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ABSTRACT

We study the combinatorial multi-armed bandit (MAB) problem
with an additional constraint that an arbitrary subset of arms is
unavailable at any given time instant. We refer to this setting
as a volatile combinatorial MAB setting. The bandit algorithm
must pull a subset of arms from the set of available arms to mini-
mize the regret. Under some mild smoothness conditions, we show
that the proposed CV-UCB algorithm—a straightforward extension
of well-known C-UCB algorithm—achieves a O(log(T)) instance-
dependent regret guarantee under a semi-bandit feedback setting.
We further show that under some mild restrictions on the range of
reward functions, CV-UCB incurs O(4/T log(T)) regret, which we
call weak instance-independent regret. We further show that the
instance-independent regret of O(+/T2log(T)) for CV-UCB algo-
rithm, completing the hierarchy of regret guarantees obtained by
gradually relaxing the dependence on the instance parameters.
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1 INTRODUCTION

We study a combination of two well studied extensions of classical
stochastic MABs; sleeping/ volatile bandits [2, 4, 11] and combinato-
rial bandits [7-9]. In the volatile bandits setting, a subset of arms is
unavailable at any given time instant. This variant, sometimes also
known as mortal bandits [3], models many real-world scenarios
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such as crowdsourcing [13], online advertising [3, 10], and network
routing [2, 11], where, an algorithm is restricted to select from only
the available set of choices.

Studying these two variants together poses interesting technical
questions. First, as the regret notion is modified to accommodate the
volatile nature of the arms, it is unclear priori that the algorithms
that achieve optimal regret guarantee for the non-volatile case will
produce optimal regret guarantees for the volatile case. Second, in
contrast to the non-volatile bandit’s case, the optimal super-arm
may change at each time instant. Hence, it is unclear whether the
regret guarantees for learning in the non-volatile case translate
to the volatile case in the general reward case, i.e., whether it will
prohibitively elongate the learning process. In this paper, we address
both of the above questions. A longer version of the paper with
detailed proofs and simulation analysis is available online [1].

1.1 Model and Assumptions

We consider a volatile combinatorial bandits problem with [k] :=
{1,2,--- ,k} denoting the set of base arms and p € [0, 1]%, the
vector of unknown mean qualities of the base arms. Similar to the
classical stochastic MAB problem, each base arm i corresponds to
an unknown distribution D; € A([0, 1]) with mean y; € [0, 1] over
its quality. At each time instant ¢, base arms belonging to a subset
A; C [k] become available. We consider that A; is an arbitrary
non-empty subset. An algorithm can pull any non-empty subset
St € A; of arms and receive a reward R(S;, ). The reward depends
on the selected subset S; and the mean qualities of the arms, u. We
write Rg := R(S, p). Furthermore, note that the reward depends
only on the qualities of the arms pulled by the algorithm, i.e, S;. We
remark here that the classical stochastic bandits setting is a special
case of our setting with A; = [k], S| = 1 and Ry = Xg, ; for all ¢.
For a given reward function R(.), the problem reduces to one of
finding a reward-maximizing subset of arms. This problem, even
when the qualities of the base arms are known, is known to be NP-
hard [14]. However, many important settings, such as sub-modular
reward functions, admit polynomial time approximation schemes
that provide an attractive approximation guarantee. We assume ex-
istence of a (y, f§)-approximation oracle denoted by (y, f)-ORACLE,
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which, given an availability set A and a quality vector u, outputs
a set S such that R(S, ) > y - R(S’, p), for all ' € 24 with the
probability of at least 8, with y, f € (0, 1]. This can be also writ-
ten as S := ORACLE(y, A). This computation oracle separates the
learning task from the offline computation task and is extensively
used in the literature [5, 6, 9]. For the semi-bandit feedback to work
effectively, we assume below smoothness properties.

Property 1. Monotonicity: Let p, i’ € [0,1]% be two vectors such
that i > p; foralli € [k], then, foranyS C [k],R(S, p") = R(S, p).

Property 2. Lipschitz Continuity: There exists a real valued con-
stant C > 1 such that for all S C [k], we have |R(S, u) — R(S, )| <
C - maxies |pi — pjl-

Property 3. Bounded Smoothness: There exists a strictly increas-
ing function f such that forany S C [k], |[R(S, p) —=R(S, )| < f(A)

whenever max;es |p; — pj| < A

To evaluate the performance of an algorithm with limited avail-
ability of arms, we extend the notion of regret appropriately and
call it a volatile bandit regret given by

T
Rare(T) = max B[ ) (R(SE,m) = R(Sum)]. (1)
(Af)tT:1 t=1

Here, S} € argmaxsca, R(S, p). Note that when A; = [k] for all
t, we recover the setting of [6]. Next, we define the regret in the
presence of (y, f)-oracle. Let, B; be the event that an oracle returns
an y-approximate solution at time ¢ i.e. By = {Rs, > y - Rgx }. Note
that P(B;) > f. The expected volatile bandit regret of ALc with
Oracle access is given by,

T
Rawa(T) = pax Eaw| ) (v B+ Rss = Rs))]-

t)r=1 t=1

@

Notational Setup: For each base arm i € [k], let Nj; denote the
number of time instances arm i is pulled till ¢ and let f; ; be the
average reward obtained from these pulls. Further, let

Hip = flir +3log(t) /2N 3)

We call ji; , as the UCB estimate of arm i at time ¢ and let Ag =
Y - oPT4 — Rg be the regret incurred by pulling super-arm S. Here,
OPT4 := Rg» = maxsca Rs denotes the optimal reward when the
set of available arms is A. A super-arm S C A is bad (sub-optimal),
if Ag > 0. For a given A C [k], we define the set of bad super-
arms as Sg(A) = {S € A|As > 0}. Further, for a given A C [k],
define Apin(A) = y - OPT4 — maxges, (4) Rs and Amax(A) =y -
OPT4 — mingeg,(4) Rs. Note that, for any availability set A, we
have Amax(A) = Amin(A) > 0. The strict inequality follows from
the definition of Sp(A). Next, define Amax = maxsc[i] Amax(A)
and Apin = mingc k] Amin(A).

2 CV-UCB ALGORITHM AND RESULTS

CV-UCB Algorithm: At each time t, CV-UCB receives the set of
available arms A;. If there is a base arm in A; which is not pulled
previously, an algorithm pulls all the available arms. For each time
instance where all available arms are pulled atleast once, CV-UCB
obtains S; = ORACLE(J1;, A¢). The algorithm then pulls a super-arm
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St and obtains rewards R(S;, ¢) and an individual base arm rewards
(semi-bandit feedback) X; ; for each i € S;.

THEOREM 2.1. The (instance-dependent) expected regret incurred
by CV-UCB when the reward function satisfies Lipschitz condition
(Properties 1 and 2) is given by

Revues(T) < 2PkC(L(3)(1 + y3log(T)/2) +30C1og(T)/Amin)
Here, { is the Reimann zeta function and o = Amax/Amin-

We remark here that for smaller values of Ap,, the regret
bound of Thm. 2.1 becomes vacuous. We now prove the weak
instance-dependent regret bound (see Theorem 2.2) and instance-
independent regret bound (Thm. 2.3) of the CV-UCB algorithm.

THEOREM 2.2. The (weak instance-dependent) expected regret of
CV-UCB when the reward function satisfies Lipschitz condition (Prop-
erties 1 and 2) is given by

Rev-ue(T) < 4C\6koT log(T) + 2kCL(3).
Here, {(.) is a Reimann zeta function and 0 = Amax/Amin-

Observe that the regret guarantee increases from O(log(T)) to
O(T log(T)) in the weak instance-dependent setting, where the de-
pendence shifts from the minimum reward gap Ay, to the reward
ratio 0. In our next result, we further mitigate the dependence on
o to achieve an instance-independent regret guarantee.

THEOREM 2.3. A = (1++/31og(T)/2). The instance-independent
volatile bandit regret of CV-UCB when the reward function satisfies
Lipschitz condition (Properties 1 and 2) is given by

Revues(T) < C(1+ A) - J6kT2 log(T) + 2kACL(3).
Next, we consider the bounded smoothness condition.

THEOREM 2.4. The expected volatile bandits regret incurred by CV-
UCB when the reward function satisfies bounded smoothness condition
(Properties 1 and 3), is given by

Revues(T) < (61og(T)/(f 7 (Amin))* +2(3))k - Amax.

THEOREM 2.5. Let f(x) = p - x1 wherep > 0 and q € (0,1]
and define r = # The (instance independent) expected volatile
bandits regret incurred by CV-UCB when the reward function satisfies
bounded smoothness condition (Properties 1 and 3) is given by

Rev-ucs(T) < (kAmax +1) - 6" log(T) T "p' ™" + 2k{ (3) Amax.

3 FUTURE WORK

Extending regret guarantees of existing MAB algorithms such as
Thompson sampling and e-greedy to CV bandit setting is an inter-
esting future direction. A tight instance-independent regret bound
under bounded smoothness setting still remains an open problem
along with a finely tuned analysis with availability specific instead
of worst-case regret bound. Furthermore, a study of CV bandits
where the pulling strategy affects future unavailability of arms such
as in rotting bandits [12] is also an interesting future direction.
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