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ABSTRACT
We study fair division of divisible goods under generalized assign-

ment constraints. Here, each good has an agent-specific value and

size, and every agent has a budget constraint that limits the total

size of the goods she can receive. Since it may not always be feasi-

ble to assign all goods to the agents while respecting the budget

constraints, we use the construct of charity to accommodate the

unassigned goods. In this constrained setting with charity, we ob-

tain several new existential and computational results for feasible

envy-freeness (FEF); this fairness notion requires that agents are

envy-free, considering only budget-feasible subsets.

First, we simplify and extend known existential results for FEF

allocations. Then, we show that the space of FEF allocations has

a non-convex structure. Next, using a fixed-point argument, we

establish a novel guarantee that FEF can always be achieved with

Pareto-optimality. Furthermore, we give an alternative proof of

the fact that one cannot additionally obtain truthfulness in this

context: There does not exist a mechanism that is simultaneously

truthful, fair, and Pareto-optimal. On the positive side, we show that

truthfulness is compatible with each of FEF and Pareto-optimality,

individually.
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1 INTRODUCTION
Dividing items fairly among agents with individual preferences is

a central requirement in many domains. Problems ranging from

distributing land among communities to allocating computing re-

sources among organizational groups can all be addressed using

fair division frameworks. Motivated by such considerations, over

the past seventy years, research efforts in the economics, computer

science, and mathematics literature have resulted in significant

developments in fair division [1, 4, 16].

Classic work focused on the fair division of a single divisible and

heterogeneous resource, referred to as a cake [18]. Starting with this
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cake cutting setup, the fairness notion that has been predominantly

studied in the literature is envy-freeness [11, 22]. An allocation

is said to be envy-free if no agent values the bundle of any other

agent higher than her own. Another desired property when dividing

resources is economic efficiency. A standard way of formalizing

this desideratum is Pareto-optimality. Specifically, an allocation is

said to be Pareto-optimal if we cannot increase the value of any

agent, via reallocations, without reducing that of someone else.

Notably, in the divisible-goods setting, fairness and efficiency—

formalized through envy-freeness and Pareto-optimality,

respectively—can be achieved together [22]. Specifically, it is

known that an allocation that maximizes the Nash social welfare

(the geometric mean of agents’ valuations) is both envy-free and

Pareto-optimal. Furthermore, one can maximize the Nash social

welfare by solving the well-known convex program of Eisenberg

and Gale [8]. Hence, in the current context of divisible goods, fair

and efficient allocations can, in fact, be computed in polynomial

time. The interplay of fairness and efficiency is a central theme

in fair division literature and has been studied in various other

contexts, including in the setting of indivisible goods [6].

However, most existing fair division results (with or without effi-

ciency considerations) assume that the agents have no restrictions

on the goods they can receive. This assumption does not always

capture real-world scenarios. For instance, in fair land division, a

natural requirement is to ensure that each agent receives a con-

nected plot [19]. Motivated by such considerations, recent works

have considered fair division under allocation constraints [20].

The current work contributes to this active thread of research

and establishes fairness and efficiency guarantees under generalized

assignment constraints. These constraints capture the allocation

requirements inherent in numerous real-world domains; see multi-

ple applications surveyed in [17]. Here, each divisible good has an

agent-specific size and value, and each agent has a budget which

constrains the size of her bundle. Also, note that, in such a con-

straint setting, it may not always be feasible to assign all goods to

the agents while respecting the budget constraints. Hence, as in

recent works (see, e.g., [3]), we conform to the construct of charity

to denote the set of unassigned goods.

In this constrained setting with charity, our work establishes fair-

ness guarantees considering a notion called feasible envy-freeness

(FEF) [3, 7, 23]. This notion extends envy-freeness and is formulated

with the idea that it is unreasonable to expect two agents, with

significantly different budgets, to receive bundles of comparable

value. Hence, FEF requires that agents are envy-free, considering

only budget-feasible subsets. Specifically, an allocation is said to

be feasibly envy-free (FEF) if and only if each agent 𝑖 values her
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bundle over every budget-feasible subset
1
within any other agent’s

bundle; an analogous guarantee is required against the charity.

1.1 Our Results and Contributions
This section details our fairness, efficiency, and truthfulness results

for allocating divisible goods among agents with additive valuations

and under generalized assignment constraints. Our contribution is

summarized pictorially in the triangle below.

FEF - Section 3

PO Truthfulness

Section 6.1Section 5

Section 6.1

Section 6

3

3

3 n=2

Fairness: Prior work [3] has shown that, under generalized assign-

ment constraints, FEF allocations of divisible goods always exist

and can be found efficiently. We develop an alternate proof of the

existence for FEF allocations. Our result, in fact, generalizes the

previously known existential guarantee by encapsulating a more

general class of constraints and valuations (Theorem 1 in Section

3). Our proof here is non-constructive and, hence, does not directly

lead to an algorithm. We also present a fair division instance with

simple constraints, in which the space of FEF allocations is not

convex (Theorem 2 in Section 4). This comes in contrast to the

unconstrained setting where envy-free allocations can be easily

characterized by a set of linear inequalities. This places in context

the earlier algorithm of Barman et al. [3], which employs a series

of parameterized linear programs in the computation of an FEF

allocation.

Fairness and Efficiency:We establish (in Section 5) that, under

generalized assignment constraints, there always exists an FEF al-

location that is also Pareto-optimal (among all feasible allocations).

This fairness plus efficiency guarantee resolves, in the positive, an

open question posed in [3]. Furthermore, our proof implies the

PPAD-membership of computing FEF and Pareto-optimal (PO) allo-

cations. It is relevant to note that a special case of this computational

problem is already known to be PPAD-hard [21].

Fairness, Efficiency, and Truthfulness: Finally, we show (in

Section 6) that one cannot additionally achieve truthfulness in this

context: There does not exist a truthful mechanism for finding FEF

and PO allocations. Interestingly, our impossibility result is not

confined to the constrained setting, i.e., it also holds in the standard,

unconstrained setup. This instantiation to the unconstrained con-

text is interesting in and of itself,
2
and we would not be surprised

if it is a folklore result; still, to the best of our knowledge, there is

no reference for it in the literature.

1
For ease of exposition, even for divisible goods, we use the term subset to denote

fractional assignments of the goods.

2
In particular, this negative result implies that one cannot extend the classic work of

Varian [22] to include truthfulness.

1.2 Additional Related Work
Complementary to the current work, which primarily addresses

divisible goods, recent works in fair division have also studied

constraints in the context of indivisible goods [20]. In particular,

fairness guarantees under budget constraints have been obtained

for Nash social welfare [12] and maximin shares [14]. Also, Barman

et al. [3] show that feasible envy-freeness up to any good (FEFx) is

achievable for indivisible goods and under generalized assignment

constraints.

Garg and Psomas [13] and Momi [15] also consider the com-

patibility of fairness, efficiency, and incentives: in particular, they

show that imposing Pareto-optimality together with truthfulness

essentially forces dictatorship, and hence rules out achieving envy-

freeness as well. Our counterexample is complementary, showing

that Pareto-optimality and envy-freeness already precludes (even

approximate) truthfulness, yielding an “inapproximability of truth-

fulness” guarantee via instances where misreporting improves an

agent’s value by a constant factor.

We focus on goods (i.e., items with nonnegative values). Fair-

ness guarantees for chores (negatively valued items) under budget

constraints are addressed in [9].

2 NOTATION AND PRELIMINARIES
We study the problem of fair division of𝑚 divisible goods among 𝑛

agents with additive valuations and under constraints. We use [𝑛] =
{1, . . . , 𝑛} and [𝑚] = {1, . . . ,𝑚} to denote the set of agents and the

goods, respectively. An allocation corresponds to a collection of

𝑛 vectors 𝑥1, 𝑥2, . . . , 𝑥𝑛 ∈ [0, 1]𝑚 . Here, 𝑥𝑖 = (𝑥𝑖,1, 𝑥𝑖,2, . . . , 𝑥𝑖,𝑚) is
the bundle assigned to agent 𝑖 ∈ [𝑛], with 𝑥𝑖,𝑔 ∈ [0, 1] denoting
the fraction of good 𝑔 ∈ [𝑚] assigned to agent 𝑖 . For an allocation

(𝑥1, . . . , 𝑥𝑛) it must hold that

∑𝑛
𝑖=1 𝑥𝑖,𝑔 ≤ 1, for each good 𝑔 ∈ [𝑚].

We will, throughout, write 𝑣𝑖 : [0, 1]𝑚 → R+ to denote the valua-
tions of the agent 𝑖 ∈ [𝑛]. Unless stated otherwise, the valuations are
assumed to be additive. That is, for each bundle 𝑥𝑖 ∈ [0, 1]𝑚 , agent

𝑖’s valuation is defined as 𝑣𝑖 (𝑥𝑖 ) =
∑

𝑔∈[𝑚] 𝑥𝑖,𝑔 𝑣𝑖,𝑔; here, 𝑣𝑖,𝑔 ∈ R+
is the value that agent 𝑖 has for the entire good 𝑔.

In a general form of the constrained fair division problem, we

have a constraint set F𝑖 ⊆ [0, 1]𝑚 , for each agent 𝑖 ∈ [𝑛], and an

allocation (𝑥1, . . . , 𝑥𝑛) is said to be feasible if 𝑥𝑖 ∈ F𝑖 , for all 𝑖 ∈ [𝑛].
Note that, in the constrained fair division setting, it may not always

be possible to allocate all the goods to the agents; consider, for

example, the case wherein F𝑖 = ∅ for each 𝑖 ∈ [𝑛]. To address this,

we introduce the construct of charity that receives the remaining

(unassigned) fractions of the goods. Formally, for any allocation 𝑥

and each good 𝑔, we write 𝑥charity,𝑔 = 1 −∑𝑛
𝑖=1 𝑥𝑖,𝑔 . Hence, 𝑥charity ∈

[0, 1]𝑚 denotes the unassigned bundle. Also, for bundles 𝑦, 𝑧 ∈
[0, 1]𝑚 , we will write 𝑦 ≤ 𝑧 to denote that the inequality holds

component-wise, i.e., 𝑦𝑔 ≤ 𝑧𝑔 for each good 𝑔 ∈ [𝑚].
In this work, we particularly focus on generalized assignment

constraints. Here, each good 𝑔 has an agent-specific size 𝑠𝑖 (𝑔) ∈ R+
and each agent is constrained to receive goods of cumulative size

at most her budget 𝐵𝑖 ∈ R+, i.e., a bundle 𝑥𝑖 ∈ [0, 1]𝑚 is feasible

for 𝑖 if and only if

∑𝑚
𝑔=1 𝑠𝑖 (𝑔) 𝑥𝑖,𝑔 ≤ 𝐵𝑖 . We will also consider the

densities of the goods with respect to their values and sizes for the

agents; formally, the density of a good 𝑔 for an agent 𝑖 ∈ [𝑛] is
defined as 𝜌𝑖 (𝑔) := 𝑣𝑖 (𝑔)/𝑠𝑖 (𝑔).
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An allocation 𝑦 = (𝑦1, . . . , 𝑦𝑛) is said to be Pareto-dominated by

another allocation 𝑧 = (𝑧1, . . . , 𝑧𝑛) if 𝑣𝑖 (𝑦𝑖 ) ≤ 𝑣𝑖 (𝑧𝑖 ) for all agents
𝑖 ∈ [𝑛], and at least one of these inequalities is strict. In the context

of constraints, we say that a feasible allocation 𝑥 = (𝑥1, . . . , 𝑥𝑛) is
Pareto-optimal if no other feasible allocation Pareto-dominates it.

Fairness Notions. An allocation is said to be envy-free if no agent

values the bundle of any other agent more than her own. This

definition of fairness is not directly applicable in settings with

constraints. Consider, e.g., the case wherein we have two agents

with feasible sets A and B, respectively. The first agent cannot

receive any good, while the second agent is entitled to some. Here,

if one strictly clings to envy-freeness, then the only fair and feasible

allocation is one in which both agents get an empty bundle, since,

otherwise, the first agent would envy the second one. It is, however,

unreasonable to completely deprive the second agent. Motivated by

such considerations and conforming to prior works in constrained

fair division, we study a more applicable fairness criterion called

feasible envy-freeness. Formally,

Definition 1 (Feasible envy-freeness (FEF)). In an allocation
𝑥 = (𝑥1, . . . , 𝑥𝑛), an agent 𝑖 ∈ [𝑛] is said to be envy-free towards agent
𝑗 ∈ [𝑛] if for each bundle 𝑦 ≤ 𝑥 𝑗 with 𝑦 ∈ F𝑖 , we have 𝑣𝑖 (𝑥𝑖 ) ≥ 𝑣𝑖 (𝑦).
Further, agent 𝑖 ∈ [𝑛] is said to be envy-free towards the charity
if each bundle 𝑦 ≤ 𝑥charity with 𝑦 ∈ F𝑖 , we have 𝑣𝑖 (𝑥𝑖 ) ≥ 𝑣𝑖 (𝑦). A
feasible allocation is said to be FEF if each agent is envy-free towards
every other agent and the charity.

Our proof of existence for FEF (with divisible goods) builds on

an algorithm from [3] that finds fair allocations of indivisible goods.

This discrete fair division result considers, for indivisible goods, an

analogous fairness notion called feasible envy-freeness up to any

good (FEFx). Note that in the indivisible goods setting, an allocation

(𝐴1, 𝐴2, . . . , 𝐴𝑛) is a collection of pairwise-disjoint subsets of the

(indivisible) goods, where 𝐴𝑖 ⊆ [𝑚] is the bundle assigned to agent
𝑖 and 𝐴𝑖 ∩𝐴 𝑗 = ∅ for all 𝑖 ≠ 𝑗 . The FEFx criterion is defined next.

3

Definition 2 (Feasible envy-freeness up to any good (FEFx)).

In an allocation (𝐴1, . . . , 𝐴𝑛) of indivisible goods, an agent 𝑖 ∈ [𝑛]
is said to be FEFx towards agent 𝑗 if for every strict subset 𝑆 ⊊ 𝐴 𝑗

with 𝑆 ∈ F𝑖 , we have 𝑣𝑖 (𝐴𝑖 ) ≥ 𝑣𝑖 (𝑆). Further, agent 𝑖 is said to be
FEFx towards the charity𝐴charity := [𝑚] \

(⋃𝑛
𝑖=1𝐴𝑖

)
if for every strict

subset 𝑆 ⊊ 𝐴charity with 𝑆 ∈ F𝑖 , we have 𝑣𝑖 (𝐴𝑖 ) ≥ 𝑣𝑖 (𝑆). A feasible
allocation (𝐴1, . . . , 𝐴𝑛) is said to be FEFx if each agent is FEFx towards
every other agent and the charity.

Truthful Mechanisms. For an impossibility result (in Section 6),

we consider the following mechanism design setup. The agents

(strategically) report their additive valuations for all the goods. In

particular, the reports for the agents 𝑖 ∈ [𝑛] are the values 𝑣𝑖 =

{𝑣𝑖,𝑔}𝑔∈[𝑚] . The constraints are publicly known; this, in particular,

avoids infeasible allocations. A mechanismM : (𝑣1, 𝑣2, . . . , 𝑣𝑛) ↦→
[0, 1]𝑛×𝑚 , maps reported valuation profiles to feasible allocations.

MechanismM is said to be truthful if for each agent 𝑖 ∈ [𝑛]
with true valuation 𝑣𝑖 , and any valuation profile 𝑣 ′

1
, 𝑣 ′

2
, . . . , 𝑣 ′𝑛 we

have 𝑣𝑖 (𝑥𝑖 ) ≥ 𝑣𝑖 (𝑥 ′𝑖 ), where 𝑥 = M(𝑣 ′
1
, 𝑣 ′

2
, . . . , 𝑣 ′𝑖−1, 𝑣𝑖 , 𝑣

′
𝑖+1, . . . 𝑣

′
𝑛)

and 𝑥 ′ =M(𝑣 ′
1
, 𝑣 ′

2
, . . . , 𝑣 ′𝑖−1, 𝑣

′
𝑖 , 𝑣
′
𝑖+1, . . . , 𝑣

′
𝑛). That is, a mechanism

M is truthful if no agent can gain by misreporting her valuation.

3
Note that this criterion extends the well-studied EFx criterion from the unconstrained

setting to the current setup, which has constraints and charity.

3 EXISTENCE OF FEF ALLOCATIONS
In this section, we show that there always exists an FEF alloca-

tion for a weaker class of constraints called closed constraints
4

(where for each agent, the feasible subset is closed) and Lipschitz-

continuous valuations. We use an algorithm from [3] to construct

a sequence of allocations with progressively decreasing envy and

argue that the limit of the sequence will be FEF. For the sake of

completeness, we reproduce the algorithm for the indivisible goods

case here. It relies on the idea of iteratively swapping minimally
envied subsets from the charity (if such sets exist). A set of (indivisi-

ble) goods 𝑇 is called an envied set if there exists a subset 𝑆 ⊆ 𝑇

which is feasible for some agent 𝑘 ∈ [𝑛] who also envies it.

Definition 3. A set of goods 𝑇 is called a minimally envied set if
𝑇 is envied by some agent 𝑘 ∈ [𝑛], while no strict subset 𝑇 ′ ⊆ 𝑇 is
envied by any agent 𝑘 ′ ∈ [𝑛].

Algorithm 1 ComputeFEFx [3]

Input: Fair division instance ⟨[𝑛], [𝑚], {𝑣𝑖 (𝑆)}𝑖,𝑆⊆[𝑚] , {F𝑖 }𝑖⟩ with
indivisible goods and constraints.

Output: An FEFx allocation.

1: Initialize allocation A = (𝐴1, . . . , 𝐴𝑛) = (∅, . . . , ∅) and charity

𝐶 = [𝑚].
2: while the charity 𝐶 is envied by some agent do
3: Select a minimal envied set𝑇 ⊆ 𝐶 and let 𝑘 be the agent that

envies 𝑇 .

4: Update bundle 𝐴𝑘 ← 𝑇 and charity 𝐶 ← [𝑚] \
(
∪𝑛𝑖=1𝐴𝑖

)
.

5: end while
6: return Allocation A.

The proof in Barman et al. [3] shows that for any fair division

instance with indivisible goods and arbitrary constraints, Algorithm

1 always terminates and returns an FEFx allocation.

To adapt this algorithm to the divisible goods case, we cut each
divisible good into many identical pieces. We assume that the valu-

ation functions of all agents are 𝐿-Lipschitz continuous (for some

finite 𝐿), i.e., for any allocation and any agent, the additional value
gained by adding a 𝛿-fraction of any good 𝑔 is at most 𝛿𝐿. Each

good 𝑔 is cut into 𝐿/𝜀 pieces. This ensures that each piece has value

at most 𝜀 for each agent. The modified algorithm is given as Algo-

rithm 2 below.We first define an approximate feasible envy-freeness

property FEF-𝜀 which Algorithm 2 guarantees.

Definition 4 (Approximate feasible envy-freeness FEF-𝜀).

For a fixed 𝜀 > 0, an allocation (𝑥1, 𝑥2, . . . , 𝑥𝑛) is said to be FEF-𝜀 if
max𝑖, 𝑗 max𝑆⊆𝑥 𝑗 ,𝑆∈F𝑖 (0, 𝑣𝑖 (𝑆) −𝑣𝑖 (𝑥𝑖 )) ≤ 𝜀, i.e., the envy between any
two agents is upper-bounded by 𝜀.

Lemma 1. For any fair-division instance, Algorithm 2 outputs a
FEF-𝜀 allocation.

Proof. In Step 1, Algorithm 2 splits each good into 𝐿/𝜀 pieces
and then has the exact same steps as Algorithm 1, treating each

piece as an individual good. Barman et al. [3] show that Algorithm

4
Recall that a set is closed if every convergent sequence of points in the set has a point

in the set as its limit.
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Algorithm 2 ComputeFEF-eps

Input: Fair division instance ⟨[𝑛], [𝑚], {𝑣𝑖 (𝑆)}𝑖,𝑆⊆[0,1]𝑚 , {F𝑖 }𝑖⟩
with divisible goods, closed constraints and 𝐿-Lipschitz

continuous valuation functions.

Output: An FEF-𝜀 allocation.

1: Split each good 𝑔 ∈ [𝑚] into 𝐿/𝜀 identical pieces and denote

by 𝐺 the set of all pieces.

2: Initialize allocation A = (𝐴1, . . . , 𝐴𝑛) = (∅, . . . , ∅) and charity

𝐶 =𝐺 .

3: while the charity 𝐶 is envied by some agent do
4: Select a minimal envied set𝑇 ⊆ 𝐶 and let 𝑘 be the agent that

envies 𝑇 .

5: Update bundle 𝐴𝑘 ← 𝑇 and charity 𝐶 ← 𝐺 \
(
∪𝑛𝑖=1𝐴𝑖

)
.

6: end while
7: return Allocation A.

2 terminates with an FEFx allocation. Using the fact that each piece

constructed in Step 1 in Algorithm 2 has value at most 𝜀, we have

that envy between any two agents is upper-bounded by 𝜀. □

We now state the main result of this section.

Theorem 1. Under closed agent-specific constraints and Lipschitz-
continuous valuations, there always exists an FEF allocation.

Proof. From Lemma 1, we know that for any fixed 𝜀 > 0, the

output of Algorithm 2 is FEF-𝜀. Consider the output of Algorithm 2

for a decreasing sequence of 𝜀, say 𝜀1, 𝜀2, . . . , such that 𝜀𝑘 ∈ (0, 1)
and 𝜀1 ≥ 𝜀2 ≥ 𝜀3 ≥ . . . . As the space of allocations [0, 1]𝑛×𝑚
is a bounded and compact set, the Bolzano-Weierstrass theorem

implies that, in any infinite sequence with elements in [0, 1]𝑛×𝑚 ,
there exists a convergent subsequence. Write (𝑥∗

1
, 𝑥∗

2
, . . . , 𝑥∗𝑛) to

denote the limit of the sequence. Because of the closedness property
of the constraints set, we have that the limit of any sequence of

feasible allocations is also a feasible allocation. Since for every

𝜀 > 0, the allocation returned has envy at most 𝜀, and due to

Lipschitz-continuity, the limit point (𝑥∗
1
, 𝑥∗

2
, . . . , 𝑥∗𝑛) has zero envy.

This establishes the existence of FEF allocations under closed agent-

specific constraints and Lipschitz-continuous valuation functions.

□

We note that this result, as a corollary, also gives an alternative

proof for the existence of FEF allocations under generalized assign-

ment constraints. The proof, however, does not directly lead to an

algorithm to compute such an allocation.

4 NON-CONVEXITY OF FEF ALLOCATIONS
In this section, we show that even under generalized assignment

constraints, the space of FEF allocations can be non-convex. Given

this, the fact that the algorithm of Barman et al. [3] employs linear

programming as a subroutine in the computation of FEF allocations

is somewhat surprising.

Theorem 2. There are fair division instances with constraints, in
which the space of FEF allocations is not convex.

Proof. We use an instance with two agents 1 and 2 and two

goods 𝑔1 and 𝑔2. Agent 1 has values 𝑣1,𝑔1 = 2 for good 𝑔1 and

𝑣1,𝑔2 = 1 for good 𝑔2 and size 𝑠1,𝑔1 = 𝑠1,𝑔2 = 1 for both goods. Agent

2 has value 𝑣2,𝑔1 = 𝑣2,𝑔2 = 1 for both goods, and sizes 𝑠2,𝑔1 = 1 for

good 𝑔1 and 𝑠2,𝑔2 = 2 for good 𝑔2. Both agents have a budget of

𝐵1 = 𝐵2 = 1.

Consider the two allocations 𝑥 and 𝑦. In allocation 𝑥 , agent 1

gets good 𝑔2, agent 2 gets half of good 𝑔1, and the charity gets the

other half of good 𝑔1. In allocation 𝑦, agents 1 and 2 get half of

good 𝑔1 and the charity gets good 𝑔2. Both allocations are feasible

as the total size of goods allocated to each agent does not exceed

the budget of 1. Indeed, agent 1 has size 1 for each good and gets at

most one good in each allocation. Agent 2 gets half of item 𝑔1 in

both allocations.

We claim that both allocations 𝑥 and 𝑦 are FEF. In allocation 𝑥 ,

agent 1 has value 1 for the good 𝑔2 allocated to her. Her value for

half of good𝑔1 that agent 2 and the charity get is only 1. Agent 2 has

value 0.5 for half of the good 𝑔1 allocated to her. She clearly does

not envy the charity that gets the other half of good 𝑔1. Regarding

the bundle of agent 1, only half of the good 𝑔2 that is allocated to

her is a feasible set for agent 2 (as 𝑠2,𝑔2 = 2 and 𝐵2 = 1), which gives

her a value of 0.5, too.

In allocation 𝑦, both agents 1 and 2 get half of good 𝑔1 and do

not envy each other. Agent 1’s value is 1 while her value for good

𝑔2 that the charity gets is 1, too. Agent 2’s value is 0.5 and only half

of the good 𝑔2 that is allocated to the charity is feasible for her, for

a value of 0.5, too. So, no agent envies the charity.

Now, consider the allocation 𝑧 which is the mean of the two

allocations, i.e., agent 1 gets 0.25 of good 𝑔1 and half of good 𝑔2,

while agent 2 gets half of good 𝑔1. Now, observe that agent 2 envies

agent 1. Her value for half of good 𝑔1 is 0.5. Among the goods

allocated to agent 1, 0.25 of good 𝑔1 and 0.375 of good 𝑔2 form a

feasible bundle (as agent 2 has sizes 1 and 2 for these goods). Agent

2’s value for this bundle is 0.625, i.e., higher than the value for her

bundle. Hence, allocation 𝑧 is not FEF. □

5 EXISTENCE OF FEF AND PO ALLOCATIONS
This section establishes, via a fixed-point argument, that an FEF

and PO allocation always exists under the generalized assignment

constraints and additive valuations. We utilize ideas from [5] and

[10] to prove the existential guarantee and also establish the PPAD

membership of the corresponding computation problem.

Using a fixed-point argument to prove existence involves con-

struction of a continuous map from some convex domain set 𝑆 onto

itself, i.e., 𝑓 : 𝑆 ↦→ 𝑆 , and showing that the fixed-point of 𝑓 (guaran-

teed by Brouwer’s fixed-point theorem) has the desired properties.

If the function 𝑓 can be expressed as an arithmetic circuit using the

gates {+,−,max,min,×𝜁 } (where the last gate corresponds to mul-

tiplication by a rational constant), then the argument establishes

PPAD-membership as well.

Filos-Ratsikas et al. [10] construct another gate, called linear-

OPT-gate, which can be used to solve convex optimization problems

satisfying certain conditions. Suppose that the function 𝑓 involves

solving a convex optimization problem. Then we replace the convex

program by a linear-OPT gate to get a pseudo-circuit; under the
gate’s standard preconditions, at every fixed point of the pseudo-

circuit the gate’s output equals an optimal (or feasible, as appro-

priate) solution to that program. Additionally, they show that any
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pseudo-circuit using linear-OPT gates can be compiled into a pure

piecewise-linear (PL) circuit with the same fixed points; since the

compiled PL circuit maps a compact convex set to itself, Brouwer’s

fixed-point theorem guarantees a fixed point (and thus the original

pseudo-circuit has one as well). See Section 3 and Theorem 3.1 in

[10] for a detailed explanation.

In their work, a linear-OPT-gate construction is given for two

types of convex optimization problems, linear programs and feasi-

bility programs. We briefly give the description of both problems

and the pre-requisite conditions (for the construction of linear-OPT-

gate). The optimization problems might be parameterized by some

variables of the domain. These are referred to as gate-inputs for the

problem. Also, 𝑅 is assumed to be some pre-defined constant in the

programs below.

Linear Program

min 𝑐⊤𝑥 s.t. 𝐴𝑥 ≤ 𝑏 and 𝑥 ∈ [−𝑅, 𝑅]𝑛 .

A linear-OPT-gate can be constructed for the above linear pro-

gram provided that:

(1) The feasible region is non-empty and contained in a known

box [−𝑅, 𝑅]𝑛 .
(2) All gate inputs appear only on the right-hand side of the

constraints or in the objective: the matrix𝐴 is fixed (indepen-

dent of gate-inputs), while 𝑏 and the objective coefficients 𝑐

may depend on the gate-inputs.

Feasibility Program

ℎ(𝑦) > 0 =⇒ 𝑎𝑇𝑥 ≤ 𝑏
𝑥 ∈ [−𝑅, 𝑅]𝑛 .

An OPT gate can be constructed for the above program if

(1) The program is feasible.

(2) the gate inputs appear only on the right-hand side of the

constraints 𝑎𝑇𝑥 ≤ 𝑏.
(3) In the condition constraint ℎ(𝑦) > 0, ℎ is computable using

a linear arithmetic circuit and the variables are gate inputs

(𝑥 is not permitted).

Given a fair division instance, we construct a linear arithmetic

circuit such that the fixed-point of the circuit corresponds to an

FEF and PO allocation proving existence and PPAD-membership

of the problem.

Before stating and proving our main result, we establish some

key lemmas. First, we use the following observation to characterize

the set of Pareto-optimal allocations.

Fact 2. Let 𝑤 ∈ R𝑛
+ be any 𝑛-dimensional (weight) vector, with

𝑤𝑖 > 0 for each 𝑖 ∈ [𝑛]. Then, any feasible allocation 𝑥 = (𝑥1, . . . , 𝑥𝑛)
that maximizes ⟨𝑤, 𝑣 (𝑥)⟩ :=∑𝑛

𝑖=1𝑤𝑖 · 𝑣𝑖 (𝑥𝑖 ) is Pareto-optimal.

Second, we define the concept of envy graph for a given allocation
𝑥 to capture the existing envy among the agents. For an allocation 𝑥 ,

an envy graph is a directed graph with 𝑛 nodes and a directed edge

from agent 𝑖 to ℎ if 𝑖 envies ℎ (according to Definition 1). Note that

if an allocation is PO, it is implied that no agent envies the charity.

Otherwise, the envied bundle from the charity can be swapped with

the envious agent leading to a Pareto improvement.

Lemma 3. For any (weight) vector𝑤 ∈ R𝑛
+, with all positive com-

ponents, and any feasible allocation 𝑥 = (𝑥1, . . . , 𝑥𝑛) that maximizes∑𝑛
𝑖=1𝑤𝑖 𝑣𝑖 (𝑥𝑖 ), the envy graph is acyclic.

Proof. This is a standard observation in the unconstrained set-

ting. We prove that the lemma holds even in the constrained setup.

Assume, towards a contradiction, that the envy graph for 𝑥 con-

tains a cycle among the agents: 𝑖1 → 𝑖2 → · · · → 𝑖𝑐 → 𝑖1. Here,

agent 𝑖 𝑗 envies 𝑖 𝑗+1, for all 𝑗 ∈ [𝑐], and we label 𝑖𝑐+1 = 𝑖1. By defini-

tion of feasible envy, it follows that there exists a feasible envied

bundle (according to agent 𝑖 𝑗 ) in agent 𝑖 𝑗+1’s bundle. For every
agent 𝑖 𝑗 , denote by 𝑦𝑖 𝑗 the envied bundle in agent 𝑖 𝑗+1’s bundle.
Define a new allocation 𝑥 ′ = (𝑥 ′

1
, . . . , 𝑥 ′𝑛) as follows: for all agents

𝑖 ∈ {𝑖1, 𝑖2, . . . , 𝑖𝑐 }, set 𝑥 ′𝑖 = 𝑦𝑖 . For all other agents, set 𝑥
′
𝑖 = 𝑥𝑖 . We

discard the unassigned fractions of the goods to the charity. Going

from allocation 𝑥 to 𝑥 ′, the values of the agents in the cycle strictly

increase, and for all the other agents the values remain unchanged.

Also, all the weights satisfy 𝑤𝑖 > 0. Hence, the weighted social

welfare of 𝑥 ′ is strictly greater than that of 𝑥 . This, however, contra-

dicts the optimality of 𝑥 with respect to the weighted social welfare∑𝑛
𝑖=1𝑤𝑖 · 𝑣𝑖 (𝑥𝑖 ). Therefore, by way of contradiction, we obtain that

the envy graph of 𝑥 has be acyclic. The lemma follows. □

For the fixed-point argument, we set the parameter 𝛾 > 0 to be

sufficiently small and positive such that:

(1) 𝛾 ≤ 1

2
.

(2) 𝛾 < min

𝑖,ℎ∈[𝑛]
𝑔∈[𝑚]

𝑣𝑖 (𝑔)
𝑣ℎ (𝑔)

.

(3) If the set {(𝑖, ℎ, 𝑔, 𝑔′) : 𝜌𝑖 (𝑔′) > 𝜌𝑖 (𝑔)} is nonempty, then

𝛾 <
1

2

min

𝑖,ℎ∈[𝑛]
𝑔,𝑔′∈[𝑚]

𝜌𝑖 (𝑔′ )>𝜌𝑖 (𝑔)

𝑣𝑖 (𝑔′) − 𝑣𝑖 (𝑔) ·
𝑠𝑖,𝑔′

𝑠𝑖,𝑔

𝑣ℎ (𝑔′)
;

Note that 𝛾 is always strictly positive. Further, the sufficiently

small value of 𝛾 gives us the following lemma.

Lemma 4. Let 𝑤 ∈ R𝑛
+ be any vector with all positive compo-

nents and 𝑥 = (𝑥1, . . . , 𝑥𝑛) be any feasible allocation that maximizes∑𝑛
𝑖=1𝑤𝑖 · 𝑣𝑖 (𝑥𝑖 ). Also, let 𝑖 ∈ [𝑛] and ℎ ∈ [𝑛] be any two agents with

𝑤ℎ ≤ 𝛾𝑤𝑖 . Then, agent 𝑖 does not envy agent ℎ under allocation 𝑥 .

Proof. For the analysis, we consider the cases where 𝑠𝑖 (𝑥𝑖 ) < 𝐵𝑖
and 𝑠𝑖 (𝑥𝑖 ) = 𝐵𝑖 separately.

For the first case, we show that 𝑠𝑖 (𝑥𝑖 ) < 𝐵𝑖 =⇒ 𝑠𝑖 (𝑥ℎ) = 0,

which implies envy-freeness. If 𝑠𝑖 (𝑥𝑖 ) < 𝐵𝑖 and 𝑠𝑖 (𝑥ℎ) > 0, the

second constraint on 𝛾 states that a small fraction of (any) good in

𝑥ℎ can be transferred from agent ℎ to agent 𝑖 leading to an increase

in the objective function, contradicting the assumption on 𝑥 .

If 𝑠𝑖 (𝑥𝑖 ) = 𝐵𝑖 , we prove that, 𝑤ℎ ≤ 𝛾 · 𝑤𝑖 =⇒ 𝜌𝑖 (𝑔) ≥ 𝜌𝑖 (𝑔′)
for all goods 𝑔, with 𝑥𝑖,𝑔 > 0, and 𝑔′, with 𝑥ℎ,𝑔′ > 0. These density

relations between the goods in 𝑖’s bundle and the ones in ℎ’s bundle

imply that 𝑖 does not envy ℎ.

Assume, towards a contradiction, that there exist goods 𝑔,𝑔′ that
violate the above inequality, i.e., 𝜌𝑖 (𝑔) < 𝜌𝑖 (𝑔′) and 𝑥𝑖,𝑔 > 0 along

with 𝑥 ′
ℎ,𝑔′ > 0. We will prove that, in such a case, we can construct

a new allocation 𝑥 ′ that has a higher weighted social welfare than

𝑥 .
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To construct 𝑥 ′, keep the bundles of the remaining agents (except

𝑖 and ℎ) the same as in 𝑥 . Write 𝛼 =min

{
𝑥ℎ,𝑔′ ,

𝑥𝑖,𝑔 ·𝑠𝑖,𝑔
𝑠𝑖,𝑔′

}
and 𝛽 = 𝛼 ·

𝑠𝑖,𝑔′
𝑠𝑖,𝑔

. Set 𝑥 ′
𝑖,𝑔′ = 𝑥𝑖,𝑔′ +𝛼 and 𝑥 ′

ℎ,𝑔′ = 𝑥ℎ,𝑔′ −𝛼 along with 𝑥 ′𝑖,𝑔 = 𝑥𝑖,𝑔−𝛽 .
The allocations for items other than 𝑔 and 𝑔′ remain unchanged.

From agentℎ, a fraction of good𝑔′ is transferred to agent 𝑖 . Hence,
the quantity 𝑠ℎ (𝑥 ′ℎ) is strictly smaller than 𝑠ℎ (𝑥ℎ), which implies

that the budget constraint continues to hold for agent ℎ. For the size

of agent 𝑖’s bundle, we have 𝑠𝑖 (𝑥 ′𝑖 ) = 𝑠𝑖 (𝑥𝑖 ) + 𝛼 · 𝑠𝑖 (𝑔′) − 𝛽 · 𝑠𝑖 (𝑔) =
𝑠𝑖 (𝑥𝑖 ), where the last equality follows from the definitions of 𝛼 and

𝛽 . It follows that the allocation 𝑥 ′ is feasible.
Finally, we show that𝑤𝑖 · 𝑣𝑖 (𝑥 ′𝑖 ) +𝑤ℎ · 𝑣ℎ (𝑥 ′ℎ) > 𝑤𝑖 · 𝑣𝑖 (𝑥𝑖 ) +𝑤ℎ ·

𝑣ℎ (𝑥ℎ). As the bundles of the rest of the agents remain unchanged,

we arrive at a contradiction to the fact that 𝑥 maximizes

∑𝑛
𝑖=1𝑤𝑖 ·

𝑣𝑖 (𝑥𝑖 ). Note that𝑤𝑖 ·𝑣𝑖 (𝑥 ′𝑖 ) +𝑤ℎ ·𝑣ℎ (𝑥 ′ℎ) =𝑤𝑖 ·𝑣𝑖 (𝑥𝑖 ) +𝑤ℎ ·𝑣ℎ (𝑥ℎ) +
𝑤𝑖 ·𝛼 · 𝑣𝑖 (𝑔′) −𝑤ℎ ·𝛼𝑣ℎ (𝑔′) −𝑤𝑖 · 𝛽 · 𝑣𝑖 (𝑔). Hence, it suffices to prove

that𝑤𝑖 · 𝛼 · 𝑣𝑖 (𝑔′) −𝑤ℎ · 𝛼 · 𝑣ℎ (𝑔′) −𝑤𝑖 · 𝛽 · 𝑣𝑖 (𝑔) > 0.

𝑤𝑖 · 𝛼 · 𝑣𝑖 (𝑔′) −𝑤ℎ · 𝛼 · 𝑣ℎ (𝑔′) −𝑤𝑖 · 𝛽 · 𝑣𝑖 (𝑔)

= 𝛼 ·𝑤𝑖 ·
(
𝑣𝑖 (𝑔′) − 𝑤ℎ

𝑤𝑖
· 𝑣ℎ (𝑔′) − 𝑣𝑖 (𝑔) ·

𝑠𝑖,𝑔′
𝑠𝑖,𝑔

)
≥ 𝛼 ·𝑤𝑖 ·

(
𝑣𝑖 (𝑔′) − 𝛾 · 𝑣ℎ (𝑔′) − 𝑣𝑖 (𝑔) ·

𝑠𝑖,𝑔′
𝑠𝑖,𝑔

)
> 0.

The last inequality follows from the last constraint in the defini-

tion of 𝛾 . The lemma follows. □

Before proving the main result, we define a map such that its

fixed-point corresponds to an FEF and PO allocation. Write 𝑀 =

max𝑖

∑
𝑔∈[𝑚] 𝑣𝑖 (𝑔) and𝑊𝜀 := {𝑤 ≥ 0;

∑𝑛
𝑖=1𝑤𝑖 = 1,𝑤𝑖 ≥ 𝜀} . Given a

fair division instance, we construct an arithmetic linear circuit that

defines a map 𝐹 (𝑋,V,𝑊𝜀 ) → (𝑋,V,𝑊𝜀 ), where 𝑋 = [0, 1]𝑛×𝑚 ,
V = [0, 𝑀]𝑛×𝑛 . Here 𝑥 is an allocation, 𝑤 is a weight vector and

𝑣𝑖, 𝑗 is used to denote agent 𝑖’s value for the maximal-valued feasible

subset of agent 𝑗 ’s bundle. Also, note that all variables are bounded

and hence satisfy the [−𝑅, 𝑅] condition stated above.

We give the construction of 𝐹 in three separate parts 𝑃1, 𝑃2, 𝑃3
such that 𝐹 (𝑥, 𝑣,𝑤) = (𝑃1 (𝑤), 𝑃2 (𝑥), 𝑃3 (𝑥, 𝑃2 (𝑥))).

Part 𝑃1 (·): The first linear program 𝑃1 (𝑤) is defined as follows.

max

𝑥

∑︁
𝑖∈[𝑛]

𝑤𝑖 · 𝑣𝑖 (𝑥𝑖 )

s.t.

∑︁
𝑖∈[𝑛]

𝑥𝑖,𝑔 ≤ 1 ∀𝑔 ∈ [𝑚],

𝑥𝑖,𝑔 ≥ 0 ∀𝑔 ∈ [𝑚], 𝑖 ∈ [𝑛],∑︁
𝑔∈[𝑚]

𝑠𝑖,𝑔 · 𝑥𝑖,𝑔 ≤ 𝐵𝑖 ∀ 𝑖 ∈ [𝑛] .

𝑃1 is parameterized by vector 𝑤 ∈ R𝑛
+ (which serve as gate-

inputs) and it maps to the allocations that maximize

∑𝑛
𝑖=1𝑤𝑖𝑣𝑖 (𝑥𝑖 )

and, hence, are Pareto-optimal.

Also, a linear-OPT-gate can be constructed for 𝑃1 as it satisfies

the conditions mentioned earlier. The domain is non-empty (setting

all 𝑥𝑖,𝑔 = 0 satisfies the constraints) and the gate-input 𝑤 only

figures in the objective function and not in the constraints.

Part 𝑃2 (·): The second linear program 𝑃2 is used to compute 𝑣𝑖,ℎ
for allocation 𝑥 . We write the linear program for a fixed 𝑖 and ℎ;

the analogous 𝐿𝑃 is included for every pair (𝑖, ℎ) ∈ [𝑛]2. 𝑃2 takes
as input allocation 𝑥 and its output 𝑃2 (𝑥) is said to be the matrix

𝑉 (𝑥) = (𝑣𝑖,ℎ)𝑖,ℎ which is used as gate-input for circuit 𝑃3.

max

𝑦
𝑣𝑖 (𝑦)

s.t. 0 ≤ 𝑦𝑔 ≤ 𝑥ℎ,𝑔 ∀𝑔 ∈ [𝑚],∑︁
𝑔∈[𝑚]

𝑠𝑖,𝑔 𝑦𝑔 ≤ 𝐵𝑖 budget constraint for agent 𝑖,

𝑣𝑖,ℎ = 𝑣𝑖 (𝑦)
Here 𝑦 ∈ [0, 1]𝑚 is a set of some auxiliary variables which

corresponds to agent 𝑖’s maximal-valued feasible subset from agent

ℎ’s bundle. The constraint 𝑣𝑖,ℎ = 𝑣𝑖 (𝑦) ensures correctness of 𝑣𝑖,ℎ .
Also, a linear-OPT-gate can be constructed for 𝑃2 as the domain

of the 𝐿𝑃 is non-empty (setting 𝑦 = 0 satisfies the constraints)

and 𝑥 (the gate-input) appears only on the right-hand side of the

constraints.

Part 𝑃3 (·):We write 𝑃3 to be a feasibility program. Set 𝜀 = 𝛾𝑛/𝑛. We

state the implication for a fixed pair (𝑖, ℎ); the analogous constraint
is imposed for all pairs [𝑛]2.

𝑣𝑖,ℎ − 𝑣𝑖 (𝑥𝑖 ) > 0 =⇒ 𝑤ℎ − 𝛾 ·𝑤𝑖 ≤ 0,

𝑛∑︁
𝑖=1

𝑤𝑖 = 1 and 𝑤𝑖 ≥ 𝜀 ∀𝑖 ∈ [𝑛] .

𝑃3 takes as input any weighted welfare-maximizing allocation 𝑥

and finds a vector𝑤 ∈ R𝑛
+ that satisfies the following constraints:

𝑣𝑖,ℎ > 𝑣𝑖 (𝑥𝑖 ) =⇒ 𝑤ℎ − 𝛾 · 𝑤𝑖 ≤ 0, where 𝑣𝑖,ℎ is the value of the

maximally valued feasible subset of agent ℎ’s bundle according

agent 𝑖 . That is, in allocation 𝑥 , if agent 𝑖 envies agent ℎ, then the

weight𝑤ℎ must be sufficiently smaller than𝑤𝑖 . Further, the last set

of constraints ensure that each component of 𝑤 is at least 𝜀 and,

hence, is strictly positive.

To show that a linear-OPT-gate can be constructed for 𝑃3, we

first observe that the gate-inputs 𝑣𝑖, 𝑗 and 𝑥 do not figure in the

linear enforced constraints and only appear on the left-hand side of

the conditional constraint. This is in line with the conditions stated

above. Finally, we need to show that 𝑃3 is feasible. We make use of

the following lemma from [5, Lemma 3.5].

Lemma 5. (Caragiannis et al. [5]) Suppose 𝑥 is an allocation such
that the envy graph of 𝑥 is acyclic. Then, the program 𝑃3 is feasible.

Lemma 3 shows that for all weighted social welfare maximizing

allocations, the envy graph is acyclic. Applying Lemma 5, we get

that for any weighted social welfare maximizing allocation 𝑥 , a

valid𝑤 vector can be found, i.e., 𝑃3 is feasible. This concludes the

construction of the function 𝐹 . Using this function, we next prove

the main result of this section.

Theorem 3. For any given fair division instance with divisible
goods and generalized assignment constraints, there always exists
an FEF and PO allocation. Moreover, the problem of finding such an
allocation is in PPAD.

Proof. As noted earlier, the circuit we construct using linear-

OPT-gates compiles to a piecewise-linear map which preserves
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fixed points. Further, by Brouwer’s fixed-point theorem, we have

that there exists at least one fixed-point for the map 𝐹 (for the

piecewise-linear map and, hence for 𝐹 due to preservation of fixed

points). Let one such fixed-point be (𝑥∗, 𝑣∗,𝑤∗). We show that 𝑥∗

is an FEF and PO allocation.

First, observe that 𝑥∗ maximizes

∑
𝑖∈[𝑛] 𝑤

∗
𝑖 · 𝑣𝑖 (𝑥𝑖 ) and hence is

Pareto-optimal. Next, we show that 𝑥∗ is FEF. Assume towards a

contradiction, that 𝑥∗ is not FEF, i.e., an agent 𝑖 (feasibly) envies ℎ.

As 𝑣𝑖,ℎ > 𝑣𝑖 (𝑥𝑖 ), by the constraints in 𝑃3 we have, 𝑤
∗
ℎ
≤ 𝛾𝑤∗𝑖 . But,

Lemma 4 implies the 𝑖 cannot envy ℎ (as𝑤∗
ℎ
≤ 𝛾 ·𝑤∗𝑖 ). This leads to

a contradiction, and the theorem follows. □

6 ARE FAIRNESS, EFFICIENCY, AND
TRUTHFULNESS COMPATIBLE?

We now prove that truthful mechanisms that compute FEF and PO

allocations do not exist.
5
Actually, our proof uses a fair division

instance without constraints. Then, FEF is identical to classical

envy-freeness, and Pareto-optimality implies that all the goods are

allocated to the agents and not to the charity.

Theorem 4. There does not exist a truthful mechanism that always
outputs envy-free and Pareto-optimal allocations.

Our proof uses the following fair division instance with two

agents and two goods. The valuations of the first and second agent

are given in the left and right table, respectively.

Good Value

1 𝛼

2 1 − 𝛼

Good Value

1 𝛽

2 1 − 𝛽
Table 1: The valuations in the proof of Theorem 4.

The instance is parameterized by two variables 𝛼, 𝛽 ∈ (1/2, 1) and
𝛼 > 𝛽 . Note that the first good is always more valuable than the

second good for both agents.

Claim 6. For every PO allocation 𝑥 , either 𝑥1,1 = 1 or 𝑥1,2 = 0.

Proof. Towards a contradiction, assume none of the two con-

ditions stated are true, i.e., 𝑥1,1 < 1 and 𝑥1,2 > 0. We define al-

location 𝑥 ′ as follows. For sufficiently small 𝜀 and 𝜀′ such that

𝛽/(1 − 𝛽) < 𝜀′/𝜀 < 𝛼/(1 − 𝛼), set 𝑥 ′
1,1 = 𝑥1,1 + 𝜀, 𝑥 ′1,2 = 𝑥1,2 − 𝜀′,

𝑥 ′
2,1 = 𝑥2,1 − 𝜀 and 𝑥 ′

2,2 = 𝑥2,2 + 𝜀′. It can be verified that the

𝑥 ′ Pareto-dominates 𝑥 , hence establishing a contradiction to the

Pareto-optimality of 𝑥 . □

Claim 7. For every envy-free and Pareto-optimal allocation 𝑥 , we
have 𝑥1,2 = 0 and 1

2𝛼
≤ 𝑥1,1 ≤ 1

2𝛽
.

Proof. We note that for any envy-free allocation, it holds 𝑥1,1 <

1, otherwise agent 2 would envy agent 1. Hence, from Claim 6, we

have 𝑥1,2 = 0. Next, we write the condition for envy-freeness for

both the agents. For agent 1, we have 𝛼 ·𝑥1,1 ≥ (1−𝛼) ·𝑥1,1 + 1−𝛼 ,
which implies 𝑥1,1 ≥ 1

2𝛼
. For agent 2, we have 𝛽 · 𝑥1,1 ≤ 𝛽 · 𝑥2,1 +

(1 − 𝛽) · 𝑥2,2 ≤ (1 − 𝑥1,1) · 𝛽 + 1 − 𝛽 , which implies 𝑥1,1 ≤ 1

2𝛽
. □

5
We remark that the proof of Theorem 4 can be obtained from [13] and [15]. We

present an alternative proof here.

We are now ready to complete the proof of Theorem 4.

Proof of Theorem 4. Towards a contradiction, assume that

some mechanismM satisfies all the three properties. Consider the

fair division instance defined above and let the output ofM for

the instance be 𝑥 . We show that ifM returns an envy-free and

Pareto-optimal allocation, then it is not truthful.

From Claim 7, we know thatM returns 𝑥 such that 1/(2𝛼) ≤
𝑥1,1 ≤ 1/(2𝛽). Note that agent 1 (resp. 2) prefers higher (resp. lower)
fraction 𝑥1,1. If 𝑥1,1 = 1/(2𝛼), then agent 1 has an incentive to

report her value to be 𝛼 ′ = (𝛼 + 𝛽)/2. In this case, 𝛼 ′ < 𝛼 and

1/(2𝛼 ′) > 1/(2𝛼), which renders the output 𝑥1,1 = 1/(2𝛼) invalid
due to Claim 7. Hence, hereM has to output a higher value of 𝑥1,1.

Similarly, if 𝑥1,1 > 1/(2𝛼), then agent 2 has an incentive to

misreport 𝛽 . Specifically, if agent 2 misreports her values as 𝛽 ′ such
that 𝑥1,1 > 1/(2𝛽 ′) (while still maintaining 𝛽 ′ < 𝛼), thenM has to

output a lower value of 𝑥1,1 to ensure 𝑥1,1 ≤ 1/(2𝛽 ′).
To conclude, no matter the value of 𝑥1,1 in the output ofM, at

least one of the agents has an incentive to misreport her valuation.

It follows that no mechanism which always outputs envy-free and

Pareto-optimal allocations can be truthful. □

6.1 Truthfulness
In this section, we complement the impossibility result by showing

compatibility of truthfulness individually with Pareto-optimality

and feasible envy-freeness.

Truthfulness and Envy-Freeness. We devise a truthful mech-

anismM which, given a fair division instance under generalized

assignment constraints with two agents, always outputs an FEF

allocation.M creates two disjoint subsets of goods, one for each

agent, 𝑆1 and 𝑆2. Each good 𝑔 is split into identical halves, say 𝑔 (1)

and 𝑔 (2) and assigned to 𝑆1 and 𝑆2 respectively. Then for each agent

𝑖 ∈ {1, 2},M sets 𝑥𝑖 to be the maximum-valued feasible subset of

𝑆𝑖 for agent 𝑖 .

Theorem 5. For a fair division instance with 𝑛 = 2 agents and
generalized assignment constraints,M is truthful and always outputs
an FEF allocation.

Proof. First, we show thatM is truthful. The mechanism com-

putes 𝑥𝑖 ∈ argmax{𝑣𝑖 (𝑥) : 𝑥 ∈ 𝑆𝑖 and 𝑥 is feasible for 𝑖}, where the
feasible set is independent of reported valuations. Thus, reporting

truthfully maximizes the utility of each agent.

To complete the proof, we establish the FEF property of the

allocation by showing that agent 1 does not envy agent 2 and the

charity. By symmetry, the argument also implies that agent 2 does

not envy anyone either.

The envy-freeness from agent 1 to agent 2 follows from the fact

that 𝑥2 ⊆ 𝑆2 = 𝑆1 and the definition of 𝑥1. Towards a contradiction,

assume that agent 1 envies some feasible subset 𝑥 ′
2
⊆ 𝑥2 ⊆ 𝑆2. Then,

𝑣1 (𝑥 ′2) > 𝑣1 (𝑥1) contradicting the definition of 𝑥1.

We show that agent 1 does not envy the set (𝑆1 \ 𝑥1) ∪ 𝑆2, which
is a superset of the set𝐶 consisting of goods allocated to charity, i.e.,

𝐶 ⊆ (𝑆1 \𝑥1) ∪𝑆2. Observe that 𝑥1 is constructed by taking the most

dense goods from 𝑆1 until 𝑠1 (𝑥1) = 𝐵1 or 𝑥1 = 𝑆1. If 𝑥1 = 𝑆1, then

envy-freeness towards charity follows since 𝐶 ⊆ 𝑆2. Otherwise, it

holds that all goods in 𝑆1 \ 𝑥1 are at most as dense as the goods

in 𝑥1. Hence, the maximum-valued feasible subset of goods from
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(𝑆1\𝑥1)∪𝑆2 can be assumed to be picked just from 𝑆2 which ensures

that the value is at most 𝑣1 (𝑥1) by definition. □

Truthfulness and Pareto-Optimality Next, we show that truth-

fulness is compatible with Pareto-optimality.

Theorem 6. Algorithm 3 is a truthful mechanism which always
outputs a PO allocation.

Proof. First, we establish that Algorithm 3 always returns a

PO allocation. Towards a contradiction, assume that, there exists

an instance for which Algorithm 3 outputs allocation 𝑥 and there

exists an allocation 𝑥 ′ such that for all agents 𝑗 ∈ [𝑛], 𝑣 𝑗 (𝑥 ′) ≥
𝑣 𝑗 (𝑥) with at least one inequality being strict. Let ℎ be the least-

indexed agent such that the inequality is strict. Then, we have

that for all 𝑗 ∈ [ℎ − 1], 𝑣 𝑗 (𝑥 ′𝑗 ) = 𝑞 𝑗 and 𝑣ℎ (𝑥 ′ℎ) > 𝑞ℎ . However

this directly contradicts the maximality of 𝑞ℎ for the stage-ℎ linear

program. Specifically, setting 𝑥 𝑗 = 𝑥 ′𝑗 for all 𝑗 ∈ [ℎ] achieves a
higher objective value as 𝑣ℎ (𝑥 ′ℎ) > 𝑞ℎ .

Next, we show that the mechanism is truthful. Observe that the

final value obtained by agent 𝑗 is equal to 𝑞 𝑗 , which is the optimal

value of the stage- 𝑗 linear program. As the reported valuation vector

appears only in the objective function and not in the constraints, it

is straightforward to see that maximizing the objective 𝑣 𝑗 (𝑥 𝑗 ) leads
to maximum value for agent 𝑗 . □

Algorithm 3 Truthfulness +PO

Input: Fair division instance ⟨[𝑛], [𝑚], {𝑣𝑖 }𝑖 , {F𝑖 }𝑖⟩
Output: A PO allocation.

1: P ← ∅ // Constraints to be accumulated
2: for 𝑖 = 1 to 𝑛 do
3: Let 𝑞𝑖 be the optimal value of stage-𝑖 LP with variables

{𝑥 𝑗,𝑔} 𝑗≤𝑖, 𝑔∈[𝑚] :
maximize 𝑣𝑖 (𝑥𝑖 )
subject to 𝑥 𝑗,𝑔 ≥ 0 ∀𝑗 ≤ 𝑖, ∀𝑔 ∈ [𝑚]

𝑖∑︁
𝑗=1

𝑥 𝑗,𝑔 ≤ 1 ∀𝑔 ∈ [𝑚]

𝑥 𝑗 ∈ F𝑗 ∀𝑗 ≤ 𝑖
P// constraints accumulated so far

4: P ← P ∪ { 𝑣𝑖 (𝑥𝑖 ) = 𝑞𝑖 } // Set agent 𝑖’s value
5: end for
6: Solve the following final (feasibility) LP to find values for the

variables {𝑥 𝑗,𝑔} 𝑗≤𝑛,𝑔∈[𝑚] that satisfy:
𝑥 𝑗,𝑔 ≥ 0 ∀𝑗 ∈ [𝑛], ∀𝑔 ∈ [𝑚]
𝑛∑︁
𝑗=1

𝑥 𝑗,𝑔 ≤ 1 ∀𝑔 ∈ [𝑚]

𝑥 𝑗 ∈ F𝑗 ∀𝑗 ∈ [𝑛]
P

7: Return A = (𝑥1, . . . , 𝑥𝑛)

7 CONCLUSION
This work advances our understanding of fair, efficient, and truthful

allocations of divisible goods under generalized assignment con-

straints. We resolve an open problem posed in [2] by establishing

that an FEF and PO allocation always exists under this setting. We

also prove that truthfulness, fairness, and efficiency are incompati-

ble, while these three properties when considered in pairs admit

positive results. Extending Theorem 5 by developing a truthful

mechanism that finds fair (but not necessarily Pareto-optimal) allo-

cations among three or more agents, or showing the nonexistence

of such a mechanism, is an interesting direction for future work.

Also, exploring whether truthfulness is compatible with approx-

imations of Pareto-optimality and FEF is another direction that

deserves investigation.
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