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ABSTRACT

Two-player graph games are a fundamental model for reasoning
about the interaction of agents. These games are played between
two players who move a token along a graph. In bidding games,
the players have some monetary budget, and at each step they bid
for the privilege of moving the token. Typically, the winner of the
bid either pays the loser or the bank, or a combination thereof.
We introduce Robin Hood bidding games, where at the beginning
of every step the richer player pays the poorer a fixed fraction of
the difference of their wealth. After the bid, the winner pays the
loser. Intuitively, this captures the setting where a regulating entity
prevents the accumulation of wealth to some degree.

We show that the central property of bidding games, namely the
existence of a threshold function, is retained in Robin Hood bidding
games. We show that finding the threshold can be formulated as
a Mixed-Integer Linear Program. Surprisingly, we show that the
games are not always determined exactly at the threshold, unlike
their standard counterpart.
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1 INTRODUCTION

A reachability game is a 2-player game played on a graph, by plac-
ing a token on one of the vertices and moving it along the edges
according to some predefined rules, where the goal of Player 1
(denoted #1) is to reach a set of target vertices, and the goal of
Player 2 (denoted #2) is to prevent that. Reachability games are
fundamental in automated synthesis of systems [15], where a sys-
tem plays against an environment (e.g., controller synthesis [10],
robotic planning [8], network routing [6], etc.).

In bidding games [2, 3, 11, 12], each player has a budget (a real
value in [0, 1], where the sum of the budgets is assumed to be
normalized to 1) at any given moment, and the movement of the
token in each step is determined by an auction, resulting in the
higher bidder moving the token. We focus on Richman games [11],
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where the winner of the auction pays their bid to the loser (see
e.g., [4] for other bidding mechanisms).

Bidding games are useful for modelling settings where agents
compete for some resource (e.g., money, computational resources,
etc.) and use these resources to direct the interaction.

A common phenomenon in bidding games is that if one of the
players accumulates a high-enough portion of the budget, that
player can force the game to reach any desired location. In loose
terms, “the rich can do whatever they want”. In some settings
this phenomenon is desirable, e.g., when modelling the interaction
between an attacker and defender of a security system, and the
budget is computational resources — nothing prevents either party
from hogging resources in order to win. In many other settings,
however, the players operate under some regulating entity (e.g., a
scheduler in an operating system, or monetary regulation), which
prevents the accumulation of excessive wealth in order to achieve
some fairness, or to inspire active participation in the game.

A standard means to regulate wealth is to redistribute some of
the wealth of the rich to the poor, a la Robin Hood’s steal from the
rich and give to the poor [9, 16]. Note that this is not the same as
taxation in that in standard taxation it is not at all clear that taxes
go to the poor, nor is it the case that the poor are not taxed.

In this work, we introduce a variant of bidding games called
Robin Hood bidding games which incorporates wealth regulations.
In a Robin Hood bidding game, each auction is preceded by a wealth
redistribution phase: the richer player pays the poorer player a con-
stant fraction (denoted A) of the difference between their budgets.
The classical model of bidding games then corresponds to A = 0.
We only consider 0 < A < % as A > % would mean that the richer
player becomes the poorer (or equal, for A = %), which is of little
motivation.

Example 1.1. Consider the game depicted in Figure 1, starting in
Uleft, Where the target for #1 is v1. The wealth redistribution factor
. 1
isA=gz.

8
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Figure 1: A Robin Hood game. The target for #1 is v;.

Observe that #1 wins if the play reaches v1, and loses if it reaches
vy or oscillates indefinitely between vjeg; and vygp;. Recall that we
assume the sum of budgets of the players is 1. As we show in
Section 3, #1 needs a starting budget of at least 0.7 in order to win.
We demonstrate why #1 loses when starting with 0.6. At a glance,
the optimal strategies for the players induce the play in Figure 3.
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Figure 2: Threshold of v.¢ in Figure 1 as a function of A.

Starting with budgets (J-$), the first step is to apply wealth
redistribution (WR, for short). Since A = % and 0.6 — 0.4 = 0.2, then
#1 pays 0.025, so the new budgets are ({-372 ). Note that if #1 loses
the bidding at v, she loses the game. Therefore, she must bid at
least 0.425 (we use the common assumption that ties are broken in
favor of #1). Fortunately, she has sufficient budget for this bid. She
moves the token to vyigh¢ and the new budgets are ({32 ) (see (1) in
Figure 3). Next, WR is applied (with #2 paying). In vy}, #2 must
win the bidding, or he loses the game. To do so, he must bid strictly
more than #1. He bids 0.2375 + 0.001 = 0.2385, wins the bid and
moves the token to vjeg (see (2)). Then, WR leaves #2 as the richer,

and he wins the game (3) by out-bidding #1 and moving to vy.

WR &) WR (2) WR (3)
(64) = (633) — (083) — (6%5) — (6:528) — (0513) — @
—— —— —_—— —_—— —_—— ——
Yleft Yleft Yright Yright Yleft Yleft

Figure 3: A losing play for $1.

The central question in the study of bidding games is the exis-
tence of a threshold function for the game: a function that assigns
for each vertex v a value Th(v), such that if $1 starts with budget
more than Th(v) then she wins, and if she starts with less than
Th(v), she loses. It is shown in [4] that every reachability bidding
game has a threshold, and finding its value is in NP N coNP.

We extend the known results regarding the existence of thresh-
olds for reachability bidding games, and show that every Robin
Hood reachability bidding games has a threshold (Section 4). We fur-
ther show that computing this threshold can be done using Mixed
Integer Linear Programming (MILP). Additionally, unlike previous
works, we discuss what happens when the initial budget equals
exactly the threshold (Section 5). We find, surprisingly, that the
game might not be determined at the threshold (i.e., neither player
has a winning strategy), a behavior that does not occur in standard
bidding games where #1 wins ties (nor in general turn based games
without concurrent biddings [13]). Apart from the result itself, we
believe it is important to draw attention to discussions about the
behavior at the threshold. Indeed - it is often the case that optimal
strategies work by reaching certain vertices exactly at their thresh-
old. Still in Section 5, we show that given the threshold function
and a vertex v, we can decide in polynomial time if the game is
undetermined at v with budget Th(v), and if not — who the winner
is.

In addition to these contributions, we observe curious behavior
of the threshold function when A is treated as a parameter. Specifi-
cally, in Section 3 we conduct an elaborate analysis of the example
in Figure 1 and show that this function might be discontinuous
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(see Figure 2). We also demonstrate a toolbox for analyzing specific
games when A is a parameter.

Due to space constraints, some proofs and remarks appear only
in the full version [1].

2 PRELIMINARIES

A graphis G = (V,E) where V is a set of verticesand E C V X V is
a set of edges. For v € V we denote by I'(v) = {u | (v,u) € E} the
set of neighbors of v. If T'(v) = @ then v is a sink.

A Robin Hood reachability bidding game is G = (G, vg, Xinit, 4, T),
where G = (V,E) is a finite graph, vg € V is an initial vertex, xjyit is
#1’s initial budget, A € [0, %) is the wealth redistribution factor, and
T C V is a set of target vertices for $1. We assume for convenience
that the vertices in T are sinks. We sometimes omit vy and xjpjt,
when the discussion is not limited to specific initial vertex and
budget.

Intuitively, the game is played between 2 players as follows. At
each step, a token is placed on a vertex v € V (initially vg), and
each of the players has a budget, the budgets being described by a

vectorw € [0, 1]? (initially lfi,‘g;it )), For clarity, we denote vectors
in bold (e.g., v).

The game proceeds in steps, each consisting of the following

phases:

(1) Wealth Redistribution (abbreviated WR and denoted R‘)
Each player’s budget is updated using the operator

R(x)=(1-2)x+2

(2) Bidding: Each player (concurrently) makes a bid within their
budget. The player with the higher bid b wins the bidding (a
tie is broken in favor of #1) and pays b to the other player.
The budgets are updated accordingly.

(3) Moving: The player who wins the bidding moves the token
to a neighbor of v of their choice.

We remark that i can be viewed as the linear operator on vectors
1-2
A

have R (1%5) = ((1512:1??1)’_(;/}”) We abuse notation and use

given by the matrix ®= ( 1 f A)' Indeed, in this view we

either view as convenient.

Formally, a configuration is a pair (v, x) € (V x [0, 1]) where v is
the current vertex and x is #1’s budget (so the budget for #2 is 1 —x).
A strategy! for # 1 is a function o7 : Vx[0,1] — [0, 1]xV describing
for each configuration (v, x) a bid b € [0, 1] and a neighbor u of
v. That is, if 01(v,x) = (b, u) then we require b < ﬁ‘(x) (as #1’s
budget during the bidding is k(x)) and (v,u) € E. A strategy oy
for #2 is defined similarly, changing the budget requirement to b <
k(l —x), as %(l —x) is #2’s budget. Given an initial configuration
(vo, xinjt) and strategies o1, 02 for #1 and #2 respectively, their
induced play, denoted play(o1, 02, v, Xinit) = (v0, X0), (v1,%1), - - -
is a (finite or infinite) sequence of configurations defined as per the
steps above. Specifically, xo = xjnit, and for every n > 0, if v, has
no outgoing edges, the sequence terminates. Otherwise, consider
(b, u;) = oi(vo, R‘(xn)) for i € {1,2}. Then, if b; > by we have

!Note that our definition is restricted to memoryless strategies. Since we consider
Reachability objectives, this is sufficient.
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(0n+1, Xn41) = (ur, R(xn) = b1) and if by < by then (vp41, xns1) =
(ug, R (xn) + by). If the play reaches T then #1 wins the play, and
otherwise #2 wins. For i € {1, 2}, a strategy o; is winning for Player i
from (vp, xinit) if for every strategy o1—; for Player 1—i, the induced
play is winning for Player i.

Observe that the initial budgets of the players sum to 1. Moreover,
their sum is maintained by the WR operation and after each bidding.
Thus, their sum remains 1 throughout the play.

Given (G, A, T), a threshold function is a function Th: V' — [0, 1]
such that for every (v, xinit) the following holds for the game
<G3 0, Xinit, A’ a>:

o If xinit > Th(v), #1 has a winning strategy from (v, xin;t)-
o If xinit < Th(v), #2 has a winning strategy from (o, Xinit)-

We call Th(v) I-strong if an initial budget of exactly Th(v) wins
for #1, and 2-strong if it wins for #2. If neither is true (the game is
undetermined at the threshold), we call the threshold weak.

3 AN ENLIGHTENING EXAMPLE

In this section we expand the discussion regarding the game in
Figure 1. This serves to gain familiarity with the model, but in
addition — enables us to prove certain interesting properties of
Robin-Hood games, namely Corollary 3.1. Moreover, the tools we
present may be of use in analyzing other games (c.f., Remark 3.2).
We remark that this section is quite technical, and the rest of our
results do not depend on it. Thus, algebraically-averse readers can
safely skip to Section 4 if they so choose.

We are interested in finding a threshold for vjeg specifically, as a
function of 1. We denote this threshold by 7(4).

For A = 0, it is shown in [4] that % is a 1-strong threshold. Intu-
itively, this budget allows #1 to ensure the play oscillates between
Oleft and vyjgp, with her budget increasing with each move to vjeg;,
until it is high enough to allow her to win two consecutive biddings
and reach v1. In the following, we show the existence of a threshold
7(A) for every A.

A play can end by either reaching v; or vy (and #1 wins or loses
respectively), or oscillate infinitely between vieft, vrjght, in which
case #1 loses. Regardless, a play can be described by a finite or
infinite sequence of iterations, each comprising four phases: (1)
WR in vjef; (2) bidding in vjeg; (3) WR in vpgn; and (4) bidding in
Oright- This sequence can be finite and be followed by a move into
v or v which ends the play, or be infinite. For the n’th iteration,

we denote the budget vectors as follows. In vjg: w( n) ‘Evnr)left’
(r;lit and w\(’vr Jright
for vigp;. We also denote the first entries of these vectors, that is,

(n) (n) (n) ()
#1’s budgets, by Fleft > Fwr left xright’ X, right”

and w

before and after WR, respectively; and similarly w

3.1 Alternative Tie Breaking

It is useful to first consider the case that ties are not always broken
in favor of #1, but instead in favor of #1 when in v}, and in favor
of #2 when in Oright (resulting in moving from vjef; to vpjgpy and
vice-versa).

We describe optimal strategies o1, o2 for the players and their
resulting play. At any iteration n, when in v}, and about to bid, if

N

1 11 i1
wrleft < 2 then #2 can bid 5 + € and move to vz, so #1 instantly
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loses. For this reason we only consider initial budgets of at least %
for this example. Note that having a budget of at least % before or
after WR is equivalent, and the same for a strict inequality. That is,
x> 7 if and only if k(x) > 5 and R‘( ) = If‘lf'l has at least 1,

she can win the bidding by matching i'2 s budget namely bidding
(n)

L= X tet

that amount to #2, and moves to vigpy. Similarly, when in v

(n)
wr,right

Moreover, she must do so or lose the game. #1 then pays

and about to bid, #1 wins instantly if x > 3, and otherwise

#2 pays xm

wright to #1 and moves to vjeg.

Starting with w(o) = ( 13’2;;“ ) the sequence of vectors (while

oscillating between vlefy and vyjgpt) can therefore be described with

the following steps (viewing Rasa matrix):

(Step ) w = kw(n) (Step 2) wfi’;)ht = Bleftw\(v’ir,)left
(n) _ (n) (n+1) (n)
(Step 3) Wy ighe = kwright (Step Wy = BrightW.,p right
Where
1 -1 2 0 1-4 A
Bleft = (0 9 ) Brigl’lt = (_1 1) R = ( A 1- /l)
Overall, wl(:ﬂ”) - Mwl(e';t) for the matrix M = Byjgp; R‘Bleft &, which

depends on A. The matrix M has two eigenvalues:

2A-2
. E‘l’al = 1, with the (normalized) eigenvector E}*¢ = ( ‘%7:? )

113

. Egal =161% — 161 + 4, with the eigenvector Ey®¢ = (71).
Recall that the budget vectors belong to the affine subspace
W = {(x,y) € R? | x + y = 1}, which is invariant under M. Every
vector w € W can be written as a linear combination of the form
w = EJ®¢ + cE}®€ for some ¢ € R. Indeed, since E}*¢ € W and EJ*¢
is the slope of x +y = 1, we have that W = {E}* + cE}*¢ | ¢ € R}.

We then have Mw = E}*¢ + cEValE"eC E}®C + EVal (w — EJ®°).
" . _ ,1 2
Projecting this on the first coordinate and denoting xgx = 55,
for every n we have xfe';:” = next (xfer;t)), where next(x) = xg, +

EZal (x — xgy), and overall
n
xl(e,i‘t) = Xix F (Elal) (Xinit — Xfix)

(n)

1
wr,right > 3 is met for some n (and the play does

not end before that), 1 wins. Similarly, if x\fvr)le "
MO ’

Xt %) then #1 loses. If neither of these occurs for any n then
the play is infinite and #1 loses.

If the condition x

< E (equivalently,

> % as
(n)
left
obtained by

It is convenient to phrase the win condition xm

wr,right
oy n
a condition on x( )

Lot » Which allows the analysis to focus on x,

(n) (n)
only. Note that Xyor right is an injective function of x| ¢,

projecting the operator %Bleftk on the first coordinate. Its reverse

function, denoted ™V (x), satisfies x(n) frev ( ‘(V';)nght) Itis easy
to verify that f™V(x) = 4’12(;3—’“1’;;1, and it is increasing for all x.

Therefore, 1 wins in the n’th iteration if and only if x(n) > freV( %)
It follows that #1 wins the play if and only if there ex1sts n such
that x(n) > fre"( ) and x(" ) > % forall n’ < n.
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We now split the analysis according to the value of A. Specifically,
according to whether E‘Z’al is the dominant eigenvalue, i.e., whether
A< ‘—1} orl > 4—1.

The case % <A< % In this case, frev(%) > 1 and therefore

#1’s winning condition is never met, and she loses for every initial

budget.
The case 0 < A < ‘—1}. In this case, we have E;’al > 1. Recall that
Xfix
that it is the threshold vector, that is, x5, = ﬁ:g is a (2-strong)

threshold. Note that xgy is increasing and continuous in A, and
equals % for A =0and % for A = %.

) is an eigenvector with eigenvalue 1, and we claim

Recall that xl(erflt) = Xgyg + (E;al)n (xinit — Xfix)> and #1 wins if
and only if this value goes above f reV(%) (and does not go below %

before that). We now have % < % < xgg < (%) < 1. It follows
that:

o For xjnit = xgy, we have xl(e';t) = xpyg < frev(%) for all n, and
so #1 loses.
e For xijnit > xgy, the sequence xl(e’;t) increases unboundedly,

eventually above f reV(%), at which point #1 wins.
e For xjnit < Xgy, the sequence decreases unboundedly, even-
tually below %, at which point #1 loses.

We remark that this eigenvalue analysis also gives us insight re-
garding the behavior of the budget vectors throughout the play (see
the full version for the details).

3.2 Correct Tie Breaking

We now return to the original tie breaking mechanism, where all
ties are broken in favor of 1. The analysis is therefore changed to
reflect the fact that in vjgp;, #2 must strictly outbid #1 in order to
control the movement of the token.

In particular, When in vy, and xxgvr;,)right < %, #2 must bid
strictly more than xvar;,)right’ ie. x\i/r;,)right
that thus far, our analysis considered fixed optimal strategies, and
hence a single play. Now, however, each strategy of #2 may choose
different values for the €,’s, thus inducing multiple plays that need
to be analyzed.

The full analysis can be found in the full version. As it turns out,
the values of the threshold remain unchanged, but the result of the
game when starting with initial budget of exactly the threshold
changes in favor of #1 for the case 0 < A < %.

In conclusion, we have that the thresholds are the following:

e For0 < A< ‘—11: (d) = % (increasing from % to %, 1-strong
threshold)

e For A = %: 7(A) = 1 (1-strong threshold)

e For % <A< %: 7(A) = 1 (2-strong threshold)

+ €5, for some €, > 0. Note

Note that 7(A), depicted in Figure 2, is discontinuous at A = % ,
which gives us the following.

COROLLARY 3.1. There exists a game G and vertex v such that the
threshold function of v is discontinuous as a function of A.

REMARK 3.1. The behavior of T in this example can be given an
economic interpretation: after a certain threshold (namely A = %), the
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threshold (suddenly) becomes equivalent to that of any % <A< %
This suggests that beyond a certain threshold, it no longer helps anyone
to impose more tax. Naturally this does not fully extend to real-life
economics, but it is a curiosity nonetheless.

REMARK 3.2. The analysis carried out in this section crucially
depends on obtaining a characterization of the play resulting from
optimal strategies as a linear dynamical system. Since analyzing such
systems is notoriously difficult, especially in high dimensions [14],
automating this analysis algorithmically seems out of reach. Nonethe-
less, the tools we develop in this section may be used in other examples.
Specifically, starting with alternative tie-breaking to avoid sinks, and
using the dominant eigenvalues as a guide to the long-run behavior.

4 EXISTENCE OF THRESHOLDS

The analysis in Section 3 demonstrates the threshold function for a
specific game, but does not give a general technique for computing
thresholds, nor shows that they always exist. In this section we
present our main result, namely that every game has a threshold
function.

The section is organized as follows. In Section 4.1 we describe an
invariant dubbed the average property which gives a lower bound
on the threshold. In Section 4.2 we restrict the discussion to games
played on directed acyclic graphs (DAGs), in which case there
exists a unique function satisfying the average property, and it
constitutes a threshold. In Section 4.3 we turn to general graphs,
and show the existence of a threshold by a reduction to the setting
of DAGs. In Section 4.4 we show that the threshold satisfies the
average property, and is obtained as the point-wise maximum over
all functions satisfying this property. Finally, in Section 4.5 we use
this characterization to compute the threshold using mixed-integer
linear programming (MILP).

4.1 The Average Property

Consider a game G = (G,A, T), and assume it has a threshold
Th: V — [0,1]. For a sink v € T, it holds that Th(v) = 0, since
starting at the target, #1 instantly wins for any initial budget. For
a sink v ¢ T, we have Th(v) = 1, since #1 instantly loses for any
initial budget.

For a non-sink v € V, Th(v) relates to the minimum and maxi-
mum values of Th among v’s neighbors as follows. Intuitively, if
1 wins the bidding at o, it is optimal for her to choose the next
vertex to have a minimal threshold. Similarly, #2 would choose the
maximal threshold. As we show in this section, the budget needed
during the bidding phase in v for #1 to win the game turns out to
be exactly the average of these two values, and so the threshold
(which is the budget before WR) is obtained by applying the reverse

map R on this average (where Rt (x) = %). We remark that

similar average properties typically arise in bidding games [2].
Definition 4.1. Let G = (V,E) be a graph, T C V a subset of the
sinks, and f: V' — [0, 1]. For a non-sink v € V, let

and o~ =argmin f(u)

uel'(v)

ot = argmax f(u)
uel'(v)

(we choose arbitrarily if the extrema are not unique). Let

fog(@ = LT ) = B (gl
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We say that f satisfies the average property if for every v € V:

0 veT
If v is a sink, th = .
e If v is a sink, then f(v) {l veT
0 fpre(v) <0
e If v is not a sink, then f(v) = | fpre(v) fpre(0) € [0,1]
1 fore(v) > 1

Equivalently, f(v) = max(min(fpre(0), 1), 0)

Note that the “artificial” introduction of 1 and 0 as limits makes
sense both because f’s range is [0, 1], but also semantically. For
example, if fire (0) < 0, it can be viewed as “§ 1 does not even need 0
in order to win, so 0 is certainly enough”. Formally, since k‘(x) isan
increasing function, we have in this case that R‘(O) > R‘( fpre(v)) =
favg(v). Therefore, starting with budget 0, during the first bidding
#1 has more than fayg (v). In the following we show this is enough
for #1 to win. The analysis for fpre(v) > 1 is similar.

The following lemma provides a clear motivation for the average
property and its relation to thresholds. Intuitively, it states that if
f satisfies the average property, then starting from xjnit > f(vo),
#1 can guarantee that the current budget always remains above
f(v), and dually for #2 staying below f(vp). At first glance, this
may seem to suggest that every function satisfying the average
property is a threshold. This, however, is generally false: there may
be multiple such functions, while the threshold is clearly unique.

LEMMA 4.2. Let G = (G,v0, A, T) be a game, and let { be a function
satisfying the average property. There exist strategies o1, oo for Players
1 and 2, respectively, such that the following holds.

(1) If xinit > f(vo) then for every strategy o, of §2, every config-

uration (v, x) in play(a1, 0}, 00, Xinit) satisfies x > f(v).
(2) If xinit < f(vo) then for every strategy o1 of #1, every config-
uration (v, x) in play(o], 02,00, Xinit) satisfies x < f(v).

PROOF. Assume xjpit > f(v9). We describe o7 inductively. Let
(v, x) be a configuration such that v is not a sink and x > f(v). Then

f(v) <1, and in particular f(v) 2 fore(v) (as either f(v) = fpre ()
or f(v) = 0> fyre(v)). After WR, §1 has budget
R0 > RU©) 2 R(fpre () = favg(0)
We now describe the bid of #1. Let
PIRPI (CaLSiCa

#1 bids fi (v) (note that fyi (v) < favg(0)). If she wins the bidding,
she moves to 0™, at which point her budget is x” satisfying

¥ = R) - faw(®) > fivg(©) — e (0) = F(07)
As desired. Dually, if 1 loses the bidding, then #2 bid more than
fair (v), so #1’°s new budget is x” satisfying

x> RO+ g (0) > favg (0) + far(0) = f(0")
and the invariant is maintained regardless of the vertex #2 chooses
to move to (since v has maximal value of f among the neighbors).
Next assume xjnit < f(v9), we describe o3. Given (v, x) such
that x < f(v), we have in particular f(v) > 0, and so f(v) <
fore (0). After WR, #1 has budget R (x) < R(f(0)) < R(fore (0)) =
favg () = f(0*) = faier (v) < 1—fgigr (v). Thus, §2 has budget at least
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faige (v). He bids that amount, and upon winning moves to v*. If §1
wins the bidding, her new budget is x” < favg(0) — faig (v) = f(07)
and so the invariant is maintained in the next vertex regardless of
#1’s choice (since v~ has minimal value of f among the neighbors).
If #1 loses the bidding, she has less then f(v"), as desired. O

Consider a function f satisfying the average property, and recall
that #1 wins in a play if and only if a vertex v € T is reached.
Such vertices satisfy f(v) = 0 by Definition 4.1. Thus, if every
configuration (v, x) in a play satisfies the invariant x < f(v), then
it cannot hold that f(v) = 0 for any vertex in that play, i.e. the play
does not reach T. Using Lemma 4.2 we then have the following.

COROLLARY 4.3. Let G be a reachability game, and let f be a
function satisfying the average property. If xinit < f(vo), then %2 has
a winning strategy.

Note that a dual argument for #1 winning when xijnit > f (o)
fails, as her losing does not require reaching f(v) = 1.

4.2 Games Played on Directed Acyclic Graphs

In this section we restrict attention to directed acyclic graphs
(DAGs), and show the existence of thresholds in this case. We rely
on these results in Section 4.3 where we generalize to all graphs. In-
tuitively, for a DAG, the restrictions given by the average property
uniquely define a function inductively from the sinks backwards,
and By Lemma 4.2 it constitutes a threshold. Hence, we have the
following result (the complete proof can be found in the full ver-
sion):

LEMMA 4.4. Consider a game G = (G, A, T) such that G is a DAG,
then G has a unique function that satisfies the average property, and
it is a threshold function.

Example 4.5. We illustrate Lemma 4.4 in Figure 4 with 1 = %

(the names of the vertices are relevant for Section 4.3). Observe
that for A = % we have kl(x) = %x - %. Thus, in (v1,1) we
have Thyyg(v1,1) = % so Th(v1,1) = %—1(%) = % In (vg, 1) we
have Thayg (00, 1) = 1, s0 Thpe = Q‘l(l) = % > 1, and therefore
Th(op, 1) = 1. Finally, Thayg(00,0) = 3 s0 Th(vy,0) = R~1(3) = .

Figure 4: A DAG (in this case, a tree) and the unique values
satisfying the average property, forn=2and 1 = é.

4.3 Games Played on General Graphs

We are now ready for our main result.

THEOREM 4.6. Every game G = (G, A, T) has a threshold function
which satisfies the average property.
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Proor. We construct a function Th(v), show that it satisfies the
average property, and that it constitutes a threshold function.

The first step is to reduce the setting to that of DAGs. Denote
G = (V,E) and let n € N. We turn to define a game that is played on
a DAG (specifically, the unravelling of G for n steps) and, intuitively,
corresponds to the objective of winning in G within at most n
steps. Consider the DAG D,, = (V x{0,...,n}, E,), where E,, =
{(ui,vi+1) | (w,0) € E,0 < i < n—1}. As an example, the underlying
graph of the game depicted in Figure 5 yields the DAG depicted in
Figure 4 for n = 2.

Next, we define the game G, = (Dp, A, T X {0,...,n}). By
Lemma 4.4 we have that G, has a threshold function Th,.

Let v € V. We consider the relation between Thy, ((v,0)) and
Thp+1((v,0)). Assume #1 has a winning strategy o for Gy, starting
in configuration ((v, 0), xinit). Following o7 ensures, in particular,
that the play does not reach (V x {n})\ (T x {n}), as those are sinks
not belonging to the target. Observe that Dy is obtained from Dy,
by (possibly) adding outgoing edges only from (V x{n})\ (T x {n}).
The strategy o7 therefore wins, starting in ((v, 0), Xinjt), in Gn+1 as
well. Intuitively, winning G in at most n steps particularly wins it
in at most n + 1 steps. Thus, Th,((v,0)) > Thy41((0,0)), i.e., the
sequence {Th,((v,0))};", is non-increasing. This sequence is also
bounded from below by 0, and therefore converges. We define the
threshold Th for G as the pointwise-limit

Th(v) = lim Tha((2,0))

Next, we prove that Th satisfies the average property. For a sink
v € T,we have Th,((v,0)) = 0 forall n (since (v,0) € Tx{0,...,n}),
and so Th(v) = 0 as needed. For a sink v ¢ T, we have Th,(v) =1
for all n (since (v,0) is a sink in D, and does not belong to the
target), and so Th(v) = 1 as needed.

For the following, fix a non-sink v. We need to show (as per Def-
inition 4.1) that

Th(v*) + Th(o™
Th(v) = max (min (%1 (%),1),0) (1)
Note that (v, 0) is not a sink in Dy, for all n > 1. For every n > 1, let

o} = argmaxTh,(u) and

uel (v)

v, = argmin Thp(u)

uel (o)
For every u € I'(v), consider the sub-DAG of D, starting in (u, 1).
Observe that this sub-DAG is isomorphic to the sub-DAG of D,,_1
starting in (u, 0) (with the difference only being the indices of the
levels). It follows that Th,((u, 1)) = Thp—1((u, 0)). By the average
property for G, we have that Thy, ((v,0)) is:

max (min (&_1 (Thn—l((v?;, 0)) ;Thn—1((v;, 0)) ) , 1) ’ 0)

Note that this is continuous as a function of Th,—1((¢},0)) and
Thp—1((v,,,0)). In order to show Equation (1), it is therefore enough
to show

Jim Thy,_1((07,0)) = Th(v") @)
Jim Thy-1((v,,0)) = Th(v™) (©)

We show that Equation (2) holds, and the proof for Equation (3)
is analogous. Note that v} might be a different vertex for each n,
and so the left hand side of Equation (2) does not describe the
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limit of thresholds for a single vertex. Intuitively, however, there
is a set of vertices that appear infinitely often in this limit whose
corresponding limits are all equal, which enables us to conclude
the claim (see the full version for the explicit argument).

Finally, we show that Th is a threshold function for G. Assume
G starts in (0, Xjnjt)-

If xjnit > Th(v) then there exists n such that xju;; > Thy(0),
meaning #1 has a strategy that wins in at most n steps, and in
particular wins in G.

If xinit < Th(v), then since Th satisfies the threshold property, it
follows from Corollary 4.3 that #2 has a winning strategy. O

4.4 Characterization of Thresholds in Terms of
the Average Property

Recall that for games played on DAGs, the threshold is the unique
function satisfying the average property, and it can be computed
inductively from the sinks. For general games with A = 0, it is
known [4] that there is still a unique function satisfying the average
property, and that finding the threshold is in NP N coNP (and in P
for graphs with out-degree 2).

In stark contrast, this uniqueness no longer holds in Robin Hood
games for A > 0, as we now demonstrate. Consider the game in
Figure 5, with 1 = %. It can be verified that the numbers on the
vertices are the thresholds. However, for any ¢ € [0, 1], the function
defined by f(vp) = t and f(v) = Th(v) for v # vy satisfies the
average property. Indeed, this can be easily checked for v # vy (and
also follows from Lemma 4.4, since from without vy the game is a
DAG). For vy, note that %l(x) =2(x— ‘—11) =2x — %, so

1
Sore(00) = B! (fuvg (00)) = B! (”TZ) =t=f(o0)

and since f(vg) € [0, 1], the average property holds.

Figure 5: Infinitely many functions satisfying the average
property, for A = i. The numbers are the thresholds.

0o, 1

As mentioned above, the threshold in Figure 5 satisfies Th(vg) =
1, which coincides with the maximal value of ¢. As it turns out, this
is not a coincidence.

THEOREM 4.7. Consider a game G. The threshold Th is the point-
wise maximum over the functions satisfying the average property.

ProOF. Let A be the set of functions satisfying the average
property and let m(v) = suprc 4 f(0). Since Th satisfies the av-
erage property, we have Th(v) < m(v). We additionally have
f(v) < Th(v) for every f € A; indeed, assume by way of contradic-
tion that Th(v) < f(v), and let Th(v) < xjpit < f(v). By the thresh-
old definition, #1 has a winning strategy, but by Corollary 4.3, #2
also does. Therefore, m(v) < Th(v), and overall Th(v) = m(v). O
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4.5 MILP for Computing the Threshold

While Theorem 4.6 shows the existence of thresholds, it uses a
limit and is therefore not constructive. However, using Theorem 4.7
we can algorithmically compute the threshold using mixed-integer
linear programming (MILP).

THEOREM 4.8. Given a game G, we can efficiently construct a MILP
instance I whose solution is the threshold function for G.

Proor. Consider a game G with vertices V = vy,...,0m,. The
average property can be readily expressed as a set of constraints on
the variables Th(v) for every v € V containing linear and min/max
expressions (as per Definition 4.1). Observe that this complies with
MILP, since e.g., the expression min{xj, xz} can be removed by
introducing a new variable X, a variable b € {0, 1} and the following
constraints:

X<xiAX<xoAX2x1—-2M(1-b) AX > x2 —2Mb

Where M is a bound such that |x1], |x2| < M. In our case, M =
R (1) is such a bound. Indeed, the first two constraints ensure
X < min{xy, x2}, and the latter two ensure that either X > x; (if
b =1)or X > x (if b = 0). The choice of M ensures that the two
latter constraints are satisfiable.

Finally, we maximize the objective ), ¢y Th(v). The solution
then equals the threshold by Theorem 4.7. O

Example 4.9. We demonstrate the construction of the MILP for
the game depicted in Figure 5. For each v;, we use a variable v; to
represent the value f(v;). The resulting MILP is in Table 1.

l maximize v1 + v2 + 03 + 04 subject to: ‘

(Cl) |va=1A03=0
(C2) Ul:SZ)z/\Z)l_SU?, B B B
0] +2 vy — 2M(1+— b)) Aol > 03 — 2Mb]
(©3) —v; < U2 A-v] <03
—Uf > —vg +2M(1 — b;r) A —Uf > —u3 +2Mb;'
P e
o) < & (%)Au;s1
CO st (o IM(1 =) A0 > 1—2Mb!
0= 2 )~ —bp)Avp 21— 1
- - ’ -
(C5) v < u}/\ 01 <0
—01 2 —U; +2M(1=by) A —vy = 2Mby
vy S U AV, S0
vy 200 —2M(1—=by) Aoy > 01 —2Mby
—ug < —vp A —ug < 01
-0y 2 —vg +2M(1 - b}) A —of = —oy + 2Mb}
—_ oy
o) | oy < BT (552 ) Agp <1
-1 (ot+oy
’ ’ ’ ’
o= R (%)—ZM(l—bo)/\vo > 1 - 2Mb}
—vp < —vj A —vg £ 0
—0p > —1)6 +2M(1 = bg) A —vg = 2Mbyg
(C7) | by, b7,b],b1,by, by, b, bo € {0,1}

Table 1: The MILP for Example 4.9

(C1) expresses the average property requirement for the sinks.
For the non-sink o1, the requirement of the average property in-
volves o], which can attain the value of either v or v3, and therefore
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introduces a new variable? and the constraints in (C2). The binary

variable b gets the value 1 if v, = min(v,v3), and 0 otherwise.

The constraint (C3) similarly set v;' = — min(—vg, —v3). Next, (C4)
-1

serves to express v1 = min (R ) , l), and (C5) deals with

the maximum with 0. (C6) describes the analogue of (C2)-(C5) for vy.
Finally, (C7) puts the integer constraints on the various b; variables.

-
vy +0;

2

We remark that in particular, we can solve a decision version
of finding the threshold (i.e., comparing it to a given bound) in
NP. Additionally, it is not hard to construct games for which the
set of functions that satisfy the average property is not convex.
This suggests (but does not prove) that formulating the problem in
Linear Programming, or indeed finding a polynomial time solution,
is unlikely.

5 INITIAL BUDGET OF EXACTLY THE
THRESHOLD

Recall from Section 2 that the definition of a threshold function
only considers the behavior strictly above or below the threshold.
In this section, we study the behavior exactly at the threshold. We
present two results. First, surprisingly, we show that when starting
with exactly the threshold the game can be undetermined (i.e., no
player has a winning strategy). Next, we show how to decide in
polynomial time whether the threshold in each vertex is 1-strong,
2-strong, or weak.

Example 5.1. Consider the game in Figure 6a with A = %. Here 04
stands for an initial vertex of some game with a 1-strong threshold
of % (e.g., the game depicted in Figure 6b). The only solution
to the average property then gives Th(vg) = %. We claim that
starting with xjit = Th(vg), the game is undetermined. Indeed,
fix a strategy for 41, we show that #2 can counter it and win. We
remind that for a vertex v we have Thyg(v) = w, and
that the reachability objective allows us to restrict the discussion
to memoryless strategies. In vo:

e If #1 bids at least 11—8 = Thyig(v0), #2 bids 0. 41 wins the bidding
with a resulting budget of at most Th(v;) = Th(vo) = %. If she
moves to v1, she has strictly less than the threshold Th(v;) = 118
and she loses. If she stays in v indefinitely, she also loses.

e If #1 bids & — € for € > 0, #2 bids 7x — §. He wins the bidding
and moves to 01, where #1’s budget is Th(v1) - §, so #1 loses
again.

Conversely, fix a strategy for #2, and we show that #1 can counter

it and win. In vg:

e If #2 bids at least 1_18 = Thy(vo), #1 bids 0. #2 then wins the
bidding, and #1 has at least Th(vg) =Th(v;) = 1—78. If #2 stays in
o then #1 has strictly more than the threshold and she wins. If
#2 moves to vy, #1 still wins since Th(v;) = % is 1-strong.

o If 2 bids %8 — e fore > 0,%1 bids %8 - % She wins the bidding
and stays in g, but increases her budget to Th(vg) + §, allowing
her to win.

We conclude that no player wins from vy with xjnjt = %.

2Observe that for games with out-degree at most 2, we can exploit the symmetry
between v; and U;’, in that we do not need to encode which is the minimal and which

is the maximal.
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(ki3 @00

(a) Undetermined game (b) A game with threshold % for A = %

Figure 6: A game undetermined at the threshold for 1 = %

We now turn to show that it is decidable in polynomial time
whether the threshold at a vertex is 1-strong / 2-strong / weak. We
start with some intuition based on Example 5.1. There, the reason
#1 does not have a winning strategy is that upon bidding Thgjs (vo)
and winning, she must go to vy = vo, so no progress is made.
Conversely, she must bid Thyjg (v) in order not to lose immediately.
The observant reader may see that if # 1 can follow a path consisting
only of transitions of the form (v, v™) until reaching T, then she
can guarantee winning from the threshold. Indeed, we show that if
there is such a path, then the threshold is 1-strong. The latter can
be easily checked using graph reachability.

Next, if this condition fails, we need to distinguish between a
2-strong and a weak threshold. We show that this distinction can
be made by reduction to a 2-player turn based reachability game,
which are solvable in polynomial time. In the following we consider
A > 0. The case of A = 0 is easier (see Proposition 5.3).

THEOREM 5.2. Let G be a game with A > 0. Given the thresh-
old function, it is possible to decide in polynomial time whether the
threshold is 1-strong, 2-strong, or weak, for each vertex.

PROOF SKETCH. We partition the vertices V as follows. V; = {v €
V | Thpe(v) < 0}1,V2 = {v € V | Thypre(v) > 1} and Vipig =
V'\ (V1 U V). By adding self loops on sinks, we have that T C V;.
We show that for v € Vi, after the first WR, #1 has budget strictly
above the threshold. Thus, Th(v) = 0 and it is 1-strong. Analogously,
for v € V;, after WR #1 has budget strictly below the threshold, so
Th(v) = 1 and it is 2-strong. It remains to consider Vy,;q.

We obtain a graph Ggooq from G by keeping only edges of the
form (u,u™) for every u~ that minimizes the threshold among the
neighbors of u. For v € V,;,;q, we show that if V; is reachable from v
in Ggood then from budget Th(v) #1 can either move along a path
to Vi1, maintaining a budget of exactly the threshold, or she might
lose the bidding and gain budget strictly greater than the threshold.
In either case she wins, so the threshold is 1-strong.

If V1 is not reachable from v in Gggod, We first show that Th(v)
is not 1-strong. Intuitively, this is because in order to leave Vg4,
the play either enters V; with at most the threshold (where #2
wins since the threshold is 2-strong), or enters V; strictly below the
threshold (and again #2 wins).

Then, in order to decide whether Th(v) is 2-strong or weak, we
show that if #2 plays optimally, then his bids are fixed at each
vertex, and maintain the invariant that the budget is always equal
to the threshold. This allows us to restrict the set of configurations
that need to be considered to a finite set, and reduces the game to
a turn-based reachability game, where the goal of 1 is to reach
V1, and V; is a sink. We prove that if #2 wins this turn-based game
then Th(v) is 2-strong, and otherwise it is weak.
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Since deciding the winner in a turn-based reachability game can
be done in polynomial time, we conclude the proof. The details
appear in the full version. O

For A = 0 things are simpler: if T is reachable then the threshold
is 1-strong, and otherwise it is trivially 2-strong. This reduces the
decision problem to graph reachability (see proof in the full version).

PROPOSITION 5.3. Let G be a game with A = 0. If T is reachable
from v then Th(v) is I-strong.

Finally, we remark that games on DAGs are determined at the
threshold (see Proposition 4.6 in the full version).

6 DISCUSSION AND FUTURE RESEARCH

Robin Hood bidding games incorporate a regulating entity into
bidding games, allowing the simulation of realistic settings that
cannot be captured with standard bidding games. The introduc-
tion of wealth redistribution comes at a technical cost: analyzing
the behavior of the game becomes much more involved (c.f., Sec-
tion 3). Nonetheless, we are able to show that the model retains the
nice property of having a threshold function, albeit the game may
become undetermined exactly at the threshold.

Apart from establishing the theoretical and algorithmic founda-
tions of this setting, our results shed light on various properties of
the optimal strategies of the players. In particular, we show that
when starting above the threshold, 41 intuitively plays on an un-
winding of the game to a DAG in order to reach T. However, when
playing exactly from the threshold, 1 needs a path to T along
which she can afford to win all the biddings.

A natural future direction is to extend our framework to infinite-
duration games, e.g., Biichi and parity games. For standard bidding
games, winning in infinite-duration games reduces to an analysis of
strongly connected components [3]. In the Robin Hood case, how-
ever, this no longer applies, suggesting that showing the existence
of a threshold function is nontrivial, if there even exists one.

One view of WR is as a mechanism for changing the budgets
of players outside the bidding phase. A different mechanism for
achieving this is, introduced in [5], designates special vertices where
agents can charge their budget. From an economical perspective,
this can be seen as vertices where a player performs some “work”
and receives a salary. Thus, combining the models would allow us
to specify a richer economic dynamics. It would be interesting to
examine whether this model retains nice algorithmic properties.

A different research direction concerns viewing wealth redis-
tribution as a form of discounting [7]: in discounting, the value
of future rewards decreases exponentially with time, according to
some discount factor A. Wealth redistribution can then be viewed as
a discounting factor on the difference of the budgets of the agents.
It may be of interest to consider other models of discounting in
bidding games, e.g., a reward model for the agents where future-
budgets are worth less than current budgets.
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