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ABSTRACT

This paper proposes a novel framework for incorporating anytime
fairness guarantees in a general Stochastic Combinatorial Multi-
Armed Bandit (CMAB) problem when the time horizon is unknown.
Our framework does not make any assumptions about the reward
feedback or structure and provides fairness guarantees as long
as a sublinear regret algorithm exists to solve the same problem.
The framework essentially operates in the episodes of length H,
which is a user-defined parameter. The framework divides each
episode of length H into fairness rounds and learning rounds. Moti-
vated by preemptive scheduling on uniform machines, we propose
Fair-CMAB which prioritizes fairness rounds upfront and uses any
existing CMAB algorithm for learning rounds. This helps in general-
izing the framework significantly. Theoretically, we prove that for a
sufficiently large value of H, Fair-CMAB achieves anytime fairness
guarantees after some initial number of rounds and achieves the
regret guarantees of the same order as the learning algorithm.
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1 INTRODUCTION

The classical Multi-Armed Bandit (MAB) problem, introduced by
[53], is an important online decision-making problem where the
data arrives in a sequence and the learner must make an irrevocable
decision at each time. In a stochastic MAB problem, a learner selects
a single arm from the set of N arms at each time step and receives a
reward sampled from an independent distribution associated with
that arm. The objective is to maximize the expected cumulative
reward or, equivalently, to minimize the regret.
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The Combinatorial Multi-Armed Bandit (CMAB) problem gener-
alizes this framework by allowing the learner to select a subset of
arms at each time. The expected reward from a subset of arms is
determined by a deterministic mapping from a set of arms pulled to
areal-valued reward as a function of the expected rewards from the
pulled arms. Upon selecting a subset of arms, the learner receives
feedback in terms of a random reward. CMAB is studied under
two feedback types: semi-bandit feedback [5, 15, 22, 23, 31, 34],
where individual reward samples from each selected arm are ob-
served; and full-bandit feedback [1, 2, 19, 21, 41-43], where only the
combined reward for the selected subset is revealed to the learner.
CMARB is further studied under two settings for the reward func-
tion: linear [18, 50, 52], or non-linear [19, 21, 40, 41, 43], with the
reward function being linear or non-linear, respectively, based on
the individual rewards of the arms in the selected subset. CMAB
plays an important role in applications such as sponsored search
auctions [44], crowdsourcing [51], influence maximization [14, 61],
recommender systems [49], etc. The feedback type and the structure
of the reward function directly influence the arm-pulling strategy
and learning efficiency. Note that the semi-bandit feedback reveals
more information to the learner than a full-bandit feedback.

While a long line of work (see [1-3, 19, 21, 41, 43] for an overview)
focuses on identifying the optimal set of arms, incorporating fair-
ness requirements in the stochastic CMAB problem remains largely
unexplored. An optimal MAB algorithm tends to allocate resources
or opportunities in a skewed manner, and such winner-takes-all
allocations may lead to societal issues such as loss of trust. Fair-
ness is important in many real-world applications in combinatorial
bandits, where equitable distribution of resources or opportunities
among arms is crucial: in sponsored ads, it ensures visibility for all
advertisers; in crowdsourcing, equitable task distribution; in wire-
less scheduling, minimum service quality [37]; and in recommender
systems, diverse content and cross-selling prevention [2, 62].

This paper focuses on fairness constraints induced by a mini-
mum guaranteed number of pulls for each individual arm. Though
this problem has interesting connections with the scheduling lit-
erature (see [39]), the design of optimal online learning with a
minimum-pull guarantee for each arm is relatively new. Patil et al.
[46] introduces the problem of satisfying the minimum-pull guar-
antee as a fraction of the total number of pulls for each round ¢
(aka, anytime guarantee) in the classical stochastic MAB setting
when only a single arm needs to be pulled at a time.
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Anytime fairness guarantee is required in many applications that
use CMAB. One such example is an online crowdsourcing platform
where organizations would like to choose the best K workers (arms)
at each time. However, selecting only a few workers at each time
might lead to workers leaving the platforms. Therefore, one might
ask to maintain a minimum exposure guarantee for each worker.
Another example is in sponsored search advertisements. As per
the example provided in [46], Facebook was recently sued by the
US Department of Housing and Urban Development for targeting
ads based on attributes such as gender, race, and religion. Anytime
fairness guarantee can demand the minimum fraction of exposure
on such attributes thus preventing these discriminations while
selecting K advertisements at each time.

Existing regret guarantees in [46] hold only when the learning
algorithm is based on the Upper Confidence Bound (UCB) [6, 7]
approach. Therefore, the algorithm in [46] cannot be extended to
the CMARB setting, because, firstly, in the CMAB setting, the most
rewarding arm may not be a part of the optimal subset of arms.
Thus, allocating the remaining rounds after satisfying the fairness
requirement to a set of optimal arms may not result in an optimal
schedule. And secondly, in a full-bandit feedback setting, where
reward feedback is available for the subset of pulled arms, but the
fairness requirements are specified individually for each arm. In
this context, it is unclear how to identify the best schedule from
all feasible schedules. More importantly, the theoretical analysis
for regret changes is based on the base learning algorithm. Our
main aim is to provide a unified framework for fairness in CMAB
problems which can be integrated with any existing algorithm
while providing anytime fairness guarantees.

Our unified approach not only advances the theoretical under-
standing of fairness in CMAB problems but also facilitates the
practical application of these algorithms across diverse, real-world
scenarios. Further, our framework can also be used to provide any-
time fairness guarantees for existing algorithms in classical bandit
settings since CMAB generalizes classical bandit settings (where
only one arm is selected). In summary, our contributions include:

(1) We introduce an anytime Fair-CMAB framework for a broad
class of feedback settings (semi-bandit and bandit), applicable
to different classes of reward functions (linear, non -linear,
and submodular) along with cardinality constraints.

(2) Anytime Fair-CMAB framework uses a simple algorithm that
incorporates a user-defined parameter H. It guarantees any-
time fairness for all rounds ¢t > Hny, with 5y denoting the
minimum fraction of the H rounds required to ensure that
each arm is pulled the necessary fraction of times up to H.

(3) We show that the extra number of rounds that the Fair-CMAB
framework uses for fairness converges to that of the number
of fairness rounds used by any optimal fair algorithm for
sufficiently small value of H.

(4) We prove that the anytime Fair-CMAB framework achieves
similar order bounds on regret as the learning algorithm
used for the framework.

2 RELATED WORK

We first discuss existing CMAB algorithms with semi-bandit and
full-bandit feedback followed by literature on fairness in stochastic
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bandits. A comprehensive coverage of the theoretical insights and
application of MAB can be found in [10, 35, 55].

2.1 Stochastic Combinatorial Bandits

CMAB was first studied for the shortest path problem by Gyorgy
etal. [28] and later extensively analyzed by Lattimore and Szepesvari
[35]. Subsequent works on combinatorial bandits with semi-bandit
feedback include [12, 13, 16, 17, 23, 24, 32, 59, 61]. Gai et al. [23]
introduced approximation oracles under linear rewards, while Chen
et al. [15] generalized this to ¢-approximation oracles covering a
much larger class of linear and nonlinear rewards. Furthermore,
Chen et al. [16] extended these results considering arm dependen-
cies and probabilistically trigger arms, establishing online influence
maximization as a subclass. Wang and Chen [61] refined regret
bounds from exponential to sublinear for this subclass. The work of
Zimmert et al. [64] further bridged adversarial and stochastic set-
tings to accommodate nonlinear reward functions. Although these
studies focus on optimizing reward or minimizing regret, none con-
siders fairness in CMAB. While semi-bandit feedback is a simplified
setting, there are numerous applications for the bandit feedback
setting [21, 40, 41, 43, 47, 57, 58]. Earlier works on full-bandit feed-
back include [18, 52] for the linear reward setting and Agarwal
et al. [1, 2] for the non-linear reward setting. It must be noted that
different approaches are required to solve the problem depending
on the structure of the rewards. For example, monotone submodular
rewards result in a cardinality-constrained best K-arms selection
problem, whereas non-monotone submodular rewards does not
require cardinality constraint. Similarly, while the approach in [1]
works by dividing the arms into groups and merging them to obtain
the best K arms, [20, 21, 41, 43] proposed an explore-then-commit
based algorithm in a more general reward model.

2.2 Fairness in Stochastic and CMAB with
Semi-Bandit Feedback

For the classical bandit setting, similar to ours, [46] guarantees
anytime fairness of exposure for each arm, and [60] introduces
merit-based exposure to the arms. Motivated by the group fairness
notion in the machine learning community [8, 27, 29, 30, 45, 54],
Grazzi et al. [26] considers exposure fairness within the group,
while Pokhriyal et al. [48] proposed bi-level fairness, which ensures
minimum exposure (anytime guarantee) to groups and merit-based
exposure (asymptotic guarantee) to arms within the group.

In the context of CMAB settings with semi-bandit feedback, Li
etal. [37] propose a UCB-based approach using a virtual queue tech-
nique to ensure fairness in expectation for each arm, asymptotically.
Extending this, Xu et al. [63] employ online convex optimization
to achieve sublinear regret, generalizing to concave rewards and
knapsack constraints. Liu et al. [38] unify bandits with knapsack
and fairness constraints using an LP-style algorithm, achieving
problem-independent regret bounds with zero fairness violations.
For real-time systems, Steiger et al. [56] focus on short-term fairness
in combinatorial semi-bandit problems with sleeping arms and de-
layed feedback, providing instance-independent regret bounds. All
these fairness notions provide only asymptotic guarantees. Further-
more, each work provides fairness guarantees in a specific setting
that too under the semi-bandit feedback setting. On the other hand,
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our proposed framework works for a large variety of settings as
long as an algorithm exists for the corresponding unfair setting.
This allows our framework to function even for bandit feedback
settings, where no prior work has specifically addressed fairness.

In another growing set of works in the equitability over time
fairness setting in online algorithms, such as ones in [4, 11, 36], the
setup is different from ours, as these works consider arms arrival
over time and the goal is to decide whether to pull the arm or not.
Whereas, in our setting, stochastic arms are available and the goal
is to learn the arm with optimal reward.

3 PROBLEM FORMULATION

In a combinatorial MAB setting, the learner pulls a subset S; of arms
from a finite set [N] = {1,2,---, N} at each time ¢ and receives a
stochastic reward f; (S;) until an a priori unknown time horizon T.
We define an arm i € [N] as a base arm and refer to S C [N] as a
super arm. There are two possible settings in CMAB. The first is a
fixed budget setting [1, 2, 41, 52], where the learner pulls exactly
K arms at each time. The second allows the learner to pull any
number of arms in each round (e.g., non-monotone submodular
bandits [19]). The set of all possible actions is represented by A. In
the budgeted MAB setting, A = {S C [N] : |S| = K}, and for the
non-monotone setting, A = {S C [N]}.

In the stochastic setting, the expected reward for each action S is
derived from a reward function f : A — R. The realized reward for
S € A comes from a fixed distribution Dg with a mean f(S). Let the
realized reward at time t when pulling the super arm S; be denoted
by f;(St). Then, the reward for action S; is f(S;) = E[f;(S¢)],
where {fi, f2, ..., fi} are independent and identically distributed
(IID) rewards for S; € A generated from distribution Dg,. We
further assume that the rewards f; are bounded!. For simplicity of
notation, we omit the time index ¢ when evident from context. The
learner’s goal is to identify and play the optimal action S* € A
defined as S* € arg maxgse 7 f(S).

Without loss of generality, we assume that the optimal super-
arm is unique, that is for all S # S*, £(S*) > £(S). In the stochastic
setting, based on how the feedback is received, we have two settings.

(1) Full-bandit Feedback: In a full-bandit feedback setting
[3, 19, 21, 43, 52], the learner only observes the reward f; (S;)
for the selected action S;.

(2) Semi-Bandit Feedback: In the case of semi-bandit feedback
[15, 61, 64], the learner additionally observes rewards for
each base arm in a selected super arm S;.

Note that Fair-CMAB utilizes existing CMAB algorithms for learn-
ing, which allows it to operate for both the feedback settings.

3.1 Fairness Requirement:

This paper studies the fairness requirement that guarantees that
each base arm is pulled for at least a specified fraction of times. We
define the fairness constraint through a vector r = (r1,r2,...,rN),

, i) for each arm i € [N], with x = [N/K]. This
parameter « restricts the fairness quota for each arm, ensuring that
each arm i is pulled at least a fraction r; of times. The goal of the

learner is to satisfy fairness constraints at every time step ¢ by

where r; € (0

1We assume, without loss of generality, that f; (S;) € [0,1].
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ensuring that the number of times arm i has been pulled by time ¢,
denoted by n; ¢, satisfies: nj; > [r;t] Vi e [N].

DEFINITION 1 ((r, y)-FAIR ALGORITHM). Let T > 1 be an arbitrary
stopping time. We call a combinatorial multi-armed bandit (CMAB)
algorithm (r, y)-fair if, for a given fairness vectorr = (r1,r,...,TN)
and a given 'y > 0, it satisfies the following condition fort > y i.e.,

nit = Lri-t] Vi > Y-

Note that we recover aytime fairness guarantee when y = 1 [46].

3.2 Regret

The a-regret of the algorithm used in this paper captures the gap
between & times sum of the rewards when optimal subset is chosen
and the rewards obtained by the algorithm [43]. More formally,

DEFINITION 2 (a-REGRET). Let (St);>1 denote the sequence of
pulls made by CMAB algorithm ALG, T > 1 be an arbitrary stopping
time and o > 0. The a-regret of ALG over T rounds is defined as

T
th(st)],
=1

where f(S*) is the optimal expected reward.

RAT)=a-T- f(S*)-E

The goal of the learner is to maximize the expected cumulative
reward ]E[ Zthl f;(St)], to obtain sublinear a—regret while opti-
mizing for approximation parameter «. Note that the parameter
absorbs the approximation factor for combinatorial bandits and the
fraction of rounds spent by the algorithm towards fairness. With
K =1, the definition coincides with the fairness-aware regret by
Patil et al. [46] when the algorithm spends an optimal number of
rounds towards fairness. We now provide a framework that works
for a broad class of stochastic combinatorial bandit settings.

4 FAIR-CMAB: A FRAMEWORK TOWARDS FAIR
COMBINATORIAL MAB ALGORITHM

Our proposed framework works in episodes each of fixed length
H. For each episode &, the algorithm computes the fraction of
time required to satisfy the fairness guarantees in a given episode.
Our fairness framework essentially creates a sequence of intervals
Io, I1, I, . . ., with predefined lengths that separate pulls for ensuring
fairness and learning, respectively. Let us further define

Nd = % max ({Zirrid-l w,maxfrid]) .

= (1

Thus, the terms 4 and dn; denote the minimum fraction and the
minimum number of pulls required to satisfy fairness guarantees
for d rounds, respectively, which we explain later in connection to
Makespan scheduling [39].

Further, we create the lengths of the intervals as follows. The
initial interval Iy is considered of length Hnp. Apart from Iy, every
odd interval Ip,—1, £ = 1,...,m, is of length (£ + D)Hnpr1)g —
CHnppg, and is called a fairness-aware interval where the framework
primarily selects the arms to satisfy the fairness requirement for
the next episode that follows. Here, index ¢ represents the index
of the episode, which starts after the initial pulls for Hyp rounds,

and m = [#-‘ represent the last episode. It should be further
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noted that to compute the length of the intervals for Fair-CMAB
we require K as an input which is not fixed for non-monotone and
non-budgeted CMAB setting. For such a setting, we provide K = N
as an input to the algorithm (for the fairness intervals).

On the other hand, the even intervals Iy, £ = 1,..., m, are called
the learning intervals, and are of length H — |Ipp—1| = H — (£ +
1D)Hn(g41)H + tHneyg. In the even intervals, the framework primar-
ily pulls the arms that are suggested by any learning algorithm
Learn(-) (without worrying about the fairness constraints). These
intervals can be better understood by Figure 1. Note that substitut-
ing K = N in fairness (odd) rounds does not hamper the learning
of base algorithm as we are calling the base algorithm only in even
intervals.

. IO _ Il , 12 \ 13 \ I4 , Im , t =
t =ngH
 — >
2Hn,g—Hny 3Hnsy—2Hnon
S EEEEE——
Hny H-(2Hn;p—Hnp) H-(3Hn3p—2Hnzm)

Figure 1: Intervals with fairness and learning phases along
the timeline.

We note that if T is known, then we could divide the entire
time horizon into two intervals namely I; and I of length Ty and
T(1-n7) rounds such that pulls done in interval I; would have been
sufficient for all times in I, to satisfy anytime fairness guarantees
(albeit after Tyt time). However, unknown T requires us to solve
the problem separately for each episode until the stopping time.
Doubling trick [7, 9], where the estimate of time doubles every
time when the algorithm exceeds the estimated time from previous
rounds might adversely affect the fairness requirement as it will
lead to exponential growth of fairness rounds. This would lead to
high regret in last round if the stopping time is before the end of the
episode. For instance, we would incur linear regret if the stopping
time is just at the end of the fairness time-slot in the last epoch.
Therefore, we propose a fixed length episode strategy for achieving
anytime fairness over an unknown time horizon T. Next, connect
n4 in equation (1) to the makespan of the job scheduling problem
on identical machines with preemption [39].

Connection to Makespan Scheduling: The makespan problem min-
imizes the time to complete N jobs on K machines with preemption
with each job i having a processing time p;. Analogously, jobs cor-
respond to arms, machines to the number of arms pulled, and as
we enforce fairness for H rounds, p; = [r;H] represents the time
required to meet fairness guarantees for the H rounds.

DEFINITION 3. Then Makespan on identical machines with pre-
emption is given by [39]:

Makespan(N, K, p) = max { Z}(pi

,maxpi}.
1

This definition directly leads to the value of dn; in Equation (1).
Therefore, any preemptive scheduling algorithm that achieves the
optimal makespan will guarantee that after running the algorithm
for Hpgy number of rounds, each arm will be pulled at least [r;H]
times which forms the foundation of our framework.
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5 THE ALGORITHM : FAIR-CMAB

As mentioned earlier, the algorithm runs in episodes of equal size, H
until the time horizon T. The algorithm divides the entire duration
into three sets of intervals, namely, the initial interval (fairness),
odd intervals (fairness), and even intervals (learning). The length
of the initial interval is given by Hyg. Our episodes of length H
start after this initial interval and the indexing of the episode is
denoted by ¢. For each ¢ = 1,---,m, £th fairness interval is of
the length (¢ + 1)Hn(p41)g — ¢Hneg which forms a decreasing

sequence. Similarly, length of the ¢/" learning interval is given
as (1= (£ + Dn(es1yg + £ne)H. Thus, each pair of fairness and
learning interval forms an episode of length H. During the fairness
intervals, the algorithm uses Longest Remaining Processing Time
(LRPT) algorithm to pull arms [25] whereas in the learning intervals
the algorithm invokes the existing combinatorial MAB algorithm
based on the problem instance [2, 3, 40, 41, 43, 57]. In LRPT, the
algorithm pulls the arms that have the highest remaining pulls to
satisfy the fairness constraint and this is specified in Algorithm
1. Here, p; denotes the fairness requirement of arm i, |I;| denotes
the duration for which LRPT is called for, and T is used to indicate
that the algorithm should stop as soon as the algorithm reaches
the last round. For each LRPT call, p;s are carefully crafted such
that anytime fairness guarantees are maintained and the duration
of LRPT is minimized to ensure the optimal value of « in the regret
with respect to fairness rounds.

Algorithm 1 LRPT(p, |I;|)

Require: Processing time vector (p = {pi}fil), number of time
steps for which LRPT to run: |I|.
1: Initialize n{ =0foreacharmi€ [N], tf =1
2. while t¢ < |If| andt < T do
I

3: St « Pull K arms with highest value of p; — n;
4 lp=tp+ 1

Update n; = n{ +1LVies;

: end while

. E={ilp; —n <0}

: Return E

® N o v

The Fair-CMAB Framework presented in Algorithm 2 begins
with the initialization of key parameters, including the fairness
vector r = {r; € (0, %)}f\il episode length H, the number of
arms N, and the cardinality constraint K. In the next step, the
initial interval of length Hnp is computed to determine the fairness
time slots in the initial interval (Line 2). The algorithm then calls
the Longest Remaining Processing Time (LRPT) scheduling with
pi = [riH] such that all arms satisfy fairness requirement untill H
rounds (Line 3). This ensures anytime fairness guarantees during
interval [ if ny < %

The algorithm then alternates between fairness and learner slots
(Lines 4-16). In the fairness slots, each arm receives a minimum
number of pulls as per its fairness quota, ensuring the algorithm
maintains anytime fairness. In the learner slots, the algorithm calls
a learning procedure. The sets L, U, and E are created to distinguish
between the arms that might have received extra pulls because of
the ceiling factor in the previous rounds. The p/s of the arms in
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Algorithm 2 Fair-CMAB Framework

> 2K
H, number of arms N, and cardinality constraint K.

Require: Fairness vector(r): r; € (0 l) Vi € [N], episode length

1: Compute ny from equation 1, £ = 0, |I;| = Hyy,
2 B = LRPT({[r:HT}Y |, |Ie])

3 t=Hng+1,{=0+1

4: whilet < T do

5. L={i|l[ritH] < [r;(¢ - 1)H] + [r;H]|}

6: U= {il[ri¢H] = [ri(£ - DH] + [r;H|}
7. pl=|rH]VieLandp! = [rH|VieU
8 pl=pl-1VieE

9 |l = (¢ + 1)Hn(pr1yg — tHnem

0. E =LRPT{p{}¥,, L)

1: t=t+|Ip

12: ti = 0

13:  whilet; <H-|I;|andt < T do

14: Call LEARN(+)

15: ti=ti+1

16: t=t+1

17: end while

18: f=r+1

19: end while

their respective sets are updated accordingly for the next fair slot.
This alternating process continues until the time limit ¢ < T while
ensuring that both fairness and learning objectives are achieved.
It should be noted that while our algorithm employs T, it is only
used as a stopping criterion. No parameters within the algorithm
explicitly depend on T.

6 THEORETICAL ANALYSIS

We now provide the theoretical analysis of our algorithm by first
proving anytime fairness guarantees for t > Hng.

THEOREM 1. Fair-CMAB is r-fairV t > Hnp for any CMAB algo-
rithm ifr; € [0, ﬁ —e] and H > é

We first prove the following lemmas:
LEMMA 1. Whenr; € [0, ﬁ - e] and H > % then ng < %

Proor. We have [r;H]| < r;H + 1. Therefore:

1
K i+ )
Ne N 1 1}

___+_,__€ —
2kK K KH 2k H

Zri
< e
UH_max{

1
< max < 5

LEmMA 2. All fair slots are bounded by Hyg, i.e.
tHne — (£ — I)Hl’]([,l)H < Hng, V¢ > 1.

Proor. This is immediate from the definition. )

For any ¢, let pf denote the processing time for arm i when ¢t"
call to fairness is made and nf denote the total number of times
arm i is pulled in that interval, then consider the following sets de-
fined in Algorithm 2: U = {i|[r;tH] = [ri(¢ — 1)H] + [r:H]},
L = {illri¢H] < [ri(t = DH] + [rH1}, and  Ee = {ilp{ -
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nf < 0}. Note that E, denotes the set of arms that are pulled
extra despite their processing time is finished. This might hap-
pen because in the last round of LRPT, less than K arms had
their processing time left or we are calling LRPT more number
of times than required. Further, let s; = |E;|, then let us define
77 to be the number of rounds that are required to complete pro-

s
cessing times pf and is given by 7 = max ”%} , max,-{pf}} =

e [ZieUr”H]"'ZIéELLr"HJ_s[_I ] ATriHeu s

{lriH]}ier  {lriH1 = }icung, » {LriH] = 1}icinE,

Our next important lemma proves the fact that the length of
each ¢!" fair interval is sufficient to complete pf requirement of
each arm.

LemMA 3. ¢Hneg — (€ = DHnp-1yg 2 H.

Proor. tHn,y = max ”M] [rifH]}

- max{
m{

{Tri(¢ = DH] + [riH 1} ey, {[ri(€ = DH] + [riH |};er }

| y

{Tri(¢ = DH] + [riH1}iey > {[ri(€ = DH] + [riH |};er }

YieulritH + Xiep[ritH]
K

Yieulritt —1D)H] + [riH] + Xer[ri(¢ - 1)H] + Lr,-HJ}

AlritH Y er {frifHUieL}

>

K

2[ri(¢ = DH] + YieylriH] + Xier LriH]
K

Let . [ri({—1)H]| = Kyr—1+8¢—1 for some p—1 < K, yr—1,8¢-1 €
Z, then:

{[ri(¢ = DHT] + [riH1}jer» {[ri(¢ = DH] + LriHJ}ieL}

Kye-1+ 81+ X p! +50-1
K

tHney = max {

¢
> max {}’[—l +1+ {%},{rn(f— DHT+ [riH1}iev

{[ri(¢-1)HT + LriHJ}ieL} > (£ = DHn -1y + HY'

Here, the second last equality follows from the fact that §p—1 +
sp—1 = K. This is because s;—1 represent the number of extra pulls
in £ — 1" fairness round, whereas 8¢—1 represent the number of
arms that were pulled in last slot of (£ — 1)”1 fairness round, thus
sp—1 = K —J8p—1. The above lemma implies that LRPT is run at least
H7' times in every £!" fair round. o

Proof of Theorem 1: We prove this by induction. We know
that after LRPT at Iy, we have: n;; > [r;H] + 1Vi € Ep and n;; >
[riH]Vi ¢ Ey. Since |Iy| + |I1] < Hyg + Hypyg < H (from Lemma
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2), we get anytime fairness guarantee for time in I; ie. n;; >
[rit]Vt € I;. Now consider LRPT call at I;, from Lemma 3, we have:
niy > [riH] +pl} +1Vi€ Ey,niy > [riH|+[riH] > [ri2H] +1Vi €
Eq Vi, and n;; > [r;H| + [r;H]| > [r;2H]|Vi ¢ E; Vi.

Further, since the combined length of intervals Iy, I, Iz, I5 is less
than or equal to 2H, we get n;; > |rit] Vie [ UL U .

By induction hypothesis assume that after (¢ — 1)*" fairness
interval, we have n;; > [ri(¢ —1)H| +1Vi € Ep_j and n;; >
[ri(£ = 1)H] Vi ¢ E;—1. Then, after £'" call to fairness round,

ni > [ri(¢—1)H+] + |riH] +1Vie LUE,

njs = [ri(¢ —1)H+] + |r;H| Vie L\ Ep
niy = [ri(¢—1)H+]+[riH|+1Vie UUE,
nit > [ri(¢ = 1)H+]+[riH]|+1Vie U\ E,

This immediately give us the result n;; > [r;(¢/)H] +1Vi € E; and
niy > [ri(€)H| Vi & Ep.

Thus, any fairness interval I; will guarantee anytime fairness
for intervals Ij+1 and I} rounds with j > 1. |

We note that the sum of the time spent in fairness slots is the
sum of times in the initial interval Iy and all odd intervals. This
time is at most H([T/H+11)n17/H+11H- We define n as limy_,, 14,

which is given as 7 = max ,max; r; .

K

Discussion on the choice of H. For our guarantees to hold, we
require H > 1/€ with e = ﬁ — max; r;, which can be precomputed
as k and r; are known. To minimize the gap between algorithmic and
optimal fairness slots (Lemma 4), H should be as small as possible.
A larger H prolongs the initial phase for which anytime fairness
guarantees do not satisfy. Thus, the optimal choice is H = 1/e.

LEMMA 4. The gap between the sum of fairness slots and nT is at
most O(H). More formally,

H([T/H+1\)nrr/aen1m — 1T = O(H). ()

Proor. We first note that the gap between g and 5 is mainly
due to the ceilings involved in the expression of g, and since the
ceiling is at most 1 away from the expression without ceiling, we
have ng — 5 < % Further, Hnp increases with H. We have

H(IT/H +1D)nrr/aen1a — 17
(T +2H)n142H — 1T

T(nr+2H — 1) + 2HnT42H
N+K

IN

IN

+2Hnr42g =O(H) O

With the bound on the number of fairness slots, we now provide
the regret of the proposed algorithm in the following.

THEOREM 2. Suppose there is an online algorithm for CMAB with
a cardinality constraint of K that achieves f-regret of O(L(T)) for
any T, where L(T) is monotonically non-decreasing with T. Then, the
proposed framework Fair-CMAB at any time T achieves (1 — n)f-
regret of O(max(fH, L(T(1 —n)))) for any unknown T.

Proor. The (1 —n)f-regret for Fair-CMAB at time T is given by:

T
RFAIF-CHAB () _ B(1 — )T F(S*¥) — Zﬁ(st).
t=1
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We decompose the sum of the rewards as:

T
D)= Y K+ D fiS)
t=1

Learner Fairness
Given that the total time spent in the fairness times is at most
nT + O(H) (from Lemma 4), the time spent by the learner is at least

T(1-n) - O(H).

Given that the learner has any-time f-regret of L(H) for any H > 0,
we have

Z fe(St) = B((1=mT~O(H))f(5*) = O(L(T(1~n) ~ O(H)))

Learner

Since, ZFairness ft(st) 20,
RFIT-CWB () < BO(H) £(S*) + O(L(T(1 = n) — O(H))).

Since L(+) is a non-decreasing function, we have L(T(1 — ) —
O(H)) < L(T(1 — n)), thus, having the regret upper bounded as
RFACMB(T) = O(max(BH, L(T(1 - 1)))). o

Remark 1. We note that we can further upper regret bound above
to write RF31r~CMAB(T) — O(max(H, L(T))) for simplicity.

Regret Comparison with Existing Works. It must be noted that
most of the existing work provides weak fairness guarantees such
as [37] which only guarantee asymptotic fairness, [56] which sat-
isfy approximate fairness, [63] which guarantee fairness only at
the end of T rounds, and [38] ensures fairness only in expecta-
tion as opposed to our anytime fairness guarantee. Thus, their
regret bounds are incomparable to ours. While [38] claims O(1)
regret, it includes an instance-dependent term 1/ Afn ., in regret.
Our algorithm enforces the strongest fairness notion with instance-
independent regret. As far as the tightness of regret bounds is
concerned because Lemma 4 establishes only a constant number
of extra pulls for satisfying fairness, tightness on regret bounds
naturally follows from the base learning algorithm.

On the approximation ratio of fairness-aware algorithms. The
term 5T denotes the minimum time that any algorithm needs to
satisfy fairness, derived from the makespan calculation in job sched-
uling. The offline algorithm incurs an additional approximation of
1 — 1, so we have to make a comparison with the offline fairness-
aware algorithm. Relative to the optimal fairness-aware algorithm,
our regret follows that of the base learning algorithm, with only an
additional constant regret O(H) in fairness rounds (Lemma 4).

Since regret is measured against an optimal offline algorithm that
maximizes reward, it is no longer linear, since the offline fairness-
aware algorithm has an approximation guarantee of f(1 — ). This
aligns with [46, Section 5. Cost of Fairness], where the approxi-
mation loss accounts for the fairness time. We establish sub-linear
fairness-aware regret for combinatorial bandits by reducing it to
the regret for fairness-unaware algorithm.

7 FAIR-CMAB: A FRAMEWORK FROM CMAB TO
FAIR-CMAB ALGORITHM DISCUSSION AND
APPLICATION

Since our proposed algorithm works on top of any online algorithm
for stochastic CMAB, we provide an overview of different settings to
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which the proposed algorithm can be applied. For semi-bandit feed-
back, Chen et al. [15] introduced a generalized framework, ComUCB1,
a UCB1-like algorithm for any general monotone reward function.
Kveton et al. [33] improved the guarantees by providing tight upper

and lower bounds of \/KNT log(T) and KINIT?, respectively. We
focus here on bandit feedback settings, also summarized in Table 1.

Linear Reward Functions: Rejwan and Mansour [52] studied the
problem of selecting K out of N arms with linear rewards and full-
bandit feedback, proposing the CSAR (Combinatorial Successive
Accepts and Rejects) algorithm.

Restricted Non-linear Reward Functions: Agarwal et al. [1, 3] stud-
ied the scenario where the reward function over the chosen K
arms is non-linear, and the individual arm rewards are unknown.
Under the assumptions that the reward function is an element-
wise, strictly increasing function of the individual rewards obtained
by the constituent arms and the first-order stochastic dominance
assumption, their proposed CMAB-SM algorithm achieves a regret

bound of O(K IN3TS ). Under the assumption that good arms gen-
erate good actions, Agarwal et al. [2] develop DART, an elimination-
based algorithm that deals with non-linear rewards. This algorithm

is shown to achieve a regret bound of O(K INIT: ).

General Combinatorial Reward Functions: Nie et al. [41], Fourati
et al. [19] proposed algorithms for CMAB with monotone sub-
modular reward functions with cardinality constraints, and non-
monotone submodular reward functions, respectively, with full-
bandit feedback. Nie et al. [43] extended these works to provide a
framework in which discrete offline approximation algorithms for
combinatorial optimization can be converted into sublinear a-regret
methods that only require bandit feedback. The framework only re-
quires the offline algorithm to be robust to small errors in function
evaluation. This framework assumes that the offline algorithm has
an approximation ratio of a, which was further extended in [20],
to allow for an offline algorithm with & — € approximation ratio
for any € > 0. This framework allows for improved regret results
for monotone submodular reward functions with cardinality con-
straints, also studied in its special case in [21]. As another special
case, this framework includes the regret bound of non-monotone
submodular reward functions with cardinality constraints. These
cases are also summarized in Table 1.

8 EXPERIMENTAL ANALYSIS

In this section, we provide an experimental evaluation of our pro-
posed Fair-CMAB framework and compare it with the extension
of Patil et al. [46] to combinatorial bandits which we termed as
Fair-CMAB-delayed.

The algorithm in [46] ensures fairness by prioritizing arms that
would otherwise violate anytime fairness, and provides guarantees
for the case where at most one arm per round is pulled to ensure fair-
ness. However, its regret analysis relies on learning during fairness
pulls, which makes its extension to CMAB with bandit feedback and
non-linear rewards challenging. In contrast, Fair-CMAB separates
the fairness and learning phases, ensuring fairness in generalized
CMAB while maintaining strong regret guarantees. To enable a
fair comparison, Fair-CMAB-delayed integrates the approach of
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Table 1: Table presents an application of Fair-CMAB for differ-
ent online stochastic combinatorial optimization problems
with full-bandit feedback. We use L=linear reward, NL=non-
linear reward with certain assumptions as in the reference,
S=sub-modular rewards; M=monotone set rewards, NM= non-
monotone set rewards; CC=cardinality constraint of K. Col-
umn Ref gives the reference for the learner algorithm. Col-
umn « gives the approximation ratio for Fair-CMAB. For the
regret, we skip the maximization with H for simplicity.

CMAB Setting | Ref o4 Fair-CMAB Regret
L+CC [52] 1-7 KNIT?
NL + CC 1, 3] 1-7 KiN3T3
NL + CC [2] 1-7 K(KNT)?
S+ NM o] | 1a-n) NT?
S+M+CC | [21] [1-5- 2" KiN3T3
S+NM+CC | [20] ] KSN5TS

[46] by selecting up to K arms with the highest fairness deficit
(i-e., the lowest n; ;s — r;t at round ¢ + 1 if there is any arm i with
nis — rit < 0 at round t) in fairness rounds, without using their
reward updates. For K = 1, Fair-CMAB-delayed aligns with [46]
but without incorporating learning (reward updates) of the arms
during fairness pulls.

We evaluated the Fair-CMAB for a general learner algorithm so
that any setup of CMAB can be analyzed. In order to do that, the
learner slots are not accounted for the updates of the pulled arms,
while only fairness slots are accounted to capture how many times
each arm has been pulled. This allows for general results of the
proposed algorithm for any learner. However, we note that since the
arms are also selected in the learner times, the fairness violations
will be even lower. We compare Fair-CMAB and Fair-CMAB-delayed
for K > 1 on the following two metrics:

(1) Fairness Violation: We show the anytime fairness guarantees
for both algorithms validating Theorem 1.

(2) Fairness Pulls: We compare the number of times each algo-
rithm pulls the arms just to maintain the fairness constraints.
For Fair-CMAB, these rounds correspond to the rounds in the
initial intervals and the odd intervals. Whereas for Fair-CMAB-
delayed, these rounds correspond to the rounds when any arm
i satisfies r;t — n;; < 1. Note that the number of fairness pulls
control the regret guarantees (approximation ratio and regret
bound). Therefore we need lower number of fairness pulls while
achieving zero fairness violations.

We further note that since the number of fairness pulls inherently

captures the regret term, we do not necessarily need to compare

the regret. The subsequent subsections outline our experimental
setup, detailing the configurations and parameters used.

8.1 Experimental Setup
We evaluate the Fair-CMAB framework 2 over 10,000 episodes, on

100 instances, under three configurations: 1). N = 10, K = 1; 2).

“The code is available at: https://github.com/MultiFair-Bandits/Stochastic_Fair_
CMAB/
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Figure 3: Fairness pulls over time.

Time Horizon (T)

()N =20,K=5

N =10,K = 2; and 3). N = 20, K = 5. For each instance, the reward
means y were drawn from a uniform distribution U(0.5,1) and
fairness thresholds r; were generated uniformly at random between

(O, % - e). For all the instances, we kept ¢ = 0.01 and H > 100.

The experiments were conducted for H € {100, 200, 500, 1000},
measuring fair pulls and fairness violations over time.

8.2 Fairness Violation versus Time Horizon

Fairness violations occur when an arm is pulled fewer times than
its required fairness quota. For arm i at time ¢, a violation occurs
if |rit] > n;t or rit — njy > 1. We track the worst-performing
arm using max;(rjt — nj ;). Across all configurations, Fair-CMAB
maintains violations well below 0 not just 1, except for an initial
interval of length Hngy, confirming Theorem 1. Due to its design,
Fair-CMAB-delayed keeps fairness violations below 1, with a mean
close to 0 (see Figure 2) for the single-arm (K = 1) setting.

Fair-CMAB-delayed satisfies anytime fairness guarantees (Fig-
ure 2b, 2c), ensuring fairness violations remain close to zero and be-
low one. As H increases, fairness violations exhibit greater variance,
with consistently advance fair pulls. Conversely, as H decreases,
advance fair pulls diminish, approaching zero while maintaining
the guarantee of no fairness violations after Hypy rounds.

8.3 Number of Fair Pulls versus Time Horizon

While it is important that the algorithm never violates the fairness
constraints, it is also important that the algorithm does just enough
fair pulls to keep the regret lower. We compare the number of fair
pulls for both algorithms. We note that as H decreases, it is clear
that Fair-CMAB has lower fairness pulls (Lemma 4) and thus better
regret. This is also evident from our plots shown in Figure 3. We
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note that while Fair-CMAB-delayed seems competitive, it has no
guarantees including that (i) at most K arms will reach violation, (ii)
no bound on the number of times such violations happen to bound
the learner times for regret computation. In contrast, Fair-CMAB
has provable fairness and regret guarantees.

9 CONCLUSION AND FUTURE WORK

In conclusion, our anytime Fair-CMAB framework ensures fairness
in combinatorial bandit problems across various feedback mod-
els and reward functions. It offers strong theoretical guarantees
on regret, with experimental results validating its effectiveness
and adaptability. This framework provides a flexible, fair solution
for a wide range of applications, demonstrating both fairness and
learning efficiency. Since our regret guarantees are motivated by
makespan literature defining the minimum fraction of time required
to satisfy fairness constraint, the bounds cannot be trivially applied
to the problems where arm pulling strategy is constrained by some
structures such as matroid, paths, and spanning trees. Therefore,
extending this work to handle constraints on action space is an
interesting future direction.
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