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ABSTRACT
Budget aggregation deals with the social choice problem of distribut-

ing an exogenously given budget among a set of public projects,

given agents’ preferences. Taking a game-theoretic perspective,

we study budget-aggregation games where each agent has virtual

decision power over some fraction of the budget. We investigate the

structure and show efficient computability of Nash equilibria for

various common preference models in this setting. In particular, we

show that equilibria for Leontief utilities can be found in polyno-

mial time, solving an open problem from Brandt et al. [15], and give

an explicit polynomial-time algorithm for computing equilibria for

ℓ1 preferences.
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1 INTRODUCTION
Participatory budgeting [6, 18] is a democratic process in which

citizens are allowed to vote on how the funds of their city or state

should be distributed. It is justified both by ethical arguments (peo-

ple have a fundamental right to decide how their money is used)

and by practical arguments (letting people decide on the budget

strengthens cohesion in the community). This approach can be

taken to the extreme: instead of just letting citizens vote on which

projects they approve (as is commonly done today), one can give

each citizen their own (virtual) share of the budget (e.g. 1/𝑛 of the

total budget, in case there are 𝑛 citizens with equal entitlements),

and allow them to decide how to allocate that share among the

potential projects. This can be an attractive approach, as it gives

full power to the citizens and ensures some degree of fairness by

splitting that power equally among them. Furthermore, each citizen
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is able to directly observe her influence on the outcome by means

of the distribution of her individual budget.

However, this approach raises severe strategic problems. For

example, if a citizen thought that projects 𝑥 and 𝑦 should each

receive 0.5 of the total budget, but later observed that most other

citizens allocated their shares to 𝑥 , then she would have preferred to

spend her entire budget on 𝑦, leaving her regretful since her budget

was spent suboptimally in hindsight. This bad user experience

can be avoided if we have the possibility to coordinate individual

budgets by advising each citizen in advance how to distribute their

own budget such that for each citizen, the advised distribution is

optimal, given that all other citizens follow the provided advice.

In other words, we would like to compute a Nash equilibrium
(NE) of the game in which the players are citizens, and the set of

strategies of each player is the set of possible distributions of their

share of the budget. We call this game the budget-aggregation game.
An NE of the budget-aggregation game hits a sweet spot between

giving complete autonomy to the citizens to distribute their shares

of the budget and ensuring that they are indeed satisfied with their

own choice. More specifically, every agent receives at least their

maximin share, a property studied in fair division [see, e.g., 14]. In

words, an agent receives the highest possible utility they can secure

with their share of the budget under the least favorable allocation

of the remaining shares.

Our contributions. Wepropose a new class of normal-form games,

called budget-aggregation games, which model (equal-resource)

public funding situations. We position these games within the

broader framework of normal-form games and survey existing

results on the computation of NEs. On top of that, our paper ana-

lyzes NEs for the most common utility functions that have been

considered in participatory budgeting and related fields. We prove

theorems on the structure of NEs and develop algorithms to effi-

ciently compute them. We focus on the following utility models:

• For linear utilities, we show that an NE can be computed by

solving a linear program (Section 4).

• For Leontief utilities, we show that an NE can be computed

in polynomial time using a variant of the ellipsoid method,

solving an open problem from Brandt et al. [15] (Section 5).

• For binary symmetric separable utilities, we explore strategic
similarities to Leontief utilities to show that an NE can be

found in polynomial time. (Section 6).

• For ℓ1 disutilities, we again present an intuitive polynomial-

time algorithm to compute an NE (Section 7).
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Finally, we extend the basic model by allowing agents to have

different weights.We show that, for most of the above utility models

(namely linear, Leontief and ℓ1), an NE can still be computed in

pseudo-polynomial time (Section 8).

The full version of this paper [8] includes complete proofs of

Lemmas 5.4, 5.6 and 8.2 and Theorem 5.3 as well as additional

examples and a discussion of related literature on market equilibria.

2 RELATEDWORK
About 75 years ago, two groundbreaking papers by John Nash [59,

60] proved the existence of an NE in general normal-form games.

Apart from its intrinsic value, the proof technique of applying fixed-

point theorems, especially Kakutani’s fixed-point theorem (which

Nash attributed to David Gale), paved the way for other equilibrium

existence theorems like Debreu’s social equilibrium [32] or general

equilibrium in the Arrow-Debreu model [3, 58].

An important generalization of Nash’s theorem involves the

notion of a concave game [69]. A concave game is defined by a

collection of convex sets (𝑆𝑖 )𝑖∈𝑁 , where 𝑆𝑖 represents the set of

possible strategies of agent 𝑖 , and a collection (𝑢𝑖 )𝑖∈𝑁 of individual

utility functions 𝑢𝑖 that map each strategy profile to a real number;

𝑢𝑖 can be any function that is continuous in all strategies, and con-

cave in the strategy of agent 𝑖 .1 Nash’s game is a special case in

which every 𝑆𝑖 is a standard simplex in some Euclidean space (rep-

resenting the set of all lotteries over pure actions), and every 𝑢𝑖 is a

linear combination of products of 𝑛 terms. Our budget-aggregation

game is a special case in which every 𝑆𝑖 is (still) a simplex, but the

utility functions are substantially different, due to the interpretation

as a distribution of exogenously given budget rather than a lottery.

2.1 Computing an equilibrium is hard
Like most fixed-point-based proofs, the ones by Nash [59, 60] and

Rosen [69] do not yield efficient algorithms for finding an equi-

librium. Moreover, there are 3-player games with integer payoffs

with a unique (mixed) NE in which all probabilities are irrational

numbers [10, 60], and 4-player games with a unique NE in which

all probabilities are irradical numbers (cannot be expressed using

integer roots) [62]. This shows that no finite algorithm can compute

an exact NE in general games.

Even computing an 𝜖-approximate NE probably cannot be done

in polynomial time, as it is PPAD-hard even for two players. This

was first proven for 𝜖 that shrinks exponentially in the number of

actions [21], then for 𝜖 that shrinks polynomially [22], and later

even for some constant 𝜖 > 0 [72]. Computing an equilibrium is

PPAD-complete, also for some other classes of concave games [63].

However, there are other classes of games for which an NE can

be computed efficiently. We survey some of them below.

2.2 Nash games
For the original game studied by Nash (where the strategy set of

each agent is the set of lotteries over a finite set of actions), many

practical algorithms for computing an NE were designed, such as

1
The definition in Rosen [69] is even more general and allows coupled constraints, that
is, the set of strategies available to each agent may depend on the choices made by

other agents. We do not need this generalization here.

the ones by Lemke and Howson [54] and Porter et al. [68], but they

do not have a polynomial-time guarantee.

Polynomial-time algorithms for 𝜖-approximate NE (where no

agent can increase her utility by more than 𝜖 by deviating, where

the utilities are normalized to [0, 1]) are known for 𝜖 ≈ 0.34 for two

players [73], 𝜖 ≈ 0.5 for 𝑛-player polymatrix games, and 𝜖 > 0.6

for general 𝑛-player games with 𝑛 ≥ 3 [34]. Some special classes of

games in which an exact NE can be computed in polynomial time

are two-player zero-sum games [74], anonymous games in which

each player has a fixed small number of strategies and Lipschitz-

continuous utility functions [23, 29, 30], graphical games in which

the graph (representing the influence between players) is a tree [49]

or a general graph with degree 2 [36], win-lose games with at most

2 winning positions per action of each player [25], and two-player

games in which the payoff matrices have a bounded rank [2, 57].

2.3 Aggregative games
An aggregative game is a game in which the utility of each player

𝑖 depends only on the strategy of 𝑖 , and on some aggregate func-

tion of all strategies. Our game corresponds to the special case in

which that aggregate function is a sum. Aggregative games were ini-

tially studied for one-dimensional strategy sets (each agent chooses

a number) and one-dimensional aggregators. Under certain con-

ditions, such games admit a potential function,2 and thus always

have an NE [27, 35, 48, 52]. There are also efficient algorithms for

computing an NE when players have discrete strategy sets [50].

For aggregative gameswith continuous strategy sets, Babichenko

[7] proves that, for every 𝜖 > 0, there exists a best-reply dynamics

that reaches an 𝑂(𝜆𝜖)-approximate NE in time (number of steps)

𝑂(𝑛 log𝑛/𝜖2
), where 𝜆 is the Lipschitz constant of the agents’ utility

functions. This result is applicable to a special case of our budget-

aggregation game in which there are only𝑚 = 2 issues, as in that

case, the strategy of each player is completely determined by the

amount he puts on the first issue. As far as we know, it is open

whether an exact NE for 𝑚 = 2 can be computed in polynomial

time for this general class of games.

Cummings et al. [28] study aggregative games with a multi-

dimensional aggregator (as in our game), but the players’ strategy

sets are finite (unlike our game). For this class, they present an

algorithm that computes an NE in time polynomial in the number

of players and actions, but exponential in the number of dimensions

of the aggregator.

When both players’ strategy sets and the aggregator are multi-

dimensional, one can still prove that, under the required assump-

tions, they have a potential function, and therefore have an NE [47].

However, computing the NE becomes harder. The literature focuses

on numeric, distributed algorithms that converge asymptotically to

an NE [e.g., 64, 76], see Li et al. [55] for a recent survey. We could

not find an algorithm with a polynomial run-time guarantee.

Our contribution is identifying a natural and practical class of

aggregative games, for which an exact NE can be computed effi-

ciently. In the following, different types of aggregative games are

covered.

2
Roughly, a potential function is a function of the strategy profile, whose value in-

creases when any player makes an improving move. A weaker definition only requires

the potential to increase when any player makes a best response.
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2.3.1 Congestion games. These games are a subclass of aggrega-

tive games with multidimensional aggregators, where each coor-

dinate of the aggregator represents the congestion on one of the

resources. Usually, the players’ strategy sets are discrete; each player
can choose a subset of resources to use (lotteries are not allowed).

Equilibria without lotteries are called pure Nash equilibria (PNE).

Even though Nash’s original existence proof is not valid in gen-

eral for discrete strategy sets, congestion games (CGs) always have

a potential function, so every sequence of individual improvements

must terminate in a PNE [70]. However, in general, this sequence

might be exponentially long. Specifically, computing a PNE in gen-

eral CGs is PLS-complete, which means that it probably cannot be

done by a polynomial-time algorithm [38].
3

Some special classes of CGs in which a PNE can be computed or

approximated in polynomial time are:

• Symmetric network CGs: all players have the same set of

possible strategies, and this set is the set of paths between a

source node and a target node in a given network [38].

• Nonatomic CGs: CGs in which there is a continuum of play-

ers, where each player’s effect on the outcome is negligible

(in contrast to our setting, where each player has a substan-

tial effect on the outcome). Finding a PNE in a nonatomic CG

can be reduced to solving a convex optimization problem,

which can be done in weakly polynomial time. In the special

case of a network nonatomic CG with Lipschitz-continuous

utility functions, there is an FPTAS (an algorithm computing

an 𝜖-approximate PNE in time strongly-polynomial in the

problem size and 1/𝜖). [38].

• CGs in which the strategy space of each player consists of

the bases of a matroid over the set of resources [1].

• For symmetric (non-network) CGs, there is an FPTAS based

on simple greedy dynamics [24].

• For general CGs, when the delay functions are polynomi-

als of bounded degree, there are dynamics based on clever

sequences of greedy steps that obtain a constant-factor ap-

proximate PNE [20].

The CG class most closely related to our budget-aggregation

game is the class of splittable (atomic) CGs [61, 71], in which each

agent controls a divisible load and can split it arbitrarily among

different paths in a network. The players’ utilities are decreas-

ing functions of the total load allocated to edges that they use:

𝑢𝑖 (𝛿) = −∑
𝑥∈𝐴 𝛿𝑖,𝑥 · 𝑐𝑖,𝑥 (𝛿𝑥 ), where 𝑐𝑖,𝑥 is the congestion function

of edge 𝑥 for player 𝑖 . An important special case is when the conges-

tion functions are affine, 𝑐𝑖,𝑥 (𝛿𝑥 ) = 𝑎𝑖,𝑥 ·𝛿𝑥 +𝑏𝑖,𝑥 . Klimm andWarode

[51] prove that, even with affine congestion functions, computing

a PNE is PPAD-complete. Still, polynomial-time algorithms are

known for some special cases. If the congestion functions are affine

and player-independent, an approximate PNE can be computed by

convex programming for general graphs [26]; for specific classes

of graphs called "well-designed", an exact PNE can be computed by

a combinatorial algorithm [44]. When strategy sets are singletons

— the strategy set of each player is a set of edges, rather than a

set of paths from a source to a target — there is a polynomial-time

algorithm for affine player-specific congestion functions [43]; for

3
PLS is similar to PPAD in that both contain problems in which a solution is guaranteed

to exist — both are subsets of TFNP. It is believed that none of them contains the other,

and that none of them is contained in P.

convex player-independent congestion functions, there are algo-

rithms that are polynomial when either the number of players or

the number of edges is fixed [9].

Note that the utility functions are different than our linear utility

functions in that the (negative) utility that a player derives from

an edge is multiplied by the player’s own contribution to that edge.

In other words, the dependence of 𝑢𝑖 (𝛿) on 𝛿𝑖,𝑥 is quadratic, as 𝛿𝑖,𝑥
both multiplies 𝑐𝑖,𝑥 and contributes to 𝛿𝑥 .

2.3.2 Budget-aggregation games with approval preferences. The
need to study NEs in budget-aggregation games is also reflected by

the fact that many fairness-motivated solution concepts in partici-

patory budgeting and multiwinner voting [see, e.g., 53] are related

to NEs, especially when agents have approval preferences, i.e., lin-

ear utilities with binary valuations, also called dichotomous utilities

[12]. For the uncapped setting of budget-aggregation, when projects

can receive arbitrary amounts of the budget, Brandl et al. [13] coined

the term “decomposability” for distributions of the overall budget

that admit a decomposition into distributions of the individual bud-

gets where each agent spends her budget optimally, i.e., only on

approved projects. The standard model in participatory budgeting

assumes that projects have fixed costs. For such problems, com-

mon rules like the method of equal shares [65, 66] or Phragmén’s
rule [46, 67] rely on the same idea that agents successively allo-

cate their budgets to fund approved projects. Most of these works

take a “mechanism design perspective” where agents report their

preferences, which are then aggregated into a collective outcome,

instead of individual budget distributions. A notable exception is

donor coordination [see, e.g., 39] where the budget is initially owned
by the agents. Brandt et al. [15, 17] proved that, with Leontief utili-

ties, the unique equilibrium distribution is the unique distribution

that maximizes the product of agents’ utilities where agents are

weighted by their contributions.

For the special case of multiwinner approval voting (where all

projects have the same costs and correspond to candidates), Haret

et al. [42] recently defined a budgeting game, which is very similar to

our budget-aggregation game. In their game, as in ours, each player

has a fixed budget and can choose a distribution of this budget

among𝑚 issues. However, their issues are discrete; each issue is

active if its total allotment is at least 1 and inactive otherwise. The
(discrete) utility of a player is the number of active issues that the

player approves. They prove that their budgeting game always has

an NE, but do not elaborate on its computational aspects.

It is also worth noting that returning NEs already ensures some

degree of fairness as they satisfy individual fair share [4, 12] for
arbitrary preference models (see Proposition 3.4).

3 MODEL
Let 𝑁 be a set of 𝑛 agents and 𝐴 be a set of𝑚 (pure) alternatives.

The outcome space ∆(𝐴) is formed by all distributions 𝛿 ∈ [0, 1]
𝑚

with

∑
𝑥∈𝐴 𝛿𝑥 = 1. For a distribution 𝛿 , we denote its support by

supp(𝛿) := {𝑥 ∈ 𝐴 : 𝛿𝑥 > 0}. In a budget-aggregation game, the

budget (w.l.o.g., normalized to 1) is equally divided among the

agents, and each of them is allowed to distribute their share among

the alternatives. The set of strategies available to each payer is

thus 𝑆𝑖 = {𝛿𝑖 ∈ [0, 1]
𝑚

such that

∑
𝑥∈𝐴 𝛿𝑖,𝑥 = 1/𝑛}, which is an

(𝑚 − 1)-dimensional simplex in R𝑚 .
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Definition 3.1. A budget-aggregation game is defined as the tuple

(𝑁,𝐴, (𝑢𝑖 )𝑖∈𝑁 ) consisting of

• a set of agents 𝑁 with 𝑛 = |𝑁 |,
• a set of alternatives (issues) 𝐴,

• and 𝑛 individual utility functions 𝑢𝑖 : ∆(𝐴) → R for all 𝑖 ∈ 𝑁 .

The strategy of agent 𝑖 , denoted by 𝛿𝑖 = (𝛿𝑖,𝑥 )𝑥∈𝐴 , states that
agent 𝑖 allocates 𝛿𝑖,𝑥 to alternative 𝑥 ; these strategies are called

individual distributions. We denote the overall distribution by 𝛿 :=∑
𝑖∈𝑁 𝛿𝑖 . Note that agents only care about the overall distribution

of the budget, which is why the domain of 𝑢𝑖 is ∆(𝐴) instead of

𝑆1 × · · · ×𝑆𝑛 . Furthermore, let 𝑆−𝑖 := 𝑆1 × . . .×𝑆𝑖−1 ×𝑆𝑖+1 × . . .×𝑆𝑛
be the space of reduced strategy profiles where we exclude agent 𝑖 .

Definition 3.2. A strategy profile (𝛿∗
𝑖

)𝑖∈𝑁 is called a Nash equi-
librium if for all 𝑖 ∈ 𝑁 ,

𝑢𝑖 (𝛿
∗
) = max

𝛿𝑖 ∈𝑆𝑖
𝑢𝑖

( ∑︁
𝑗∈𝑁 \𝑖

𝛿∗𝑗 + 𝛿𝑖

)
.

The sum 𝛿∗ =

∑
𝑖∈𝑁 𝛿∗

𝑖
is called an equilibrium distribution.

Interestingly, NEs already guarantee some degree of fairness, as

they satisfy a natural fairness notion called individual fair share.

Definition 3.3. A strategy profile (𝛿𝑖 )𝑖∈𝑁 satisfies individual fair
share if for all 𝑖 ∈ 𝑁 ,

𝑢𝑖

(∑︁
𝑗∈𝑁

𝛿 𝑗

)
≥ max

𝛿 ′
𝑖
∈𝑆𝑖

min

(𝛿 ′
𝑗
)𝑗 ̸=𝑖 ∈𝑆−𝑖

𝑢𝑖

(∑︁
𝑗∈𝑁

𝛿 ′𝑗

)
.

In words, individual fair share ensures that each agent obtains

at least as much utility as she could guarantee on her own, by

allocating her budget independently of the others.

Proposition 3.4. Every Nash equilibrium (𝛿∗
𝑖

)𝑖∈𝑁 satisfies indi-
vidual fair share.

Proof. For every NE (𝛿∗
𝑖

)𝑖∈𝑁 ,

𝑢𝑖 (𝛿
∗
) = max

𝛿𝑖 ∈𝑆𝑖
𝑢𝑖

( ∑︁
𝑗∈𝑁 \𝑖

𝛿∗𝑗 + 𝛿𝑖

)
≥ max

𝛿𝑖 ∈𝑆𝑖
min

(𝛿 𝑗 )𝑗 ̸=𝑖 ∈𝑆−𝑖
𝑢𝑖

( ∑︁
𝑗∈𝑁 \𝑖

𝛿 𝑗 + 𝛿𝑖

)
.

Thus, (𝛿∗
𝑖

)𝑖∈𝑁 satisfies individual fair share. □

We are interested in understanding the structure and computing

NEs for various utility models. In the following sections, we will

consider linear utilities (Section 4), Leontief utilities (Section 5),

binary symmetric separable utilities (Section 6), and 𝑙1 disutilities

(Section 7).

4 LINEAR UTILITIES
Linear utilities, also known as additive or von Neumann-Morgenstern
utility functions, are the most common extension of valuations for

a set of pure alternatives 𝐴 to preferences over ∆(𝐴). When agents’

preferences satisfy four seemingly mild conditions, von Neumann

andMorgenstern [75] showed that they can be represented by linear

utility functions. Formally, 𝑖 has linear utilities if for all 𝛿 ∈ ∆(𝐴),

𝑢𝑖 (𝛿) =

∑︁
𝑥∈𝐴

𝑣𝑖,𝑥𝛿𝑥 .

with nonnegative valuations (𝑣𝑖,𝑥 )𝑥∈𝐴 for alternatives.
4

From an economic perspective, alternatives admit an interpre-

tation as substitutes, as agent 𝑖 is indifferent to how the budget

is divided between two alternatives 𝑥,𝑦 with 𝑣𝑖,𝑥 = 𝑣𝑖,𝑦 . Due to

this property, the set of NEs admits an easily understandable struc-

ture. Let 𝐴max

𝑖
:= arg max𝑥∈𝐴 𝑣𝑖,𝑥 be the set of alternatives highest

valued by agent 𝑖 .

Proposition 4.1. For linear utilities, the set of Nash equilibria
consists of all (𝛿𝑖 )𝑖∈𝑁 with supp(𝛿𝑖 ) ⊆ 𝐴max

𝑖
for all 𝑖 ∈ 𝑁 .5

Proof. By Definition 3.2, (𝛿∗
𝑖

)𝑖∈𝑁 is an NE if and only if

𝑢𝑖 (𝛿
∗
) = max

𝛿𝑖 ∈𝑆𝑖
𝑢𝑖 (𝛿

∗ − 𝛿∗𝑖 + 𝛿𝑖 )

for all 𝑖 ∈ 𝑁 . By linearity of 𝑢𝑖 , this is equivalent to

𝑛 − 1

𝑛
· 𝑢𝑖

( 𝑛

𝑛 − 1

· (𝛿∗ − 𝛿∗𝑖 )

)
+

1

𝑛
· max

𝛿𝑖 ∈𝑆𝑖
𝑢𝑖 (𝑛 · 𝛿𝑖 ).

The term 𝑢𝑖 (𝑛 ·𝛿𝑖 ) is maximal if and only if supp(𝛿𝑖 ) ⊆ 𝐴max

𝑖
, which

proves the statement. □

It is straightforward to see that the set of NEs is convex. Its

simple structure allows for the computation of NEs with additional

properties, e.g., the ones that maximize utilitarian welfare among

equilibrium distributions.
6

Furthermore, given a distribution 𝛿 , it is easy to check whether

it can be decomposed into an NE by solving the following linear

feasibility program with variables 𝑑𝑖,𝑥 (for 𝑖 ∈ 𝑁 and 𝑥 ∈ 𝐴).

𝛿𝑥 =

∑︁
𝑖∈𝑁

𝑑𝑖,𝑥 for all 𝑥 ∈ 𝐴;

1/𝑛 =

∑︁
𝑥∈𝐴max

𝑖

𝑑𝑖,𝑥 for all 𝑖 ∈ 𝑁 ;

𝑑𝑖,𝑥 ≥ 0 for all 𝑖 ∈ 𝑁, 𝑥 ∈ 𝐴.

5 LEONTIEF UTILITIES
Brandt et al. [15, 17] introduced Leontief preferences for contexts
where alternatives share characteristics of complements — meaning

that agents only benefit when they receive all of them (in a specific

ratio), rather than being able to substitute one for another. For each

agent 𝑖 , let 𝐴+

𝑖
:= {𝑥 ∈ 𝐴: 𝑣𝑖,𝑥 > 0} denote the set of alternatives

the agent values positively. Leontief preferences are represented by

𝑢𝑖 (𝛿) = min

𝑥∈𝐴+

𝑖

𝛿𝑥/𝑣𝑖,𝑥 .

These authors characterize the set of all NEs with the help of the

concept of critical alternatives.

4
Agents do not have different valuations for individual distributions 𝛿𝑖,𝑥 , 𝛿 𝑗,𝑥 to the

same alternative 𝑥 as they only care about the total amount 𝛿𝑥 allocated to 𝑥 .
5
If we interpret the overall distribution as a probability distribution, Proposition 4.1

implies that a distribution is in equilibrium if and only if it is the outcome of a random

dictatorship, where a player is selected uniformly at random, and then selects one of

her best outcomes. Random dictatorship is sometimes used as a benchmark of fairness;

see, e.g., Bogomolnaia et al. [12].

6
Such equilibrium distributions might still be Pareto dominated by other (non-

equilibrium) distributions [see, e.g., 13].

Research Paper Track AAMAS 2026, May 25–29, 2026, Paphos, Cyprus

1307



Definition 5.1 (Brandt et al. [17]). Given a distribution 𝛿 ∈ ∆,

agent 𝑖’s set of critical alternatives is defined as

𝑇𝛿,𝑖 := arg min

𝑥∈𝐴+

𝑖

𝛿𝑥

𝑣𝑖,𝑥
.

An alternative is critical in the sense that decreasing its share

also decreases the utility of agent 𝑖 .

Lemma 5.2 (Brandt et al. [17], Lemma 1). In a budget-aggregation
game where all agents have Leontief utilities, a profile (𝛿𝑖 )𝑖∈𝑁 is an
NE if and only if supp(𝛿𝑖 ) ⊆ 𝑇𝛿,𝑖 for all 𝑖 ∈ 𝑁 (where 𝛿 :=

∑
𝑖∈𝑁 𝛿𝑖 ).

Brandt et al. further showed that all NEs result in the same

overall distribution, which can be computed by solving the convex

program obtained from maximizing the product of agents’ utilities.

They leave the question open as to whether the equilibrium

distribution can be computed exactly in polynomial time. The re-

mainder of this section is dedicated to answering that question in

the affirmative.

Theorem 5.3. For Leontief utilities, a Nash equilibrium (and the
corresponding unique equilibrium distribution) can be computed in
time polynomial in the binary encoding length of the input.

Note that the equilibrium distribution does not change when

individual valuations are rescaled. Similarly, rescaling contribu-

tions preserves the share each alternative receives. Thus, for the

sake of simplicity, we assume throughout this section that all val-

uations are natural numbers. We prove that the equilibrium dis-

tribution can be computed in time poly(𝑛,𝑚, log
2
(𝑣max)) where

𝑣max
:= max𝑖∈𝑁,𝑥∈𝐴 𝑣𝑖,𝑥 , i.e., the run-time is polynomial in the

binary encoding length of the input.

As a first step, we prove an upper bound on the binary encoding

length of the equilibrium distribution 𝛿∗ and its corresponding

utility profile (which we denote by 𝑢∗).

Lemma 5.4. If the agents’ valuations 𝑣𝑖,𝑥 are natural numbers,
then the equilibrium distribution 𝛿∗ and its utility profile 𝑢∗ are
rational-valued. Moreover, their binary encoding length is bounded
by a polynomial function of the binary encoding length of 𝑣𝑖,𝑥 and 𝑛.

Proof sketch. Given the critical alternatives of each agent under

the equilibrium distribution, we can set up a linear program to

compute it. Thus, the equilibrium distribution and its utility profile

are rational-valued.

Moreover, knowing that agents only contribute to their critical

alternatives, the shares of alternatives 𝑥,𝑦 that are critical to some

agent 𝑖 can be linearly related to each other through her valuations

𝑣𝑖,𝑥 and 𝑣𝑖,𝑦 . Solving the resulting system of linear equations, one

can prove an upper bound on the binary encoding length of each

𝛿∗𝑥 and, consequently, also on 𝑢∗. □

Lemma 5.4 cannot be used directly for computing the equilibrium

distribution in polynomial time, since the proof requires us to know

𝑇𝛿∗,𝑖 ; iterating over all possible𝑇𝛿∗,𝑖 would require exponential time.

To prove polynomial-time computability, we leverage the following

lemma, which is Theorem 13 of Jain [45]:

Lemma 5.5 (Jain [45]). Let 𝑆 be a convex set given by a strong
separation oracle, and 𝜙 > 0 an integer.

There is an oracle-polynomial time and 𝜙-linear time algorithm
which does one of the following:

(1) Concludes that there is no point in 𝑆 with binary encoding
length at most 𝜙 , or

(2) produces a point in 𝑆 with binary encoding length at most
𝑃 (𝑛) · 𝜙 , where 𝑃 (𝑛) is a polynomial.

We apply Lemma 5.5 as follows. For every positive rational num-

ber 𝑧0, we define a convex set 𝑆(𝑧0) ⊆ R𝑛+𝑚
, where the variables

are 𝑢𝑖 for 𝑖 ∈ 𝑁 and 𝑑𝑥 for 𝑥 ∈ 𝐴:

𝑛∏
𝑖=1

𝑢𝑖
1/𝑛 ≥ 𝑧0;

𝑑𝑥 ≥ 𝑢𝑖 · 𝑣𝑖,𝑥 for all 𝑖 ∈ 𝑁, 𝑥 ∈ 𝐴;∑︁
𝑥∈𝐴

𝑑𝑥 = 1;

𝑢𝑖 ≥ 0 for all 𝑖 ∈ 𝑁 ;

𝑑𝑥 ≥ 0 for all 𝑥 ∈ 𝐴;

Intuitively, the set 𝑆(𝑧0) represents all pairs (𝛿,𝑢) such that 𝛿 is

a feasible distribution, 𝑢 is a lower bound on the corresponding

utility profile, and the geometric mean of all utilities is at least 𝑧0. A

strong separation oracle for 𝑆(𝑧0) is a function that accepts as input a

rational vector y′ = (𝑢′
1
, . . . , 𝑢′𝑛, 𝑑

′
1
, . . . , 𝑑′𝑚). It should return one of

two outcomes: either an assertion that y′ ∈ 𝑆(𝑧0), or a hyperplane

that separates y′ from 𝑆(𝑧0) (that is, a rational vector c such that

c⊺y′ < c⊺y for all y ∈ 𝑆(𝑧0)).

Lemma 5.6. For every rational 𝑧0 > 0, there is a polynomial-time
strong separation oracle for the convex set 𝑆(𝑧0).

Proof sketch. The main challenge is to find a separating hy-

perplane for vectors outside of 𝑆(𝑧0) for which only the non-linear

constraint from above is violated. Using a similar idea as Jain [45],

we apply the inequality of weighted arithmetic mean and weighted

geometric mean to find such a hyperplane. □

Proof sketch of Theorem 5.3. Lemma 5.6 allows us to apply

Lemma 5.5 to 𝑆(𝑧0). We can now compute the equilibrium distribu-

tion by applying binary search to 𝑧0 and find an NE by turning the

linear program described in the proof of Lemma 5.4 into a linear

feasibility problem where the variables 𝑢𝑖 and 𝑑𝑥 are replaced by

their respective values in the equilibrium distribution. □

Together with the uniqueness of the overall distribution, this im-

plies that the set of NEs is convex. Theorem 5.3 is also applicable to

other utility models where NEs coincide with the ones for Leontief

utilities, e.g., Cobb-Douglas utility functions [17].

6 BINARY SYMMETRIC SEPARABLE UTILS
In this section, we investigate NEs for very general utility models

when agents have separable preferences. Separability requires that

agents receive utility independently from each alternative. More

formally, fixing the outcome on a subset of all alternatives has

no influence on an agent’s preferences over how to allocate the

remaining budget among the other alternatives. The interested

reader is advised to consult Blackorby et al. [11], Debreu [33] for

an axiomatic characterization of separable preferences.
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Here, we say that preferences are separable if they can be repre-

sented by a utility function of the form

𝑢𝑖 (𝛿) =

∑︁
𝑥∈𝐴

𝑔𝑖,𝑥 (𝛿𝑥 )

where 𝑔𝑖,𝑥 :R≥0 → R are continuous and weakly increasing.

Linear utilities represent the most common class of separable

preferences. Contrarily, Leontief preferences are not separable as

the minimum is taken over all alternatives with positive valuations.

We consider the class of binary symmetric separable preferences
where each agent 𝑖 has a non-empty set of approved alternatives

𝐴𝑖 ⊆ 𝐴 but does not further distinguish between the alternatives.
7

Furthermore, her utility is assumed to strictly increase when the

budget on some 𝑥 ∈ 𝐴𝑖 increases.

In terms of utility functions, such preferences are represented by

𝑢𝑖 (𝛿) =

∑︁
𝑥∈𝐴𝑖

𝑔𝑖 (𝛿𝑥 )

where 𝑔𝑖 : [0, 1] → R are continuous and strictly increasing.

For example, setting 𝑔𝑖 (𝛿𝑥 ) = 𝛿𝑥 for all 𝑖 ∈ 𝑁 corresponds to

linear preferences with binary valuations 𝑣𝑖,𝑥 ∈ {0, 1} [see, e.g.,
12]. Choosing 𝑔𝑖 (𝛿𝑥 ) = ln(𝛿𝑥 ) leads to Cobb-Douglas utilities with

binary weights. However, note that our model allows the 𝑔𝑖 ’s to

differ among agents.

The following example shows that, for such general preferences,

NEs do not always exist.

Example 6.1. Suppose 𝑛 = 2 and 𝐴 = {𝑎, 𝑏}, with 𝑔1(·) =

√·, i.e.,
𝑢1(𝛿) =

√
𝛿𝑎 +

√︁
𝛿𝑏 and 𝑔2(·) = ·2, i.e., 𝑢2(𝛿) = 𝛿2

𝑎 + 𝛿2

𝑏
.

If 𝛿𝑎 > 𝛿𝑏 , then 𝛿𝑎 > 1/2, hence both agents contribute to 𝑎.

By strict concavity of 𝑔1, Agent 1 has an incentive to move some

budget from 𝑎 to 𝑏. The case 𝛿𝑎 < 𝛿𝑏 can be treated analogously.

If 𝛿𝑎 = 𝛿𝑏 , then by strict convexity of𝑔2, Agent 2 has an incentive

to move her entire budget to an alternative 𝑥 ∈ {𝑎, 𝑏} with 𝛿1,𝑥 ≥
1/4, resulting in 𝛿𝑎 ̸= 𝛿𝑏 . Thus, there cannot exist an NE.

Intuitively, Agent 1 wants the entire budget to be distributed as

equally as possible, whereas Agent 2 prefers to focus on one alter-

native. Therefore, we treat separately the two cases where all 𝑔𝑖 ’s

are strictly concave (Section 6.1) and strictly convex (Section 6.2).

6.1 Strictly concave utilities
In this section, all 𝑔𝑖 ’s are assumed to be strictly concave, that is,

𝑔𝑖 (𝜆𝛿 + (1 − 𝜆)𝛿 ′) > 𝜆𝑔𝑖 (𝛿) + (1 − 𝜆)𝑔𝑖 (𝛿
′
) for all different 𝛿, 𝛿 ′ ∈ ∆

and 𝜆 ∈ (0, 1).

Theorem 6.2 (Brandt et al. [17], Proposition 9). For binary
symmetric separable and strictly concave utilities, the set of NEs
coincides with that for Leontief utilities with the same valuations
(𝑣𝑖,𝑥 ∈ {0, 1}).

For binary valuations, Brandt et al. [17] stated two different

possibilities to compute an overall equilibrium distribution via

linear programming. This distribution can be decomposed into an

NE using the same linear program described at the end of the proof

of Theorem 5.3.

Corollary 6.3. For binary symmetric separable and strictly con-
cave utilities, an NE can be computed via linear programming.
7
This is what we mean by the term “symmetric” in our context.

Furthermore, the concept of critical alternatives can readily be

transferred in order to check whether a given strategy profile con-

stitutes an NE.

6.2 Strictly convex utilities
In this section, all 𝑔𝑖 ’s are assumed to be strictly convex, that is,

𝜆𝑔𝑖 (𝛿) + (1 − 𝜆)𝑔𝑖 (𝛿
′
) > 𝑔𝑖 (𝜆𝛿 + (1 − 𝜆)𝛿 ′) for all different 𝛿, 𝛿 ′ ∈ ∆

and 𝜆 ∈ (0, 1). Note that in this case, each utility function𝑢𝑖 (𝛿), seen

as an𝑚-dimensional real-valued function, is convex, as it is a sum

of strictly convex functions. Furthermore, it is strictly convex if the

domain is restricted to the |𝐴𝑖 |-dimensional subspace spanned by

agent 𝑖’s approved alternatives.

Let𝑀𝛿,𝑖 := arg max𝑥∈𝐴𝑖
𝛿𝑥 be the set of alternatives with maxi-

mum share under 𝛿 that are approved by agent 𝑖 .

Lemma 6.4. For binary symmetric separable and strictly convex
utilities, the set of Nash equilibria consists of all (𝛿∗

𝑖
)𝑖∈𝑁 with supp(𝛿∗

𝑖
) =

𝑀𝛿∗,𝑖 and |supp(𝛿∗
𝑖

)| = |𝑀𝛿∗,𝑖 | = 1 for all 𝑖 ∈ 𝑁 .

Proof. The distribution (𝛿∗
𝑖

)𝑖∈𝑁 is an NE if and only if every

agent 𝑖’s distribution 𝛿∗
𝑖
is a best response and therefore a solution

of the optimization problem

max

𝛿𝑖 ∈𝑆𝑖
𝑢𝑖 (𝛿

∗ − 𝛿∗𝑖 + 𝛿𝑖 ).

The objective function is strictly convex on this domain, and the

feasible region is the (|𝐴𝑖 | − 1)-dimensional simplex spanned by

those strategies where agent 𝑖 places her entire budget on a single

approved alternative. So every maximizer is a vertex of this simplex,

which proves that |supp(𝛿𝑖 )| = 1. By adding 1/𝑛 to an alternative

𝑥 ∈ 𝐴𝑖 in 𝛿∗ − 𝛿∗
𝑖
, agent 𝑖’s utility increases by 𝑔(𝛿∗𝑥 − 𝛿∗

𝑖,𝑥
+ 1/𝑛) −

𝑔(𝛿∗𝑥 −𝛿∗𝑖,𝑥 ). This increase is maximal if and only if 𝑥 is an alternative

with maximal share under the distribution 𝛿∗−𝛿∗
𝑖
, i.e., 𝑥 ∈ 𝑀𝛿∗−𝛿∗

𝑖
,𝑖

since 𝑔 is strictly convex. This proves that (𝛿∗
𝑖

)𝑖∈𝑁 is an NE if

and only if, every agent plays a pure strategy, i.e., |supp(𝛿∗
𝑖

)| = 1,

and supp(𝛿∗
𝑖

) ⊆ 𝑀𝛿∗−𝛿∗
𝑖
,𝑖 for all 𝑖 ∈ 𝑁 . Thus, |𝑀𝛿∗,𝑖 | = 1 and

supp(𝛿∗
𝑖

) = 𝑀𝛿∗,𝑖 for all 𝑖 ∈ 𝑁 .

For the other direction, it remains to show that if supp(𝛿𝑖 ) = 𝑀𝛿,𝑖

and |𝑀𝛿,𝑖 | = 1 for all 𝑖 ∈ 𝑁 , it holds that supp(𝛿𝑖 ) ⊆ 𝑀𝛿−𝛿𝑖 ,𝑖 for all
𝑖 ∈ 𝑁 . Therefore, assume 𝑥 ∈ supp(𝛿𝑖 ) and 𝑦 ∈ 𝐴\{𝑥} for agent 𝑖 .
Then, since all agents play pure strategies, all 𝛿𝑥 are some multiple

of 1/𝑛 and 𝛿𝑥 ≥ 𝛿𝑦 + 1/𝑛. Thus,

𝛿𝑦 − 𝛿𝑖,𝑦 = 𝛿𝑦 ≤ 𝛿𝑥 − 1/𝑛 = 𝛿𝑥 − 𝛿𝑖,𝑥

and supp(𝛿𝑖 ) ⊆ 𝑀𝛿−𝛿𝑖 ,𝑖 . □

Corollary 6.5. For a Nash equilibrium (𝛿∗
𝑖

)𝑖∈𝑁 and two alterna-
tives 𝑥,𝑦 ∈ 𝐴, 𝛿∗𝑥 = 𝛿∗𝑦 implies |𝐴𝑖 ∩ {𝑥,𝑦}| = 1 for all 𝑖 ∈ 𝑁 with
supp(𝛿∗

𝑖
) ∈ {𝑥,𝑦}.

Lemma 6.4 implies that checking whether a given distribution

𝛿 admits an NE (𝛿𝑖 )𝑖∈𝑁 can be done in polynomial time. In a first

step, verify that |𝑀𝛿,𝑖 | = 1 for all 𝑖 ∈ 𝑁 . Second, check that the

decomposition (𝛿𝑖 )𝑖∈𝑁 with 𝛿𝑖,𝑥 = 1/𝑛 for 𝑥 ∈ 𝑀𝛿,𝑖 (and 𝛿𝑖,𝑥 = 0

otherwise) is a valid decomposition of 𝛿 .

Theorem 6.6. For binary symmetric separable and strictly con-
vex utilities, a Nash equilibrium always exists and can be found in
polynomial time.
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Proof. We use the following greedy approach to construct an

NE (𝛿∗
𝑖

)𝑖∈𝑁 .
8
Let 𝑁 ′ ⊆ 𝑁 denote the set of agents who have

not yet allocated their budgets. In each step, select an alternative

𝑥∗ ∈ arg max𝑥∈𝐴
∑
𝑖∈𝑁 ′

:𝑥∈𝐴𝑖
1/𝑛, i.e., 𝑥∗ maximizes the aggregated

share of the remaining agents who approve it. Each of these agents

then allocates her entire budget to 𝑥∗, and is excluded from 𝑁 ′
. The

procedure is repeated until no agents remain.

This process runs in polynomial time in 𝑛 and 𝑚 as it termi-

nates after at most 𝑛 steps with a complete strategy profile (𝛿∗
𝑖

)

where in each step, a suitable alternative 𝑥∗ can be found by count-

ing approvals of the remaining agents in 𝑁 ′
. By construction,

|supp𝛿∗
𝑖
| = 1 for all 𝑖 ∈ 𝑁 . Furthermore, supp(𝛿∗

𝑖
) ⊆ 𝑀𝛿∗,𝑖 . Other-

wise, some agent 𝑖 approves an alternative 𝑥 with 𝛿∗𝑥 > 𝛿∗
supp(𝛿∗

𝑖
)

and would have contributed to 𝑥 instead under the described greedy

approach. Finally, if |𝑀𝛿∗,𝑖 | > 1 for some agent 𝑖 , then there ex-

ist alternatives 𝑥,𝑦 ∈ 𝐴𝑖 with 𝛿∗𝑥 = 𝛿∗𝑦 and w.l.o.g. supp(𝛿∗
𝑖

) = 𝑥 ,

contradicting Corollary 6.5.

Thus, (𝛿∗
𝑖

)𝑖∈𝑁 constitutes an NE by Lemma 6.4. □

The following example shows that the set of NEs is not convex.

Example 6.7. Consider a profile with a single agent 𝑖 and two

alternatives 𝑥 and𝑦 that are both approved by the agent, i.e.,𝐴𝑖 = 𝐴.

Using Lemma 6.4, it is easy to see that there exist exactly two

equilibria, which are given by the two distributions that allocate

the entire budget to one of the alternatives.

In fact, the number of NE is finite and can be bounded explicitly.

Proposition 6.8. The size of the set of Nash equilibria is bounded
by min{𝑚! ,

∏
𝑖∈𝑁 |𝐴𝑖 |}. These bounds are tight.

The bounds correspond to the number of possible strict orders

of the alternatives and the number of pure strategy profiles. The

proof, including instances that show the tightness of these bounds,

can be found in the full version of this paper [8].

7 ℓ1 DISUTILITIES
A widely studied utility model in the context of budget aggregation

is based on ℓ1 preferences, also referred to as ℓ1 disutilities [39,

41, 56]. The existing literature mostly focuses on the axiomatic

investigation ofmechanisms [16, 37], in particular, moving phantom

mechanisms [19, 31, 40].

For ℓ1 preferences, each agent is assumed to have a peak alloca-

tion — a preferred distribution of the budget — and her utility is

determined by the negative ℓ1 distance between any given alloca-

tion and her peak. Formally, let 𝑝𝑖 = (𝑝𝑖,𝑥 )𝑥∈𝐴 ∈ ∆(𝐴) denote the

peak of agent 𝑖 . Then, her utility for a given allocation 𝛿 ∈ ∆(𝐴) is

defined as

𝑢𝑖 (𝛿) = −∥𝛿 − 𝑝𝑖 ∥1 .

Alternatively, the utility can be interpreted in terms of overlap

utilities, as shown by Goel et al. [41]. In the overlap utility model,

the utility of agent 𝑖 is defined as the sum of the overlaps between

the allocation 𝛿 and the agent’s peak 𝑝𝑖 :

𝑢𝑖 (𝛿) =

∑︁
𝑥∈𝐴

min(𝛿𝑥 , 𝑝𝑖,𝑥 ).

8
This algorithm is equivalent to an algorithm called “maximum payment rule” [5],

which was recently presented as a rule for approximately-fair budget distribution for

agents with binary linear utilities.

Goel et al. [41] demonstrate that ℓ1 disutilities are equivalent (up to

an affine transformation) to overlap utilities, making both models

interchangeable in our budget-aggregation context. Note that these

preferences are separable, but not binary symmetric separable.

These utilities capture the behavior of agents who derive value

from receiving resources up to a certain satiation point, beyond

which additional resources provide no further benefit. The utility

is linear in the allocation up to the agent’s peak, and constant

thereafter — reflecting satiation once the desired threshold is met.

An alternative 𝑥 is oversupplied for agent 𝑖 at 𝛿 if 𝛿𝑥 > 𝑝𝑖,𝑥 .

Denote by𝑀>
𝑖

(𝛿) the set of such alternatives for a given 𝛿 . Similarly,

we say 𝑥 is undersupplied for agent 𝑖 at 𝛿 if 𝛿𝑥 < 𝑝𝑖,𝑥 . Let 𝑀
<
𝑖

(𝛿)

be the set of undersupplied alternatives and additionally define

𝑀≤
𝑖

(𝛿) as the set of alternatives for which 𝛿𝑥 ≤ 𝑝𝑖,𝑥 . We show

that a strategy profile constitutes an NE if and only if no agent

contributes to one of her oversupplied alternatives.

Lemma 7.1. For ℓ1 preferences, a strategy profile (𝛿∗
𝑖

)𝑖∈𝑁 is a Nash
equilibrium if and only if 𝑠𝑢𝑝𝑝(𝛿∗

𝑖
) ⊆ 𝑀≤

𝑖
(𝛿∗) for all 𝑖 ∈ 𝑁 .

Proof. ⇒: Assume that there is some agent 𝑖 with 𝛿∗
𝑖,𝑥

> 0 for

some alternative 𝑥 which is oversupplied, i.e. 𝛿∗𝑥 > 𝑝𝑖,𝑥 . Redistribut-

ing 𝛿∗
𝑖,𝑥

to some undersupplied alternative, say 𝑥 ′, strictly increases
the utility of agent 𝑖 , showing that the strategy profile (𝛿∗

𝑖
)𝑖∈𝑁 is

not an NE.

⇐: Suppose (𝛿∗
𝑖

)𝑖∈𝑁 satisfies 𝑠𝑢𝑝𝑝(𝛿∗
𝑖

) ⊆ 𝑀≤
𝑖

(𝛿∗) for all 𝑖 ∈ 𝑁 .

Since the marginal utility decrease in 𝑥 equals the marginal utility

increase in 𝑥 ′ for all 𝑥, 𝑥 ′ ∈ 𝑀≤
𝑖

(𝛿∗), agent 𝑖 cannot strictly in-

crease her utility by redistributing her budget 𝛿𝑖 . Therefore,𝑢𝑖 (𝛿
∗
) =

max𝛿 ′
𝑖
∈𝑆𝑖 𝑢𝑖 (𝛿

∗ − 𝛿∗
𝑖

+ 𝛿 ′
𝑖
), establishing that (𝛿∗

𝑖
)𝑖∈𝑁 is an NE. □

The existence of an NE for ℓ1 disutilities follows from the more

general existence result by Debreu [32] for quasi-concave utilities.

Given our above characterization, it is not surprising that NEs do

not yield a unique overall distribution in the case of ℓ1 preferences,

since the characterization depends solely on the support of the

agents’ individual distributions. An illustrative example and the

proof of the following proposition can be found in the full version

of this paper [8].

Proposition 7.2. For ℓ1 preferences, the set of equilibrium distri-
butions is not convex.

Although the set of NEs may be non-convex — demonstrat-

ing potential structural complexity — there nonetheless exists a

polynomial-time algorithm that computes an NE.

Theorem 7.3. For ℓ1 preferences, a Nash equilibrium can be com-
puted in polynomial time.

Proof. We present the following polynomial-time algorithm.

Let each agent 𝑖 have a budget, denoted by 𝑏𝑖 . Initially, this bud-

get is set to 𝑏𝑖 = 1/𝑛 for all 𝑖 ∈ 𝑁 . Iterate over all alternatives

𝑥 ∈ 𝐴 in an arbitrary order. For a given alternative 𝑥 , order all

agents in a descending order of their peaks for this alternative, i.e.,

𝑝𝑖1,𝑥 ≥ 𝑝𝑖2,𝑥 ≥ . . . ≥ 𝑝𝑖𝑛,𝑥 . When it is agent 𝑖’s turn, she allocates

min(𝑏𝑖 , 𝑝𝑖,𝑥 − 𝛿𝑥 ) on alternative 𝑥 . Afterwards, 𝑏𝑖 is decreased and

𝛿𝑥 is increased by this amount. Once agent 𝑖 has spent her entire

share (𝑏𝑖 = 0), she is deleted from the set of considered agents. The
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ordering of the agents ensures that 𝑥 does not become oversup-

plied to an agent who already contributed to 𝑥 later on, i.e., no

agent contributes to an oversupplied alternative. When no agent

wants to contribute to alternative 𝑥 , we go to the next alterna-

tive 𝑥 ′ and reorder the remaining agents according to their peaks

(𝑝𝑖1,𝑥 ′ ≥ 𝑝𝑖2,𝑥 ′ . . . ≥ 𝑝𝑖𝑛,𝑥 ′ ). Then, we let them again sequentially

contribute to this alternative.

We prove that every agent spends her entire budget after iterating

over all alternatives. Assume for contradiction that there is some

agent who has still some budget left after she had the possibility to

contribute to every alternative. This would mean that 𝑝𝑖,𝑥 ≤ 𝛿𝑥 for

all 𝑥 ∈ 𝐴 in the final partial distribution 𝛿 , which is impossible due

to the fact that 𝑝𝑖 ∈ ∆(𝐴) but

∑
𝑥∈𝐴 𝛿𝑥 < 1. All in all, the suggested

construction returns a strategy profile that constitutes an NE.

Iterating over all𝑚 alternatives and, for every alternative, sort-

ing at most 𝑛 agents according to their peaks leads to a run-time

complexity of 𝑂(𝑚𝑛 log𝑛). □

This construction provides an efficient algorithm for obtaining

an NE given a set of optimal distributions of the agents. The full

version of this paper [8] contains a linear feasibility program to

decide whether a given overall distribution can be represented as

individual distributions that constitute an NE.

Theorem 7.4. For ℓ1 preferences, one can check in polynomial time
whether an overall distribution can be decomposed into an NE.

8 WEIGHTED AGENTS
In practice, one might want to assign different shares to the agents,

e.g., when they represent groups of citizens of different sizes, or

citizens in different tax brackets.

We define a weighted budget-aggregation game as a tuple (𝑁,𝐴,

(𝑢𝑖 )𝑖∈𝑁 , (𝑤𝑖 )𝑖∈𝑁 ), where 𝑁 , 𝐴 and (𝑢𝑖 )𝑖∈𝑁 are as in Definition 3.1,

and𝑤𝑖 is the weight of agent 𝑖 , with
∑
𝑖∈𝑁 𝑤𝑖 = 1. The strategy set

of each agent 𝑖 is given by

𝑆𝑖 (𝑤𝑖 ) := {𝛿𝑖 ∈ [0, 1]
𝑚

such that

∑︁
𝑥∈𝐴

𝛿𝑖,𝑥 = 𝑤𝑖 }.

The definition of an NE transfers directly fromDefinition 3.2, except

that 𝑆𝑖 depends on𝑤𝑖 as stated above.

For some classes of utility functions, the weighted setting can be

reduced to the unweighted setting by agent cloning if all weights are

rational numbers, resulting in a pseudo-polynomial time algorithm.

We formalize the agent cloning process below.

Definition 8.1. Given a weighted budget-aggregation game (𝑁,𝐴,

(𝑢𝑖 )𝑖∈𝑁 , (𝑤𝑖 )𝑖∈𝑁 ) where all𝑤𝑖 are rational numbers, let 𝐷 be their

least common denominator, such that 𝑤𝑖 = 𝑞𝑖/𝐷 for all 𝑖 ∈ 𝑁 ,

and all 𝑞𝑖 are integers. The corresponding cloned game is an (un-

weighted) budget-aggregation game in which the set of agents 𝑁𝑐

contains 𝑞𝑖 clones of each agent 𝑖 (with the same utility function

𝑢𝑖 ), so that |𝑁𝑐 |=
∑︁
𝑖∈𝑁

𝑞𝑖 = 𝐷 .

The following lemma connects NEs of the cloned game to NEs of

the original weighted budget-aggregation game for all considered

classes of utility functions.

Lemma 8.2. Let (𝑁,𝐴, (𝑢𝑖 )𝑖∈𝑁 , (𝑤𝑖 )𝑖∈𝑁 ) be a weighted budget-ag-
gregation game in which all 𝑤𝑖 are rational numbers, and all 𝑢𝑖

are either linear, Leontief, binary symmetric separable and strictly
concave/strictly convex, or ℓ1. Let (𝛿𝑖𝑐 )𝑖𝑐 ∈𝑁 𝑐 be a Nash equilibrium of
the corresponding cloned game. Define a strategy profile (𝛿𝑖 )𝑖∈𝑁 such
that 𝛿𝑖 is the sum of 𝛿𝑖𝑐 for all 𝑖𝑐 which are clones of 𝑖 . Then (𝛿𝑖 )𝑖∈𝑁
is a Nash equilibrium of the weighted game.

Proof sketch. Assuming that (𝛿𝑖 )𝑖∈𝑁 is no NE in the weighted

game due to a beneficial deviation of agent 𝑖 , it can be shown that

for each utility model, some clone of agent 𝑖 has a beneficial devia-

tion in the cloned game. □

Theorem 8.3. A Nash equilibrium can be computed in pseudo-
polynomial time for weighted budget-aggregation games in which all
utilities are either linear, Leontief, binary symmetric separable and
strictly concave/strictly convex, or ℓ1.

Proof. Given aweighted budget-aggregation gamewithweights

𝑤𝑖 = 𝑞𝑖/𝐷 , construct the corresponding cloned game, which is an

unweighted game. This game has 𝐷 agents; hence, an NE can be

computed in time polynomial in 𝑚 and 𝐷 . By Lemma 8.2, this

NE corresponds to an NE for the weighted game; the run-time is

pseudo-polynomial in the parameters of that game. □

We believe Lemma 8.2 can be extended to other classes of utilities.

It would be interesting to characterize the set of utility functions

for which Lemma 8.2 remains true.

Moreover, it is open whether an NE in a weighted budget-ag-

gregation game can be computed in time polynomial in 𝑛 and𝑚

(rather than pseudo-polynomial), e.g., for Leontief preferences.

9 CONCLUSION
In this paper, we introduced budget-aggregation games to formal-

ize a game-theoretic distributed approach for dividing a budget

among a set of public projects and investigated NEs of the result-

ing games. Although finding NEs is known to be hard for general

classes of utility models, our work shows that they can be com-

puted in polynomial time for many common utility models, namely,

linear, Leontief, and ℓ1 preferences as well as for classes of binary

symmetric and separable preferences.

It would be interesting to seewhether there exists a class of utility

functions containing all of the previously considered preference

models that still allow for an efficient computation of NEs. As a first

step, one might want to extend binary symmetric separable utilities

to allow for valuations other than 0 or 1, or consider preferences

based on ℓ𝑝 metrics other than ℓ1.

Other possible directions for future work include the selection

of specific equilibria, e.g., by incorporating additional axioms like

Pareto efficiency or investigating limits of equilibrium dynamics,

and the investigation of the price of anarchy.
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