Research Paper Track

AAMAS 2025, May 19 - 23, 2025, Detroit, Michigan, USA

The Price of Anarchy in Spatial Social Choice

James P. Bailey
Rensselaer Polytechnic Institute
Troy, NY, United States
bailej6@rpi.edu

ABSTRACT

Except for a few strategy-proof mechanisms on the real line, spatial
social choice mechanisms are usually manipulable. But is it wise
to treat all manipulations as equally bad? We use the price of anar-
chy to make finer distinctions than between “strategy-proof” and
“manipulable” The price of anarchy measures how much strategic
behavior can alter the cost in social choice. Supported by exper-
imental economics data, our measure employs a novel minimal
dishonesty criterion to refine the set of Nash equilibria. Using the
price of anarchy, we study standard spatial selection rules and un-
cover a class of selection rules that are immune to the negative
consequences of manipulation despite remaining manipulable. This
is in contrast to standard approaches that sacrifice other beneficial
properties, e.g., unbiased tie-breaking, to gain strategy-proofness.
The concepts herein could be applied to other social choice sce-
narios in which a publicly known mechanism relies on private
information.
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1 INTRODUCTION

Like many social choice/voting mechanisms, spatial social choice is
prone to manipulation. Typically such mechanisms are evaluated as
either “manipulable” or “strategy-proof”. In this paper, we use the
price of anarchy to quantify the impact of manipulation and use it
to identify social choice mechanisms that are manipulable yet still
have powerful optimization guarantees with respect to the private,
sincere preferences despite agents acting strategically. Thus, the
price of anarchy offers finer distinctions between “manipulable”
and “strategy-proof” and we propose that it be used as one of the
criteria by which a selection rule is assessed.

In spatial social choice each agent has an ideal point in R¥. The
cost of a candidate to a voter is the Euclidean distance or some other
metric distance between the two points. Spatial models are widely
applied to facility location [19], preference aggregation [1, 11],
political voting and policy selection [9, 12, 23, 28].
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A 1-Median selection mechanism selects a point that minimizes
the total distance (L1 norm) to the voters’ ideal points. Both 1-
Median selection and its generalization, the p-Median (which se-
lects p points), have been carefully investigated for strategy-proof
variants [10, 16, 17, 26]. However, there has not been much work
toward understanding the quality of the outcomes obtained when
the selection rule is subject to manipulation.

We use the price of anarchy [6, 13, 22] to measure how much
strategic behavior impacts the quality of the outcome of a selection
rule. To illustrate the idea, consider the 1-Median selection rule.
Let the sincere distance of a point x be the total distance from the
individuals’ sincere ideal points to x. Let a sincere optimal point be
a point with the smallest sincere distance. Suppose that the sincere
distance of a point selected when individuals are strategic is at most
3 times the sincere distance of a sincere optimal point. Then the
price of anarchy of the 1-Median problem would be at most 3.

We propose that the price of anarchy should be one of the criteria
by which a spatial social choice rule is assessed. In general, a rule
can be cast as a minimizer of a social cost; i.e. in the 1-Median
problem, the selected point minimizes the total distance to the ideal
points. If a point’s cost has an intrinsic correspondence to its quality,
then the price of anarchy has a correspondence to the capability of
a selection rule to select a quality point. More generally, the price of
anarchy measures a selection rule’s ability to provide the expected
sincere outcome despite strategic behavior. Like the computational
complexity of manipulation [7, 29], the price of anarchy offers
finer distinctions than simply between “manipulable” and “non-
manipulable”

The concept of the price of anarchy applies not only to spatial
social choice, but to much of social choice in general. A centralized
mechanism makes a decision that optimizes a measure of social
benefit or cost based on information submitted by individuals. How-
ever, individuals have their own valuation of each possible outcome.
Therefore they place a game of deception in which they provide
possibly untruthful information, and experience outcomes in ac-
cordance with their own true valuation of the centralized decision
made based on the information they provide.

We remark that the revelation principle [30, 31] is irrelevant
to the price of anarchy. This is because revelation elicits sincere
information only by yielding the same outcome that strategic in-
formation would yield. The revelation principle can be a powerful
tool for analyzing outcomes. But for our purposes, the elicitation
of sincere preference information is not an end in itself.

1.1 Our Contributions

In Section 3, we introduce the minimally dishonest Nash equilib-
rium refinement [2-5] to remove unnatural equilibria. The mini-
mal dishonesty Nash equilibrium requires that an agent receives a
strictly worse outcome if they are more honest; equivalently, an
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agent only increases the size of their lie if it directly benefits them.
Notably, the minimally dishonest Nash equilibrium is similar to an-
other Nash refinement in social choice; when the set of candidates
is finite, the minimally dishonest equilibrium is equivalent to partial
honesty with e-distorted costs [33, 34]. However, we show that in
spatial social choice, the two concepts are distinct and the partial
honesty with e-distorted costs results in outcomes that are not
equilibria before applying the refinement (Proposition 3.8). More
importantly, we show that our minimally dishonest refinement
removes spurious equilibria that are missed by partial honesty.

In Section 4, we use the price of anarchy and the minimally
dishonest refinement to quantify the impact of manipulation for
deterministic variants of the 1-Median problem. We show for ar-
bitrary tie-breaking rules the price of anarchy for the 1-Median
problem is infinity (Theorem 4.2); this indicates that manipulation
completely erodes any guarantees for the 1-median problem and
that arbitrarily poor outcomes can be obtained. We show that intro-
ducing a “left” or “right” bias into the tie-breaking rule causes the
1-Median problem to become strategy-proof (Theorem 4.3). How-
ever, introducing bias into a mechanism is undesirable, and instead,
we use the price of anarchy to design a mechanism that maintains
optimality guarantees despite being manipulable. Specifically, we
show that limiting allowed outcomes to a hyperrectangle causes the
price of anarchy to decrease to 1 in the 1-Median problem (Theorem
4.6). This means that, while the mechanism itself is manipulable,
manipulation has no impact on the quality of the outcome; the
social cost will remain the same with respect to the private, sincere
preferences even when agents are strategic and misrepresent their
preferences. To the best of our knowledge, this is the first time a
manipulable social choice algorithm has been shown to guaran-
tee optimal solutions with respect to sincere data. We also remark
that submitting preferences within a hyperrectangle is natural as,
for example, social policies do not limit your rating of economic
policies.

In Section 5, we use the price of anarchy to study the 1-mean
problem. Like the 1-median problem, the price of anarchy is infinity
in general, and arbitrarily poor outcomes can be obtained when
individuals are strategic (Theorem 5.1). Also like the 1-median
problem, we show that better mechanism design can lessen the
impact of manipulations; we show that if the set of outcomes is
limited to a hyperrectangle then the price of anarchy decreases to
O(]V]) where V is the set of voters/agents; the increase in social
cost due to manipulation is bounded by a linear factor.

Finally, in Section 6, we study the spatial social choice problem
when the outcome is found by minimizing the l-norm between
agents’ ideal points and the outcome. In this setting, we show
that the price of anarchy is always infinity, even when the set of
outcomes is limited to a hyperrectangle (Theorem 6.1).

Importantly, our results demonstrate that not all forms of manip-
ulation are equal; if a mechanism designer isn’t careful then the 1-
median, 1-mean, and I3 selection rules can result in arbitrarily poor
outcomes. However, by using the price of anarchy, our proposed
methods allow us to analyze/design mechanisms where manipula-
tion has a small, or even no, impact on the quality of the outcome
obtained. This is especially important in social choice/voting mech-
anisms where many impossibility results exist that require certain
desirable properties to be sacrificed to achieve strategy-proofness.
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2 NOTATION

An instance of the Spatial Social Choice problem consists of a
compact, convex domain X C R¥ of feasible outcomes and a set V of
agents. Each agent v € V has an ideal point 7, € X representing v’s
most preferred point in X. We refer to I = {ny}yey € XIV1 as the
sincere preference profile. Agents then submit their preferences to a
publicly known selection rule r. If the selection rule is deterministic,
then the outcome is a single outcome r(II) € X.

We consider three common selection rules along with possible
tie-breaking rules. Each selection rule is a minimizer of a social cost
function C: X!Vl x X - R, e.g., if C has a unique optimizer, then
r(II) := argmin, . y C(I, x). As a result, these selection rules are
often associated with the social cost of an outcome; each selection
rule we consider aims to minimize some total distance from agents’
ideal points to the selected outcome. The three primary selection
rules we consider are defined by the following social cost functions.

CLx) = Y llmo —xlh (1-Median)
veV

C(IL x) = Z |70 — x]13 (1-Mean)
veV

C(MLx) = ) i ~xll2 (1p-Norm)
veV

Only the 1-Mean problem is guaranteed a unique optimizer. For
the other two problems we consider deterministic tie-breaking rules
which we introduce in their respective sections.

We consider the most common spatial choice problem where
an agent prefers outcomes closer to their ideal point. In this paper,
we assume agent v evaluates the distance between an outcome and
their ideal point using the [, -norm! for some py, € (0, ). Formally,
for agent v, we assume that their cost for the outcome x € X is
co(x) = |10 = xllp, = (2 (i — x1)P*)'/P for some py € (0, 00).
In standard analyses, p, is equal to 2 corresponding to the Euclidean
norm. Our results hold for any p, € (0, o) and even when agents
use different p-norms, e.g., if p, # py for some v # o.

2.1 Spatial Social Choice Game

In practice, agents will not necessarily submit honest preferences.
For example, consider X = [0, 1] and |V| = 2 with sincere ideal
points 71 = 0 and 72 = 0.5. Suppose further that we are solving the
1-Mean problem. If agents are sincere then the (truthful) outcome is
r(II) = r((0,0.5)) = argmin, ¢ x > yev |70 — x||§ = 0.25, which is
c2(r(I1)) = |2 — r(I)||p, = 0.25 away from agent 2’s ideal point.

However, agent 2 can misrepresent their ideal point to result in
a strictly better outcome for agent 2; if agent 2 instead submits the
submitted ideal point 73 = 1 resulting in the submitted preference
profile IT = (0, 1), then the (submitted/actual) outcome is r(IT) = 0.5,
which is cz(r(IT)) = 0 away from agent 2’s true ideal point. This
manipulation of submitted preferences results in the following
Strategic Spatial Social Choice Game.

Strategic Spatial Social Choice Game

1p, corresponds to a norm only if p, > 1 since the triangle inequality is violated
when p, < 1. However, the triangle inequality is not used in our proofs and we allow

Po € (0, 00).
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e Agento hasanideal point 7, € X forallv € V. The collection
of all ideal points is the (sincere) profile IT = {my } ey .

e To play the game, agent v submits a submitted ideal point
7y € X. The collection of all submitted ideal points is the
submitted profile IT = {7y} yev-

e It is common knowledge that a central decision mechanism
will select an outcome r(IT) when given input I1.

e Agent v evaluates r(IT) according to v’s sincere preferences
1Ty. Specifically, agent v’s cost of the outcome r(IT) is ¢, (7 (IT))
||7ry — r(l:I)||Pv for some p, € (0, o).

Games are typically understood via their Nash equilibria. A set
of submitted preferences IT forms a pure strategy Nash equilibrium
if no agent v would obtain an outcome they sincerely prefer to r(I1)
(with respect to ) by altering 7,. Formally, IT is a Nash equilibrium
if and only if

co(r(M) < co(r([f=y, 7,])) for 7, € X andv e V
(Nash equilibrium)

where [[1_,, 7] denotes the profile obtained from I by replacing
7Ty with 77},

We remark that the study of games often considers mixed equi-
libria - they allow agents to play distributions over the set of pure
strategies. In games where the number of pure strategies is finite,
mixed equilibria are useful to guarantee the existence of Nash
equilibria. In our setting, since the strategy space is compact and
convex, and since the selection rule r is a continuous function
of agent preferences for the three selection rules we consider, it
is straightforward to show a pure Nash equilibrium exists in the
Strategic Social Choice Game using Brouwer’s or Kakutani’s fixed
point theorems — in fact, in Proposition 3.1 we demonstrate that
the set of Nash equilibria is dense. Since it is well-known that pure
strategies are always a best response in game theory, and since pure
strategy equilibria exist, we only consider pure strategies. This is
also consistent with prior literature studying spatial social choice
(see e.g., [16, 17, 33]).

Example 2.1. A Nash Equilibrium of the Strategic Spatial Social
Choice Game.

Consider the 1-Mean problem. It is well known that the optimizer
of (1-Mean) isr(I1) = Y ey % Consider the domain X = {x e R? :
(0,0) < x < (1,1)} and the sincere ideal points w1 = (0,0), 12
(o, %), and 3 = (%, 0). With respect to these preferences, the se-
lected outcome is r(I1) = (%, %). This corresponds to a total cost of
CULr(n) = 5L, Ilms ~ r(D)|1
preferences I1 are given in Figure 1.

In this example, agent 1 would like to move the sincere outcome
r(II) to the lower left, agent 2 to the upper left, and agent 3 to the
lower right. A Nash equilibrium where agents attempt to do this is
given by 71 = (0,0), 72 = (0,1), and 3 = (1,0). With respect to
the submitted preferences I1, the outcome is r(I1) = (%, %) With
respective to the submitted preferences, it appears that the social cost
is C(I1, r(IT)) = Z?:l ||z — r(I:[)||§ = %. However, with respect to
the sincere preferences I1, the outcome actually costs C(IL, r(II)) =
Sy llm = r@l3 = 5.

%. The region X and sincere
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T2
T2 @ er(I0)
or(I)
T =1 3 73

Figure 1: Sincere and submitted preferences for Example 2.1.

To see that T corresponds to a Nash equilibrium, consider agent 1.
If agent 1 alters their submitted ideal point i1, then they must move
it up or to the right. Such an action causes the point to move up or
to the right respectively, which is farther away from m; with respect
to every l,-norm, and therefore agent 1 cannot alter their submitted
preferences to get a better result. Agents 2 and 3 provide best responses
by similar reasoning and I1 is a pure strategy Nash equilibrium.

2.2 Price of Anarchy

Example 2.1 demonstrates that manipulation in the 1-Mean problem
can cause the social cost to increase from % to % — acost that is
3 times worse. In general, we aim to bound how much worse an
outcome obtained from a Nash equilibrium is relative to the sincere
outcome using the price of anarchy. The price of anarchy is a worst-
case analysis of how much manipulation can impact the social cost
and provides an indicator of a selection’s rule ability to provide the
promised outcome.

Definition 2.2. Let r be a selection rule that minimizes the real-
valued cost function C over the domain X and let V be a set of agents.
Let NE(II) denote the set of equilibria of the Strategic Spatial Social
Choice Game with r given the sincere profile II. Then the price of
anarchy of the selection rule r is

C(11, r(11))

sup sup C(H’ r(H))

MeXIVIIeNE()

(The Price of Anarchy)

Proving that the price of anarchy is u requires two parts. First,
there must be an instance (or family of instances) showing that
manipulation can cause the social cost to increase by a factor of
u (or arbitrarily close to u) indicating the price of anarchy is at
least u. Second, we must show that there cannot be an instance
where manipulation can cause social cost to increase by a factor
more than u. Example 2.1 demonstrated that the 1-Mean problem
with 3 agents may result in the social cost increasing by a factor
of 3 and therefore the price of anarchy is at least 3. To show a
price of anarchy of 3 we would also have to provide a proof that
manipulation cannot cause the social cost to increase by a factor of
more than 3.

3 THE MINIMALLY DISHONEST EQUILIBRIUM

Prior to proving the price of anarchy for various spatial social
choice mechanisms, we first demonstrate a need to refine the set of
Nash equilibria. For spatial social choice, we opt to use the minimal
dishonesty refinement [2-5]. We also briefly discuss other common
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Nash equilibria refinements in social choice and demonstrate that
they are ill-suited for the spatial social choice problem.

The study of strategic behavior in social choice is typically lim-
ited to determining whether a mechanism is “strategy-proof” or
“manipulable” - i.e., whether the sincere profile II is a Nash equi-
librium - and little research has focused on understanding non-
truthful equilibria. We believe this to be, at least partially, because
the Nash equilibrium solution concept, at least as we have described
it, often makes little sense in social choice games. For instance, for
the 1-Median problem every x € X is obtainable by at least one
Nash equilibrium. Hence the standard Nash equilibrium has no
predictive power in this setting.

Proposition 3.1. Consider the 1-Median problem on the domain X
with |V| > 3 agents. For every sincere preference profile I1 € XV,
the submitted preference profile 11 = (x, x, ..., x) is a Nash equilibrium
with outcome r(IT) = x forallx € X.

The proof follows immediately since |V| > 3 implies x is a me-
dian even after a single voter moves. Proposition 3.1 demonstrates
that many outcomes of the Strategic Spatial Social Choice Game
make little sense. Indeed, voting mechanisms, including mecha-
nisms outside of spatial social choice, that have a near-unanimity
property — e.g., if all but one agent reach a consensus then the out-
come will be determined by that consensus — will have similar mean-
ingless equilibria. Further, this near-unanimity property is common
in most voting mechanisms, e.g., every Condorcet-consistent? vot-
ing mechanism, a common property in social choice, with n > 3
agents has this property. Therefore, meaningless Nash equilibria
are quite common in social choice games.

We believe these absurd equilibria are the biggest obstacle to
understanding the effects of strategic behavior.

To eliminate these spurious equilibria, we introduce the Mini-
mally Dishonest Nash equilibrium refinement. Informally, a min-
imally dishonest agent v would never submit 7, if there exists a
more honest 7}, that yields at least as good of an outcome for v. We
believe this refinement is intuitive. More importantly, the notion of
a refinement introducing a preference for honesty has a precedent
in the voting literature [14, 15, 21, 24, 27, 32-34] and is backed by
a large amount of experimental evidence (e.g., [8, 18, 20, 25]). In
this section, we formally define the minimally dishonest refinement
and show that it is consistent with the literature’s assumption of
honesty in strategy-proof mechanisms.

Definition 3.2. Let IT be a sincere preference profile and let IT be
a submitted preference profile in the Strategic Spatial Social Choice
Game. An agent v is minimally dishonest with respect to IT if ||, —
Zyllp, < |7y = 7], implies co(r([M=o, 7))]) > co(r(1)), ie., if
submitting the more honest 7, would result in a worse outcome.

An agent is minimally dishonest if being more honest always
results in a strictly worse outcome for the agent. Equivalently, an
agent will only increase the size of their lie if it strictly benefits them.
A minimally dishonest Nash equilibrium is a Nash equilibrium
where every agent is minimally dishonest. We remark that our Nash
equilibrium refinement is consistent with the literature’s focus on
strategy-proof mechanisms.

2A mechanism is Condorcet-consistent if the existence of an x € X where for every
x’ # x a majority of agents prefer x to x” implies the mechanism selects x.
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Definition 3.3. A mechanism is strategy-proof if the sincere r; is
always a best response to IT_ for all v € V and II.

Interestingly, strategy-proof mechanisms frequently have the
same type of absurd equilibria as demonstrated in Proposition 3.1.
Despite the lack of unique equilibria, researchers typically assume
all agents will be honest in strategy-proof mechanisms. Our min-
imally dishonest equilibrium refinements strongly support this
assumption; we show that a mechanism is strategy-proof if and
only if honesty is the unique minimally dishonest Nash equilibrium.

Proposition 3.4. A mechanism is strategy-proof if and only if II is
the only minimally dishonest equilibrium for any sincere I1.

Proor. For the first direction, since the mechanism is strategy-
proof, it is a best response for agent v to submit the honest 7,
regardless of all other preferences. Therefore 7, is the unique mini-
mally dishonest best response for agent v. This holds for all v and
therefore II is the unique minimally dishonest Nash equilibrium.

For the second direction, let IT be an arbitrary set of sincere
preferences. Since II is a minimally dishonest equilibrium for the
sincere profile II, 7, is a best response to II_, for all v. This holds
for all &, and II_, and therefore honesty is always a best response
and the mechanism is strategy-proof. O

We remark that there are other refinements of Nash equilibria in
the literature on social choice. The primary refinement used is the
partial honesty or equivalently the truth-bias refinement. In this
refinement, truthfulness is evaluated in a binary sense; individual v
would not submit 77, if submitting the sincere ideal point 7, would
yield at least as good of an outcome. Notably, this refinement does
not distinguish between large and small lies.

Definition 3.5. Let IT be a sincere preference profile and let IT
be a submitted preference profile in the Strategic Spatial Social
Choice Game. An individual v is partially honest with respect to
T if ¢ (r([TI—g, 75)]) > co(r (1)) when 7, # 7y, i.e., if submitting
the honest 7, would result in a worse outcome.

A partially honest equilibrium is an equilibrium where every
individual is partially honest. Trivially, every minimally dishonest
Nash equilibrium is a partially honest equilibrium. However, in
Proposition 3.6, we demonstrate that not every partially honest
equilibrium is a minimally dishonest equilibrium, implying that the
minimally dishonest refinement provides a smaller set of equilibria
while remaining consistent with literature on social aversion to
lying. Perhaps more importantly, the partially honest equilibrium
constructed in Proposition 3.6 is still quite unnatural.

Proposition 3.6. There exist instances where a partially honest Nash
equilibrium is not a minimally dishonest Nash equilibrium.

Proor. We consider the 1-Median problem with agents V =
{1, ..., 2k}. It is well-known that the 1-Median problem may have
ties when there are an even number of agents and the set of optimal
outcomes with respect to the profile II is the hyperrectangle {x :
a(Il) < x < b(II)} where a;(IT) = argmin{my; : |{v’ : 7my; <
i }| = |V|/2} and b; (1) = argmax{my; : [{v" : myi > moi}| =
[V]/2}, ie., {x : a(Il) < x < b(I)} is the set of medians with
respect to II. For this proposition, we break ties by selecting the
midpoint r(IT) = 0.5 - a(IT) + 0.5 - b(II).
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Consider the sincere profile z, = (0.5,0) for all v € V. The only
median with respect to IT is r(II) = (0.5,0). Next, consider the
submitted profile IT where 7, = (0,1) for v = 1,...,k and where
7y = (1,1) for v = k + 1,..., 2k. The set of medians is {x : (0,1) <
x < (1,1)} resulting in the outcome r(I1) = (0.5, 1).

We now show that the submitted profile IT is a partially hon-
est Nash equilibrium. By symmetry, it suffices to show that agent
v = 2k is providing a partially honest best response. If agent 2k
instead submits 7’ = ([7’]1, [7’]2), then the new set of medians
will be given by {x : (0,0) < x < ([7']1,1)} yielding the outcome
([75]1/2,1). This outcome is no better for agent 2k and therefore
II corresponds to a Nash equilibrium. Further, agent 2k is partially
honest since submitting the honest (0.5, 0) would result in the out-
come (0.25,1) — an outcome that is worse for agent 2k with respect
to every p-norm. However, IT is not a minimally dishonest Nash
equilibrium since agent 2k can submit the more honest 7’ = (1,0)
and obtain the same outcome. O

The partially honest equilibrium in Proposition 3.6 is quite un-
realistic. Despite all agents agreeing on the ideal outcome, there
exist partially honest equilibria where the final outcome is quite far
from the actual preferences. The minimally dishonest equilibrium
concept removes these unrealistic equilibria. Moreover, in Theorem
4.6, we show this selection rule has a price of anarchy of 1, implying
(0.5,0) is the only possible minimally dishonest outcome for the
preferences in Proposition 3.6. Specifically for the equilibrium in
Proposition 3.6, no agent is minimally dishonest since each agent
can be more honest by changing the second coordinate of their
submitted ideal point to 0; if each agent does so, the resulting profile
is minimally dishonest with r(IT) = (0.5,0) = r(II).

Similar absurd partially honest equilibria were observed in clas-
sical voting settings in [33], and a different adjustment was intro-
duced. The idea proposed in [33] is to distort the utility/cost by
penalizing individuals for being dishonest.

Definition 3.7. Let € > 0. The e-distorted cost of the outcome x €
X with respect to sincere ideal point 1, and submitted ideal point 77,
is Cy(x, 7Tp) = co(x) +€- ”ﬁ'v—ﬂ'v”pv = ||7fv_x||pz, +e- ||y —77711||pz,~

It is straightforward to show that applying distorted costs with
sufficiently small € results in minimally dishonest equilibria if indi-
viduals select their strategies from a finite set, which is the case in
candidate-based voting [4, 33] and stable matching mechanisms [5].
However, in the setting of spatial social choice, using e-distorted
costs is not a proper refinement on the set of Nash equilibria.

Proposition 3.8. The Nash equilibria obtained after applying e-
distorted costs to the Strategic Spatial Social Choice Game are not
necessarily Nash equilibria.

Proor. We use the same selection rule as in Proposition 3.6. Let
X be the triangle formed by the convex-hull of ((+1,1/¢), (0, 0)),
andlet V = {1,2, ..., 2k} for some integer k > 2. Suppose 71 = (0, 0),
7o =(=1,1/e) for2 < v < k,and np, = (1,1/¢) fork+1 <o < 2k
yielding r(II) = (0.5,1/¢) as depicted in Figure 2. Observe that
I is not a Nash equilibrium; agent 1 can obtain a strictly better
outcome by submitting the unique best response 7; = (1,1/¢)
- regardless of which p-norm agent 1 is using - resulting in the
outcome r([II_1, 71]) = (0, 1/€).
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1y = (—=1,1/¢) forv € [2,k] r([II-1,71])

71

m = (0,0)
Figure 2: Preferences for Proposition 3.8.

However, II is a Nash equilibrium when using e-distorted costs
if agents evaluate their costs with respect to the /; norm (p, = 1
for all v): It is straightforward to verify that agent v is submitting
a best e-distorted response for all v > 2; they are submitting a
best response and their distorted costs are 0. If agent 1 instead
submits 71 = (711, 22) then the new outcome is r([II-1, 7#1]) =
((1+ m11)/2,1/€). As aresult, agent 1’s e-distorted cost is

[l = r([H-1, 21 DIl1 + € - [|1T0 — 7ol 1 (1)
1+ 711

e @
At 71 = m = (0,0), this evaluates to 1/2 + 1/e. For 717 > 0,
the e-distorted cost is strictly more than 1/2 + 1/e€ since 732 > 0.
For 711 < 0, we have that |711| = —711 and 712 > —711/€ by

construction of X. For this case, the e-distorted cost is
1+ 7111 1 B B
— + - —€-m1 + € T12

2 €

>1/2+1/e—(1/2+€) - 711 > 1/2+1]e

1 _ _
+g+6'(|ﬂ11|+7f12)

since 7711 < 0. Therefore (1) is uniquely minimized by 7; = 71 =
(0,0) and IT is a Nash equilibrium when using distorted costs despite
IT not being a Nash equilibrium. This means that the e-distorted
costs concept is not a Nash refinement. O

By Propositions 3.6 and 3.8, the partial-honesty refinement and
the distorted costs are ill-suited for the Strategic Social Choice Game.
Using the Minimally Dishonesty refinement, we study the impact
of manipulation on classical spatial social choice mechanisms.

4 1-MEDIAN PROBLEM

The 1-Median problem minimizes the social cost C(IL, x) = 3 ey ||70—

x||1. The outcome will necessarily be a median for the set of sub-
mitted ideal points. As in Propositions 3.6 and 3.8, let a;(II) =
argmin{ry; : |[{v” : myi < mpi}| > |V|/2} and b;(I1) = argmax{ry; :
{v" : myi = mpi}| = |V|/2}. Then every x € [a(II), b(II)] mini-
mizes C(IL, x). When |V| is odd, a(IT) = b(II) yielding a unique
solution. However, when |V| is even, multiple optimal solutions
may exist. We consider deterministic tie-breaking rules.

Definition 4.1. Let A € [0, 1]¥. For the profile IT, let {x € RK .
a(Il) < x < b(II)} be the set of optimal points in the 1-Median
problem. The A-1-Median problem selects the outcome r;(II) =
(1—=2;) - a;i(I1) + A; - b (IT) for i = 1, ..., k.

We first show that the A-1-median selection rule can result in a
price of anarchy of co when implemented poorly, i.e., some vari-
ants of the A-1-median problem are incapable of guaranteeing any
meaningful outcome when individuals are strategic.

1y = (1,1/€e) forov > k
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THEOREM 4.2. Suppose A € (0,1)% and |V| > 4 is even. When
individuals are minimally dishonest, the price of anarchy of the A-1-
Median problem in RF is oo for k > 2. Specifically, for all € € (0,1]
there exists an instance with a price of anarchy ofl‘/l% — 0o as
€ — 0.

Proor. It suffices to show the result for k = 2 since the lower di-
mensional example can always be embedded in higher dimensions.

Given the tie-breaking rule A = (4, 13), let a = (/11/1—:1, 1) and

b = (1,1). Let X = conv.hull(a,b,0) where cono.hull(-) denotes
the convex hull. Let |[V| = 2 - n for some integer n > 2. Suppose an
arbitrary voter has the preference m, = (0, €) for some € € (0,1]
and all other voters have the preference 7, = (0,0) yielding the
outcome r(IT) = (0,0) with a social cost of . We now describe
a minimally dishonest Nash equilibrium with respect to II that
has a social cost of |V| — €. Consider the submitted preferences
given by 7, =a = (}%, 1) forv=1,..,nand 7, = b = (1,1) for
v=n+1,..,2n

With respect to IT, the medians are {x : (Ah—:l 1) <x < (1, 1)}
and r(IT) = (0,1) since r{(IT) = A; - a; + (1 — A1) - by = 0. This
outcome has a sincere cost of |[V] — €.

We now show that IT is a minimally dishonest Nash equilibrium.
Consider agent v that submits 77, = b. Regardless of how they alter
their submitted information, more than half of the agents submit
a height of 1 and therefore they cannot change the height of the
outcome. Moreover, if they alter their preferences at all then the
outcome moves to the left corresponding to a worse outcome for
her. Formally; if they submit 7}, then the set of medians changes to

{x : (/1‘/1—:1, ) <x< (ﬁz’)l, 1)}, which results in the worse outcome
r(Mep 7] = (A -1+ (1= A1) - 1, 1) when i, # 7tp. Therefore
v is providing a minimally dishonest best response. Symmetrically,
an agent v submitting 7, = a is providing a minimally dishonest
best response and IT is a minimally dishonest Nash equilibrium. O

The result of Theorem 4.2 is disappointing; it implies that, in
general, the 1-median selection rule is incapable of guaranteeing
good outcomes. However, we show that this issue can be resolved
by introducing a “left” or “right” bias into the tie-breaking rule, e.g.,
by always selecting the optimal solution furthest to the left.

THEOREM 4.3. Suppose X = {x : a < x < b} is a hyperrectangle
and A € {0,1}%. Then the A-1-median problem is strategy-proof.

Proor. Since X is a hyperrectangle, the decision process for each
agent is separable with respect to each axis, i.e., 7y; is independent
of 1y; for j # i. Further, the p, norm is such that decreasing the
distance with respect to a single coordinate (while keeping all other
coordinates the same) causes the total distance to decrease. Finally,
the selection rule is separable, and therefore the strategic social
choice game is separable. As a result, it suffices to show the result
when k = 1, i.e., when all ideal points are on the line segment [a, b].
We now show that 7, is a best response for every agent v. Without
loss of generality, assume that A = 1 implying r(II) = b(II).

First, consider an agent v where 7, = b(II). This agent is receiv-
ing their preferred outcome and 7, is a best response.

Next, consider an agent v where x, > b(II). If agent v shifts their
ideal point to the left, then the set of median points moves to the
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left or remains unchanged. Neither outcome is better for agent v.
If instead agent v shifts their ideal point to the right, the outcome
does not change since v is not a median voter. Thus, v is providing
a best response when honest.

Finally, consider an agent v where 7, < b(II). If agent v shifts
their ideal point to the right, then the set of median points moves to
the right or remains unchanged. Neither outcome is better for agent
v. Further, if agent v shifts their ideal point to the left, then b(II)
remains a median. While this shift may cause a(II) to decrease, the
outcome will not change since r(IT) = b(T1). Therefore 7, is also
a best response for agent v. Thus, honesty is a best response for
every agent. [m}

Corollary 4.4. Suppose A € {0,1}%. Then the A-1-median problem
is strategy-proof.

ProOF. Let a,b € R be such that X € [a,b]. By Theorem 4.3,
IT is a Nash equilibrium with respect to IT in the domain [a, b], i.e.,
7Ty is a best response for each agent v. This implies 7 is also a best
response in the domain X since X C [a,b] and since 7, € X. O

Further, when |V| is odd, there is a unique median and every
tie-breaking rule is equivalent, implying that the 1-median problem
is strategy-proof when |V| is odd.

Corollary 4.5. The A-1-median problem is strategy-proof when |V |
is odd.

When combined, Theorem 4.2 and Corollaries 4.4 and 4.5 suggest
that the only way to prevent manipulation is either to introduce
bias or to hope that the number of agents is odd. However, we show
that through careful mechanism design - by limiting agents’ ideal
points to a hyperrectangle — we can completely remove the impact
of manipulation without introducing bias and without preventing
manipulation.

THEOREM 4.6. Suppose X = {x : a < x < b} is a hyperrectan-
gle. Then the price of anarchy of the A-1-Median problem is 1, i.e.,
manipulation has no impact on the social cost of the outcome.

Proor. To establish a price of anarchy of 1, it suffices to show
that r(IT) € [a(TI), b(I1)], i.e., the submitted outcome r(II) is a
median for the sincere ideal points. As in Theorem 4.3, it suffices to
show the result when X is the one-dimensional line segment [a, b].

For contradiction and without loss of generality, assume r(IT) >
b(II). Since the set of sincere medians is given by the line segment
[a(IT), b(II)], fewer than half of the agents have a sincere ideal
point strictly more than b(IT). However, since r(II) is a median
for the submitted preferences, at least half of the agents submit
an ideal point in the form #, > r(II). Therefore, there exists at
least one agent v where 1, < b(II) < r(II) < 7,. Let 7, = &y — €
for some € > 0. Since m, < 7y, 7, is more honest than 7, for
sufficiently small e. Further, if agent v moves their submitted ideal
point to the left, then the set of medians either shifts to the left
or does not move implying r([[1_,, 7,]) < r(T1). Further, since
r(-) is continuous, € can be selected sufficiently small so that , <
r([M—y, 7,]) < r(T1). This implies that v can obtain at least as good
an outcome by submitting the more honest 7;,. This contradicts
minimal dishonestly implying that »(IT) < b(II). A symmetric
argument shows that r(IT) > a(I). O
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5 1-MEAN PROBLEM

In the 1-Mean problem, the outcome is selected by minimizing the
social cost function C(IL, x) == Y ey |70 — x| |§ If the set of ideal
points comes from a convex, compact set, then it is straightforward
to show there is a unique minimizer and that the selection rule se-
lects the outcome r(II) = Y ey |”7”| Since there is always a unique
best response, every Nash equilibrium is also a minimally dishonest
Nash equilibrium and we use the two terms interchangeably in this
section.

For the 1-Mean problem, the impact of manipulation, i.e. the price
of anarchy, depends on the underlying geometry of the domain X.
For arbitrary X the price of anarchy can be infinity, implying the
1-Mean selection rule has no power to guarantee outcomes close
to the actual mean.

THEOREM 5.1. Suppose p, = 2 for allv € V. The price of anarchy
of the 1-Mean problem in R¥ for k = 2 is co and when |V| = 3.
Specifically, for all @ € (0, t/2) there exists an instance with a price
of anarchy ofmls(a) — oasa — 0.

ProoF. For a < %, let 71 = (0,0),72 = (m, #S(a)),
and 73 = (—m, Wi(a))» and let X = conv.hull(71, %o, 713)
as shown in Figure 3. Suppose the sincere ideal points are given
by 71 = (0,0), 13 = (cos(a), sin(@)), and w3 = (— cos(a), sin(a)).
With respect to the sincere preferences, C(II, 0) = Zzzl [|70] IE =2
implying the sincere cost of the optimal r(II) is at most 2.

Figure 3: Preferences for Theorem 5.1. The sincere outcome
will always have a total cost of 2 while the submitted outcome
r(1) will move arbitrarily far away from 0 as a — 0 yielding
a price anarchy of co.

Now consider the submitted preferences given by IT = (721, 72, 73).

With respect to II the selected point is r(IT) = (0, m). With re-
spect to the sincere preferences I1, this has a social cost of C(IL, r(II))
me |IF (1) = 7|2 > ||r(1T) — 7r1||§ = m. If 11 corresponds to
a (minimally dishonest) Nash equilibrium of II, then the price of

anarchy is at least
C(IL, r(IT)) . 1
C(IL r(I1)) — 2-cos(a)
It remains to show that I, is a minimally dishonest best re-

sponse for each agent. We first consider agent v = 1. Suppose agent
1 changes their preferences to 7] € X. After updating their pref-

— ocoasa — 0.

erences the outcome moves to r([II-1,7]]) = r(II) + %f[{ This
causes the outcome to move up and possibly to the left or the right.
Regardless of pj, this outcome is worse for agent 1 and therefore
they are reporting a minimally dishonest best response.
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Possible Locations
for r([II-2, 7;])

]

Figure 4: Possible locations for r([II_2, ).

Next, consider agent 2. Suppose agent 2 updates their pref-
erences to 7, = 7z — d. Since 7; € X, d € cone((1,0),(m2)).
After updating their preferences, the selected outcome will be
r([M-z, 7)) = r(M) - 5-d.Let Bz = {x : |[x—m2||2 < [|m2—r(ID) ||
be the set of ideal points that agent 2 prefers to r(II). By construc-
tion, {x € R? : rrsz = JZZTF(I:I)} is tangent to By as shown in Figure
4. Thus, for all d € cone ((1,0), (m2)) where [|d|| > 0, reporting
2 — d would yield a worse outcome for agent 2 and agent 2 is
minimally dishonest. A symmetric argument implies agent 3 is min-
imally dishonest and I1 is a minimally dishonest Nash equilibrium.

Thus, the price of anarchy is at least —oasa—0. O

1
2-cos(a)

We remark that Theorem 5.1 can be generalized for arbitrary
Po = 1by carefully constructing the triangle so that r(I1) is tangent
to the lpu -ball at 5. Further, the result can be generalized for an
arbitrary number of agents by increasing the height of the triangle
and by adding agents with ideal points at 0.

Like the 1-Median problem, through better mechanism design,
the impact of manipulation can be reduced. The 1-Mean selection
rule is better behaved when the set of ideal points is limited to a
hyperrectangle. Specifically, the submitted outcome will always
be in the smallest bounding box containing all sincere ideal point,
resulting in a price of anarchy that is O(|V]). Thus, the impact of
manipulation is limited to being linear in the number of agents.

Lemma 5.2. Suppose X = {x € RF :a < x < b}. Let I(IT) € RF
and u(I1) € R¥ be such that {x € R¥ : I(TI) < x < u(Il)} is a box
containing I1. Then for every (minimally dishonest) Nash equilibrium
I0, [(TT) < r(TT) < u(II).

ProoF. By symmetry, it suffices to show that r(IT) > I(II). For
contradiction, suppose IT is a Nash equilibrium such that r;(IT) <
I;(IT) for some i € [k]. This implies there exists an agent v such
that 77,; < r;(IT) < [;(IT) where 7y = (o1, o2, .. Tpk)-

Since y; < I;(II) and since X is a hyperrectangle, 7, = 7, +
€ - ¢; € X for sufficiently small € where e; is the ith standard basis
vector. This shift in 7, causes the outcome to shift to r([1—,, 7,]) =
r(I) + ITGI - e;. Further, since r;(IT) < I;(I1), € can be selected small
enough so that r;(IT) < r;([[I-y, 7,]) < L(I) < my;. Agent 0’s
associated cost for this new outcome is

1/po

D (i ([Meg, 7)) = 70j)P°

Jjelk]
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1/po
=| e[, 7 ]) = mo)Pe + Y (rj (1) = )P
J#i
1/po
<| (i (@) = mop)Pe + 3 (rj (1) = 70)P°
J#i
1/po

=[ D7 () = o)t

Jelk]

since r;(IT) < r;i([[I—y, 7,]) < myi. Therefore agent v prefers the
new outcome obtained by submitting 7, contradicting that I is a
Nash equilibrium. Thus () < r(IT) < u(n). O

THEOREM 5.3. Suppose X = {x € RK : a < x < b}. Then the price
of anarchy of the 1-Mean problem in R is between |V| and 2 - |V|.

Proor. First we show an upper bound of 2 - |V|. Let IT be a Nash
equilibrium for the sincere profile II. Let [, u] be the smallest box
such that IT € [, u]. Without loss of generality, we may assume
I = 0. This implies that for each axis i € [k] that there exists agents
v and o’ such that m,; = u; and 7; =0

The sincere outcome is r(II) = 3 ey ([7”' and r(IT) € [0,u]. The

cost of the sincere outcome r(II) is then

> llzo = r(ml13

veV

= > D (moi = ri(M)?

ie[k] veV

> 3 ((min{ror} = ri(M)? + (max{mui} — ri(I)?)
ie[k]

= Z (ri(H)2 +(ui — ri(H))z)

ie[k]

uj\2 w2 u? )
> —_— ;—_ — = — =
—,Z (2)+(u’ 2) Z 2 Ilullz/2
ie[k] iclk]
since f(x) = x* + (w — x)? is minimized at x = w/2.

Now consider an equilibrium I1. By Lemma 5.2, r(TT) € [0, u] and
every sincere ideal point 7, is at most ||u| |g away from r(IT). Thus,
the sincere cost of r(II) is at most |V - ||u] |§ and the manipulation
causes the social cost to increase by a factor of at most

Toev llmi —r(@IF V] lull3
< -

2 - 2 =2 |V|
Zoev |lm = r(I)|[5 HuZHI2

We now present an instance with a price of anarchy of |V|. Let

X =1[0,|V|]*.Let 7y = Tand 7, = 0 for allv € V' \ {1}. If everyone
1 V]-1

; o8

Now consider the submitted preferences IT where 7; = 1 - |V|
and 7, = m, for all other v. With respect to these preferences, the
selected outcome is r(IT) = T for a sincere social cost of Vk-(|V|-1).
It is straightforward to verify that IT is a minimally dishonest Nash
equilibrium and therefore manipulation can cause the social cost
to increase by a factor of |V|. Thus, the price of anarchy is between
|V] and 2 - |V| completing the proof of the theorem. O

is sincere, the outcome is r(II) = |—‘1/‘ with a social cost of Vk-
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6 MINIMIZING [, NORM

Finally, we consider the social cost function C(IL, x) = 3 ey ||70 —
x||2. In 1-dimension, minimizing the I; norm (1-median) is equiv-
alent to minimizing the I3 norm, and our results from Section 4
extend to the I; norm when X C R. However, in higher dimen-
sions, the problems are drastically different. We show that if ties
are broken when selecting the midpoint, then the price of anarchy
is infinity even if X is a rectangle.

THEOREM 6.1. Let X = {x € R? : a < x < b} and suppose |V| > 4
is even. When individuals are minimally dishonest and ties are broken
by selecting the center point, the price of anarchy when minimizing
the sum of Iy norm is co. Specifically, for all e € (0,1] there exists an

. . . V|-
instance with a price of anarchy ofHTe — ocoase — 0.

Proor. We may assume {(0,0), (—1,1), (1,1)} € X by translat-
ing X. Let |V| > 4 be even and suppose 7, = (0, €) for an arbitrary
voter and that 7, = (0, ¢) for all other v. If everyone is honest then
the outcome is r(IT) = (0, 0) with a cost of €. Consider IT where half
of the agents submit (-1, 1) and the other half submit (1, 1). With
respect to I, (x, 1) minimizes C(I, x) for all x € [—1, 1] resulting in
r(II) = (0, 1). However, with respect to I, the social cost is [V| — €.

We now show IT is a minimally dishonest Nash equilibrium.
By symmetry, it suffices to examine agent v that submits 7, =
(=1,1). If agent v instead submits 7, = (7, 7,,) where 7|, # 72,
then r([TI-1, #1]) = (1,1) yielding a worse outcome for agent v.
If 7} = (w, 1) for w < —1, then the outcome does not change and
agent v is less honest. If agent v submits 7, = (w,1) for some
w € (—1,1), then the new outcome is (1+2W > 0, 1), which is worse
for agent v. Finally, if agent v submits 7, = (w, 1) for w > 1, then
r([M-q, ;1) = (1,1) yielding a worse outcome for agent v. All
possibilities yield either worse outcomes for agent v or cause agent
v to be less honest without any benefit. Thus agent v is giving the
unique minimally dishonest best response and II is a minimally
dishonest Nash equilibrium. Therefore, the price of anarchy when

minimizing the l; norm is at least |V|7_6 — 00, o

7 CONCLUSION

We have shown that the price of anarchy is a powerful tool for mea-
suring the impact of manipulation. Further, we have shown that not
all forms of manipulation are equal; through careful mechanism
design, we have uncovered a class of spatial social choice selection
rules that are immune to negative consequences of manipulation
despite remaining manipulable. This is in contrast to standard ap-
proaches that sacrifice other beneficial properties, e.g., unbiased
tie-breaking, to gain strategy-proofness. This new approach opens
up many new possibilities for the design of social choice mecha-
nisms in general and we propose that the price of anarchy be one
of the criteria by which a selection rule is assessed.
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