, it is a suitable substitute. In contrast, the other base-
lines do not exhibit the same trend; for instance, with NN-binary,
increasing the number of predicted utilities can worsen both the
MSE and Pearson correlation.

4.3 Benefits of Uncertainty Quantification

In this experiment, we examine the uncertainty of the predicted
Shapley values of the MNIST classification task where the dataset
is split among 5 data owners. We specifically focus on the data
owner with (a) the highest contribution and (b) the lowest contri-
bution. Since our kernel SSW outperforms OTDD, we consider only
GP-binary as the baseline. We compute the Shapley values and
their variances using the formula in Section 2. The result is illus-
trated in Figure 6.

As the number of evaluated coalitions increases, the predicted
Shapley value gets closer to the actual Shapley value and the vari-
ance decreases. For our SSW kernel, the actual Shapley values always
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Table 1: A comparison of the quality of exact Shapley value approximation and the time taken on the CIFAR-10 and CaliH
datasets with 8 data owners. A higher correlation is preferred.

Method CIFAR-10 CaliH
Pearson Kendall Tau  Time (s) ‘ Pearson Kendall Tau Time (s)
SSW 0.901 £ 0.07 0.664 + 0.152 5893 + 1375 | 0.775 £ 0.181 0.6714 £ 0.18 543 + 10
OTDD 0.640 + 0.09 0.523 + 0.21 8056 + 2141 - - -
GP-binary 0.785 + 0.006 0.565 + 0.1 4120 + 593 0.528 + 0.134 0.593 £ 0.129 264 + 35
NN-binary 0.612 = 0.01 0.544 + 0.12 2541 + 256 0.579 + 0.154 0.602 + 0.163 351 £ 45
LAVA -0.0785 £+ 0.0405 -0.3045 + 0.03 5580 + 394 | 0.1644 + 0.226 0.107 = 0.15 50 + 10
Evaluate 10 additional coalitions
SSW - random 0.911 + 0.04 0.674 £ 0.132 6137 £ 1098 | 0.805 + 0.155 0.7124 + 0.21 585 + 20
SSW - active 0.934 + 0.07 0.677 £ 0.126 6317 £ 1567 | 0.831 £ 0.165 0.7624 + 0.24 627 + 23
GP-binary - active 0.855 + 0.006 0.615 + 0.15 4320 + 635 0.655 + 0.1 0.653 + 0.120 388 + 40
Evaluate all coalitions - - 12458 - - 950
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lie within the shaded region, suggesting our uncertainty quantifi-
cation is well-calibrated.

4.4 Further Analysis

In this section, we present additional experiments to analyze and
stress-test our framework. First, we perform an ablation study on
the parameter 1 (Section 4.4.1), which controls the relative impor-
tance of label information in our kernel. Next, we demonstrate how
to handle more complex datasets like IMDD (Section 4.4.2). Finally,
we show the robustness of our method in a heavily imbalanced and
heterogeneous setting using the IMDb dataset (Section 4.4.3).

4.4.1 Effect of the label-weight parameter . We perform an abla-
tion study to understand the influence of different 7 (i.e., different
weight of the output label) affects the mean squared error (MSE)
of the utility and Shapley value predictions. This experiment uses
a classification task on the synthetic Moon dataset with 6 data
owners.

A smaller  value means that the label information has a greater
influence on the dataset distance, allowing the GP model to better
capture label-dependent patterns. As illustrated in Figure 7, n = 0.3
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Figure 7: A comparison of the quality of the utility and Shap-
ley value predictions for various 1 values on the Moon dataset
with 6 data-owners.

results in the lowest MSE and highest Pearson correlation, indi-
cating that assigning more weight to label information leads to
improved predictive performance.

4.4.2  Evaluation on an unstructured dataset with 10 data owners.
We now evaluate our framework on the IMDb dataset, which com-
prises 50000 movie reviews labeled as either positive or negative.
Following the OpenDataVal benchmark [10], we use DistilBERT
[25] embeddings for each review. We split the dataset among 10 data
owners and consider two experimental settings as in Sections 4.1
and 4.2.2). For the former, we use 256 evaluated coalitions. For the
latter, we use 512 evaluated coalitions and 100 predicted coalitions.

Table 2 shows that our method SSW always achieves lower MSE
and higher correlation than GP-binary and NN-binary, across five



Research Paper Track

AAMAS 2025, May 19 - 23, 2025, Detroit, Michigan, USA

Table 2: A comparison of the quality of utility predictions and Shapley value predictions for various methods on the IMDb
dataset with 10 owners. Setup 1 (similar to Section 4.1) compares the actual utility u(C) with GP predicted expected utility @(C)
of various coalition C. Setup 2 (similar to Section 4.2.2) compares the actual Shapley value ¢; and the predicted Shapley value
(¢3i) for various owner i. The results are the mean =+ std. over 5 runs. Lower MSE and higher correlation are preferred.

Setup 1 (Section 4.1)

Setup 2 (Section 4.2.2)

Method MSE(u(C),#(C))  Pearson(u(C),a(C)) Shapley Corr. | MSE((¢)ien: ($i)ien) Pearson((¢i)iens ($i)ien)
SSW (Ours) 8.6 X 10_6 + 0.008 0.60 +0.13 0.75 +0.21 0.00022 + 0.00016 0.59 +0.22
GP-binary 1.8 X 10_5 + 0.0042 0.466 +0.17 0.66 + 0.26 0.00029 + 0.00014 0.50 +0.24
NN-binary 0.006 + 0.008 —0.199 + 0.07 —-0.137 = 0.35 0.0001 + 0.00015 0.52 +0.025

runs where the evaluated and predicted coalitions are randomly
varied. In Appendix D.2, we further validate our framework on the
Stanford Sentiment Treebank (SST-2) [28] dataset. We also observe
that SSW consistently outperforms the baselines across different
text-based tasks and pre-trained embeddings.

4.4.3 Robustness to Heterogeneous Data Size and Distribution. While
the earlier experiments already account for varying dataset sizes
and distributions (see Appendix D, Table 2), we further validate
our framework under more extreme heterogeneity using the IMDb
dataset. Specifically, we consider 20 data owners, where the j-th
data owner has 100 data points. Additionally, owners j = 1...5
hold only data of the positive class, while owners j = 6...10 hold
only data of the negative class. The remaining 29000 data points
are used as the validation set.

Table 3: A comparison of the quality of the Shapley value
predictions for various methods on the IMDb dataset with 20
heterogeneous data owners. The Shapley value are computed
based on 5000 actual utility evaluations and 20000 predicted
utility evaluations.

Method MSE Pearson
SSW (Ours) 9.60x 107>  0.736
GP-binary 9.48x107°  0.710
NN-binary  1.00x 1074  0.652

We consider estimating the Shapley value with 25000 coalitions
(~ 1800 permutations, see Appendix C.4). Out of these 25000 coali-
tions, we actually evaluate the utilities of 5000 random coalitions
and predict the utilities of the remaining coalitions. In Table 3, we
observe that despite the large variation in dataset sizes and dis-
tributions, SSW achieves the strongest correlation (0.736) and low
MSE (9.60 x 10~°). Additionally, we observe that the MSE does
not increase when the owners have more data points. The Pearson
correlation between dataset size and MSE for SSW is low and only
0.241.

5 RELATED WORK

Our work is complementary to related works on data valuation that
propose new data utility functions (such as data volume [33] and
information gain [27]) and strategies (such as the Shapley value
[8, 18, 34], the Banzhaf value [30] and Least Core [34]). DUPRE can
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be used to efficiently predict the utilities of any data utility function
needed in the data valuation strategies.

Our work is also complementary to semivalue approximation
techniques that reduce the number of coalitions to evaluate such
as permutation sampling [3], stratified sampling [21], structured
sampling [29], or approximating Shapley without marginal contri-
bution [16]. Instead of evaluating all the sampled coalitions’ utilities
by training a model, we propose evaluating a subset and predict-
ing the remaining utilities using a GP model. Our work offers an
alternative to methods that reduce the cost per evaluation, such
as TMC-Shapley, Gradient Shapley [8] and the influence function
heuristic used by Jia et al. [9].

Our work can be extended to make use of other dataset distances,
such as optimal transport dataset distance (OTDD) [1], if they satisfy
the valid properties of a kernel. There are also other data valuation
works that have used the SW distance or aim to reduce the cost
of each utility function but they differ in their application. In data
valuation works, Just et al. [11], Kessler et al. [13] have also defined
their data utility function based on the optimal transport distance
between training data subsets and validation data. However, our
purpose of considering dataset distances differs.

6 CONCLUSION

In this paper, we introduce DUPRE, a novel framework that comple-
ments existing sampling-based approximation methods to further
boost the efficiency of computing CGT-based data valuation. We
design a valid kernel based on the sliced Wasserstein distance and
adapt the distance to consider the target outputs in supervised
learning. As our kernel can encode prior knowledge of similarities
between different data subsets, our GP model outperforms other
approaches in our experiments.

While DUPRE demonstrates strong empirical performance, its
predictions are not guaranteed to be accurate for every dataset or
utility function. We recommend using a validation set of coalitions
and utilities to continually assess and improve its predictions. Fu-
ture work can consider other applications of data utility prediction,
such as in online data valuation scenarios where new data owners
frequently join or leave the collaboration.
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