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ABSTRACT

Multiagent systems grapple with partial observability (PO), and
the decentralized POMDP (Dec-POMDP) model highlights the fun-
damental nature of this challenge. Whereas recent approaches to
addressing PO have appealed to deep learning models, providing
a rigorous understanding of how these models and their approxi-
mation errors affect agents’ handling of PO and their interactions
remain a challenge. In addressing this challenge, we investigate
reconstructing global states from local action-observation histories
in Dec-POMDPs using diffusion models. Wefi rstfi nd that diffusion
models conditioned on local history represent possible states as
stablefi xed points. In collectively observable (CO) Dec-POMDPs,
individual diffusion models conditioned on agents’ local histories
share a uniquefi xed point corresponding to the global state, while
in non-CO settings, sharedfi xed points yield a distribution of pos-
sible states given joint history. We furtherfi nd that, with deep
learning approximation errors,fi xed points can deviate from true
states and the deviation is negatively correlated to the Jacobian
rank. Inspired by this low-rank property, we bound a deviation by
constructing a surrogate linear regression model that approximates
the local behavior of a diffusion model. With this bound, we propose
a composite diffusion process iterating over agents with theoretical
convergence guarantees to the true state.
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1 INTRODUCTION

Given that the ability of individual agents to perceive complete
information about the global state is limited [2, 51, 62, 67], partial
observability (PO) fundamentally characterizes the dynamics and
interactions in multi-agent systems. Decentralized POMDPs (Dec-
POMDPs) [50] highlight this information limitation, where many
complex challenges are rooted in this issue, such as communica-
tion [16, 74], decentralized control [10, 82], cooperation[72, 77], and
coordination [79, 85] under incomplete information.

Decades of research addressing PO in the context of these chal-
lenges [17, 31, 39, 66] have fostered the development of specialized
sub-fields [16, 19, 22, 33, 52, 71, 87] within the multi-agent system,
thereby shaping its current landscape. As a general way of handling
the uncertainty due to PO, the concept of belief states is introduced
to represent an agent’s probabilistic state estimation based on local
information[42, 47, 70]. While these methods effectively encap-
sulate uncertainty in some environments, traditionally, they may
suffer from scalability issues due to the exponential growth in com-
plexity of belief updates. Recent works use powerful deep learning
models to address scalability, e.g., by directly predicting unseen
state features [27, 47, 80, 81]. However, a rigorous understanding of
how deep learning models and their approximation errors can im-
pact agents’ handling of PO and their interactions remains elusive
— a gap we address in this paper using diffusion models.

Diffusion models [24, 29, 38, 64, 65] offer a novel promising av-
enue towards addressing uncertainty in Dec-POMDPs due to PO,
specifically by learning the mapping from local histories to global
states. The primary challenge in learning such mappings lies in
its inherent stochasticity and problem scale. A single history may
correspond to multiple possible states, resulting in a one-to-many,
stochastic mapping. Diffusion models, with their ability to model
stochastic processes through the iterative denoising inductive bias,
offer new opportunities to address such stochasticity. Addition-
ally, the spaces of histories and states are often continuous and
high-dimensional, also making diffusion models well-suited due to
their proven powerful representational capacity in such expansive
spaces [5, 15, 18, 23, 25, 40, 60, 78].

In this paper, we conduct an in-depth investigation into the
use of diffusion models to manage PO in Dec-POMDPs, offering
theoretical understandings supported by empirical evidences to
solve the new challenges in this effort. To meet the requirements
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of decentralized control, our study comprises two steps. First, each
agent infers states using a diffusion model conditioned on its local
history. In this phase, we address critical problems, including how
a diffusion model represents multiple possible states given local
history, how accurate this representation is when the denoiser
network is over- and under-parameterized, and methods to quantify
the agent’s uncertainty regarding the state. For the second step,
should uncertainty persist, we study how to resolve it and optimally
determine the true state by merging diffusion processes of all agents.

Specifically, our contributions are as follows. Thefi rst contribu-
tion is about how diffusion models represent states. In scenarios
with minimal deep learning approximation errors, for each state s
consistent with local history 7, the diffusion model conditioned on
7 learns to create a stablefi xed point at the location s. Then, the re-
peated application of the denoiser network induces a discrete-time
flow that transports noisy inputs to these attractors.

When agent i’s diffusion model conditioned on 7; has a single
fixed point, it can confidently infer the global state as this unique
fixed point. Our second contribution relates to complex scenarios
with multiplefi xed points. We establish that in collectively observ-
able Dec-POMDPs, there exists a uniquefi xed point shared by all
agents, corresponding precisely to the true global state. Moreover,
in non-collectively observable Dec-POMDPs, where aggregating
local information cannot fully reveal the true state, sharedfi xed
points represent all possible states given the joint history, and dif-
fusion models can reproduce their true posterior probabilities.

We then consider the influence of deep learning approximation
errors typical in learning with large Dec-POMDPs. Wefi nd that the
major impact is that agents’fi xed points might deviate from the
true state. Our third contribution is to investigate the underlying
causes of these deviations and propose a method to bound their
norm. Our theoretical analyses and empirical evidence suggest that
deviations are inversely correlated with the Jacobian rank of the
denoiser network atfi xed points. This low-rank behavior enables
us to approximate local behavior of diffusion models by a surrogate
linear regression model, whose solution gives an upper bound to
deviations. Empirical evidence supports the tightness of this bound.

The deviation offi xed points from states implies that it becomes
impractical to determine the global state by intersecting thefi xed
points, as deviations vary among agents. To solve this problem, our
fourth contribution is to propose the concept of composite diffu-
sion which denoises the input iteratively using denoiser networks
conditioned on each agent’s history. Theoretically, we prove that
composite diffusion, regardless of the agents’ order, converges to the
true state with an error no larger than the deviation upper bound.
We support the analyses by showing that composite diffusion leads
to accurate global state estimation in the complex SMACv2 [14]
benchmark across a variety of highly stochastic testing cases.

By providing a rigorous understanding of impacts of diffusion
models on PO in Dec-POMDPs, this paper opens the door to newer
algorithms for various multi-agent problems such as policy learning,
coordination, and communication in complex environments.

Related Works. Diffusion models [24] have been extensively
explored in single-agent settings, significantly advancing areas such
as planning that require approximators of MDP dynamics [4, 26, 36],
data synthesis for reinforcement learning [8, 41], and policy training
on offline datasets [1, 9, 21]. In contrast, how to synergize diffusion
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models with multi-agent systems remains largely underexplored.
Xu et al. [81] investigate diffusion models within Dec-POMDPs but
do not focus on the inherent stochasticity in mapping local histories
to states, nor do they resolve how to address the disagreements
among agents regarding the true state. Similarly, these critical prob-
lems remain untouched in other deep learning approaches that
attempt to learn low-dimensional state representations [27, 80]
using variational autoencoder [11] or contrastive learning [7].
Orthogonal to our focus on studying the explicit reconstruc-
tion of states from local history, many sub-fields in multi-agent
systems have developed innovative approaches to mitigate the
effects of PO, such as modeling other agents [56, 86], intention
inference [20, 34, 55], and communication [28, 32, 68] for better
decision-making. In multi-agent reinforcement learning, it is popu-
lar to employ RNNs [22, 58, 71] or Transformers [12, 77] to process
sequential history data, while incorporating global information
during centralized training by techniques like value function de-
composition [58, 69, 73] and global gradient approximation [75, 83].

2 DIFFUSION MODELS FOR DEC-POMDPS

A Dec-POMDP [3, 50] is a tuple G=(C, S, A, P,R,Q, O, n, y), where
A is thefi nite action set, C is thefi nite set of n agents, y € [0, 1)
is the discount factor, and s € SCRIS! is the true state. |s| is the
dimension of s. We consider partially observable settings and agent
i only has access to an observation o; € Q drawn according to the
observation function O(s,i). Each agent has a history ; € 7 =
(Q X A)* x Q. At each timestep, each agent i selects an action
a; € A, forming a joint action a € A", leading to the next state s’
according to the transition function P(s’|s, a) and a shared reward
R(s, a) for each agent. The joint history of all agents is denoted by
T1:n, or T when the agent order is irrelevant.

When referring to local history without specifying that it per-
tains to a particular agent, we employ the notation 7. The mapping
from 7 to the corresponding global state s is a one-to-many mapping
due to partial observability. We formalize this mapping as follows.

Definition 1 [History-State Mapping]. Sg : 7 — 25 maps 7; to
the set of all possible states when agent i observes 7;: Sg(7;) = {s |
p(s|zi) > 0}, where p(s|z;) is the posterior state distribution. We
say that the states in S (7;) are consistent with z;.

We use diffusion models to learn the mapping Sg and reproduce
the posterior p(s|z;).
Diffusion models and scores. Given a training dataset D =
{(r.(k) sONK where s*) ¢ SG(T.(k)) is a state consistent with
i k=1’ i

local history Ti(k), a score-based model fy : T % RIsl - RISI (also
called a denoiser network) is trained to minimize

MSE(fp, 0) = B, sy~s+z [lls = fo(ri )lI*] 1)

Here y = s + z, where z ~ N(0, 0%I). We refer to s as clean states
and y as noisy states. During training, noisy states are generated
by injecting a randomly sampled noise with a noise level o >
0 to s. The training involves the histories of all agents and the
corresponding states. Our analyses in this paper are applicable to
most neural network architectures, while in our experiments, we
employ a simple fully-connected network with 7; and y as inputs
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and denoised state as output (details in Appendix B). This network
is shared among all the agents.

As shown in Appx. A.1, adapting the derivation from Kadkhodaie
et al. [29], Miyasawa et al. [43], Robbins [59], the optimal denoiser
network yields the expected state given the noisy input y:

f*(w,y) = Es [sly.7i] @
which is related to the conditional scores by
1
Viog po(yl) = — (Bs [sly.ri] - y). @)

Posterior state distribution and discrete-timefl ow. We are
concerned with the estimated states and their distribution given
history z;. We diffuse states consistent with 7; to noise by a diffu-
sion process characterized by the "variance-exploding" stochastic
differential equation (SDE) [65]:

d[a*()]

dt )

where w is the standard Wiener process, i.e., Brownian motion.
Let o(t) = Aef, where A is a constant, t € [0,T], and T is the
maximum timestep. According to Eq. 4, we have g?(t) = 20%(t).
We generate states from noise by (reverse time) probabilityfl ow
ordinary differential equation (ODE) conditioned on 7;:

dy = —o%(t)Vy log p: (ylzi)dt,

dy = g(t)dw, g(t) =

®)

which has the same marginal probability densities {p;(y|ri)}{:0
as the time-reversal of the diffusing SDE in Eq. 4 [65]. Here dt
represents an infinitesimal negative time step. We approximate the
solution to Eq. 5 by iteration

y(t = 1) = y(1) + > () V(1) log pe (y(1)|7) = f* (71, y(1)).  (6)
The second equality follows from Eq. 2, 3.

Rigorously, states are generated by applying a numerical solver
to Eq. 5, and Eq. 6 brings discretization errors. To justify the use
of this discretization, we show that we can stillfi nd the support of
p(s|zi) (Thm. 1) and that errors of p(s|z;) can be bounded (Thm. 4).

In practice, we approximate the iteration in Eq. 6 by

y Y = fo(my®), )
where ¢ is the iteration index, with increasing ¢ corresponding to
decreasing t. Here, f* is replaced by the trained score-based model
fo. Deep learning approximation errors affect the accuracy of this
iterative scheme, which is studied in Sec. 4. We formally describe
our iteration algorithm by the following definition.

Definition 2 [Discrete-timefl ow]. A discrete-timefl ow ¢¢(z;, 0) :
N x RIsI — RIS conditioned on local history 7; and denoiser net-
work parameters 6 is defined by ¢, (z;, 0) (y) = fo(7i, pe—1(7i, 0)(v)),
with the initial condition @¢(z;, 0)(y) = y.

Intuitively, ¢, generates a denoised state after applying the de-
noiser network for £ times, transporting a noisy state y to y©) =
¢¢(7i, 0)(y). The distribution of these denoised states is given by
the push-forward equation defined as follows.

Definition 3 [Push-forward equation]. The distribution of esti-
mated states after applying fp for ¢ times is py = [P¢(7i, 0)]«po,
where py is the distribution of noisy states, and the push-forward

operator * is defined by [@¢]«po(y) = p0(¢7[_1(y)) det [a¢;1/ay] .
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In this way, the estimated posterior state distribution given by
the diffusion process is (/ — oo indicates T — 0):

Po(sl7i) = [Pr—oo (13, 0) ] 4po(s). ®)

According to Definition 3, this distribution depends on the Jacobian
ag/;;l/ay = (9¢¢/ay)~! [37]. As ¢y is dependent on fy(z;,y), our
analysis would heavily utilize denoiser network Jacobian

Jr(le) = Vyfo(ziy) = of /3yl ) - ©)

Jr(ylri) has eigenvalues Ax (y|7i) and eigenvectors ex (y|z), k €
[Is|]. Dependencies on y and 7; will be omitted in these notations
when they are unambiguous within the given context. An important
property we use in this paper is the Jacobian rank, defined as the

-1
rank of the matrix J* (y|7) = (I - g—];(r,y)) g—];(r,y).

3 STATES AS SHARED FIXED POINTS

We now present ourfi ndings on how diffusion models represent
the one-to-many mapping from histories to states. Wefi rst consider
the case with minimal influence of deep learning approximation
errors in this section, and study more complex scenarios in Sec. 4.

3.1 Example

We start with a didactic example. Sensor networks are a classic
problem in the multi-agent literature [44, 48, 84] inspired by real-
world challenges [35]. The environment consists of multiple sensor
agents and moving targets. Each agent can scan at most one nearby
area per timestep, and two agents must scan an area simultaneously
to track a target. Since we are studying the case with minimal
influence of deep learning approximation errors in this section, we
use a small sensor network with 2x2 sensor agents (15t column
of Fig. 1, with each sensor represented by a circle) and 1 target.
There are four possible states, each represented by a one-hot vector
indicating the target’s true location.

Collectively observable (CO) Dec-POMDPs. Thefi rst row of
Fig. 1 illustrates a CO Dec-POMDP [54]. Each agent’s observation
o0 € R? includes a separate dimension for each nearby area, with
a value 1 if the target is present and 0 otherwise. In this example,
the target is in Area 1. The right side plots changes in thefi rst two
state dimensions during diffusion. Each arrow starts from a possi-
ble noisy state, which, together with local history, is the input to a
denoiser network. The network outputs a denoised state, marking
the endpoint of the arrow. Agent 3 and 4 have uncertainty because
they cannot observe the target in their nearby areas. This uncer-
tainty is reflected in the vectorfi elds. Conditioned on their histories
(length=1), there are twofi xed points, each representing a possible
state. For example, Agent 3 cannot distinguish whether the target
is in Area 1 or Area 4; correspondingly, there are two attractors
y = (1,0,0,0) and (0, 0,0, 1). Moreover, we observe that thefl ow
has an equal probability of converging to these twofi xed points,
matching the true posterior state distribution given the history.
Agent 1 and 2 know the true state because they observe the target.
Correspondingly, there is only onefi xed point (1, 0,0, 0) given their
history. More importantly, we note that the only commonfi xed point
shared by all agents is the true state (1,0, 0, 0).

Non-collectively observable Dec-POMDPs. The second row of
Fig. 1 illustrates a non-CO Dec-POMDPs. Agent observations are
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other possible states
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p(s = 0001|r, = 00) = 0.33
Agent 2

Agent 3 Agent 4

Figure 1: With minimal deep learning approximation errors, a diffusion process represents states consistent with local history t;
(length=1 in thisfi gure) as their attractors, provably equivalent to stablefi xed points of the denoiser network fy(z;,). Arrows
point to denoiser network outputs y’ = fy(7;, y) from input noisy states y. Thefi rst two dimensions of y’ and y are shown. Top
row: In collectively observable (CO) Dec-POMDPs, a uniquefi xed point is shared by all agents, which is also the true state.
Bottom row: In non-CO Dec-POMDPs, sharedfi xed points are all states consistent with joint history 7, and diffusion models
reproduce the posterior state distribution p(s|7;) under appropriate distributions of input noisy states.

the same, but when the target is in Area 1 or 2, nearby sensors fail
to observe it with 50% probability. For example, when the true state
is (1,0, 0, 0), the observation of Agent 1 can be either (1,0) or (0, 0)
with equal probability. This environment is non-CO because it is
possible for all agents observe (0, 0), in which case even aggregating
all local information does not reveal the target’s location, as shown
in Fig. 1. We observe a significant difference from thefi rst row:
there are multiple sharedfi xed points: (1, 0,0, 0) and (0, 1, 0, 0). This
reflects the best inference the agents can achieve: Agent 3 and 4 is
sure that the target is not in Area 3 or 4. However, the aggregated
local information cannot tell whether the target is in Area 1 or 2.

3.2 Infer State Locally: Stable Fixed Points

Although simple, the sensor network example encapsulates our
findings which will be discussed in this section. Ourfi rstfinding
pertains to how diffusion models represent states, i.e., how each
agent infers states based on its own history. We begin by showing
that these individual diffusion processes converge.

Theorem 1. [Converged Diffusion] In the absence of approximation
errors, repeatedly applying the denoiser network fp(t;, y) converges
to a state s that is consistent with t; and has a dominate posterior
probability given y: ¢oo(7;,0) (y) = s = arg max,eg,, (1,) P(s1y,74).
Theorem 1 formally underpins the observation in Fig. 1. Based
on this, we give the sufficient and necessary conditions of how a
diffusion model represents states.

Theorem 2. [State Representation] The diffusion model represents
states consistent with t; by the attractors of itsfl ow:

$6(1i) = {y" | [$oo (11, 0)]1po(y") > 0}, (10)
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which are equivalent to the stablefi xed points Fy (i) of fo(zi, ),

Fo(r) ={y" 1 v" = fo(zi,y"), Amax (y*|m)| < 1} (11)
Here, Amax (y*|7i) is the largest eigenvalue of the Jacobian ]f(y* |73).

Proved in Appx. A.2, Theorems 1 and 2 align with recent research [6,
53] showing that diffusion models are able to produce samples from
data distributions with bounded support on a low-dimensional data
manifold. Since Theorem 2 shows g (7;) = Sa(m) always hold, the
terms attractor and fixed pointed will be used interchangeably. In
the absence of approximation errors, the stablefi xed points are the
states consistent with 7;: F (7;) = S (7).

3.3 Infer State Globally: Shared Fixed Points

Theorems 1 and 2 show how an individual diffusion model repre-
sents the inference of agent i about states. In the simplest scenario
described in thefi nding below, this local inference suffices to deter-
mine the true global state.

Finding 1.If an individual diffusion model has only one stable
fixed point y*, agent i is able to infer that s = y*.

A uniquefi xed point implies that only one state is consistent
with 7;. Therefore, agent i can unambiguously determine the global
state, eliminating the need for communication with others.

We focus primarily on more complex scenarios where agents
are uncertain about the state, i.e., individual diffusion models have
multiplefi xed points. Wefi rst show that, this uncertainty can be
resolved in collectively observable Dec-POMDPs.
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points from states, varying with
agents. We can no longer intersect
fixed point sets of all agents.

(c) A large sensor network (a

Sor n (d) Agent 3’s diffusion process
zoomed-in view)

(g) The deviations of fixed points from states are related to the rank of J*(y*|7),
and are upper bounded by the residual error R, of the optimal surrogate linear
regression model. The smaller the &, the tighter the upper bound.

Figure 2: Deep learning approximation errors cause fixed points to deviate from true states. Deviation norms are related to the
Jacobian rank and can be upper bounded by a surrogate linear model. (a,b,d) In the 5x5 sensor network (with a zoomed-in
view in (c)), we show changes in state dimensions corresponding to Area2 and 4 during diffusion. (e,f) The impact of these
deviations becomes evident when fixed points of all agents are displayed together in a single panel: the true state can no longer
be determined by intersecting fixed point sets of all agents, as it is possible that N;7(7;) = @. (g) Empirical evidence from
SMACVvV2 and the 5x5 sensor network shows that deviation norms negatively correlate to Jacobian ranks and are tightly upper
bounded by optimal residual errors of the surrogate linear model.

Theorem 3. Without approximation errors, in collectively observable
Dec-POMDPs, the intersection of the fixed point sets of all agents is
the true state s: N; Ty (7i) = {s}.

Conversely, non-collectively observable Dec-POMDPs are more
complicated, as agents are collectively unable to uniquely determine
the state. However, we can still show that diffusion models identify
all states consistent with the joint history and can reproduce the
posterior probability of these states.

Theorem 4. Without approximation errors, in non-collectively ob-
servable Dec-POMDPs, the intersection of fixed point sets is all states
consistent with joint history: 0¥y (zi) = {s | p(s|r) > 0}. The true
posterior probability p(s|t) can be recovered with appropriate prior
distributions p(y) of initial noisy states y.

Proved in Appx. A.3, Theorems 3 and 4 establish a communication
protocol-agents share their fixed points when necessary to maxi-
mally resolve uncertainty about states. A potential application of
these results is to train a denoiser during centralized training and
use inferred states or their distributions in decentralized execution,
thereby enabling new MARL algorithms (please refer to Appx. C).

4 DEVIATED FIXED POINTS

We now consider the influence of deep learning approximation
errors. (1) We find that the major impact of these errors is that
fixed points deviate from states (Fig. 2(a-f)). (2) Theoretically, we
identify Jacobian ranks as the primary factor driving this deviation
(Theorem 5). Empirical results (Fig. 2(g)) support this finding and
pinpoint design choices that influence Jacobian ranks (Fig. 3). (3)
Inspired by the low-rank property, we construct a surrogate linear
regression model (Finding 3) to bound the deviation (Theorem 6).
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(4) This deviation bound helps prove the convergence of a novel
composite diffusion process (Sec. 5).

4.1 Example

We begin with a concrete example that expands the sensor network
to include 5 X 5 agents and 2 targets, with each sensor configured
to scan 4 nearby areas. Fig. 2(c) zooms in on the section of the map
containing two targets. For a fair comparison against the example in
the previous section, we keep the network architecture and training
agenda unchanged (details in Appx. B).

In Fig. 2(a,b,d), we show the discrete-time flow induced by the
diffusion models in this task. The increased problem size puts an
extra burden on diffusion models. For example, in Fig. 2(d), the
diffusion model of Agent 3 converges to four fixed points (blue and
red circles), which are not strictly overlapped with possible states
(blue star and green triangles), indicating that fixed points deviate
from clean states. For better visualization, in Fig. 2(f), we put the
fixed points of all agents together and zoom in on the fixed points
around (0,0). It shows that diffusion models of different agents
exhibit distinct fixed points with varied deviations. In this way, it is
no longer practical to calculate the intersection of agents’ fixed point
sets to obtain the true state, as the intersection would be empty.

4.2 Jacobian Rank and Surrogate Linear Model

Empirical Observations. To understand why diffusion models
can no longer represent the consistent states S;(7;) accurately,
we take a closer look at the fixed points learned by the diffusion
models in the 5 x 5 sensor network (Fig. 2(c)) and the zerg_5_vs_5
map from the complex, highly stochastic SMACv2 benchmark [14].
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Specifically, we look at the Jacobian rank (the rank of J*(y|r) =
(I - 3f/ay(t,y)) ! af/az(,y)) atfi xed points of individual agents.
Fig. 2(g) shows the relationship betweenfi xed points’ Jacobian
ranks and their deviations from states (in 2 norm). A clear negative
correlation is observed between these two variables, i.e.fi xed points
with lower Jacobian ranks are more likely to exhibit large deviations
from true states.
Theoretical Understanding. We now formally analyze the un-
derlying reason for this negative correlation and thereby show why
diffusion models might not be able to represent all states accurately.
Wefi rst define the deviation offi xed points from states as follows.

Definition 4 [Deviation offi xed points from states]. We define the
error between a true state s and its correspondingfi xed point by

Dy (7i,5) =5 = oo (7i, 0) (). (12)

Here, ¢oo (73, 6) (s) is the attractor to which the diffusion process
conditioned on 7; converges when initialized from state s.

Our analysis begins with the following theorem that character-
izes the influence of 7 on the fixed points, i.e., how thefi xed point
changes when 7 changes.

Theorem 5. Let y* € F4(7) be afi xed point corresponding to history
7. When t changes to ©’ = © + Ar, thefi xed point shifts toy*’ = y* +
Ay”. If the changes in Jacobian satisfies || Jr (', y*' )~ Jr(z.y™)||F < €
for a small €, we have

. of .\ of .
Ay = |- — —(r,y")Ar. 13
y ( ay(f,y )) o (Ly)AT (13)
The approximation error in Eq. (13) is bounded by ||[Err(Ay®)|| <

Me?
2(1=Amax)m?’
aty”, and M, m is the upper/lower bound on the norm of Hessian. Due

to its O(e%) magnitude, this error is negligible when € is small.

where Amax is the largest eigenvalue ofjacobian]f(y* |73)

Finding 2. The major takeaway of Theorem 5 emerges from Eq. (13).
This equation implies that a diffusion model behaves like a (locally)
linear model Ay* ~ J* (y*|r) At with weights

of )‘1 of

+ * — I _ * . *
T (o) ( ay(T’y )| oY)
to approximate the shifts offi xed points when local history changes.

(14)

In Corollary 5.1, we expand Eq. (13) in the special case where
the denoiser network is a fully-connected network.

Corollary 5.1. If fy(r,y) = ¢ (0 (W, Wy) (;) + b) is a fully con-
nected network. o(+) is an element-wise activation function and g(-)
represents the subsequent fully connected layers, which may introduce
additional non-linearities following thefi rst layer, we have Ay* ~
U(I-A)~IAUT W;WTAT, whereUAUT is eigen-decomposition of Ja-
cobian ] (y*|zi), W, is Moore-Penrose inverse Wy = WJ(WyWJ)_l.

Proved in Appx. A.4, Corollary 5.1 examines a specific network
architecture, while the other analyses in this paper apply to any de-
noiser architecture. Corollary 5.1 assumes Jf is symmetric and non-
negative, which is approximately true for learned denoisers [46]
and can be proved to hold for the optimal denoiser [29].

Based on Theorem 5, we use proof by contradiction to show
that diffusion models might not have enough capacity to represent
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all states accurately. We start with a local history 7 and one of its
consistent states s, assuming that the diffusion model conditioned
on 7 has enough capacity to exactly represent s by afi xed point y*.
We then consider other histories near 7: 7¢ = {7’ | ||]f(r’, y*) -
Jr(z,y")|IF < €}. Due to Finding 2, the diffusion model is trained
to (locally) solve the following optimization problem.

Definition 5 [Surrogate Local Linear Regression Model]. For a
local history 7 and a consistent state s, let M C D be a sample set
containing (7’,s") in the training dataset D satistying || /¢ (7. y*) -
Jr(@',y*)||F < e. The surrogate linear regression problem is:

Re : lWaAr - As||?, (15)

arg min
WQRNXM (T',S’)EMe
where At = 7 — 7/, As = s — §’. The residual error of the optimal

solution to Re is Re. The number of linearly independent s’ in M
isr(Me) = dim (span {s’ | (7/,s") € Mc}).

Intuitively, given Az, the denoiser network learns J*(y*|r) to min-
imize the difference between Ay* and the groundtruth As. The
surrogate R, provides the best linear solution to this optimization
problem. The question is whether the denoiser network, locally,
has enough capacity to perform better than this solution.

Finding 3. If the denoiser network fy is over-parameterized with
the maximum possible rank of J*(y*|7) (Eq. (14)) larger than the
number of linearly independent state samples in the local regression
problem Re:

rank(J* (y*|7))> r(Me), (16)

then the linear regression problem R, is underdetermined, indicat-
ing that the denoiser network has enough capacity to represent the
history-state mapping Sg.

On the other hand, if the denoiser network is under-parameterized,
leaving rank (J* (y*|7)) < r(Me), then we have an over-determined
regression problem that inevitably induces residual errors, leading
to deviations offi xed points from states.

Evidence 3.1. We empirically verify ourfi ndings in the 5X5 sensor
network. In Fig. 3-middle, we increase the number of states, so
that r(M¢) increases. With afi xed network size, we can see that
D¢(T,S) increases. We alsofi nd that increasing the network width
can increase the rank of J*(y*|r), and correspondingly decrease
Dy as shown in Fig. 3 left. This is not trivial as the input dimension
isfi xed and is smaller than the network width, which means the
rank of J*(y*|r) is actually upper bounded by the input dimension.

4.3 Bounded Deviations

We now discuss how to bound the deviations Dyg.

Finding 4. When e is large, the expressivity of a diffusion model
is more powerful than the surrogate regression model Re. This
is because the denoiser network becomes more non-linear as the
Jacobian changes significantly. In this case R is larger than Dy,
as ﬁe is the residual of a linear model, while Dq:, is the residual of
a non-linear model. On the other hand, when we decrease ¢, the
denoiser network is approaching linear and its capacity is getting
close to the linear regression model, so Dy is getting close to Re.

We formally present thisfi nding in the following theorem.
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Figure 3: Practical factors contributing to low Jacobian ranks (which correlate negatively with deviations offi xed points from
true states) include narrow network architectures, large state space sizes, and small numbers of training samples. In each panel,
a blue point represents the deviation of afi xed point, and distributions of these deviations are displayed on the left.

Theorem 6. [Upper Bounded Deviation] Let M = {(0), s(k))}lk(il.
If there exist T and T’ in M where ||]f(f', y*’) - Jr(my")llF > €

then for (r,s) € M, we have
Dy (r.s) < RIM) = Tr(Ss)

—Tr(Ssr2; 1 20s). (17)

Here 35 = Eg_p[(s — E[s])(s — E[s]) "], cross covariance S5y =
E(rs~ml(s = E[s)(r = E[z])T], and Ss; = S]. R(M) is the

residual error of the optimal linear regression model on M.

Proved in Appx. A.5, Theorem 6 upper boundsfi xed point deviations
by constructing a surrogate regression problem. By decreasing
the €, we can tighten this upper bound, which helps prove the
convergence of our composite diffusion process in the next section.

Evidence 4.1. We provide empirical evidence to support Finding 4
and Theorem 6. The experiments are conducted on the 5X5 sen-
sor network (Fig. 2 (g.1)) and the zerg_5_vs_5 map (Fig. 2 (g.2))
from the complex, highly stochastic SMACv2 benchmark [14]. In
(g.1), two dashed horizontal lines show the residual errors Re of
the surrogate linear regression model under two different € values.
When € = 0.626, the linear regression model exhibits weaker repre-
sentational capacity, with Ro 626 = 1.6474 significantly larger than
the deviations of thefi xed points. By contrast, when we decrease
€ t0 0.588, Ry 588 provides a tight upper bound for the deviations.
The case in SMACv2 is similar, indicating that surrogate models
effectively approximate local behavior of diffusion models.

5 COMPOSITE DIFFUSION

As we discussed in Sec. 4, whenfi xed points deviate from clean
states, it is impractical to obtain true states by intersecting all agents’
fixed points. Instead, we propose to use composite diffusion.

Definition 6 [Composite diffusion]. Let [iy,i2,- - ,in] € P([n])
be a permutation of n agents. The composite diffusion conditioned
on 7;,, iteratively applies individual denoiser models based on
each agent’s history: fy(7;,,,.y) = fo(7i,, fo(Tiy, - fo(7i,,y))), in-
ducing a discrete-time compositefl ow ¢;(7;,,,,0) : N X RISl -
RIS, e (7iy,,. 0)(y) = f(ti,, . $e-1(tir,,. 0)(y)), where (£), = (£
mod n), and ¢o(7i,,,,0)(y) =y

We then use composite diffusion to estimate true states.

5.1 Composite Diffusion Yields True States

Composite diffusion algorithm. Our algorithm has two steps.
Step 1 (Composite denoising): Sample a set of Gaussian noise
{y(k’o)}fio from N(0,02I). Apply composite diffusion to each

y(k’o), resulting in a sequence of denoised states (y(k’l), RN y(k’L)).
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Step 2 (Condition check): Check whether the following condi-
tions hold. (1) For the last n elements in the sequence, y(k’ 0. L-n<
¢ < L, the largest eigenvalue of the denoiser Jacobian at y(k’[) sat-
isfies |[Amax| < 1. (2) Apply the individual denoiser conditioned on
each agent’s history repeatedly to the last element y¥-L) until con-
verge. The change in y(k’L) should be smaller than 2Dy (bounded
by Theorem 6). These condition checks guarantee convergence to
the true state as proven in the following theorem and corollary.

Theorem 7. [Composite Diffusion Approaches True State] In col-
lectively observable Dec-POMDPs, for a sequence k satisfying the
conditions in Step 2, the composite diffusion algorithm approaches the
true state s with an error bound maxi<i<n D (i, s). Specifically, it
converges to the convex hull of the agents’fi xed points near s.

Corollary 7.1. In non-collectively observable Dec-POMDPs, with
sufficiently enough initial samples, the composite diffusion algorithm
approaches every possible global state s consistent with joint history
Ti,,, With an upper error bound maxi<i<n D¢(Ti, s).

Theorem 7 and Corollary 7.1 are proved in Appx. A.7. They highlight
the advantages of composite diffusion summarized as follows.

Finding 5. Unlike individual diffusion conditioned on the history
of a single agent, composite diffusion can resolve the uncertainty
when there are multiplefi xed points. Even in the simple case with
only onefi xed point, composite diffusion can better estimate the
true state, as proved in the following theorem (details in Appx. A.3).

Theorem 8. When there is only onefi xed point for the diffusion
model conditioned on t;,i € [n], assume that thefi nal element y(L)
distributes uniformly, composite diffusion provides a more accurate
global state estimation than individual diffusion:

) _ _—
By lly™ =sll< = Zy o 5 =

Evidence 5.1. We evaluate the accuracy of composite diffusion
(measured in peak signal-to-noise ratio, PSNR, [76]) against individ-
ual diffusion on SMACv2 [14]. Training data is collected by running
MAPPO [83] (see Appx. B). For a fair comparison, both methods use
the same number of denoising steps. Composite diffusion achieves
higher PSNR (indicating lower errors) across all test cases, which
examine various factors that can influence diffusion processes. This
gap is provable (Theorem 8) even when individual diffusion adopts
more powerful network architectures like in [81].

(18)

When agents share common information (e.g., a portion of a state
visible to all agents [49]), applying composite diffusion only to pri-
vate information can reduce its overhead. We next discuss overhead
reduction in general cases.
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(a.1) Composite Flow with Agent Order 1, involving all agents.
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Figure 4: Evolution of denoised state distributions (first two dimensions) during composite diffusion processes, initialized
with various noisy states, in the 5x5 sensor network. Each panel shows the changes (from open circles to closed circles) over 6
denoising iterations, with each iteration conditioned on the history of a single agent, e.g., in iteration 0-5, six agents in the
corresponding order are involved. (a) Composite diffusion converges to the true state regardless of the agent ordering. (b)
Partial composite diffusion may converge to incorrect states depending on the participating agents.

Table 1: True state estimation errors measured in PSNR. Higher PSNR values indicate lower errors. Individual diffusion exhibits

a provable performance gap compared to composite diffusion.

Setting Alg Network Width # Training Samples ~ Obs. History Length ~ Obs. Sight Range Tasks
1024 4096 8192 10 100K 500K 1 5 10 5 9 Zerg Terran Protoss
Train Individual 13.28 18.71 28.20 56.45 28.20 3529 2639 28.20 31.86 26.29 28.20 28.20  29.01 27.79
Composite 15.98 22.18 30.77 56.77 30.77 36.39 27.88 30.77 33.13 27.92 30.77 30.77 30.68 30.20
Test Individual 1337 1537 17.42 1132 1743 23.22 2077 1743 1654 1594 17.43 17.42  17.28 17.24
Composite 16.07 18.49 20.40 12.38 20.40 25.49 23.54 20.40 18.94 17.90 20.40 20.40 18.59 20.08

5.2 Partial Composite Diffusion

Composite diffusion requires a communication chain in which each
agent receives the output of the preceding agent’s denoiser network
and sends its own denoising output to the subsequent agent. These
messages reside in RIS In very large systems, it is possible to trade
off this communication overhead against state estimation accuracy
by involving only a subset of agents in composite diffusion. We
thereby define partial composite diffusion fy(7i ,, ) and partial
compositefl ow ¢, (7, 0), in which k < n and [if,ip,---,ig] €
P([k]) is a permutation of the considered k agents. We analyze its
convergence property in Corollary 7.2.

Corollary 7.2. With sufficient initial samples, the partial composite
diffusion algorithm approaches every possible global state s consistent
with Tjy ., k < n, with an upper error bound max; <;< Dy (i, s).

Finding 6. Composite diffusion fy(7;,,,y) converges to the true
global state, while partial composite diffusion fy (i ., y), k < nmay
converge to wrong states, depending on the participating agents.

Evidence 6.1. Fig. 4 shows the evolution of denoised state dis-
tributions (focusing on thefi rst two dimensions) during (partial)

composite diffusion processes in the 5x5 sensor network. Initial
states are sampled from N (0, I). Compositefl ows reliably discover
the true state regardless of the agent ordering. In contrast, a partial
compositefl ow stabilizes at a state consistent with participants’
histories, with the accuracy depending on the participating agents.

6 CLOSING REMARKS

This paper provides thefi rst rigorous understanding of how deep
learning models and their approximation errors can impact agents’
handling of PO in Dec-POMDPs. We expect that this work can estab-
lish a general framework for addressing the challenges posed by PO
across various multi-agent sub-fields. As an initial demonstration
of these possibilities, Appx. C provides an example where integrat-
ing diffusion models with policy learning can further enhance the
performance of multi-agent RL algorithms, such as MAPPO [83].
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