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ABSTRACT
Motivated by evacuation scenarios arising in extreme events such

as flooding or forest fires, we study the problem of smoothly sched-

uling a set of paths in graphs where connections become impassable

at some point in time. A schedule is smooth if no two paths meet

on an edge and the number of paths simultaneously located at a

vertex does not exceed its given capacity. We study the computa-

tional complexity of the problem when the underlying graph is a

tree, in particular a star or a path. We prove that already in these

settings, the problem is NP-hard even with further restrictions on

the capacities or on the time when all connections ceased. We pro-

vide an integer linear program (ILP) to compute the latest possible

time to evacuate. Using the ILP and its relaxation, we solve sets of

artificial (where each underlying graph forms either a path or star)

and semi-artificial instances (where the graphs are obtained from

German cities along rivers), study the runtimes, and compare the

results of the ILP with those of its relaxation.
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1 INTRODUCTION
In evacuation scenarios facing extreme events like flooding or forest

fires, the underlying routing network may suffer under ceasing con-

nections. Evacuations plans may include fixed evacuation routes,

i.e., each route is fully described as the sequence of all its vertices.

However, since the way how extreme events impact the network

can differ, a fixed evacuation schedule, i.e., an assignment of de-

parture times for each evacuation route on each of its connections,

could fail. Given a set of fixed evacuation routes in a network with

ceasing connections and vertex capacities, we wonder what is the

computational complexity of finding a smooth feasible evacuation

schedule. Herein, we call an evacuation schedule smooth when, on

the one hand, at each vertex the number of routes that simultane-

ously gather is at most the capacity of that vertex, and, on the other

hand, every two routes start to traverse a connection at different
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times and traverse no two-way connection in opposite directions

such that they meet at some time on it. We are particularly inter-

ested in the special case when the underlying network forms a tree.

Herein, as subclasses of trees, we focus on underlying networks

that form paths (like a main street) or stars (like larger crossings or

simplified roundabouts).

Our Model and Central Decision Problem. Our model uses decay-
ing graphs. A decaying graph G = (𝑉 , 𝐸,𝐴, 𝑐, 𝜃, 𝑑, 𝜏) consist of a
static (mixed) graph 𝐺 = (𝑉 , 𝐸,𝐴) with edge set 𝐸 ⊆

(𝑉
2

)
and arc

set 𝐴 ⊆ 𝑉 × 𝑉 , vertex capacities 𝑐 : 𝑉 → N, and lifetime 𝜏 ∈ N,
and each connection (i.e., edge or arc) is equipped with a traver-

sal time 𝜃 : 𝐸 ∪ 𝐴 → {0, . . . , 𝜏 − 1} and a deadline 𝑑 : 𝐸 ∪ 𝐴 →
{1, . . . , 𝜏} C 𝑇 . Undirected edges model segments which can be

traversed in both directions but not simultaneously (e.g., narrow

streets). For every static (mixed) graph 𝐺 = (𝑉 , 𝐸,𝐴) we assume

that every two adjacent vertices are connected either by an edge, an

arc, or two antiparallel arcs. Intuitively,Gmodels the street network

with ceasing connections. The static (mixed) graph together with 𝜃

represents the street network in the usual way (vertices correspond

to junctions or dead ends, connections to street segments, and 𝜃

specifies traversal times), but each connection is associated with

a deadline 𝑑 until which it is available for any evacuation route.

Moreover, each vertex has a capacity 𝑐 which limits the number of

evacuation routes present at the vertex at the same time.

Each fixed evacuation route is modelled as a path in 𝐺 and is

then realized over time in G. A path 𝑃 can be represented as a se-

quence 𝑃 = (𝑣1, 𝑣2, . . . , 𝑣𝑘+1) of at least two vertices all of which are

mutually distinct or as a sequence 𝑃 = (𝑒1, . . . , 𝑒𝑘 ) of connections,
where 𝑒𝑖 = {𝑣𝑖 , 𝑣𝑖+1} or 𝑒𝑖 = (𝑣𝑖 , 𝑣𝑖+1). Let 𝑉 (𝑃) denote the set of
vertices of 𝑃 and𝑋 (𝑃) = {(𝑣𝑖 , 𝑣𝑖+1) | 𝑖 ∈ {1, . . . , 𝑘}} be the set of all
pairs of consecutive vertices in 𝑃 . Let 𝑠 (𝑃) = 𝑣1 denote the source

and 𝑡 (𝑃) = 𝑣𝑘+1 the sink of 𝑃 . For a vertex 𝑣 ∈ 𝑉 and set P of paths

over 𝑉 , let P(𝑣) denote the set of all paths in P containing 𝑣 .

Altogether, an instance 𝐼 = (G,P) of our problem consists of a

decaying graph G = (𝑉 , 𝐸,𝐴, 𝑐, 𝜃, 𝑑, 𝜏) and a set P = {𝑃1, . . . , 𝑃𝑝 }
of paths in 𝐺 = (𝑉 , 𝐸,𝐴) (see Figure 1(left) for an example).

Next we model the temporal realization, or schedule, of the

evacuation routes, specifying where the evacuation unit is located

along its route at each time. By this, each path in P becomes a

temporal path. A temporalization 𝜋 of an instance 𝐼 is an assign-

ment 𝜋 (𝑃, 𝑒𝑖 ) ∈ 𝑇 for each path 𝑃 = (𝑒1, . . . , 𝑒𝑘 ) ∈ P such that

𝜋 (𝑃, 𝑒𝑖 ) + 𝜃 (𝑒𝑖 ) ≤ 𝜋 (𝑃, 𝑒𝑖+1) and 𝜋 (𝑃, 𝑒𝑖 ) + 𝜃 (𝑒𝑖 ) ≤ 𝑑 (𝑒𝑖 ) (we refer
to this as adequacy); 𝜋 (𝑃, 𝑒𝑖 ) corresponds to the departure time of 𝑃

on edge 𝑒𝑖 .
1
Given a temporalization, two paths 𝑃, 𝑃 ′ are temporally

1
Such temporalizations can be equivalently defined as assignments of departure times

for paths from their vertices; We will make use of this equivalence throughout.
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Figure 1: Example instance of SRDG on a decaying path with 6 vertices (left) and a solution witnessing feasibility (right). The
capacity of each vertex 𝑣𝑖 is encircled. (Left) On each connection 𝑒 we indicate its traversal time and deadline as [𝜃 (𝑒) |𝑑 (𝑒)]. Each
of the paths 𝑃1, . . . , 𝑃10 is described by the vertically aligned source and sink and by an arc for its direction. (Right) For each path
its timely location on any vertex or connection is drawn. E.g., the path 𝑃1 (blue) starts at time step 1 from its source 𝑣1, arrives
at and departs from 𝑣2 at time step 2, and so on. Red dashed lines/arrows indicate the deadline on the respective connection.

edge-disjoint when the following hold: (i) if (𝑣,𝑤) ∈ 𝑋 (𝑃) ∩ 𝑋 (𝑃 ′),
then𝜋 (𝑃, {𝑣,𝑤}) ≠ 𝜋 (𝑃 ′, {𝑣,𝑤}) (resp.,𝜋 (𝑃, (𝑣,𝑤)) ≠ 𝜋 (𝑃 ′, (𝑣,𝑤))),
and (ii) if 𝑒 = {𝑣,𝑤} ∈ 𝐸, (𝑣,𝑤) ∈ 𝑋 (𝑃), and (𝑤, 𝑣) ∈ 𝑋 (𝑃 ′),
then |𝜋 (𝑃, 𝑒) − 𝜋 (𝑃 ′, 𝑒) | ≥ max{1, 𝜃 (𝑒)} (in the special case of zero

traversal time, it forbids departing on that edge simultaneously).

Intuitively, when two paths are temporally edge-disjoint, (i) they

depart at different times on common connections in the same di-

rection, and (ii) they do not meet at any point in time on common

edges when traversing them in opposite directions. A temporal-

ization is temporally edge-disjoint if every two paths 𝑃, 𝑃 ′ ∈ P are

temporally edge-disjoint. A path 𝑃 = (𝑣1, . . . , 𝑣𝑘+1) ≡ (𝑒1, . . . , 𝑒𝑘 )
is (located) at an inner vertex 𝑣𝑖 , 1 < 𝑖 ≤ 𝑘 , at the time steps

𝜋 (𝑃, 𝑒𝑖−1)+𝜃 (𝑒𝑖−1), . . . , 𝜋 (𝑃, 𝑒𝑖 ). As special cases, a path is (located)
only at time 𝜋 (𝑃, 𝑒1) at 𝑠 (𝑃) = 𝑣1 and only at time 𝜋 (𝑃, 𝑒𝑘 ) + 𝜃 (𝑒𝑘 )
at 𝑡 (𝑃) = 𝑣𝑘+1. A temporalization respects the (vertex) capacities
if for every vertex 𝑣 ∈ 𝑉 and every time step 𝑡 ∈ 𝑇 , at most 𝑐 (𝑣)
many paths are located on 𝑣 at 𝑡 . A decaying graph is uncapacitated
when 𝑐 (𝑣) ≥ |P(𝑣) | for all 𝑣 ∈ 𝑉 , i.e., when all paths containing 𝑣

can be located at 𝑣 at the same time, and capacitated otherwise. Al-

together, a temporalization is valid if it is temporally edge-disjoint

and respects the vertex capacities. Finally, we seek to solve the

following problem (see Figure 1(right) for a witnessing solution):

Problem (Smooth Routing inDecayingGraphs (SRDG)). Given
an instance 𝐼 = (G,P) with decaying graph G = (𝑉 , 𝐸,𝐴, 𝑐, 𝜃, 𝑑, 𝜏)
and set P = {𝑃1, . . . , 𝑃𝑝 } of paths in 𝐺 = (𝑉 , 𝐸,𝐴), the question is

whether there is a valid temporalization 𝜋 of 𝐼 .

Our Contributions. We contribute both on the theoretical and

experimental side. For all settings of the deadlines and capacities

being constant or scaling (where scaling means that the value may

grow with the instance size), we prove whether SRDG on capac-

itated decaying paths and stars is NP-hard or polynomial-time

solvable (see Table 1 for an overview). Our main result is that SRDG

is NP-hard on uncapacitated decaying trees with constant dead-

lines. We provide an integer linear program (ILP) to compute the

minimum addition to every deadline to achieve a feasible instance,

i.e., the latest possible time to evacuate. With experiments on artifi-

cial (decaying stars and paths) and semi-artificial instances (street

networks from German cities along rivers for which we simulated

flooding), we prove the practicality of the ILP and its relaxation.

Table 1: Overview on our complexity-theoretic results. Each
hardness result still holds when the respective decaying
graph is exogenous. Results shown in bold are discussed
in greater detail in this short version of the paper.

deadlines capacitated

constant capacities scaling capacities

path

constant P (Thm. 2)

scaling NP-hard (Thm. 1)

star

constant P (Thm. 3) NP-hard (Thm. 4)

scaling NP-hard (Thm. 5) NP-hard

tree

constant

NP-hard (Thm. 6)

scaling

Due to the space restrictions, proof details of results marked

with⋆ are deferred to a full version of the paper.
2

Related Work. Issues caused by human behavior through evacua-

tion like congestion [18] are problematic. A common framework is

evacuation via origin-destination (OD) pairs [14, 23, 24, 26], suitable

for centralized planning e.g. when evacuating inhabitants with no

access to private automobiles. Computing and testing evacuation

paths are mostly done for simultaneously initiated evacuation via,

e.g., time-expanded networks and flow models [1, 8, 19, 22, 27].

Closest to us is the work by Klobas et al. [16] and Kunz et al. [17],

studying the problem Temporally Disjoint Paths (TDP). Their

model yet differs in several aspects: They study temporal graphs

where all connections are edges that can also reappear, they have

no vertex capacities and travel times (translated into our model,

all vertex capacities are one and all travel times are zero), and

their paths are given only by OD pairs. Due to the latter, TDP is

NP-hard already if 𝜏 = 1 [16]; SRDG is (trivially) polynomial-time

solvable in this case. TDP is hard [17] for different graph restrictions

and parameters, e.g., NP-hard (and W[1]-hard w.r.t. the number of

vertices) on temporal stars (without constantly-bounded lifetime).

2
Code and data for the experiments, as well as the full version of this paper, are

available at: https://github.com/buhtig-tf/Smooth-Routing-in-Decaying-Trees.
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Both [16, 17] study temporal trees with temporal lines [16, 17] and

stars [17] (note that OD pairs fully describe paths in decaying trees).

Waiting-time restrictions for temporal paths are studied [5],

even with no waiting time for a set of paths all with the same OD

pair [9]. Also studied is the effect of ceasing connections on shortest

temporal paths [4]. Finally, there is work related to successive (as

opposed to simultaneous) evacuation in temporal graphs [6, 10].

Multi-agent pathfinding [3, 11, 25] coordinates multiple agents

sharing limited network resources while e.g. avoiding safety-critical

conflicts such as collisions [2, 21] or overloading [24]. It appears in

dynamic settings [20], where edge availability or travel times vary,

and formulated on graphs [28, 29], which encode feasible routes.

2 PRELIMINARIES
We denote by N and N0 the natural numbers excluding and includ-

ing zero, respectively. For a graph𝐺 = (𝑉 , 𝐸,𝐴), we denote byU(𝐺)
the graph obtained from replacing each arc with an edge and then

deleting duplicated edges. A decaying tree G = (𝑉 , 𝐸,𝐴, 𝑐, 𝜃, 𝑑, 𝜏) is
a decaying graph withU(𝐺) being a tree (a connected, cycle-free
graph), where𝐺 = (𝑉 , 𝐸,𝐴). IfU(𝐺) is a path (star), then we call G
a decaying path (star). A star with 𝑛 vertices is a graph with center

vertex 𝑣∗ and vertices 𝑣1, . . . , 𝑣𝑛−1, each of which is adjacent only

with 𝑣∗. In a decaying tree with vertices 𝑠, 𝑧, we also write (𝑠, 𝑧)-
path for the unique path with source 𝑠 and sink 𝑧. A decaying tree

is exogenous, when for every 𝑡 ∈ {1, . . . , 𝜏}, U(𝐺𝑡 ) is a tree plus
isolated vertices, where 𝐺𝑡 = (𝑉 , 𝐸𝑡 , 𝐴𝑡 ) such that 𝑒 ∈ 𝐸𝑡 (resp.

𝑎 ∈ 𝐴𝑡 ) if and only if 𝑒 ∈ 𝐸 and 𝑑 (𝑒) ≥ 𝑡 (resp. 𝑎 ∈ 𝐴 and 𝑑 (𝑎) ≥ 𝑡 ).

3 COMPUTATIONAL COMPLEXITY
We distinguish between decaying paths (Section 3.1), decaying stars

(Section 3.2), and decaying trees (Section 3.3).

3.1 On Capacitated Paths
In Section 3.1.1 we show that SRDG on decaying paths is NP-hard

even for unit capacities. In Section 3.1.2, we show that if the lifetime

is constant, then SRDG is polynomial-time solvable.

3.1.1 On Paths with Capacity One.

Theorem 1 (⋆). SRDG is NP-hard even on exogenous decaying
paths where every vertex has capacity one.

Our reduction builds on the reduction from Klobas et al. [16,

Theorem 6]. On a high level, one can represent colored intervals

as paths going from “left to right” on the decaying path such that

they all cross a common vertex 𝑣∗ and can only start and finish

at time steps according to the respective interval’s “left and right”

endpoints. Then, with unit capacities, there is a valid temporaliza-

tion (that in particular respects the capacity of 1 of 𝑣∗) if and only

if there is a set of pairwise disjoint intervals of each color, where

the latter corresponds to an NP-hard task.

3.1.2 On Paths with Constant Deadlines. Next we show that pre-

sumably, Theorem 1 does not hold for constant deadlines, even if

we allow scaling capacities. In fact, we show an even stronger result

that if the maximum vertex load vl(𝐼 ) B max𝑣∈𝑉 |P(𝑣) |, i.e., the
maximum number of paths containing the same vertex, is constant,

then SRDG is solvable in polynomial-time.

Theorem 2 (⋆). SRDG on decaying paths is solvable in 𝑂 (𝑛 ·
|P | + 𝜏4 vl(𝐼 ) · vl(𝐼 )2 · 𝑛) time, where 𝐼 denotes any input instance
with 𝑛 vertices, lifetime 𝜏 , and set P of paths.

For an instance 𝐼 on a decaying path with lifetime 𝜏 , we can

assume that vl(𝐼 ) ≤ 4𝜏 , as otherwise 𝐼 is a no-instance: at most four

paths can arrive and leave at a time step in a vertex. Thus, SRDG on

decaying paths is polynomial-time solvable for constant deadlines.

We prove Theorem 2 via dynamic programming over the ver-

tices of the decaying path from “left to right”. On a high level, the

dynamic program at vertex 𝑣𝑖+1 considers all possible ways paths
that traverse to or from “the left” are scheduled to leave or arrive

from or at 𝑣𝑖 and 𝑣𝑖+1. Thereby, it takes care only about the capac-

ities of 𝑣𝑖 and 𝑣𝑖+1 as well as about monotonicity and temporally

edge-disjointness regarding the connection(s) between 𝑣𝑖 and 𝑣𝑖+1.
Let G = (𝑉 , 𝐸,𝐴, 𝑐, 𝜃, 𝑑, 𝜏) be a decaying path with vertex set𝑉 =

{𝑣1, . . . , 𝑣𝑛} and connections exactly between 𝑣𝑖 and 𝑣𝑖+1 for all 𝑖 ∈
{1, . . . , 𝑛 − 1}. Let 𝑐 denote the capacities and P the set of paths.

For every 𝑖 ∈ {1, . . . , 𝑛}, let G𝑖 = (𝑉𝑖 , 𝐸𝑖 , 𝐴𝑖 , 𝑐𝑖 , 𝜃𝑖 , 𝑑𝑖 , 𝜏) denote G
restricted to 𝑉𝑖 B {𝑣1, . . . , 𝑣𝑖 }, where 𝐸𝑖 and 𝐴𝑖 contains every

connection from 𝐸 and 𝐴 with both endpoints in 𝑉𝑖 , 𝑐𝑖 : 𝑉𝑖 → N
with 𝑐𝑖 (𝑣) = 𝑐 (𝑣), 𝑑𝑖 : 𝐸𝑖 ∪ 𝐴𝑖 → {1, . . . , 𝜏} with 𝑑𝑖 (𝑒) = 𝑑 (𝑒),
𝜃𝑖 : 𝐸𝑖 ∪ 𝐴𝑖 → {0, . . . , 𝜏 − 1} with 𝜃𝑖 (𝑒) = 𝜃 (𝑒). Let P𝑖 denote the
set of all paths 𝑃 ∈ P with |𝑉 (𝑃) ∩𝑉𝑖 | ≥ 2 restricted to 𝑉𝑖 ; that is,

a path 𝑃 = (𝑣 𝑗 , . . . , 𝑣𝑘 ) with 𝑗 < 𝑘 and 𝑗 < 𝑖 restricted to 𝑉𝑖 is the

path 𝑃𝑖 = (𝑣 𝑗 , . . . , 𝑣min{𝑘,𝑖 } ), and a path 𝑃 = (𝑣 𝑗 , . . . , 𝑣𝑘 ) with 𝑗 >

𝑘 and 𝑘 < 𝑖 restricted to 𝑉𝑖 is the path 𝑃𝑖 = (𝑣
min{𝑖, 𝑗 } , . . . , 𝑣𝑘 ).

Let 𝑅𝑖 ⊆ P𝑖 be the set of paths that arrive at 𝑣𝑖 and let 𝐿𝑖 ⊆ P𝑖 be
the set of paths that depart from 𝑣𝑖 .

Construction 1. Let 𝐼 = (G,P) be an instance of SRDG consisting

of a decaying path G = (𝑉 , 𝐸,𝐴, 𝑐, 𝜃, 𝑑, 𝜏) with 𝑉 = {𝑣1, . . . , 𝑣𝑛}
and a set P = {𝑃1, . . . , 𝑃𝑝 } of paths in 𝐺 = (𝑉 , 𝐸,𝐴). For all 𝑖 ∈
{1, . . . , 𝑛}, for all assignments 𝜌𝑖 : 𝑅𝑖 → {1, . . . , 𝜏} of the arrival

times of paths in𝑅𝑖 at 𝑣𝑖 , and for all assignments 𝜆𝑖 : 𝐿𝑖 → {1, . . . , 𝜏}
of the departure times of paths in 𝐿𝑖 from 𝑣𝑖 , define 𝑇 [𝑖, 𝜌𝑖 , 𝜆𝑖 ] ∈
{⊤,⊥} as follows. Set 𝑇 [1, 𝜌1, 𝜆1] = ⊤ (since 𝑅1 = 𝐿1 = ∅, as
convention, there is only one 𝜌1 and 𝜆1 mapping 𝑅1 and 𝐿1 to 1

and 𝜏 , respectively). Iteratively for 𝑖 = 1, . . . , 𝑛 − 1, we set 𝑇 [𝑖 +
1, 𝜌𝑖+1, 𝜆𝑖+1] = ⊤ if and only if there exist 𝜌𝑖 and 𝜆𝑖 such that

𝑇 [𝑖, 𝜌𝑖 , 𝜆𝑖 ] = ⊤ and each of (1)–(9) holds true, which are defined

as follows. Herein, with
−→𝑒𝑖 we refer to (𝑣𝑖 , 𝑣𝑖+1) if (𝑣𝑖 , 𝑣𝑖+1) ∈ 𝐴

and to {𝑣𝑖 , 𝑣𝑖+1} otherwise; similarly, with
←−𝑒𝑖 we refer to (𝑣𝑖+1, 𝑣𝑖 )

if (𝑣𝑖+1, 𝑣𝑖 ) ∈ 𝐴 and to {𝑣𝑖 , 𝑣𝑖+1} otherwise.
First, we address monotonicity and deadlines.

∀𝑃 ∈ 𝑅𝑖 ∩ 𝑅𝑖+1 : 𝜌𝑖 (𝑃) ≤ 𝜌𝑖+1 (𝑃) − 𝜃 (−→𝑒𝑖 ) (1)

∀𝑃 ∈ 𝐿𝑖 ∩ 𝐿𝑖+1 : 𝜆𝑖 (𝑃) ≥ 𝜆𝑖+1 (𝑃) + 𝜃 (←−𝑒𝑖 ) (2)

∀𝑃 ∈ 𝑅𝑖+1 : 𝑑 (−→𝑒𝑖 ) ≥ 𝜌𝑖+1 (𝑃) (3)

∀𝑃 ∈ 𝐿𝑖+1 : 𝑑 (←−𝑒𝑖 ) ≥ 𝜆𝑖+1 (𝑃) + 𝜃 (←−𝑒𝑖 ) (4)

Next, we address temporal disjointness.

∀𝑃,𝑄 ∈ 𝑅𝑖+1, 𝑃 ≠ 𝑄 : 𝜌𝑖+1 (𝑃) ≠ 𝜌𝑖+1 (𝑄) (5)

∀𝑃,𝑄 ∈ 𝐿𝑖+1, 𝑃 ≠ 𝑄 : 𝜆𝑖+1 (𝑃) ≠ 𝜆𝑖+1 (𝑄) (6)

𝑒𝑖 = {𝑣𝑖 , 𝑣𝑖+1} ∈ 𝐸 =⇒
(
∀𝑃 ∈ 𝑅𝑖+1, 𝑄 ∈ 𝐿𝑖+1 :

max{1, 𝜃 (𝑒𝑖 )} ≤ |𝜌𝑖+1 (𝑃) − 𝜃 (𝑒𝑖 ) − 𝜆𝑖+1 (𝑄) |
) (7)
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Finally, we address the capacities. First for 𝑣𝑖+1, second for 𝑣𝑖 :

𝑐 (𝑣𝑖+1) = 1 =⇒ ∀𝑃 ∈ 𝑅𝑖+1, 𝑄 ∈ 𝐿𝑖+1 : 𝜌𝑖+1 (𝑃) ≠ 𝜆𝑖+1 (𝑄) (8)

∀𝑡 ∈ {1, . . . , 𝜏} : 𝑐 (𝑣𝑖 ) ≥ |{𝑃 ∈ P(𝑣𝑖 ) | 𝑡 ∈ 𝑆𝑖 (𝑃)}|, (9)

where for all 𝑃 ∈ P(𝑣𝑖 ) we have

𝑆𝑖 (𝑃) =



[𝜌𝑖 (𝑃), 𝜌𝑖+1 (𝑃) − 𝜃 (−→𝑒𝑖 )], if 𝑃 ∈ 𝑅𝑖 ∩ 𝑅𝑖+1,
[𝜆𝑖+1 (𝑃) + 𝜃 (←−𝑒𝑖 ), 𝜆𝑖 (𝑃)], if 𝑃 ∈ 𝐿𝑖 ∩ 𝐿𝑖+1,
[𝜌𝑖 (𝑃), 𝜌𝑖 (𝑃)], if 𝑃 ∈ 𝑅𝑖 \ 𝑅𝑖+1,
[𝜌𝑖+1 (𝑃) − 𝜃 (−→𝑒𝑖 ), 𝜌𝑖+1 (𝑃) − 𝜃 (−→𝑒𝑖 )], if 𝑃 ∈ 𝑅𝑖+1 \ 𝑅𝑖 ,
[𝜆𝑖 (𝑃), 𝜆𝑖 (𝑃)], if 𝑃 ∈ 𝐿𝑖 \ 𝐿𝑖+1,
[𝜆𝑖+1 (𝑃) + 𝜃 (←−𝑒𝑖 ), 𝜆𝑖+1 (𝑃) + 𝜃 (←−𝑒𝑖 )], if 𝑃 ∈ 𝐿𝑖+1 \ 𝐿𝑖 . ⋄

Intuitively, the dynamic program is correct since at vertex 𝑣𝑖+1,
to extend paths coming from “left” to 𝑣𝑖+1 or leaving to the “left”

from 𝑣𝑖+1, all that matters is whether this extension respects the

deadline of the connection(s) between 𝑣𝑖 and 𝑣𝑖+1 (see (3) and (4)), is
temporally edge-disjoint between 𝑣𝑖 and 𝑣𝑖+1 (see (5)–(7)), respects
the capacities of 𝑣𝑖 and 𝑣𝑖+1 (see (8) and (9)), and fits to a valid

temporalization of the set P𝑖 of paths in G𝑖 (in the sense of mono-

tonicity, see (1) and (2)). Whether such an extension fits depends

mainly on when the paths to extend arrive or leave 𝑣𝑖 , which is

stored in 𝑇 [𝑖, 𝜌𝑖 , 𝜆𝑖 ] for all possible entries 𝜌𝑖 and 𝜆𝑖 .
For each of the at most 𝜏2 | P (𝑣𝑖+1 ) | entries 𝑇 [𝑖 + 1, ·, ·], we have

to check at most 𝜏2 | P (𝑣𝑖 ) | entries 𝑇 [𝑖, ·, ·] with respect to (1)–(9).

Assuming all of the path subsets like 𝑅𝑖 and 𝐿𝑖 are precomputed

in 𝑂 (𝑛 · |P |) time, each of such a check takes time 𝑂 ( |P(𝑣𝑖+1) |2)
(for (1)–(8)) and 𝑂 ( |P(𝑣𝑖−1) | · log( |P(𝑣𝑖−1) |) (for (9)).

3.2 On Capacitated Stars
For every instance 𝐼 on a decaying star with lifetime 𝜏 and set P of

paths, since every path contains center 𝑣∗, we have |P | = |P(𝑣∗) | =
vl(𝐼 ) (vl is defined in Section 3.1.2). By guessing all paths’ arrival

and departure times at 𝑣∗, we get the following.

Theorem 3 (⋆). SRDG on decaying stars is solvable in 𝑂 (𝑛 ·
vl(𝐼 ) + 𝜏2·vl(𝐼 ) · vl(𝐼 )2) time, where 𝐼 denotes any input instance
with 𝑛 vertices and lifetime 𝜏 .

In contrast to decaying paths, we cannot upper bound vl by

the lifetime (see Theorem 4). Yet, with maximum capacity 𝑐∗ and
deadline𝑑∗, there can be at most 𝑐∗ ·𝑑∗ many paths (in each of the𝑑∗

time steps, at most 𝑐∗ paths can be located at 𝑣∗). Since |P | = vl(𝐼 )
on decaying stars, it follows that SRDG is linear-time solvable on

decaying stars with constant capacities and deadlines.

3.2.1 Scaling Capacities and Constant deadlines.

Theorem 4. SRDG is NP-hard even on capacitated decaying stars
with constant lifetime.

We give a reduction from the NP-hard [12] problem Cubic In-

dependent Set, where, given an undirected graph 𝐺 , where each

vertex has exactly three neighbors, and an integer 𝑘 , the question is

whether there are at least 𝑘 vertices that are pairwise not adjacent.

Construction 2. Let 𝐼 = (𝐺 = (𝑉 , 𝐸), 𝑘) be an instance of Cubic

Independent Set with𝑚 edges and 𝑛 vertices (recall that 2𝑚 = 3𝑛).

We construct an instance 𝐼 ′ of SRDG on star 𝐺 ′ = (𝑉 ′, 𝐸′) with
center vertex 𝑣∗ as follows (see Figure 2 for an illustration).

(a)
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Figure 2: Illustration to Construction 2. For each edge 𝑒 we
indicate the traversal time and deadline as [𝜃 (𝑒) |𝑑 (𝑒)]. Here,
we picked 𝑣 and 𝑒 with 𝑣 ∈ 𝑒 for illustration.

Table 2: The values for 𝑛𝑖 in Construction 2. Since each 𝑛𝑖 is
of the form 𝑛𝑖 = 𝐶 − 𝑛′

𝑖
, we give the 𝑛′

𝑖
values that correspond

to the number of paths that can be located on 𝑣∗ at time step 𝑖
next to the paths starting in all vertices from 𝐵𝑖 .

𝑖 𝐶 − 𝑛𝑖 𝑖 𝐶 − 𝑛𝑖 𝑖 𝐶 − 𝑛𝑖
1 𝑛 7 4𝑘 +𝑚 18 2(𝑛 − 𝑘)
2, 3, 4 𝑘 8 𝑚 19 3(𝑛 − 𝑘)
5 2𝑘 9, . . . , 16 0 20 3(𝑛 − 𝑘) +𝑚
6 3𝑘 17 𝑛 − 𝑘 21, . . . , 27 3(𝑛 − 𝑘)

Let 𝜏 = 27. For each vertex 𝑣 ∈ 𝑉 , add a vertex 𝑣 and 𝑣 ′ to 𝑉 ′.
Make 𝑣 adjacent with 𝑣∗ with traversal time 4 and deadline 19.

Make 𝑣 ′ adjacent with 𝑣∗ with traversal time 0 and deadline 1. For

every edge 𝑒 ∈ 𝐸, add the vertex 𝑣𝑒 to 𝑉 ′ and make it adjacent

with 𝑣∗ with travel time 6 and deadline 27, add the vertex 𝑣 ′𝑒 to 𝑉
′

and make it adjacent with 𝑣∗ with travel time 0 and deadline 7, add

the vertex 𝑣 ′′𝑒 to 𝑉 ′ and make it adjacent with 𝑣∗ with travel time 0

and deadline 20, add the vertex 𝑣
†
𝑒 to𝑉

′
andmake it adjacent with 𝑣∗

with travel time 7 and deadline 8, For each 𝑖 ∈ {1, . . . , 𝜏}, add the

set 𝐵𝑖 B {𝑏𝑖
1
, . . . , 𝑏𝑖𝑛𝑖 } of blocker vertices to 𝑉

′
, where 𝑛𝑖 is defined

in Table 2, and make each vertex from 𝐵𝑖 adjacent with 𝑣∗ with
travel time 𝑖 and deadline 𝑖 +1 (thus, every path with source from 𝐵𝑖
must start at time step 1 and arrive at time step 𝑖 + 1 at vertex 𝑣∗).
Set 𝐵 B

⋃𝜏
𝑖=1 𝐵𝑖 . Set 𝑐 (𝑣

∗) = 𝐶 with𝐶 B 2𝑚+3𝑛+4𝑘 and for every

node 𝑥 ∈ 𝑉 ′ \ {𝑣∗}, set 𝑐 (𝑥) = 2 (thus, every temporal edge-disjoint

temporalization respects each leaf’s capacity constraint, since at

most one path departs from or arrives at a leaf at each time step).

For the path set, for each 𝑣 ∈ 𝑉 , add the vertex path 𝑃𝑣 =

(𝑣 ′, 𝑣∗, 𝑣). For each 𝑒 ∈ 𝐸, add paths 𝑃 ′𝑒 = (𝑣𝑒 , 𝑣∗, 𝑣 ′𝑒 ), 𝑃 ′′𝑒 = (𝑣𝑒 , 𝑣∗, 𝑣 ′′𝑒 ),
and 𝑃

†
𝑒 = (𝑣†𝑒 , 𝑣∗, 𝑣𝑒 ), and for each 𝑣 ∈ 𝑒 , add the verifier path 𝑃𝑣,𝑒 =

(𝑣, 𝑣∗, 𝑣𝑒 ). For each 𝑏 ∈ 𝐵, add the blocker path 𝑃𝑏 = (𝑏, 𝑣∗). ⋄
We get the following directly from the construction.

Observation 1. Let 𝐼 ′ be a yes-instance. Then, for every solution,
the following hold: (i) Path 𝑃𝑣 for every 𝑣 ∈ 𝑉 arrives at time step 1
at 𝑣∗ and at least 𝑛 − 𝑘 of the vertex paths leave 𝑣∗ also on time step
1. (ii) Path 𝑃

†
𝑒 for every 𝑒 ∈ 𝐸 starts at time step 1 and arrives and

leaves 𝑣∗ at time step 8. (iii) Path 𝑃 ′𝑒 for every 𝑒 ∈ 𝐸 starts at time
step 1 and arrives and leaves 𝑣∗ at time step 7. (iv) Every path that
arrives on 𝑣∗ latest at time step 7 departs from 𝑣∗ latest on time step 7.
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Assume 𝐼 ′ to be a yes-instance and consider an arbitrary solu-

tion. For every 𝑒 ∈ 𝐸, path 𝑃 ′′𝑒 must start latest at time step 14 by

construction. Indeed, due to Observation 1(ii) & (iii) and the fact

that only𝑚 paths can be located at 𝑣∗ at time step 8, path 𝑃 ′′𝑒 must

start exactly at time step 14.

Lemma 1 (⋆). Let 𝐼 ′ be a yes-instance. Then, for every solution
and for every 𝑒 ∈ 𝐸, path 𝑃 ′′𝑒 starts at time step 14 and arrives and
leaves 𝑣∗ at time step 20.

By Observation 1(i), verifier paths for at most 𝑘 different vertices

from 𝑉 can arrive at 𝑣∗ latest at time step 7. Now, basically due to

Lemma 1, it follows that these are exactly 3𝑘 verifier paths: If not,

then more than 3(𝑛 − 𝑘) verifier path must be located at 𝑣∗ at time

step 19, which would violate the capacity constraint of 𝑣∗.

Lemma 2 (⋆). Let 𝐼 ′ be a yes-instance. Then, for every solution,
from exactly 𝑘 different vertices all 3𝑘 verifier paths arrive at 𝑣∗ latest
at time step 7.

Proof of Theorem 4. Let 𝐼 ′ be the instance obtained from in-

stance 𝐼 = (𝐺,𝑘) with 𝐺 = (𝑉 , 𝐸) of Cubic Independent Set

using Construction 2, which can be done in time polynomial in |𝐼 |.
We prove that 𝐼 is a yes-instance if and only if 𝐼 ′ is a yes-instance.
(⇒) Let𝑊 ⊆ 𝑉 be an independent set of size 𝑘 . We route all

paths addressed in Observation 1(iii)–(ii) and Lemma 1 as described

therein. Path 𝑃𝑣 for every 𝑣 ∈ 𝑉 \𝑊 arrives and leaves 𝑣∗ at time

step 1, and for every 𝑣 ∈𝑊 arrives at 𝑣∗ at time step 1 and leaves 𝑣∗

at time step 7. Also, for every 𝑣 ∈𝑊 , the verifier paths for 𝑣 start

(in arbitrary order) at time steps 1, 2, and 3, and stay at 𝑣∗ until
time step 7. Since𝑊 is an independent set, for every two paths 𝑃𝑣,𝑒
and 𝑃𝑤,𝑒′ with 𝑣,𝑤 ∈ 𝑊 , 𝑣 ∈ 𝑒 , and 𝑤 ∈ 𝑒′, we have that 𝑒 ≠ 𝑒′.
Thus, all verifier paths for vertices in𝑊 leave at time step 7 (to a

different sink). The remaining 3(𝑛 − 𝑘) verifier paths start at time

steps 13–15, arrive at 𝑣∗ at 17–19, and from time step 20 onwards,

successively and earliest possible leave to their sinks.

(⇐) Let 𝜋 be a valid temporalization to 𝐼 ′. Due to Lemma 2,

exactly 3𝑘 verifier paths from a set𝑊 ⊆ 𝑉 of exactly 𝑘 vertices

arrive latest at time step 7 at 𝑣∗. Due to Observation 1(iv), they

all leave 𝑣∗ at time step 7. We claim that 𝑊 is an independent

set. Suppose towards a contradiction that there are 𝑢, 𝑣 ∈𝑊 such

that 𝑒 = {𝑢, 𝑣} ∈ 𝐸. Then the verifier paths 𝑃𝑣,𝑒 and 𝑃𝑢,𝑒 depart 𝑣
∗

towards 𝑣𝑒 at the same time step 7, a contradiction. □

3.2.2 Constant Capacities and Scaling Deadlines.

Theorem 5 (⋆). SRDG is NP-hard even on decaying stars with
maximum capacity one.

For Theorem 5 we reduce from the NP-hard [15] problem Ver-

tex Cover, where, given an undirected graph 𝐺 = (𝑉 , 𝐸) and an

integer 𝑘 , the question is whether there is a set𝑊 ⊆ 𝑉 with |𝑊 | ≤ 𝑘

such that every edge 𝑒 ∈ 𝐸 has an endpoint in𝑊 , i.e., 𝑒 ∩𝑊 ≠ ∅.
Similar to the proof of Theorem 4, from the input instance of Ver-

tex Cover, for each 𝑣 ∈ 𝑉 and 𝑒 ∈ 𝐸 there are leaves 𝑣 and 𝑣𝑒 ,

respectively, in the constructed instance. Yet, in contrast, now there

are large traversal times: for every edge in 𝐸 there is a unique tra-

versal time. Then, on a high-level, for every edge 𝑒 ∈ 𝐸 there are

exactly two time windows for the verifier path that starts at 𝑣𝑒 and

terminates at 𝑣 with 𝑣 ∈ 𝑒: one window of size |𝐸 | that they all
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Figure 3: Illustration to the construction regarding 𝑉𝑖 and its
blocker paths. Edges with deadlines < 4 are labeled.

(a)
𝑧

𝑣𝑖,1

𝑡𝑖,1 𝑓𝑖,1

𝑢𝑖 𝑤𝑖

𝑣𝑖,2

𝑡𝑖,2 𝑓𝑖,2

𝑢𝑖 𝑤𝑖

1
× 1

×
1×1×

(b)
𝑧

𝑣𝑖,1

𝑡𝑖,1 𝑓𝑖,1

𝑣𝑖,2

𝑡𝑖,2 𝑓𝑖,2

𝑐𝑎 𝑐𝑏 𝑐𝑑 𝑐𝑒

1
×
1
× 1×1×

Figure 4: Illustration to the construction for (a) validation
paths and (b) verifier paths.

share, and another unique window of size one. By this, for each

edge one of its verifier paths must arrive in the first window (this

corresponds to the covering). Additionally constructed leaves and

paths make only 𝑘 vertices available as endpoints of these verifier

paths in the first window, witnessing a vertex cover of size 𝑘 .

3.3 On Uncapacitated Trees
Theorem 6 (⋆). SRDG is NP-hard even on uncapacitated, exoge-

nous decaying trees with lifetime four.

We give a reduction from the NP-hard [7] problem (2,2)-3SAT:

Given a set 𝑋 of variables and a boolean CNF-formula 𝜙 =
∧𝑀

𝑗=1𝐶 𝑗

over 𝑋 with clauses 𝐶1, . . . ,𝐶𝑀 , each consisting of exactly three

distinct variables, such that every variable appears exactly twice

negated and exactly twice unnegated in 𝜙 , the question is whether

there is a truth assignment 𝛽 : 𝑋 → {⊤,⊥} that satisfies 𝜙?
Construction 3. Let 𝐼 = (𝑋,𝜙) be an instance of (2,2)-3SAT

with𝑋 = {𝑥1, . . . , 𝑥𝑁 } and 𝜙 =
∧𝑀

𝑗=1𝐶 𝑗 . Construct an instance 𝐼
′ =

(G,P) with G = (𝑉 , 𝐸, ∅, 𝑐, 𝜃, 𝑑, 𝜏) of SRDG with 𝜏 = 4 and unca-

pacitated 𝑐 as follows (see Figures 3 and 4 for an illustration).

Let 𝑉 = {𝑧} ∪ ⋃𝑁
𝑖=1𝑉𝑖 ∪

⋃𝑀
𝑗=1{𝑐 𝑗 }, where 𝑉𝑖 = {𝑢𝑖 , 𝑢′𝑖 , 𝑢

′′
𝑖
} ∪

{𝑤𝑖 ,𝑤
′
𝑖
,𝑤 ′′

𝑖
} ∪⋃𝑗∈{1,2} {{𝑣𝑖, 𝑗 } ∪ {𝑡𝑖, 𝑗 , 𝑡 ′𝑖, 𝑗 , 𝑡

′′
𝑖, 𝑗
} ∪ {𝑓𝑖, 𝑗 , 𝑓 ′𝑖, 𝑗 , 𝑓

′′
𝑖, 𝑗
}} for

each 𝑖 ∈ {1, . . . , 𝑁 }. Construct edge set 𝐸 with deadlines 𝑑 and

𝜃 (𝑒) = 0 for every edge 𝑒 ∈ 𝐸 as follows: For each 𝑖 ∈ {1, . . . , 𝑁 }
(see Figure 3), add edges {𝑧,𝑢𝑖 }, {𝑧,𝑤𝑖 } with deadline 4, {𝑢𝑖 , 𝑢′𝑖 },
{𝑤𝑖 ,𝑤

′
𝑖
} with deadline 3, and {𝑢′

𝑖
, 𝑢′′

𝑖
}, {𝑤 ′

𝑖
,𝑤 ′′

𝑖
} with deadline 1;

For each 𝑗 ∈ {1, 2}, add {𝑧, 𝑣𝑖, 𝑗 }with deadline 4, {𝑡𝑖, 𝑗 , 𝑡 ′𝑖, 𝑗 }, {𝑓𝑖, 𝑗 , 𝑓
′
𝑖, 𝑗
}

with deadline 2, and {𝑡 ′
𝑖, 𝑗
, 𝑡 ′′
𝑖, 𝑗
}, {𝑓 ′

𝑖, 𝑗
, 𝑓 ′′
𝑖, 𝑗
}with deadline 1. For each 𝑗 ∈

{1, . . . , 𝑀} (see Figure 4(b)), add edge {𝑧, 𝑐 𝑗 } with deadline 4.

Since𝐺 is a decaying tree, we represent each path as 𝑃 (𝑠, 𝑡) with
source 𝑠 and sink 𝑡 . For each 𝑖 ∈ {1, . . . , 𝑁 }, add the following

blocker paths (see Figure 3). Add 𝑃 (𝑢𝑖 , 𝑢′′𝑖 ), 𝑃 (𝑤𝑖 ,𝑤
′′
𝑖
), 𝑃1 (𝑢′𝑖 ,𝑤

′
𝑖
)

and 𝑃2 (𝑢′𝑖 ,𝑤
′
𝑖
). For all 𝑗 ∈ {1, 2}, add 𝑃 (𝑡𝑖, 𝑗 , 𝑡 ′′𝑖, 𝑗 ), 𝑃 (𝑓𝑖, 𝑗 , 𝑓

′′
𝑖, 𝑗
), and

𝑃 (𝑡 ′
𝑖, 𝑗
, 𝑓 ′
𝑖, 𝑗
). Next (see Figure 4(a)), add the validity paths 𝑃 (𝑡𝑖,1, 𝑢𝑖 ),
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𝑃 (𝑡𝑖,2,𝑤𝑖 ), 𝑃 (𝑓𝑖,1,𝑤𝑖 ), and 𝑃 (𝑓𝑖,2, 𝑢𝑖 ). Finally add the following veri-
fier paths (see Figure 4(b)). When variable 𝑥𝑖 appears unnegated in

clauses 𝐶𝑎 and 𝐶𝑑 with 𝑎 < 𝑑 , add the verifier paths 𝑃 (𝑡𝑖,1, 𝑐𝑎) and
𝑃 (𝑡𝑖,2, 𝑐𝑑 ). When variable 𝑥𝑖 appears negated in clauses 𝐶𝑏 and 𝐶𝑒
with 𝑏 < 𝑒 , add the verifier paths 𝑃 (𝑓𝑖,1, 𝑐𝑏 ) and 𝑃 (𝑓𝑖,2, 𝑐𝑒 ). ⋄

By construction, we immediately get the following.

Observation 2. Let 𝐼 ′ be a yes-instance. For every solution and ev-
ery 𝑖 ∈ {1, . . . , 𝑁 } we have: (i) on their edges, 𝑃 (𝑢𝑖 , 𝑢′′𝑖 ), 𝑃 (𝑤𝑖 ,𝑤

′′
𝑖
),

take exactly the time step 1, and 𝑃1 (𝑢′𝑖 ,𝑤
′
𝑖
) and 𝑃2 (𝑢′𝑖 ,𝑤

′
𝑖
) take

exactly the time steps 2 and 3. (ii) for every 𝑗 ∈ {1, 2}, on their
edges, 𝑃 (𝑡𝑖, 𝑗 , 𝑡 ′′𝑖, 𝑗 ), and 𝑃 (𝑓𝑖, 𝑗 , 𝑓

′′
𝑖, 𝑗
), take exactly the time step 1, and

𝑃 (𝑡 ′
𝑖, 𝑗
, 𝑓 ′
𝑖, 𝑗
) take exactly the time step 2.

Assume 𝐼 ′ is a yes-instance and consider an arbitrary solution.

For each 𝑖 ∈ {1, . . . , 𝑁 }, by construction, only one of the two validity
paths starting at 𝑡𝑖, 𝑗 or 𝑓𝑖, 𝑗 , 𝑗 ∈ {1, 2}, can occupy 𝑧 at time step 1.

Moreover, exactly two validity paths with sinks 𝑢𝑖 and 𝑤𝑖 must

be at 𝑧 at time step 1, since by Observation 2(i), each edge {𝑧,𝑢𝑖 }
and {𝑧,𝑤𝑖 } is available only at time steps 1 and 4 for exactly two

of the four validity paths for 𝑖 . We thus have the following.

Lemma 3 (⋆). Let 𝐼 ′ be a yes-instance. For every solution and
every 𝑖 ∈ {1, . . . , 𝑁 }, on time step 1, edges {𝑧,𝑢𝑖 }, {𝑧,𝑤𝑖 }, {𝑧, 𝑣𝑖,1},
and {𝑧, 𝑣𝑖,2}, are taken either by the two validity paths 𝑃 (𝑡𝑖,1, 𝑢𝑖 ) and
𝑃 (𝑡𝑖,2,𝑤𝑖 ) or by the two validity paths 𝑃 (𝑓𝑖,1,𝑤𝑖 ) and 𝑃 (𝑓𝑖,2, 𝑢𝑖 ).

Combining Lemma 3 with Observation 2(ii), we now get that if

there are verifier paths at 𝑧 at time step 2, then they departed at

time step 1 either from 𝑡𝑖,1 and 𝑡𝑖,2 or from 𝑓𝑖,1 and 𝑓𝑖,2.

Lemma 4 (⋆). Let 𝐼 ′ be a yes-instance. For every solution and
every 𝑖 ∈ {1, . . . , 𝑁 }, there are at most two verifier paths for 𝑖 located
at 𝑧 at time step 2, and if there are exactly two, then they start either
from 𝑡𝑖,1 and 𝑡𝑖,2 or from 𝑓𝑖,1 and 𝑓𝑖,2.

Intuitively, verifier paths arriving at 𝑧 at time step 2 induce a

satisfying truth assignment. By Lemma 4, no two validity paths

at 𝑧 at time step 2 correspond to different assignments of the same

variable. By Lemma 3 and Observation 2, verifier paths can reach 𝑧

only at time steps 2, 3, and 4. Since each clause vertex is the sink of

three verifier paths, at least one must be at 𝑧 at time step 2.

Proof of Theorem 6. Let instance 𝐼 ′ = (G,P) of SRDG with

G = (𝑉 , 𝐸, ∅, 𝑐, 𝜃, 𝑑, 𝜏) and 𝜏 = 4 be obtained from instance 𝐼 =

(𝑋,𝜙) of (2,2)-3SAT with 𝑋 = {𝑥1, . . . , 𝑥𝑁 } and 𝜙 =
∧𝑀

𝑗=1𝐶 𝑗 us-

ing Construction 3 in time polynomial in |𝐼 |. We claim that 𝐼 is

a yes-instance if and only if 𝐼 ′ is a yes-instance (for the forward
direction, see a full version of the paper).

(⇐) Let 𝜋 be a valid temporalization. Construct 𝛽 : 𝑋 →
{⊤,⊥} as follows. For each 𝑖 ∈ {1, . . . , 𝑁 }, set 𝛽 (𝑥𝑖 ) = ⊤ if there is

no verifier path for 𝑖 at 𝑧 at time step 2 or there is a verifier path at 𝑧

at time step 2 starting from 𝑡𝑖, 𝑗 , 𝑗 ∈ {1, 2}. Set 𝛽 (𝑥𝑖 ) = ⊥ if there

is a verifier path at 𝑧 at time step 2 starting from 𝑓𝑖, 𝑗 , 𝑗 ∈ {1, 2}.
Note that 𝛽 is well-defined due to Lemma 4. We claim that 𝛽 is a

satisfying truth assignment. Suppose towards a contradiction that

there is clause𝐶 𝑗 not satisfied by 𝛽 . Then none of the three verifier

paths ending in 𝑐 𝑗 are located at 𝑧 at time step 2. Thus, each of the

three verifier paths arrives at 𝑧 earliest at time step 3 (recall that

no verifier path is at 𝑧 at time step 1). Hence, only two time steps

remain for the three paths to proceed to 𝑐 𝑗 , a contradiction. □

4 INTEGER LINEAR PROGRAMMING
We give an integer linear program (ILP) for SRDG. Let

∀𝑃 ∈ P, (𝑣,𝑤) ∈ 𝑋 (𝑃) : 𝑥𝑃𝑣,𝑤 ∈ {1, . . . , 𝜏} (10)

be the time when 𝑃 leaves 𝑣 towards𝑤 . We first ensure adequacy.

We write 𝜃 (𝑣,𝑤) short for 𝜃 ((𝑣,𝑤)) and 𝜃 ({𝑣,𝑤}) (same for 𝑑).

∀𝑃 ∈ P, (𝑢, 𝑣), (𝑣,𝑤) ∈ 𝑋 (𝑃) : 𝑥𝑃𝑢,𝑣 + 𝜃 (𝑢, 𝑣) ≤ 𝑥𝑃𝑣,𝑤 (11)

∀𝑃 ∈ P, (𝑣,𝑤) ∈ 𝑋 (𝑃) : 𝑥𝑃𝑣,𝑤 + 𝜃 (𝑣,𝑤) ≤ 𝑑 (𝑣,𝑤) (12)

Next we ensure that any two paths are temporally edge-disjoint.

Let

←−
𝑋 (𝑃) B {(𝑤, 𝑣) | (𝑣,𝑤) ∈ 𝑋 (𝑃)}.

∀𝑃, 𝑃 ′ ∈ P, (𝑣,𝑤) ∈ 𝑋 (𝑃) ∩ 𝑋 (𝑃 ′) : |𝑥𝑃𝑣,𝑤 − 𝑥𝑃
′

𝑣,𝑤 | ≥ 1

∀𝑃, 𝑃 ′ ∈ P, {𝑣,𝑤} ∈ 𝐸 s.t.

(𝑣,𝑤) ∈ 𝑋 (𝑃) ∩←−𝑋 (𝑃 ′) : |𝑥𝑃𝑣,𝑤 − 𝑥𝑃
′

𝑤,𝑣 | ≥ max{1, 𝜃 ({𝑣,𝑤})}.

(13)

For the vertex-capacity constraints, we follow the idea of a “sweep-

ing line” to find the largest clique in an interval graph. Observe that

the time steps at which a path is located at some vertex 𝑣 forms an

interval. We introduce the following variables.

∀𝑣 ∈ 𝑉 , 𝑃,𝑄 ∈ P(𝑣) : 𝛼
𝑃,𝑄
𝑣 , 𝛽

𝑃,𝑄
𝑣 , 𝛾

𝑃,𝑄
𝑣 ∈ {0, 1} (14)

We define the arrival and departure times for a path 𝑃 at its vertex 𝑣

with predecessor 𝑢 and successor 𝑤 (if existent): 𝑡𝑃
arr
(𝑣) = 𝑥𝑃𝑢,𝑣 +

𝜃 (𝑢, 𝑣) if 𝑣 ≠ 𝑠 (𝑃), and 𝑡𝑃
arr
(𝑣) = 𝑥𝑃𝑣,𝑤 otherwise; 𝑡𝑃

dep
(𝑣) = 𝑥𝑃𝑣,𝑢 if

𝑣 ≠ 𝑡 (𝑃), and 𝑡𝑃
dep
(𝑣) = 𝑥𝑃𝑢,𝑣 + 𝜃 (𝑢, 𝑣) otherwise. We ensure next

that 𝛾
𝑃,𝑄
𝑣 = 1 if 𝑄 is located at 𝑣 when 𝑃 arrives at 𝑣 , i.e., when

𝑡𝑃
arr
(𝑣) ∈ [𝑡𝑄

arr
(𝑣), 𝑡𝑄

dep
(𝑣)]. Let𝑀 be a sufficiently large number.

∀𝑣 ∈ 𝑉 , 𝑃,𝑄 ∈ P(𝑣) : 𝑡𝑃
arr
(𝑣) ≤ 𝑡

𝑄
arr
(𝑣) − 1 +𝑀 · (1 − 𝛼𝑃,𝑄𝑣 )

𝑡𝑃
arr
(𝑣) ≥ 𝑡

𝑄

dep
(𝑣) + 1 −𝑀 · (1 − 𝛽𝑃,𝑄𝑣 )

1 = 𝛾
𝑃,𝑄
𝑣 + 𝛼𝑃,𝑄𝑣 + 𝛽𝑃,𝑄𝑣

(15)

Note that if 𝛾
𝑃,𝑄
𝑣 = 𝛾

𝑃,𝑄 ′
𝑣 = 1, then also𝑄 and𝑄 ′ must be intersect-

ing (at least in 𝑡𝑃
arr
(𝑣)). Observe that the arrival times are sufficient:

For every vertex 𝑣 consider any two paths arriving at 𝑣 at time

steps 𝑡1 and 𝑡2 such that no other path arrives between 𝑡1 and 𝑡2.

Then the number of paths located at vertex 𝑣 is not increasing in

{𝑡1, . . . , 𝑡2−1}, since other paths can only depart at these time steps.

Hence, to ensure that the capacity constraints are respected, we

only need to count all the overlaps for each path via 𝛾 .

∀𝑣 ∈ 𝑉 , 𝑃 ∈ P(𝑣) :
∑︁

𝑄∈P(𝑣) 𝛾
𝑃,𝑄
𝑣 ≤ 𝑐 (𝑣) (16)

Our final ILP for SRDG is composed of (10)–(16) and provides a

valid temporalization for every feasible instance.

Optimization goal. When an extreme event like flooding is pre-

dicted to happen, practically we wish to know the minimum in-

advance starting time 𝑑∗ to obtain a feasible evacuation schedule.

To this end, we only need to adjust (12) (and possibly𝑀) in our ILP.

min 𝑑∗ s.t. (10), (11), (13)–(16), and

∀𝑃 ∈ P, (𝑣,𝑤) ∈ 𝑋 (𝑃) : 𝑥𝑃𝑣,𝑤 + 𝜃 (𝑣,𝑤) ≤ 𝑑∗ + 𝑑 (𝑣,𝑤)
(17)
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Table 3: Overview on osm for the top five cities. For the connections we give the percentages of one-way arcs (O), antiparallel
arcs (T), and undirected edges (U). diam denotes the diameter of 𝐺 . For 𝜃 , 𝑑 , and 𝑐, we give the mean along with [min, max].

City # Vertices (in zones 0, A, B) # Connections (O, T, U) diam 𝜃 𝑑 𝑐

Gera 2487 (223, 243, 485) 3197 (17.8%, 21.0%, 61.2%) 88 [1.0, 527.0] 14.2 [13.0, 9465.0] 1958.2 [2.0, 10.0] 4.7

Kitzingen 707 (83, 85, 188) 904 (14.3%, 16.8%, 68.9%) 56 [1.0, 117.0] 12.4 [50.0, 3576.0] 1051.7 [2.0, 8.0] 4.8

Koblenz 2961 (278, 621, 864) 3886 (35.5%, 14.4%, 50.2%) 100 [1.0, 463.0] 11.5 [22.0, 4658.0] 1035.1 [1.0, 8.0] 4.4

Trier 2777 (252, 331, 719) 3680 (31.0%, 19.7%, 49.3%) 124 [1.0, 254.0] 11.6 [63.0, 6201.0] 1590.9 [1.0, 8.0] 4.5

Zell (Mosel) 246 (135, 47, 58) 334 (20.4%, 10.2%, 69.5%) 48 [1.0, 349.0] 13.7 [82.0, 1070.0] 322.0 [2.0, 8.0] 4.9

5 EXPERIMENTS
We implemented the ILP (17) using Gurobi(py) 12.0. in two ways,

where we implemented (15) as outlined, referred to as bigM, and
using Gurobi indicator constraints instead, referred to as indic. We

set𝑀 for bigM as follows. Greedily color paths such that every two

paths of the same color have disjoint vertex sets. Let P1, . . . ,P𝜒
be the resulting partition of the paths with 𝜒 colors. Set 𝑀 =∑
𝑥∈{1,...,𝜒 } max𝑃∈P𝑥 (1+

∑
(𝑢,𝑣) ∈𝑋 (𝑃 ) 𝜃 (𝑢, 𝑣)), which corresponds

to iteratively, one color after the other, initiating a traversal without

waiting for all paths from the same color starting at the same time

when the latest path from the preceding color finished. For both

implementation we give a warm start regarding 𝑑∗: for bigM, we
use the ILP relaxation, and for indic, we take the largest violated
deadline when every path starts at time step 1 without waiting to

its sink. For each instance, we let both implementations compete

in parallel and only recorded the runtime of the winner.

Our experiments ran on Intel
®
Xeon

®
Silver 4310 CPU at 2.10GHz

(12 cores), 125 GB RAM, Ubuntu 22.04.3 LTS (x86_64).

5.1 Data
We conducted experiments on artificial decaying paths and stars and

semi-artificial decaying graphs where the networks are obtained

from ten German cities each located at at least one river.

Artificial Data. For each number 𝑛 ∈ {8, 12, 16} of vertices, we
create decaying stars and decaying paths. Here, for every two ver-

tices that are supposed to be adjacent (e.g., any leaf and the center

for stars, and 𝑣𝑖 and 𝑣 𝑗 with |𝑖 − 𝑗 | = 1 for paths), we equally likely

connect them either with a single arc, two bidirectional arcs, or

an undirected edge (a single arc’s direction is also equally likely

drawn). The traversal times are picked uniformly at random from

the set {5, . . . , 20} (corresponding to street segments of roughly

70m to 280m at 50 kmh
−1
). We add 𝑝 = 𝑝∗ · 𝑛 many paths to each

decaying path and decaying star, where 𝑝∗ ∈ {0.5, 0.67, 0.83, 1} for
decaying paths and 𝑝∗ ∈ {0.5, 1, 1.5, 2} for decaying stars.

3
Herein,

a source is picked uniformly at random, and then extended. For

decaying paths, we additionally restrict the paths length ℓ = ℓ∗ · 𝑛
with ℓ∗ ∈ {0.33, 0.44, 0.55, 0.66}. From the source, two auxiliary

paths start to the left and right, each of which stops latest when

having length ℓ . Then, we only add the path of larger length, and

a fair coin decides when both have the same length. For decay-

ing stars, when the source is a leaf, a fair coin decides whether

the end vertex is the center or another leaf picked uniformly at

random from all reachable leaves. For each vertex 𝑣 ∈ 𝑉 , we

3
Throughout, we round to the next integer if required and not specified otherwise.

Koblenz, Germany

1000 2000 3000 4000

Koblenz, Germany

Zone

0

A

B

C

Figure 5: Illustration for one osm with waterways depicted
blue and color-codings for (left) deadlines and (right) zones.

set 𝑐 (𝑣) = max{1, ⌈𝑐∗ · |P(𝑣) |⌉} with 𝑐∗ ∈ {0.1, 0.4, 0.7, 1} (i.e.,
𝑐∗ = 1 yields an uncapacitated instance). For each connection 𝑒

we set the deadline 𝑑 (𝑒) = 𝑑∗ · 𝑑
lb
(𝑒) with 𝑑∗ ∈ {0.2, 0.47, 0.73, 1},

where𝑑
lb
(𝑒) is 𝜃 (𝑒) plus the maximum of the number of paths using

connection 𝑒 and the latest arrival time of any path using connec-

tion 𝑒 when each paths is routed independently and earliest without

waiting. We constructed 1920 instances of the form 𝐼_𝑛_𝑝∗_𝑐∗_𝑑∗-𝑥
for decaying stars (referred to by stars) and 7680 instances of the

form 𝐼_𝑛_𝑝∗_𝑐∗_𝑑∗_ℓ∗-𝑥 for decaying paths (referred to by paths),
with 𝑥 ∈ {0, 1, . . . , 9} (i.e., 10 instances per constellation). See a full
version of the paper for more details on our constructed instances.

Semi-artificial Data. We chose the ten German cities that have,

according to [13], the highest ratio of addresses under severe threat

of flooding (see Figure 5 and Table 3 for the top five). FromOSMdata,

we extracted the street network and the main river(s) of each city

(assuming these to cause flooding). For the network, if two nodes

are connected by a single lane traversable both-ways, we made this

connection an undirected edge. For any connection, we set its travel

time (in seconds) to its length divided by the maximum allowed

speed of 50 kmh
−1

; Its deadline we set to the smallest distance of its

two endpoints to the river(s) divided by a flood speed of 1m s
−1

(i.e.,

the farther, the later it ceases). For each vertex, we set the capacity

to the number of incident connections (each serves as a waiting

spot). Moreover, we assigned each vertex 𝑣 to a zone, determined

by 𝑣 ’s closest distance dist(𝑣) to the river(s): vertex 𝑣 is in zone 0

if dist(𝑣) ≤ 250m, in zone A if 250m < dist(𝑣) ≤ 500m, in zone

B if 500m < dist(𝑣) ≤ 1000m, and in zone C if dist(𝑣) > 1000m.

Zone 0 will always be evacuated. Let 𝜁 = (0, 𝐴, 𝐵,𝐶). The path set

is constructed in the following way, where 𝑝∗ ∈ [0, 1] determines
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Table 4: Average runtime [sec] for osm of top five cities along with [min, max] runtimes.

City (0.1, A) (0.2, A) (0.3, A) (0.1, B) (0.2, B) (0.1, C)

Gera [0.06, 0.18] 0.13 [0.31, 1.32] 0.59 [0.76, 6.82] 2.34 [0.33, 0.88] 0.49 [1.80, 10.06] 3.97 [1.39, 7.84] 2.97

Kitzingen [0.02, 0.05] 0.03 [0.02, 0.09] 0.06 [0.03, 0.19] 0.11 [0.02, 0.06] 0.04 [0.03, 0.27] 0.16 [0.22, 1.61] 0.42

Koblenz [0.07, 0.49] 0.26 [0.79, 7.33] 2.29 [1.59, 7.56] 3.82 [1.15, 7.08] 2.32 [7.66, 40.80] 18.02 [12.32, 97.08] 35.87

Trier [0.17, 0.88] 0.31 [0.54, 3.21] 1.01 [1.09, 10.71] 3.63 [0.68, 2.31] 1.10 [3.49, 18.73] 7.15 [5.40, 29.56] 10.92

Zell (Mosel) [0.06, 1.11] 0.33 [0.41, 11.07] 2.32 [2.04, 170.05] 18.49 [0.33, 98.06] 7.62 [3.33, 347.86] 25.05 [0.30, 105.16] 9.65
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Figure 6: Mean of medians (left) and mean (right) over all
runtimes [sec] for solving paths when a parameter is fixed.

the number of paths: For a zone 𝜁𝑖 ∈ {𝐴, 𝐵,𝐶} with 𝑖 ≥ 2, for

𝑝∗ · |⋃𝑖−1
𝑗=1 𝜁 𝑗 | times we pick a random source 𝑣 from zones

⋃𝑖−1
𝑗=1 𝜁 𝑗 ,

then pick a random sink𝑤 from the 20% of the vertices closest to 𝑣

in zones

⋃
4

𝑗=𝑖 𝜁 𝑗 , and add a shortest (𝑣,𝑤)-path. We constructed

600 instances of the form 𝐼_𝑖_𝑝∗_𝑧-𝑥 (referred to by osm), where
𝑥 ∈ {0, 1, . . . , 9} and 𝑖 ∈ {0, 1, . . . , 9} corresponds to the index of

the German city at hand, for each tuple (𝑝∗, 𝑧) in {(0.1, 𝑋 ) | 𝑋 ∈
{𝐴, 𝐵,𝐶}} ∪ {(0.2, 𝑌 ) | 𝑌 ∈ {𝐴, 𝐵}} ∪ {(0.3, 𝐴)}.

5.2 Runtime Comparisons
We analysed the mean over all constellations, where for each con-

stellation we either took the median or the mean over all 𝑥 ∈
{0, 1, . . . , 9}. See Figure 6 for our results for paths (for stars we

have similar conclusions; see a full version of the paper). Our re-

sults for the median indicate that runtime increases strongly with

higher 𝑝 or smaller 𝑐 , and moderately with higher ℓ (for paths).
We detect no correlation with 𝑑 . The correlation with 𝑝 and ℓ can

be explained since the number of variables depends quadratically

and linearly on 𝑝 and ℓ , respectively. The correlation with 𝑐 follows

our intuition that 𝑑∗ is monotonically increasing with decreasing 𝑐 .

Considering the mean reveals severe outliers, showing that the ran-

dom assignments of the traversal times and paths can have a severe

impact on the ILP’s performance. In fact, for some few instances the

computation time is very large (up to two hours). Implementation

indic is faster than bigM on 54.8% of stars and on 62.7% of paths.
For our results on osm’s top five, see Table 4. Our results show

that our ILP can handle, e.g., 10%-zone-C evacuation in less than 40

seconds on average (for, e.g., Koblenz, these 10% correspond to 176

evacuation paths). Our results for zone-A and zone-B evacuation

indicate that increasing the number of paths severely impacts the

running time (for zone-C evacuation, even for 15% our machines

did not terminate in reasonable time). Implementation indic per-
formed faster than bigM on 73.3% of osm.
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Figure 7: Scatter log-log plot for relaxed ILP versus ILP re-
garding runtime (left) and 𝑑∗ (right) on stars, paths, and osm.

5.3 Performance of the ILP Relaxation
The ILP relaxation performs surprisingly good for osm, see Figure 7:
On average, the ILP relaxation needs 98.2% (91.8% in the median) of

the running time of the best exact ILP and yet computes on almost

all instances the optimal 𝑑∗ from the exact ILP. Also for paths
and stars the solution quality is quite high with 97.7% and 99.8%,

respectively. Yet, the standard deviation for paths is significantly
larger than for stars. On both paths and stars, the average run-
time of the ILP relaxation is even larger than the one of the best

exact ILP, which means that in many cases, indic performs fast.

6 EPILOGUE
We proved that smooth evacuation is a computationally hard task

even in well-structured decaying trees under quite restrictive set-

tings. Given the complexity, we formulated an ILP. Our experiments

demonstrate the practicality of our ILP. Facing larger cities, larger

path sets, or longer paths, our recommendations are as follows:

(1) Start both of our implementations and the relaxed ILP in paral-

lel on separate machines. (2) Use powerful clusters (our machine

already failed to handle instances slightly larger than our largest).

Our work opened several future pathways. On the theoretical

side, we wonder about the computational complexity on uncapac-

itated decaying paths and stars. Further restrictions on the path

set such as only few vertices being eligible as sinks is also well-

motivated. On the experimental side, we wish to handle larger

instances. For this, reduction rules may be beneficial. For both sides,

decaying caterpillars—generalizing both stars and paths—may be

of interest, in particular in terms of small deadlines.
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