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ABSTRACT

Mechanisms for crowdfunding public goods are essential for ensur-
ing that societies can collectively benefit from public goods. Unlike
previous researches on crowdfunding for public goods, which fo-
cused on binary outcomes—either full provision or none at all, this
paper proposes an auction framework to examine the partial pro-
vision of public goods, based on the funds raised, with the goal
of maximizing the final investment amount. We develop truthful
investment mechanisms that achieve the (approximate) optimal
expected investment amount across different models, taking into
account the number of agents.
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1 INTRODUCTION

Public goods, characterized by their non-excludability and non-
rivalrous nature, offer universal benefits to all members of society.
Although many public goods receive governments’ support, a sig-
nificant portion still relies on funding through public contributions.
However, public goods frequently encounter the problem of under-
provision, leading to inefficient social services. One primary cause
is the free-rider problem [9]. Generally, the greater the number of
individuals sharing the benefits, the more pronounced the issue
of proportional under-provision becomes. Additionally, problems
can also arise from poorly designed mechanisms that either permit
agents to secure additional benefits through dishonest bidding or
lead to the inefficient production of public goods. In many scenarios,
the provider organizes an auction to crowd-fund the construction of
public goods from a set of agents. During this process, each agent is
required to submit a sealed bid b;, which represents the maximum
amount that they are willing to pay. The total expenditure required
to fully realize the public good is denoted by c. Once the public
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good is fully produced, each participant can derive a private benefit,
v;, from it.

Several studies on public goods [2, 7] have explored auctions
that yield binary outcomes: either full provision of the public good
if the sum of all bids meets or exceeds the specified cost ¢, or no
provision if it falls short. In instances where the public good is
fully provided, each agent is obligated to pay their respective bid
b;. Conversely, if the provision threshold is not met, no payments
are expected from any of the agents. However, in other scenarios
[1], [11], [3], [4] and [6], even if the crowdfunded investment falls
short of the total expenditure c, the funds raised can still be utilized
to partially provide the public good. This partial provision allows
for some level of benefit to be derived by the participants, albeit
not the full extent initially intended.

Therefore, based on those practical situations, this paper dis-
cusses a continuum auction framework for crowdfunding public
goods. Within this framework, although agents’ valuations from
the totally constructed public good are private, the joint probabil-
ity distribution 7 of these valuations is known. Consequently, the
provider applies the agents bidding profile b to determine an in-
vestment level f;(b) and assigns charges g; () to each agent. In our
proposed public goods auction, the outcomes are no longer binary;
instead, the public good can be partially constructed, and corre-
spondingly, agents can derive partial valuation that is proportional
to their total value v. Unlike studies that aim to maximize social
welfare [5, 10], we endeavor to develop a truthful mechanism that
also targets an (approximate) optimal expected investment amount
within our continuum auction framework, which allows for the
partial provision of public goods.

2 PRELIMINARIES

Consider a public good that necessitates crowdfunding from a set
of agents, represented as N = {1, 2, - - - , n}. The full construction
of the good requires an investment of ¢ € R;. If the total amount
f is less than c, then this good can be partially constructed, with
the completion level being directly proportional to the investment,
i.e. f/c. Upon full completion, each agent gains a private value
v;j € [0,+00) from this good. For partial completion with invest-
ment f, the value is (f/c)v;. Despite the private nature of individual
values, the joint probability distribution 7z, which determines the
value profile v = (v, ...,v,) with a non-increasing density func-
tion p(v), is public. The provider organizes n agents to participate
in crowdfunding. The procedure of the auction is as follows.

o Stage 1. Setting Bid Bounds. The provider establishes an upper
bid bound b; € [0,c] for each agent i. This step is designed to
encourage greater investment participation.
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o Stage 2. Bidding. Concurrently, each agent i submits a bid b; €

[0, b;] according her valuation v;. The bid b; represents the max-
imum amount that agent i is willing to invest. The space of bids

of all buyers is denoted as 8. Note that the true value v; may be

larger than b;. So in the setting with bid bounds, truthful bidding

dictates that b; = v; if v; < b; and b; = b; otherwise.

o Stage 3. Investment and Charge. Given abid profileb = (b4, ..., by),
an investment mechanism specifies the investment for the good

and the corresponding charge assessed for each agent.

Definition 2.1. An investment mechanism P = (f, g) is char-
acterized by the investment function f and charging functions
g = (90)iens subject to (1) gi(b) < by and (2) X, gi(b) > f(b).
Here, f : 8 — [0,c] is differentiable and non-decreasing, repre-
senting the total amount to be invested in the public good and
gi : B — [0, b;] indicates the charge imposed on each agent i.

Since the investment in public goods depends on the sum of all
agents’ bids, the investment function f(b) here can be written as
f(b) = f(2; bi). Based on the bid profile b, the provider receives the
investment f(b) and charges each agent g; (b). So given the private
value v; of agent, each agent obtains a utility U; (b) = @vi —gi(b).

A mechanism is Individually Rational (IR) if, for each buyer,
their utility is non-negative when they truthfully report v;. Due
to the bidding bounds, the truthful bidding effectively maps the
value v; into interval [0, b;], such that H[O,Bi](ui) = min(o;, b;).
A mechanism is truthful if, for each agent, reporting their true
valuations is always a dominant strategy.

Definition 2.2. An investment mechanism P = (f, g) is truthful
if Ui(H[o Bl (vi),b-i) = Uj(bi,b_;), for all i € N, every possible
bid b; € [0, Ei], andb_; € B_;.

In this work, our objective is to design an investment mecha-
nism that not only ensures individual rationality and maintains
truthfulness, but also maximizes the expected investment By (f)
based on the joint distribution 7 on the value profile v.

3 OPTIMAL INVESTMENT MECHANISMS

Inspired by Myerson’s Lemma [8], we propose the following char-
acterization, which is crucial for our mechanism design.

THEOREM 3.1. An investment mechanism P = (f, g) is truthful,
if and only if for any differential and non-decreasing investment
function f, there exists a unique set of charge functions {gi}ieN

s o . b;
satisfying gi(bi,b_;) = 2 f(bi,b_y) - [ 1f(£,b_)dr.

The mechanisms given by this theorem also satisfy IR prop-
erty and the requirement g;(b) < b;. For convenience we denote

s=2" b; —cand q(X, bi—c) = f(b) = (XL, bi), then the

requirement .7 | g;(b) > f(b) can be transformed into

(Zn: bi - C)‘](Zn: bi —c) > Zn: ‘/Z?:1 bi=e
i=1 — Zi ),

Especially, for the two-bidder case, by defining x = by + by —c,
(1) is equivalent to xq(x) > 2 fox q(t) dt.
For n = 2, the optimal mechanism is given by Mechanism 1.

g(de. (1)

ax(0,), b_;—c)

Mechanism 1. Optimal Investment Mechanism for n = 2
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Input: parameter c, bid bounds {b1, b2} and bid profile b.
(1) If s = by + by — ¢ > 0, then let the investment function be

F(brb2) = < max(0,by + b ~ <),
and define the charge functions of two agents as
);
);
(2) If s = by + by — ¢ = 0, then define the investment function as
f(brba) =1y 4, p,e
and define the charge functions of two agents as

g1(b1,b2) = b1y 5 4,5,
92(b1,b2) = baly, _j

2 (12
g1(b1, by) = max(0, 222020

S P
bi=(c—by)’

g2(b1, b2) = max(0, o

B)Ifs=bi+by—c< 0, thenlet f =g1 =g2 =0.
Output: f(b), g1(b) and g2(b).

THEOREM 3.2. Mechanism 1 is truthful and IR, and is an optimal
investment mechanism to maximize the expected investment.

We also design truthful mechanism for multi-bidder case.

Mechanism 2. The Investment Mechanism for Multi-bidder
Scenario

Input: parameter c, bid bounds b= (151, el En), parameter func-

tion g and bid profile b.

(1) Ifs=3", bi — ¢ > 0, then define the investment as

{q(Z;Ll bi—c) if S bi>c
0

else,

f(b) =
and let the charges of the agents be
b; bi q
aib) = 20y = [ 2 feboar
4 0 C

(2) Ifs=3" bi—
each agent are

¢ = 0, then the investment and the charge of

f(b) = CIbizéi(i=l,...,n)’ gi(b) = Eilbi:Bi(iﬂ’-u,”)
(3) Ifs=3" bj—c<0,thenf=g;=0.
Output: the allocation and payment result f(b), gi(b).
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