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ABSTRACT

Ethiopia’s Ministry of Health is upgrading health posts to improve
access to essential services, particularly in rural areas. Limited re-
sources, however, require careful prioritization of which facilities
to upgrade to maximize population coverage while accounting for
diverse expert and stakeholder preferences. In collaboration with
the Ethiopian Public Health Institute and Ministry of Health, we
propose a hybrid framework that systematically integrates expert
knowledge with optimization techniques. Classical optimization
methods provide theoretical guarantees but require explicit, quanti-
tative objectives, whereas stakeholder criteria are often articulated
in natural language and difficult to formalize. To bridge these do-
mains, we develop the Large language model and Extended Greedy
(LEG) framework. Our framework combines a provable approxi-
mation algorithm for population coverage optimization with LLM-
driven iterative refinement that incorporates human-AI alignment
to ensure solutions reflect expert qualitative guidance while pre-
serving coverage guarantees. Experiments on real-world data from
three Ethiopian regions demonstrate the framework’s effectiveness
and its potential to inform equitable, data-driven health system
planning.
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1 INTRODUCTION

Ensuring equitable access to essential health services remains a
central challenge for Ethiopia’s Ministry of Health (MOH). Since
the launch of the Health Extension Program (HEP) in 2003/04 [31],
the country has made significant progress in expanding basic care
delivery to rural populations. The HEP Optimization Roadmap
(2020-2035)[22] further envisions upgrading selected health posts
into comprehensive ones that can provide advanced services such
as childbirth and postnatal care (see Figure 1). However, upgrading
facilities is expensive, and the available public budget is severely
constrained [5]. Determining which facilities to upgrade thus be-
comes a complex optimization problem involving limited resources,
heterogeneous population needs, and diverse stakeholder opinions.

Recent studies have applied optimization and geospatial methods
to identify locations where comprehensive facilities are needed (3,
5, 9]. These efforts primarily focus on maximizing population cov-
erage under distance and capacity constraints (See Figure 2). Yet,
in practice, the final allocation decisions in the stepwise construc-
tion of comprehensive health posts remain dominated by expert
judgment and stakeholder negotiation, rather than by algorithmic
outputs. While human expertise captures important contextual
knowledge—such as terrain accessibility or local socio-political con-
siderations—it is often expressed in natural language and difficult to
encode into a mathematical objective function [6, 35]. It is possible
that even the advisors themselves may struggle to provide their
preferences as a fully coherent set of recommendations.

Recent advances in Large Language Models (LLMs) [4, 35] offer a
promising avenue for bridging the gap between qualitative human
judgment and quantitative optimization. LLMs can interpret and
structure unformalized expert advice, enabling algorithms to incor-
porate contextual and domain-specific reasoning that traditional
models often overlook. Nevertheless, these methods typically lack
formal theoretical guarantees on performance or stability—an issue
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Figure 1: Basic health post (left); Design of a comprehen-
sive health post that provides more essential services (right).
Source: Ministry of Health, Ethiopia.

Figure 2: ([5]) Map of Ethiopia overlaid with projected pop-
ulation estimates for 2026 (log scale). Brighter yellow areas
on the left indicate higher population densities. The map on
the right shows the locations of health facilities capable of
providing essential health services (red points). Many popu-
lations currently lack 2-hour access to such facilities [11].

that is especially critical in high-stakes domains such as public
health or infrastructure planning. In the absence of such guaran-
tees, language-based systems risk producing allocations that appear
reasonable linguistically but fail to satisfy fairness, transparency,
or policy-alignment criteria required for real-world adoption.

To address this gap, we develop a hybrid framework that couples
algorithmic optimization with language-based expert reasoning.
Our approach builds upon classical submodular maximization, en-
suring provable guarantees on coverage, while leveraging LLMs
to interpret and iteratively integrate human advice expressed in
text. The LLM acts as a bridge between formal optimization and
informal domain knowledge—translating verbal recommendations
into structured allocation adjustments that preserve theoretical
performance bounds. This integration allows the system to remain
both rigorous and human-aligned.

We demonstrate the framework in collaboration with the Ethiopian
Public Health Institute and Ministry of Health, focusing on three
regions. Empirical results show that LLM-guided iterations signifi-
cantly improve the alignment between algorithmic allocations and
expert advice, while maintaining high coverage efficiency. Beyond
this specific application, the proposed method provides a general
blueprint for embedding qualitative human preferences into quan-
titative decision-making processes.

1.1 Process Description

In Figure 3 we present the proposed method in a high level. The
process begins with the problem inputs, an initial greedy allocation,
and a list of advice sentences. These inputs are provided to a large
language model (e.g., Gemini, ChatGPT), which iteratively refine
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Figure 3: Overview of the proposed method.

the allocation strategy. The model proposes an allocation that is
optimized using a guided greedy procedure parameterized by («, ).
The resulting outcome is then evaluated, and the evaluation feed-
back is transformed into a new prompt for further refinement. This
iterative loop continues until the maximum number of iterations is
reached, producing the final optimized allocation.

1.2 Contributions

In collaboration with the Ethiopian Public Health Institute and
Ministry of Health, this work introduces the unified LEG framework
for upgrading health facilities in Ethiopia that jointly optimizes
population coverage and alignment with expert guidance. Our main
contributions are summarized as follows:

> LLM-integrated multi-objective optimization. We propose a
novel framework that embeds LLMs into a submodular optimization
pipeline, enabling the joint optimization of quantitative coverage
objectives and qualitative human advice.

> Theory-practice trade-off with controllable guarantees. We for-
malize a tunable mechanism to balance provable approximation
guarantees and adherence to expert-driven recommendations.

> Online budget adaptability. We extend the framework to handle
sequential or dynamically arriving budgets, a critical requirement
for multi-year public-sector planning.

> Real-world validation in Ethiopia. We conduct extensive experi-
ments on three regional datasets (Afar, Somali, and Benishangul-
Gumuz), demonstrating that our method maintains strong cover-
age performance while significantly improving interpretability and
stakeholder alignment.

2 RELATED WORKS
2.1 Plan-and-Execute

Many works are discussing the plan-and-execute approach where
a high-level plan is computed before the execution of the tasks
(e.g., [27, 36, 37]). Some of these works [7, 13] explore LLM-based
hierarchical planning. However, their hierarchical design primarily
serves to simplify complex problems, whereas our setting is closer
to a multi-objective framework- requiring both high-level (abstract)
performance and low-level (concrete) performance to be valuable
independently.

2.2 Multi-Objective Optimization

The field of multi-objective optimization (for overviews, see [23, 24])
provides a principled foundation for handling competing objectives
and evaluating trade-offs among them. A widely adopted strat-
egy is weighted scalarization [10, 15, 19], which collapses multiple
objectives into a single composite objective using pre-specified
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weights. Despite its broad applicability, scalarization presents a
long-standing difficulty: effectively traversing the Pareto frontier
typically demands manual or iterative tuning of these weights to
reveal different trade-off solutions. To overcome this limitation,
recent work such as [35] proposes a language-driven framework
for exploring Pareto-optimal solutions. Instead of explicitly setting
scalarization coefficients, an LLM interprets verbal feedback and ad-
justs the reward structure accordingly, enabling a more natural and
user-centric interaction with the optimization process. In contrast,
our approach operates within a hierarchically coordinated frame-
work. Here, the LLM and the solver interact symbiotically—the
LLM contributes high-level reasoning and structural insights, while
the solver provides robust low-level optimization capabilities. This
interplay allows the system to retain theoretical rigor while inte-
grating expert intuition in a seamless and interpretable manner.

2.3 Using LLMs for Reward Shaping

Recent research has increasingly explored the use of LLMs for
reward shaping and specification [18, 35]. Early systems such as
Eureka [18] demonstrated that LLMs can automatically synthe-
size reward functions directly from natural-language descriptions
of desired behaviors. Similarly, [17] shows that language inter-
faces can simplify the design of proxy rewards through interactive
refinement. The Decision-Language Modeling framework [4, 29]
extends this paradigm to societal domains, using LLMs to propose
reward formulations for public-health resource allocation. [16] pro-
posed a method to fine-tune LLM to efficiently translate natural-
language human preferences into reward functions. Although these
approaches highlight the expressive power of language-driven re-
ward design, they often risk distorting the underlying task utility,
since optimization is performed purely with respect to human-
specified or textual preferences.

To mitigate this issue, [35] integrates language-derived shaping
rewards into an existing solver’s intrinsic objective, maintaining
the base utility while progressively improving alignment with user
intent. Yet, the requirement to explicitly construct a numerical re-
ward function for every form of expert advice remains a practical
bottleneck—translating nuanced guidance into precise reward for-
mulations can itself demand significant effort and domain expertise.

2.4 Health Facility Location

Many studies have addressed health facility location problems (see,
e.g., the survey by [2]). [30] examined the allocation of emergency
health facilities while incorporating expert preferences into their
model. [8] examined the placement of health facilities in the Philip-
pines, explicitly considering trade-offs between equity and effi-
ciency in their optimization approach. [25] optimized clinic loca-
tions in Kuala Langat, Malaysia, to maximize population coverage
within 3-5 km. Other studies, such as [3, 5], focused on optimizing
health facility locations in Ethiopia. However, most of these studies
do not account for alignment with human expert preferences.

2.5 Human-AlI Alignment

Recent work has focused on aligning AI decisions with human
expertise (see [14, 26] for surveys) and aligning LLMs to better suit
human-oriented tasks and expectations (see [32] for a survey). Our
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work contributes to the literature on aligning algorithmic decision-
making with human preferences (e.g., [1, 21, 35]). However, whereas
most existing approaches rely on the explicit construction of a nu-
merical reward function, which is not always practical, our method
enables LLMs to directly guide the allocation process, bypassing
the need for an intermediate reward-function construction step.

3 SETTINGS AND PROBLEM FORMULATION
3.1 Settings

Let r € N5 denote the number of districts. Let the ground set be
V =T1 w... T, where each T; represents the set of candidate
grid cells in district i, and & denotes a disjoint union (See the ex-
ample in Section 1.1). For simplicity, we assume that all grid cells
in these districts are candidates for locating a facility.! A grid-cell
allocation is any subset S C V.

For any grid-cell allocation S C V, we define the district allocation
h(S) € N" by

hi(S)=|SNT;|, fori=1,...,r,

so that h;(S) represents the number of facilities placed in district i.
We denote by b the total budget, i.e., the number of health posts to
be upgraded in a given year.

Coverage function. Let covered(S) be the set of grid cells served
by the facilities in S. The total coverage associated with S is defined

2.

cecovered(S)

f($) = 1)

We,

where w, denotes the population of grid cell c. This monotone
submodular function quantifies the cumulative population covered
by the selected facilities.

Advice alignment function. Because the notion of “alignment
with expert advice” is inherently qualitative, defining a correspond-
ing numerical objective is nontrivial. We represent this alignment
through a function g : 2V — R that assigns a score to each grid-
cell allocation, reflecting how well the allocation adheres to the
provided human or LLM-generated advice. (Here, 2 denotes the
set of all possible subsets of V.)

For evaluation, we approximate this alignment function using a
set of advice sentences A. For each advice sentence a € A, we define
an auxiliary scoring function g : 2" — R that measures the extent
to which the advice a is satisfied. An LLM is used to define these
component functions and aggregate them into an overall alignment
metric:

Geval(5) = ", ga(h(S)). @)

acA

This construction serves as a proxy for human evaluation, enabling
language-based advice to be incorporated into a quantitative opti-
mization framework.

!This assumption simplifies exposition; our framework remains valid even if only a
subset of cells within each district are eligible, as the optimization operates on any
predefined candidate set.
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3.2 Problem Formulation

The multi-objective problem. Given the functions f and g, and a
total budget b, we define the following multi-objective formulation
that jointly optimizes population coverage and alignment with expert
advice:

max

SCV,|S|=b {f(S), g(S)}, -

This formulation captures the fundamental trade-off between quan-
titative performance (coverage) and qualitative consistency (align-
ment).

The formulation in (3) defines an idealized bi-objective optimiza-
tion problem that simultaneously maximizes population coverage
f(S) and alignment with expert advice g(S). However, since the
problem is intractable (there is no natural way to scalarize the
two objectives) it is often necessary to provide guarantees with
respect to the more measurable coverage objective. To make the
problem operational, we introduce a constrained bi-objective re-
laxation that preserves theoretical guarantees on coverage while
allowing flexible adaptation to both coverage and advice alignment.

The a—f guarantee problem. To provide theoretical guarantees
while maintaining flexibility in alignment, we introduce two control
parameters «, § € [0, 1]. Let OPT}, denote the optimal allocation of
size b that maximizes the coverage function f. We then define the
constrained optimization problem as:

{£(5). 99},

max
SCV, |S|=b

st. f(S) > (1-e"P) fopPTy). (4)

The constraint ensures that the final allocation retains at least a frac-
tion (1—e~%F) of the optimal coverage value. By adjusting a and §,
one can explicitly control the balance between maintaining strong
theoretical coverage guarantees and achieving closer alignment
with expert guidance. The parameter « defines the proportion of
selections made by the greedy approach relative to the LLM-based
approach, while f§ controls the greedy approach’s flexibility to de-
viate from the LLM allocation. The detailed operational meaning
of these parameters is discussed further in Section 4.

REMARK 1 (CHALLENGES OF MULTI-OBJECTIVE OPTIMIZATION).
Classical scalarization methods—such as weighted sums or Pareto
front exploration [10, 19]—require predefined numerical weights for
each objective, which are often unavailable when stakeholder prefer-
ences are expressed in natural language. Moreover, these approaches
treat objectives as static, whereas expert opinions may evolve iter-
atively during the planning process. Our formulation differs by ex-
plicitly integrating language-based feedback within the optimization
loop, thereby allowing the trade-off between coverage and alignment
to be dynamically adjusted while preserving provable performance
guarantees.

4 PROPOSED METHOD
4.1 Algorithm Overview

Our framework integrates optimization algorithms with LLM-driven
reasoning to balance two competing objectives: maximizing popu-
lation coverage and aligning with qualitative expert advice as in
Eq. (3). The overall process proceeds iteratively across five stages
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(Algorithm 1), alternating between algorithmic updates that ensure
theoretical guarantees and language-based refinements that incor-
porate human guidance. At a high level, it contains 5 steps, i.e.,
Step 1: A classical greedy algorithm produces an initial coverage-
maximizing (low level) grid-cell allocation. Step 2: Given the grid-
cell allocation, an LLM produces a (high-level) district allocation
using expert advice expressed in natural language. Step 3: A con-
strained greedy procedure refines the district level allocation into a
grid-cell allocation while maintaining an a-f coverage guarantee.
Step 4: The LLM receives structured feedback to improve alignment.
Step 5: The prompts themselves are iteratively optimized through
a form of “prompt gradient descent.” We detail each step below.

Step 1: Initial grid-cell Allocation (Greedy in line 3 of Al-
gorithm 1). We first allocate facilities to grid-cells using the stan-
dard greedy algorithm of Nemhauser et al. [20], which provides
a (1 — 1/e)-approximation for maximizing monotone submodu-
lar functions. The resulting allocation of facilities to grid-cells, S,
serves as the initial baseline. From this grid-cell allocation, we
extract the district allocation h(Sp), which encodes how many facil-
ities are assigned to each district (without the information about the
exact cells), and will be used to guide the subsequent district-level
updates.

Step 2: LLM-Powered district allocation (line 6 of Algorithm 1).
Next, we refine the district allocation d = h(S) using an LLM that
processes both quantitative and qualitative contextual information.
The model considers the current and previous district allocations,
budget, population statistics, and a set of expert advice sentences
A. To maintain stability, we restrict the LLM to modify the districts
of at most two facilities per iteration. The full prompt used in this
step is in the extended version of the paper [28].

This step produces a revised district allocation that respects
both expert intent and practical feasibility. A full description of the
prompting strategy is provided in the extended version [28].

Step 3: GuidedGreedy (line 7 of Algorithm 1;Algorithm 2).
We consider the district allocation d, as a vector of per-district
budget and perform a guided greedy selection (Algorithm 2) to
determine specific facility locations. In line 3 of Algorithm 2, we
initialize the set S as an empty set.

In the loop on lines 4-12 of Algorithm 2, the algorithm greedily
adds grid-cells to the set S. On lines 5-6, we compute the cells with
the maximum marginal gains, either ignoring or considering the
district allocation d, respectively. The condition in line 8 ensures
that at least [ab] cells attain a marginal gain of at least f times
the maximum marginal gains computed with no restrictions (i.e.,
ignoring d). A running example demonstrating Algorithm 2 is given
in Table 1.

After obtaining the set S;, we compute the values f(S;) and per-
district contributions f(S; N Tj) for all 1 < j < r. These values
constitute the quantitative feedback signals, Af, and Ah which are
then used to guide the next LLM iteration.

Step 4: Verbal Reinforcement via scalar, and vectors’ Com-
parison. (lines 8-9 of Algorithm 1). We quantify the change in
both coverage and allocation between iterations by computing:

Af = f(Siv1) — f(Si),  Ah = h(Siy1) — h(Si). (5)
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Table 1: Running example of Algorithm 2, inputs: & = 0.25, f =
0.5,d ={1:3,2:0} ; columns: Iter = algorithm iteration, |S|=
size of grid-cell allocation at iteration start, d= per district
budgets at iteration start, ¢c(L5) and c;(L6) = values in lines 5
and 6, L8 Check = condition outcome (line 8), Action = selected
action (line 9 or 12).

Iter | |S| d ¢ (L5) | cg (L6) | L8 Check Action
1|0 [{1:32:0}] 10 4 [0>0?No Pick ¢ (10; T3)
4>0.5-10? No
2 |1 [{1:32:0} 8 1> 0? Yes Pick cg (4;T1)
3 |2 [{1:22:0}] 8 3 [2>0?Yes Pick cg (3;T})

These differences form the basis of a new prompt to the LLM, re-
questing verbal feedback to improve future alignment. Specifically,
the Feedback in the prompt instructs the LLM to (i) describe the
observed differences and (ii) propose adjustments that enhance
both alignment with expert advice and overall coverage.

Step 5: Prompt optimization. (line 10 of Algorithm 1). Follow-
ing [35], we replace conventional parameter-space gradient descent
with an analogous update in the prompt space. We decompose each
prompt into a static and editable part:

Prompt; = Prix || Peditable, i- (6)
where Prix encodes the task template and Prgjtaple ; accumulates
iteration-specific refinements. After receiving new feedback, we
update

Peditable,i+1 = PEditable,i + Feedbackiyy, ™)
yielding the new prompt Prompt;,; = Prix || Pditable,i+1- This pro-
cedure gradually improves prompt quality and alignment consis-
tency over time. The high level of the suggested approach is given
in Algorithm 1.

Algorithm 1 LLM-Enhanced District Resource Allocation

1: Input: Budget b, advice set A, balance parameters «, § € [0,1],
available grid-cells V, prompts Prompt1, Prompt,efiection-
: Output: Grid-cell allocation Sj;,,is-
: (Init) So « Greedy(b,V)
: (Init) Update Prompt; with Sy, h(So) and the other inputs.
: for i =1 to limit do
(LLM) d « LLM(Prompt;)
(Solve) S; « GuidedGreedy(e, ,b,V,0,d).
(Compare) Compute differences Af, Ah (Eq. 5) and update
Promptreflectiow
9: (Verbal Feedback) Query LLM to generate verbal reflection.
10: (Optimize Prompt) Update Prompt;41, based on Eq. (6), (7).

[ I BN NS B N S R N

11: Return: Sy;,,i;

REMARK 2 (A HEURISTIC IMPROVEMENT FOR f§ = 1.0). When
B = 1.0, we use the following heuristic to improve the performance of
Algorithm 1: before line 6, we run the Greedy algorithm to allocate
[a - b] facilities, and provide this allocation to the LLM as a part of
the prompt in line 6 (the greedy allocation is serving as a minimum
district allocation, like we do in line 6 of Algorithm 3). We then skip
line 7 and continue with line 8. This approach allows the LLM to
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Algorithm 2 GUIDEDGREEDY(«, f,b,V, d)

1: Input: Parameters a, f € [0, 1]; budget b € N+ ; available cells
V;existing district allocation S, district budgets d € N”.

2. Output: Grid-cell allocation S.

38«8

4 while |S| < b do

5: € « arg maxyey (f(§ U {o}) - f(§)) )
6: €4 = AXGMAXpel ),y T; (FSU{h) = £(9)
7: Let jg be the district such that ¢ € Tj,

8 if [S| > [ab] or

FEULea) = £(8) 2 B+ (F(SU{e}) ~ £(3)) then
9: S —SU{cy}
10: djd — djd -1
else
Se—Su{c
: return§

leverage the greedy selection while preserving the same theoretical
guarantee.

4.2 Theoretical Guarantee

Since the coverage function f is monotone and submodular, the
standard greedy algorithm achieves a (1 — 1/e) approximation
ratio [20]. We extend this result to our hybrid framework, which
combines greedy selection with LLM-guided refinement.

Theorem 4.1 generalizes the classic result of [12]. While that
work establishes approximation guarantees for allocations closely
following a purely greedy strategy, we extend the analysis to two
dimensions: (i) arbitrary monotone submodular functions (beyond
coverage-specific objectives), and (ii) partial selection settings where
fewer than k cells are chosen. This latter generalization is crucial
in our setup, as our iterative framework allows the LLM to adjust
or supplement a subset of the greedy-selected locations.

THEOREM 4.1. Letb € N5 and a, f € [0,1] be the balance pa-
rameters provided as inputs to Algorithm 1. Let OPTy, C V denote an
optimal subset of size b maximizing f. Denote by Sy ;s the allocation
returned by Algorithm 1. Then

FStimir) = (1= (1~ §)“b)f(OPTb) > (1-e*P)f(OPTy).

This result guarantees that even when part of the selection pro-
cess is delegated to the LLM—subject to the a—f trade-off parame-
ters—the final allocation still retains an exponential coverage bound
comparable to the classical greedy algorithm. The parameters o
and f are provided to Ethiopian stakeholders as tools to determine
the optimal balance between offering guarantees and adhering to
expert advice. We anticipate that different regions in Ethiopia will
select varying guarantee parameters, depending on their specific
need to balance the influence of current human planners with cov-
erage considerations. The parameter f is particularly useful when
the coverage values of different cells are similar. In such cases, it
prevents the greedy algorithm from selecting a cell solely because
it offers a marginally better coverage gain despite much worse
alignment with the advice. The parameter & allows the LLMs some
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District A District B

Q
[¢)

=
o

__________________ -

Advice: “To ensure operational efficiency, we should build at least
two facilities in District A.”
v

[Greedy(): Build one facility in cell 2 and one in cell 4.

Y
[LLM Decision 1: Build two facilities in A.

v

[GuidedGreedy(): Build one facility in cell 1 and one in cell 2.

7
EVerbal reinforcement and prompt optimization: No history so far. J

Generates a better prompt for better align with advice.

Y

[LLM Decision 2: Build one facility per district.

Y
[GuidedGreedy(): Build one facility in cell 2 and one in cell 4.

difference is (-1,1), coverage difference is 3. Prompt optimization:

Verbal reinforcement: Current allocation is (1,1), previous is (2,0),
Generate a prompt for further improving if possible.

Figure 4: Toy running example with two districts and four
cells; For GuidedGreedy, we use the parameters ¢ =0, =1
allowing the LLM to fully determine the district allocation.
Greedy() denotes the greedy algorithm of [20].

flexibility to follow the advice even when it recommends cells that
provide very low coverage improvement.

An Example. In Figure 4, we present a toy running example of
our approach. The example considers a region consisting of two
districts, each containing two grid-cells. Each grid-cell represents a
1 km = 1 km area on a map of Ethiopia, and our approach focuses
on selecting districts and cells for building health facilities. Given
an advice sentence, we first apply the algorithm of [20] to obtain a
grid-cell allocation. We then invoke the LLM to produce a district
allocation, incorporating this grid-cell allocation among other fac-
tors. Based on this district allocation, we run the GuidedGreedy
algorithm to compute a refined grid-cell allocation. Verbal reinforce-
ment and prompt optimization are used to improve the prompt,
and the updated prompt is supplied to the LLM in the subsequent
iteration. This procedure repeats until a final grid-cell allocation
is obtained. Note that typical regions in Ethiopia generally have
many more districts.

4.3 Supporting Online Budget

An important extension of our framework considers the setting
where budgets arrive sequentially over multiple rounds [5], for ex-
ample, one allocation round per fiscal year. We assume that all can-
didate grid-cells remain available throughout the planning horizon
and that new budget increments become available at the beginning
of each round. To adapt Algorithm 1 to this setting, we modify its
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update rule to incorporate the historical allocations from previous
rounds. Specifically, in line 6 of Algorithm 3, the prompt to the
LLM now includes a minimum district allocation vector represent-
ing facilities already selected in earlier years. This ensures that the
LLM respects all previously established allocations and builds upon
them when optimizing the new round.

Let b, denote the available budget in round r, and suppose the
process has reached round t. The cumulative number of facilities
planned up to this point is therefore b = 2521 by. The LLM prompt
for round ¢t requests an updated allocation consistent with this
cumulative budget and the existing district allocation. The multi-
round variant of our approach is summarized in Algorithm 3.

Algorithm 3 Multiple Rounds Facility Location

1: Input: Budgets by, ..., b, advice set A, balance parameters
a, f € [0, 1], available grid cells V, existing facilities S,, prompts
Prompto, Promptye flection, time horizon ¢.

2: Output: Allocation S

35«0

4 forr=1tot do

5 (Init) So « Greedy(b,V)

6: (Init) Update Prompty with Sy, d(Sp), minimum district

allocation A(S), and the other inputs.

7 for i = 1 to limit do

8: (LLM) d « LLM(Prompt;).

9: (Solve) S; « GuidedGreedy(a, B, by, V,S,d).
10: (Compare) Compute differences Af, Ah (Eq. 5) and up-

date Promptreflectian-
(Verbal Feedback) Query LLM
to generate verbal reflection.
(Optimize Prompt) Update Prompt;,
based on Eq. (6), (7).
S < Stimit
: Return: S

The following theorem expands the results of Theorem 4.1 to
the online settings.

THEOREM 4.2. Let by,...,b; denote the budgets, and let a, f €
[0, 1] be the balance parameters provided as inputs to Algorithm 3.
Letb = Z§=1 bi and let OPTy, C V denote an optimal subset of size b
maximizing f. Denote by S the allocation returned by Algorithm 3.
Then

£8) 2 (1= (1= ) £(OPTy) = (1- e %) f(OPTy).

REMARK 3. This online-budget formulation allows the model to
handle dynamically arriving resources while maintaining continuity
across years. In practice, this property is essential for national-scale
public health planning, where upgrades are deployed incrementally
based on evolving financial and logistical constraints. The frame-
work thus generalizes naturally from a single-shot allocation problem
to an online, multi-horizon setting, preserving the same theoretical
guarantees on coverage at each stage.
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5 EXPERIMENTS
5.1 Dataset

We evaluate the proposed framework using Ethiopia’s projected
2026 population data [34]. Walking accessibility is computed follow-
ing [5] with the global friction map [33], assuming a maximum two-
hour walking distance. The experiments cover three regions—Afar,
Somali, and Benishangul Gumuz—characterized by diverse terrain
and population densities. To emulate multi-stakeholder guidance,
we queried Gemini-2.5-Pro to generate 20 expert advice sentences
grouped into four sets (five per expert) with intentional contradic-
tions to mimic real decision environments. For quantitative eval-
uation, an alignment function was automatically synthesized by
Gemini-2.5-Pro to score allocations between 0 and 1 according to
the textual advice. All iterative allocation and feedback steps were
executed using Gemini-2.5-Flash as shown in Figure 3. The used
prompts are available in the extended version of the paper [28].

5.2 Experiment 1: Is the Verbal Feedback
Useful?

In Figures 5,6,7 we present the results for two variants of our ap-
proach: i) Quantitative feedback, where alignment signals are
numeric; and ii) Verbal feedback, where updates are guided by
natural-language reflections from the LLM. Across all three re-
gions, the verbal-feedback variant achieved notably higher advice
alignment, confirming that language-based reasoning effectively
internalizes qualitative goals. The quantitative variant, in contrast,
yielded slightly higher coverage values, reflecting its direct opti-
mization focus. Importantly, both variants consistently satisfied the
theoretical 1 — e~*F coverage guarantee (even if we assume that
the optimal selection, OPTj, covers the entire population). Among
the three regions, Benishangul Gumuz exhibited the largest gap be-
tween the two modes, suggesting stronger contextual heterogeneity
where language input provides added value.

REMARK 4. Note that in all regions, the coverage decreases as
the alignment with advice increases. We justify this decrease by the
additional knowledge that the human expert provides. For example,
‘we may prioritize improving health outcomes in districts with poor
existing health status, even if it results in a lower overall coverage.

5.3 Experiment 2: Change in Actual Coverage
and Alignment as the Parameter « Increases

In Figure 8, we measured changes in coverage and alignment to
advice as a function of the parameter @, while keeping f = 1. As
expected, larger values of « lead to higher coverage improvement
but lower advice alignment. One exception is that in the Afar region,
the coverage in & = 0.0 is worse than in & = 0.25, indicating that, in
practice, setting a = 0.25 offers little benefit for coverage, since the
LLM iterative approach achieves similar results without enforcing
greedy selections. One thing to note is that as the greedy algorithm
is deterministic, there are no variance bars for « = 1. These results
validate the interpretability of : small & values promote qualitative
conformity, while larger & values recover the classical submodular-
optimization behavior.
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Figure 5: Verbal vs. quantitative feedback for Afar; o = 0.0,
B =10.
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Figure 6: Verbal vs. quantitative feedback for Benishangul
Gumuz; ¢ = 0.0, f = 1.0.

5.4 Experiment 3: Is It Useful to Have a Longer
Time Window?

In the extended version [28], we examine whether incorporating
a longer feedback history improves the performance of verbal re-
finement. Specifically, we compare two variants: one that includes
information from the past three iterations (3-step window) and
another that considers only the immediately preceding iteration
(1-step window). In the no-window variant, the feedback prompt
contained the current and previous allocations but excluded their
differences in allocation and total coverage. Overall, after ten itera-
tions, the observed differences between the two best variants (1-step
and 3-step windows) were minimal in both population coverage
and advice alignment. This suggests that the LLM effectively inter-
nalizes historical trends even with limited contextual information,
making explicit multi-step computation largely redundant.
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Figure 7: Verbal vs. quantitative feedback for Somali; o = 0.0,
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Figure 8: Coverage and alignment for different values of o in
Afar (top), Benishangul Gumuz (middle), and Somali (bottom)
regions; f = 1.0.

Furthermore, extending the feedback window to three iterations
did not yield measurable gains in either metric. Consequently, we
adopt the 1-step window setting as our default configuration, as it
achieves comparable performance while being slightly more stable
and computationally efficient.
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Figure 9: Red hexagons indicate existing facilities. Green
rhombuses show locations selected by the algorithm with
a = 0.5, while blue rhombuses correspond to a = 0 (f is
always 1.0). Colored areas represent the accessibility areas of
the facilities. Each grid cell covers 5 km x 5 km.

5.5 Analyzing Visually the Different Allocation
Algorithms

Figure 9 presents the resulting facility allocations in a subregion
of the Afar region, generated under two parameter settings: o =
0, =1and a = 0.5, f = 1. This visualization highlights how dif-
ferent trade-off configurations lead to distinct spatial allocation
patterns. While the two solutions exhibit substantial overlap in
high-priority areas—indicating agreement on core population cen-
ters—the overlap is not complete. The @ = 0.5 configuration, which
emphasizes coverage optimization, tends to expand toward denser
clusters, whereas the ¢ = 0 configuration better reflects qualitative
expert preferences. Together, these contrasting patterns illustrate
the interpretability and tunability of the proposed framework in
balancing quantitative coverage with qualitative alignment.

5.6 Summary of Findings

Overall, the experimental results demonstrate that incorporating
language-based feedback substantially enhances interpretability
without compromising the theoretical coverage guarantees of the
underlying optimization framework. The trade-off parameter a pro-
vides a clear and intuitive mechanism for balancing quantitative
coverage performance with qualitative expert alignment, enabling
flexible policy tuning across regions. Moreover, the analysis shows
that short feedback windows are sufficient for stable convergence,
indicating that the LLM can effectively capture temporal patterns
without extensive historical context. Finally, the visual comparisons
reveal that different parameter settings produce distinct yet inter-
pretable allocation patterns, offering planners and policymakers
valuable insights into the trade-offs between efficiency and fairness
in real-world deployment.

6 CONCLUSIONS

In this paper, we present a novel framework for optimizing bi-
objective problem in complex environment. Our LEG framework
employs an adaptive greedy algorithm integrated within an LLM-
based refinement loop, ensuring coverage guarantees while jointly
optimizing advice alignment and coverage. We evaluated the frame-
work on three real-world datasets, demonstrating its effectiveness.
Combined with existing literature, our work brings us closer to
addressing pressing real-world challenges.
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