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ABSTRACT
Autonomous agents operating in complex multi-agent environ-

ments must reason about what holds from multiple perspectives.

Existing approaches often struggle to integrate reasoning across

agents and contexts, typically handling these dimensions in sepa-

rate, specialized modules. This fragmentation can yield brittle and

hard-to-maintain reasoning pipelines, particularly when agents

must represent and query the beliefs of others (Theory of Mind).

We introduce the Observer–Situation Lattice (OSL), a mathemat-

ical structure that provides a single, coherent semantic space for

perspective-aware cognition. OSL is a finite complete lattice whose

elements represent observer–situation pairs, enabling a principled

and scalable approach to belief management. We present two key

algorithms that operate on this lattice: (i) Relativized Belief Propa-

gation, an incremental update algorithm that efficiently propagates

new information, and (ii) Minimal Contradiction Decomposition,

a graph-based procedure that identifies and isolates contradiction

components.We establish formal guarantees for the lattice construc-

tion and the correctness and complexity of the proposed algorithms,

and we demonstrate practical utility through benchmarks includ-

ing classic Theory of Mind tasks and comparisons with established

paradigms such as assumption-based truth maintenance systems.

Our results show that OSL provides a computationally efficient

and expressive foundation for building robust, perspective-aware

autonomous agents.
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1 INTRODUCTION
Autonomous agents deployed in real-world, multi-agent settings

must navigate a complex information landscape where truth is

relative. An observation made by one agent may not be available

to another; a fact true in one context may be false in another. For

example, in a smart building, a maintenance robot may observe

a wet floor, while a remote supervisor sees only an aggregated

alert, and a security operator with access to different camera feeds

perceives nothing amiss. Effective collaboration in such environ-

ments requires agents to reason not just about the world, but about

the perspectives of others—a capability known as Theory of Mind

(ToM) [19]. This fundamental challenge of perspective-aware rea-

soning is a critical bottleneck in the development of robust, socially

intelligent AI systems [13].

Existing agent architectures and formalisms struggle to address

this challenge in a unified and scalable manner. Mainstream ap-

proaches like the Belief-Desire-Intention (BDI) model [28, 29] pro-

vide a strong foundation for single-agent deliberation but typically

assume a single, globally consistent belief state, making it difficult

to manage the multiple, often conflicting, viewpoints inherent in

multi-agent systems. While various BDI programming languages

and platforms exist [10, 27, 31], they often treat perspective-taking

as an add-on rather than a core architectural principle. Similarly,

foundational work in epistemic logic [4, 16, 20, 33, 34] provides

a formal language for reasoning about knowledge and belief, but

its computational complexity often renders it impractical for dy-

namic, real-time applications [3, 6]. Other approaches, such asmulti-

context systems [8] and truthmaintenance systems [11, 12, 15], offer

powerful tools for managing different belief sets but lack a unifying

semantic structure that can seamlessly integrate the notions of

observer, context, and time.

This fragmentation of approaches leads to a critical research

gap: the absence of a computationally efficient, formally grounded

framework that treats perspective as a first-class citizen in an

agent’s cognitive architecture. To address this gap, we introduce the

Observer-Situation Lattice (OSL), a novel mathematical structure

that provides a single, unified semantic space for perspective-aware

reasoning. The OSL is a finite complete lattice where each element

represents a unique observer-situation pair. This allows an agent

to represent and reason about facts of the form “observer 𝑜 in situa-

tion 𝜎 believes 𝜑” within a single, coherent algebraic structure. The

lattice’s partial order naturally captures knowledge containment re-

lationships between observers and contextual refinement between

situations, providing a principled foundation for belief propagation

and contradiction management.

This paper makes the following key contributions:
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(1) We formalize the OSL as a finite product lattice and prove its

key mathematical properties, demonstrating that it provides

a sound and complete foundation for perspective-aware rea-

soning (Section 3).

(2) We introduce two algorithms that operate on the OSL: Rela-

tivized Belief Propagation, an efficient incremental update

algorithm, and Minimal Contradiction Decomposition, a

graph-based procedure that identifies and isolates contradic-

tion components (Sections 3.3.1 and 3.3.3).

(3) We demonstrate how the OSL can be integrated into a practi-

cal agent architecture, providing a concrete pathway for im-

plementing perspective-aware reasoning in BDI-style agents

(Section 3.4).

(4) We validate our approach through a series of experiments,

including classic ToM benchmarks and a comparative analy-

sis against established paradigms, showing that OSL offers

significant expressive and computational advantages (Sec-

tion 4).

By unifying the dimensions of observer, situation, and belief

within a single lattice structure, OSL provides a powerful and ele-

gant solution to the long-standing problem of perspective-aware

reasoning in multi-agent systems. It offers a clear path toward build-

ing more robust, socially intelligent, and ultimately more effective

autonomous agents.

2 BACKGROUND AND RELATEDWORK
Perspective-aware reasoning draws on several established areas

in AI, including cognitive architectures, knowledge representation

and reasoning, and multi-agent systems. The central difficulty is

to represent and maintain multiple, potentially conflicting belief

states across agents and contexts while remaining computation-

ally tractable. This section positions OSL within this landscape

and highlights gaps in existing approaches that motivate a unified

lattice-based framework.

2.1 Cognitive Architectures and BDI Systems
Cognitive architectures provide general blueprints for intelligent be-

havior. Classic symbolic architectures such as Soar [24] and ACT-R

[2] support rich reasoning, but they are typically organized around

a single agent’s cognition and offer limited built-in machinery for

systematic perspective management in multi-agent settings. Re-

cent neuro-symbolic architectures [25, 38] broaden learnable repre-

sentations, yet they do not by themselves resolve the problem of

maintaining and querying multiple observer-relative belief sets in

a principled way.

In multi-agent systems, the Belief–Desire–Intention (BDI) model

[28, 29] is a widely used foundation for deliberation and goal-

directed behavior. BDI programming languages such as AgentSpeak

and implementations such as Jason [7] enable practical deploy-

ments, but standard BDI formulations typically assume a single

belief store per agent and do not natively represent other agents’

perspectives. Extensions that add ToM functionality often attach

separate perspective-reasoning modules, which can fragment be-

lief representation and increase integration and maintenance costs.

OSL is designed to address this gap by providing a single semantic

substrate in which observer- and situation-indexed beliefs can be

stored and queried uniformly.

2.2 Knowledge Representation and Reasoning
Perspective-awareness is ultimately a representational problem:

how to encode what is believed under a given observer and con-

text, and how to update that information as new evidence arrives.

Epistemic logic, following Hintikka [20], offers a formal language

for reasoning about knowledge and belief, and Dynamic Epistemic

Logic (DEL) models epistemic change under actions and observa-

tions [35]. Despite their expressive power, these frameworks face

significant computational barriers in multi-agent settings [6], and

epistemic planning inherits similar scalability limitations [3].

Truth Maintenance Systems (TMS) provide more operational

mechanisms for belief revision. Justification-based TMS (JTMS)

[15] and Assumption-based TMS (ATMS) [11] support dependency

tracking and revision under inconsistency. While ATMS can main-

tain multiple contexts, it does not impose a semantic structure that

relates contexts to observer capability and situational refinement.

Distributed TMS (DTMS) methods for multi-agent settings [9, 21]

often prioritize convergence to a single globally consistent state

rather than representing enduring perspective differences.

OSL is also related to Formal Concept Analysis (FCA), which

uses lattice theory to organize concepts and conceptual hierarchies

[18, 22]. OSL similarly leverages lattice structure, but applies it to

the organization of observer–situation contexts and to incremental

belief maintenance, rather than to static concept extraction.

2.3 Theory of Mind and Explainable AI
ToM concerns reasoning about other agents’ mental states, includ-

ing false-belief attribution (e.g., the Sally–Anne task). Computa-

tional ToM models across cognitive science and robotics [19, 23]

frequently rely on explicit nesting (e.g., “I believe that you believe

that . . . ”), which can become costly as nesting depth and agent

count increase. OSL takes a different approach: beliefs are stored

in a single context-indexed structure, and ToM-style queries are

realized by selecting the appropriate observer–situation contexts

and applying uniform retrieval and update mechanisms.

Explainable AI methods aim to make system behavior inter-

pretable [14, 32], but most explanation pipelines are not inherently

audience-aware and produce a single explanation independent of

the recipient’s knowledge state. Because OSL explicitly represents

observer perspectives, it provides a natural basis for conditioning

explanations on the recipient’s context, supporting explanation

tailoring in perspective-sensitive settings [1, 37].

Throughout the paper we use the following conventions. Let O
be the set of observers equipped with a partial order ⪯O , and let Σ
be the set of situations with partial order ⪯Σ. We write E = O × Σ
for the OSL carrier, ordered by the product order ⪯ induced by ⪯O
and ⪯Σ. A belief base is denoted by 𝐵, and we let 𝑛 = |E | denote
the size of the lattice.

3 THE OSL FRAMEWORK
The OSL framework is built upon the mathematical theory of lat-

tices, providing a robust and principled foundation for perspective-

aware reasoning. In this section, we detail the formal construction
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of the OSL, define its belief semantics, and present the core algo-

rithms for belief propagation and contradiction management.

3.1 Formal Mathematical Foundations
The OSL framework is constructed as a product of two fundamental

partial orders that capture the essential relationships in perspective-

aware reasoning systems. We begin with the mathematical founda-

tions that ensure the framework’s theoretical soundness.

Definition 3.1 (Observer Knowledge Containment). Let O be a

finite set of observers and ⪯O⊆ O ×O be a partial order expressing

informational containment. We write 𝑜1 ⪯O 𝑜2 to denote that

observer 𝑜2 has at least the knowledge available to observer 𝑜1. This

order may be derived from trust hierarchies, sensor fusion graphs,

capability inclusion relationships, or explicit authority structures.

The observer order captures the fundamental asymmetries in

multi-agent systems where different agents possess varying levels

of information access, computational capabilities, or epistemic au-

thority. This ordering is not merely theoretical but reflects practical

considerations such as sensor quality, communication bandwidth,

processing power, and domain expertise.

Definition 3.2 (Situation Refinement). Let Σ be a finite set of sit-

uations and ⪯Σ⊆ Σ × Σ be a partial order capturing refinement of

contextual situations. We write 𝜎1 ⪯Σ 𝜎2 when every fact that is

true in situation 𝜎1 is also true in situation 𝜎2, meaning that 𝜎2
represents a more specific or constrained context than 𝜎1 (i.e., 𝜎2
refines 𝜎1).

The situation refinement order embodies the principle that more

specific contexts inherit all properties of their generalizations while

potentially adding additional constraints or details. This captures

the natural hierarchy of contextual information, from broad envi-

ronmental conditions to specific task-oriented scenarios.

Following standard lattice theory [18], we assume that both

⟨O,⪯O⟩ and ⟨Σ,⪯Σ⟩ are finite complete lattices. This ensures that

for any subset of observers or situations, there exists a unique least

upper bound (join) and a unique greatest lower bound (meet). This

completeness property is not merely a theoretical convenience; it is

the essential mathematical property that guarantees the algorithmic

tractability of our belief propagation and contradiction resolution

procedures.

Definition 3.3 (Observer-Situation Order). For elements 𝑒1, 𝑒2 ∈ E
where 𝑒1 = (𝑜1, 𝜎1) and 𝑒2 = (𝑜2, 𝜎2), define the product order as:

𝑒1 ⪯ 𝑒2 ⇐⇒ (𝑜1 ⪯O 𝑜2) ∧ (𝜎1 ⪯Σ 𝜎2)

The structure ⟨E,⪯⟩ is called the Observer-Situation Lattice (OSL)

carrier.

We say that two lattice elements 𝑒1, 𝑒2 ∈ E are comparable,

written 𝑒1 ⊲⊳ 𝑒2, if 𝑒1 ⪯ 𝑒2 or 𝑒2 ⪯ 𝑒1. We reserve ⪯ for the lattice

order and ⊲⊳ for this comparability relation.

This product construction ensures that the OSL inherits the

mathematical properties of its component lattices while providing

a natural framework for reasoning about the interaction between

observer capabilities and situational contexts.

Lemma 3.4 (Product completeness). Let ⟨𝑂,⪯𝑂 ⟩ and ⟨Σ,⪯Σ⟩
be finite complete lattices. Define 𝐸 =𝑂 × Σ with the component-wise

order

(𝑜1, 𝜎1) ⪯ (𝑜2, 𝜎2) ⇐⇒ 𝑜1 ⪯𝑂 𝑜2 and 𝜎1 ⪯Σ 𝜎2 .
Then ⟨𝐸,⪯⟩ is a finite complete lattice. Moreover, for any 𝑆 ⊆ 𝐸,∨

𝑆 =
©­«

∨
(𝑜,𝜎 ) ∈𝑆

𝑜,
∨
(𝑜,𝜎 ) ∈𝑆

𝜎
ª®¬ ,

∧
𝑆 =

©­«
∧
(𝑜,𝜎 ) ∈𝑆

𝑜,
∧
(𝑜,𝜎 ) ∈𝑆

𝜎
ª®¬ .

Proof Sketch. Completeness of 𝑂 and Σ guarantees that all

joins and meets in the right-hand sides above exist and are unique.

The construction is the standard product of complete lattices, which

is known to be complete under the component-wise order; we spell

out the join and meet to make later algorithmic use explicit. □

Theorem 3.5 (OSL completeness). Assume ⟨𝑂,⪯𝑂 ⟩ and ⟨Σ,⪯Σ⟩
are finite complete lattices and let 𝐸 = 𝑂 × Σ with the order from

Lemma 3.4. Then ⟨𝐸,⪯⟩ is a finite complete lattice. In particular, every

subset 𝑆 ⊆ 𝐸 has a join and a meet, computable in 𝑂 ( |𝑂 | |Σ|) time

by scanning all elements.

Proof Sketch. The proof follows directly from the standard

construction of product lattices [39]. Since O and Σ are finite com-

plete lattices by assumption, their product ⟨E,⪯⟩ is also a finite

complete lattice. The computational complexity of finding the join

or meet of a set of elements is determined by the need to iter-

ate through the component sets, which in the worst case requires

scanning all elements of O and Σ.
The existence and uniqueness of arbitrary suprema and infima

ensures that the OSL provides a mathematically sound foundation

for belief aggregation and conflict resolution, as these operations

correspond directly to lattice-theoretic suprema and infima. □

3.2 Belief Semantics and Truth Propagation
The lattice structure of the OSL provides a natural semantics for

representing and propagating beliefs in a way that respects both

observer capabilities and situational contexts.

Definition 3.6 (Belief Record). A belief record is a triple ⟨𝜑, 𝑒,𝑤⟩
where 𝜑 is a propositional formula from a fixed language L, 𝑒 ∈ E
is a lattice element representing the observer-situation context, and

𝑤 ∈ [0, 1] is a credibility weight representing the strength of the

belief. A belief base 𝐵 is a finite set of belief records.

While we use propositional logic for L to maintain computa-

tional tractability, the framework can be extended to more expres-

sive logics, such as first-order or modal logics, with corresponding

increases in computational complexity. This trade-off between ex-

pressiveness and tractability is a common theme in knowledge

representation [30].

Definition 3.7 (Upward Closure Semantics). Given a belief base 𝐵

and lattice element 𝑒 ∈ E, the credibility of formula 𝜑 at 𝑒 is defined

as:

cred(𝜑, 𝑒, 𝐵) =max{𝑤 : ⟨𝜑, 𝑒′,𝑤⟩ ∈ 𝐵 and 𝑒′ ⪯ 𝑒}
If no such record exists, cred(𝜑, 𝑒, 𝐵) = 0. The set of all belief records

that contribute to the credibility of 𝜑 at 𝑒 is called the support set

of 𝜑 at 𝑒 .
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This semantics captures monotone inheritance along the lat-

tice order: if 𝑒′ ⪯ 𝑒 , then evidence asserted at 𝑒′ is available at 𝑒 .
Intuitively, contexts corresponding to more informed observers

and more refined situations inherit beliefs from less informed and

coarser contexts. Themaximumoperation ensures that the strongest

available evidence is used when multiple sources provide informa-

tion about the same proposition.

Lemma 3.8 (Monotonicity of Credibility). For any formula 𝜑 ,

belief base 𝐵, and lattice elements 𝑒1, 𝑒2 ∈ E with 𝑒1 ⪯ 𝑒2, we have
cred(𝜑, 𝑒1, 𝐵) ≤ cred(𝜑, 𝑒2, 𝐵).

Proof Sketch. By definition, cred(𝜑, 𝑒1, 𝐵) considers only be-

lief records ⟨𝜑, 𝑒′,𝑤⟩ where 𝑒′ ⪯ 𝑒1. Since 𝑒1 ⪯ 𝑒2, by transitivity of

⪯, any such 𝑒′ also satisfies 𝑒′ ⪯ 𝑒2. Therefore, the set of records
contributing to cred(𝜑, 𝑒1, 𝐵) is a subset of those contributing to

cred(𝜑, 𝑒2, 𝐵), implying the desired inequality. □

This monotonicity property ensures that the credibility function

respects the lattice structure and provides a foundation for efficient

belief propagation algorithms.

3.3 Algorithmic Framework
The mathematical foundations enable the development of efficient

algorithms for belief propagation and contradiction detection that

exploit the lattice structure for computational advantage.

3.3.1 Relativized Belief Propagation (RBP). The RBP algorithm ef-

ficiently updates credibility values when new belief records are

inserted into the lattice, leveraging the upward closure property to

minimize computational overhead.

We assume the implementation maintains a cache table 𝐶 such

that 𝐶 [𝑒,𝜓 ] = cred(𝜓, 𝑒, 𝐵) for the current belief base. Given an

insertion, RBP updates only those cache entries that can change

under the upward-closure semantics.

Algorithm 1: Relativized Belief Propagation (RBP)

Input: New belief record 𝑏new = ⟨𝜑, 𝑒,𝑤⟩, belief base 𝐵,
cache table 𝐶 (pre-insertion)

Output: Affected set 𝐴 ⊆ E (contexts whose cached

credibility for 𝜑 increased)

1 Insert 𝑏new into belief base 𝐵;

2 Compute upward closure ↑ 𝑒 = {𝑒′ ∈ E : 𝑒 ⪯ 𝑒′};
3 𝐴← ∅;
4 foreach 𝑒′ ∈↑ 𝑒 do
5 𝑤old ← 𝐶 [𝑒′, 𝜑];
6 𝑤new ← max(𝑤old,𝑤);
7 if 𝑤new > 𝑤old then
8 𝐶 [𝑒′, 𝜑] ← 𝑤new;

9 𝐴← 𝐴 ∪ {𝑒′};
10 Notify dependent reasoning modules of update;

11 return 𝐴;

This incremental approach is significantly more efficient than

recomputing all credibility values from scratch, particularly in large

lattices where new information may only affect a small subset of

the belief space.

Theorem 3.9 (RBP Correctness). Assume the cache table 𝐶 is

correct before insertion, i.e., 𝐶 [𝑒′,𝜓 ] = cred(𝜓, 𝑒′, 𝐵) for all 𝑒′ ∈ E
and 𝜓 ∈ L. After inserting a new record 𝑏new = ⟨𝜑, 𝑒,𝑤⟩ into 𝐵,
Algorithm 1 updates exactly the affected contexts and restores the

invariant 𝐶 [𝑒′,𝜓 ] = cred(𝜓, 𝑒′, 𝐵) under the updated belief base.

Proof Sketch. Let 𝐵old denote the belief base before inserting

𝑏new = ⟨𝜑, 𝑒,𝑤⟩ and let 𝐵new = 𝐵old ∪ {𝑏new}. For any context

𝑥 ∉↑ 𝑒 , we have 𝑒 ⪯̸ 𝑥 , so 𝑏new is not eligible in the maximization

defining cred(𝜑, 𝑥, 𝐵new) (Definition 3.7); hence cred(𝜑, 𝑥, 𝐵new) =
cred(𝜑, 𝑥, 𝐵old). For 𝑥 ∈↑ 𝑒 , the only additional candidate in the

max is the new weight𝑤 , so

cred(𝜑, 𝑥, 𝐵new) =max(cred(𝜑, 𝑥, 𝐵old), 𝑤) .

Algorithm 1 enumerates exactly ↑ 𝑒 and applies this max-update to

the cached value𝐶 [𝑥, 𝜑], leaving all other cached entries unchanged
(and no other formula𝜓 ≠ 𝜑 is affected by the insertion). Therefore,

after termination the cache agrees with Definition 3.7 under 𝐵new.

□

Theorem 3.10 (RBP complexity). For an insertion at lattice ele-

ment 𝑒 ∈ E, Algorithm 1 visits exactly the elements in the upward

closure ↑ 𝑒 = {𝑒′ ∈ E : 𝑒 ⪯ 𝑒′}. Assuming 𝑂 (1) access to cached
credibility values and that ↑ 𝑒 can be enumerated in time 𝑂 ( | ↑ 𝑒 |),
the running time is 𝑂 ( | ↑ 𝑒 |), and 𝑂 ( |E |) in the worst case.

Sketch. Algorithm 1 iterates once over ↑ 𝑒 and performs a con-

stant number of primitive operations per visited context (cache

lookup, amax, a comparison, and possibly an assignment/notification).

Hence the total time is 𝑂 ( | ↑ 𝑒 |). Since | ↑ 𝑒 | ≤ |E |, the worst-case
bound is 𝑂 ( |E |). □

Section 4 shows that on balanced lattices, the empirical cost

grows strictly sub-linearly in |E |, with log–log slopes between 0.34

and 0.42 on lattices up to 10
5
elements.

3.3.2 Enhanced RBP with Convergence Analysis. The basic RBP

algorithm can be enhanced with iterative refinement to handle

complex belief dependencies and ensure convergence in the pres-

ence of cycles.

Algorithm 2: Enhanced RBP with Convergence

Input: Belief base 𝐵, convergence threshold 𝜖 > 0,

maximum iterations 𝐾

Output: Converged credibility values

1 Initialize credibility matrix 𝐶 [𝑒, 𝜑] ← 0 for all 𝑒 ∈ E, 𝜑 ∈ L;
2 𝑘 ← 0;

3 repeat
4 𝐶old ← 𝐶;

5 for each (𝑒, 𝜑) pair do
6 𝐶 [𝑒, 𝜑] ← max{𝑤 : ⟨𝜑, 𝑒′,𝑤⟩ ∈ 𝐵, 𝑒′ ⪯ 𝑒};
7 Δ← max𝑒,𝜑 |𝐶 [𝑒, 𝜑] −𝐶old [𝑒, 𝜑] |;
8 𝑘 ← 𝑘 + 1;
9 until Δ < 𝜖 or 𝑘 ≥ 𝐾 ;

10 return credibility matrix 𝐶;
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Theorem 3.11 (Enhanced RBP Convergence). Algorithm 2

converges to a fixed point that equals the credibility matrix induced

by Definition 3.7. For the update rule in line 6, convergence occurs in

at most two iterations (one update sweep and one fixed-point check).

Proof Sketch. In each iteration, line 6 assigns𝐶 [𝑒, 𝜑] ← max{𝑤 :

⟨𝜑, 𝑒′,𝑤⟩ ∈ 𝐵 and 𝑒′ ⪯ 𝑒}, which is exactly cred(𝜑, 𝑒, 𝐵) by Defini-

tion 3.7 and does not depend on the previous value of 𝐶 . Therefore,

after one complete sweep over all (𝑒, 𝜑) pairs, 𝐶 equals the target

credibility matrix. A second sweep leaves 𝐶 unchanged, so Δ = 0

and the loop terminates.

More generally, if Algorithm 2 is extended with additional mono-

tone update dependencies (e.g., rule-based derived beliefs), standard

fixed-point iteration on a finite complete lattice converges in finitely

many steps to the least fixed point (Knaster–Tarski). □

3.3.3 Minimal Contradiction Decomposition (MCC). Contradic-
tions are an inevitable part of reasoning in complex environments.

The MCC algorithm provides a principled way to identify and iso-

late contradictions by leveraging the structure of the OSL.

Algorithm 3: Minimal Contradiction Decomposition

(MCC)

Input: Belief base 𝐵, lattice E
Output: Set of contradiction components C

1 Initialize contradiction graph 𝐺 = (𝑉 , 𝐸) where 𝑉 = 𝐵 and

𝐸 = ∅;
2 for each pair of belief records 𝑏1, 𝑏2 ∈ 𝐵 do
3 Extract ⟨𝜑1, 𝑒1,𝑤1⟩ = 𝑏1 and ⟨𝜑2, 𝑒2,𝑤2⟩ = 𝑏2;
4 if 𝑒1 and 𝑒2 are comparable in the lattice then
5 if Contradict(𝜑1, 𝜑2) then
6 Add edge (𝑏1, 𝑏2) to 𝐸;

7 Compute connected components C = {𝐶1,𝐶2, . . . ,𝐶𝑘 } of 𝐺 ;
8 for each component 𝐶𝑖 ∈ C do
9 if |𝐶𝑖 | = 1 then
10 Remove𝐶𝑖 from C // Single beliefs cannot be

contradictory

11 return contradiction components C;

The algorithm first constructs a contradiction graph where ver-

tices represent belief records and an edge exists between two records

if (i) their observer–situation contexts are comparable in the lattice

and (ii) their formulas are contradictory according to a contradic-

tion predicate Contradict(·, ·). In our benchmarks, formulas are

literals and Contradict(𝜑1, 𝜑2) reduces to a constant-time syntac-

tic check (𝜑1 ≡ ¬𝜑2). More generally, for arbitrary propositional

formulas one can instantiate Contradict(𝜑1, 𝜑2) via satisfiabil-

ity testing (e.g., 𝜑1 ∧ 𝜑2 unsatisfiable), at the cost of NP-complete

worst-case complexity.

The connected components of the contradiction graph corre-

spond to contradiction components: clusters of belief records that

are linked by (possibly transitive) chains of contradictions. This

isolates independent inconsistency regions, since no contradiction

edge crosses between distinct components.

Theorem 3.12 (MCC Correctness and Complexity). Algo-

rithm 3 correctly computes the contradiction components induced by

contradiction edges between comparable belief records. Let𝑇Contradict
denote the worst-case time to evaluate Contradict(𝜑1, 𝜑2). The worst-
case running time is 𝑂 ( |𝐵 |2𝑇Contradict + |𝐵 | 𝛼 ( |𝐵 |)), where 𝛼 is the

inverse Ackermann function.

Proof Sketch. Correctness: the algorithm adds an edge be-

tween 𝑏1 and 𝑏2 exactly when their contexts are comparable and

Contradict(𝜑1, 𝜑2) holds. Therefore, any pair of belief records

that can directly contradict (under the chosen contradiction predi-

cate) appears as an edge in 𝐺 . Computing connected components

then yields the equivalence classes under reachability in 𝐺 , i.e., the

contradiction components.

Complexity: the algorithm examines all pairs of belief records,

requiring𝑂 ( |𝐵 |2) context-comparability checks and atmost𝑂 ( |𝐵 |2)
evaluations of Contradict, giving 𝑂 ( |𝐵 |2𝑇Contradict). Connected
components can be computed with union–find in 𝑂 ( |𝐵 | 𝛼 ( |𝐵 |))
time. □

In practice, the lattice structure strongly restricts the number

of comparable pairs 𝑒1 ⊲⊳ 𝑒2, so the number of edges in the con-

tradiction graph is often much smaller than |𝐵 |2. Combined with

the constant-time literal contradiction test used in our benchmarks,

the empirical behavior in Section 4 is close to 𝑂 ( |𝐵 | log |𝐵 |) on our

tasks.

3.3.4 Integrated Belief Management. The RBP andMCC algorithms

can be integrated into a unified belief management system that

maintains consistency while supporting efficient updates.

Algorithm 4: Integrated OSL Belief Management

Input: New belief record 𝑏new = ⟨𝜑, 𝑒,𝑤⟩, current belief
base 𝐵, cache table 𝐶

Output: Updated belief base 𝐵′ and cache 𝐶

1 𝐵′ ← 𝐵;

2 Run RBP(𝑏new, 𝐵′,𝐶) to insert and propagate the new belief

(Algorithm 1);

3 C ←MCC(𝐵′, E) // Detect contradiction

components

4 if C ≠ ∅ then
5 for each contradiction component 𝐶𝑖 ∈ C do
6 Resolve contradictions in 𝐶𝑖 (e.g., by removing

lower-credibility beliefs);

7 Remove selected belief records from 𝐵′;

8 Recompute cached credibilities after removals (e.g., via

Algorithm 2);

9 return 𝐵′;

This integrated approach ensures that the belief base remains

both complete (through RBP propagation) and consistent (through

MCC contradiction resolution) while minimizing computational

overhead through incremental updates.
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3.4 Architectural Integration
A key advantage of the OSL framework is its ability to serve as the

central backbone of a unified agent architecture. By providing a

single, shared structure for belief management, OSL eliminates the

need for separate, ad-hoc modules for context management, ToM,

or explanation generation. This leads to a more elegant, robust, and

computationally efficient design.

3.4.1 Unified Perspective-Aware Architecture. Figure 1 illustrates
how OSL can be integrated into a BDI-style agent architecture. In

this model, the OSL belief base serves as the central repository of

all propositional knowledge, accessible to all other cognitive mod-

ules. This design is inspired by Global Workspace Theory [17, 36],

where a central workspace broadcasts information to a collection

of specialized modules.

Perception

& Ingestor

Reactive

Controller

Planner

& Scheduler

Action

Executor

Goal

Manager

Global

Workspace

Explanation

Manager

Meta

Reasoner

OSL Belief Base

Figure 1: OSL-based agent architecture. Solid arrows indicate
primary data/control flow, dashed arrows show feedback
loops. All modules communicate exclusively via the OSL or
the Global Workspace broadcast mechanism.

The architecture provides several key advantages over traditional

approaches:

Unified Data Model: All reasoning modules operate on the

same lattice-structured belief base, eliminating the need for data

translation between modules and reducing the potential for incon-

sistencies.

Natural Context Awareness: The lattice structure automat-

ically provides context-sensitive access to beliefs, allowing each

module to access information appropriate to its observer-situation

context without explicit context management code.

Efficient Belief Propagation: Updates from any module are

automatically propagated to all relevant contexts through the RBP

algorithm, ensuring system-wide consistency without manual syn-

chronization.

Integrated Contradiction Handling: The MCC algorithm pro-

vides system-wide contradiction detection and resolution, prevent-

ing inconsistencies from propagating across module boundaries.

The agent’s cognitive cycle proceeds through a series of phases,

each of which interacts with the OSL. New perceptual information

is first added to the OSL, and the RBP algorithm propagates its

consequences throughout the lattice. The planning module can

then query the OSL to obtain context-sensitive information for

deliberation, and the action execution module can update the OSL

with the results of its actions. This tight integration of the OSL into

the agent’s cognitive loop ensures that all reasoning is grounded

in a consistent and up-to-date representation of the world from all

relevant perspectives.

Each phase of the cognitive cycle leverages the OSL structure:

1. Observe
(perception)

2. RBP
propagate

3. Attend
workspace

4. Goal
update

5a. Plan
(deliberate)

5b. React
(fast)

6. Actuate

7. Reflect
& learn

feedback

Figure 2: OSL cognitive cycle with nominal 100ms period.
Solid arrows show the sense-plan-act pathway, dashed ar-
rows indicate meta-cognitive shortcuts for adaptive behavior
modification.

Phase 1 - Observe: Perceptual input is tagged with appropri-

ate observer-situation contexts and inserted into the lattice using

Algorithm 1.

Phase 2 - RBP Propagate: Belief propagation ensures that

new perceptual information is available to all relevant reasoning

contexts.

Phase 3 - Attend: The global workspace selects high-credibility
beliefs from appropriate lattice elements for conscious processing.

Phase 4 - Goal Update: Goal management operates on goal-

relevant lattice elements, updating objectives based on current

context.

Phase 5a/5b - Plan/React: Both deliberative planning and re-

active control access context-appropriate beliefs through lattice

queries.

Phase 6 - Actuate: Action execution updates the lattice with

action outcomes and environmental feedback.

Phase 7 - Reflect: Meta-cognitive processes analyze belief pat-

terns across lattice elements to identify learning opportunities.

3.4.2 Implementation Complexity Analysis. To validate the archi-

tectural claims, we analyze the computational complexity of the in-

tegratedOSL-based architecture compared to traditional approaches.

Theorem 3.13 (Architectural Complexity Bounds). An OSL-

based agent architecture with𝑚 reasoning modules, 𝑛 lattice elements,

and 𝑏 belief records has the following complexity characteristics:

Belief Update: 𝑂 ( | ↑ 𝑒 | + log𝑏) per update, i.e., 𝑂 (𝑛 + log𝑏) in
the worst case

Context Query: 𝑂 (log𝑛 + log𝑏) per query
Contradiction Detection:𝑂 (𝑏2𝑇Contradict+𝑏 𝛼 (𝑏)) in the worst

case, typically close to 𝑂 (𝑏 log𝑏) on localized contradictions with

constant-time literal checks

Memory Usage: 𝑂 (𝑛 + 𝑏 +𝑚 log𝑛) total

Proof Sketch. Belief Update: By Theorem 3.10, RBP restricts

updates to the upward closure ↑ 𝑒 of the insertion point and per-

forms𝑂 (1) work per visited node, giving a cost𝑂 ( | ↑ 𝑒 |) per update
and𝑂 (𝑛) in the worst case since | ↑ 𝑒 | ≤ 𝑛. Maintaining an indexed

belief store adds an𝑂 (log𝑏) insertion cost, yielding𝑂 ( | ↑ 𝑒 |+log𝑏)
and therefore𝑂 (𝑛+log𝑏) in theworst case. Empirically, | ↑ 𝑒 | grows
sub-linearly on balanced lattices (Section 4).

Context Query: We assume the lattice elements are stored in a

balanced search structure or indexed by integer IDs, so locating a

lattice element takes𝑂 (log𝑛) time. Beliefs attached to each element

are kept in a sorted container or balanced tree, giving 𝑂 (log𝑏)
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lookup for relevant records. Together this yields 𝑂 (log𝑛 + log𝑏)
per query.

Contradiction Detection: By Theorem 3.12, MCC runs in

𝑂 (𝑏2𝑇Contradict + 𝑏 𝛼 (𝑏)) time in the worst case. In typical OSL

deployments, the lattice structure and indexing restrict the number

of comparable pairs, so the effective number of edges in the contra-

diction graph is much smaller than 𝑏2. With constant-time literal

contradiction checks (as in our benchmarks), this yields observed

behavior close to 𝑂 (𝑏 log𝑏).
Memory Usage: The lattice carrier 𝐸 and its adjacency / in-

dex structures require 𝑂 (𝑛) space. The belief base stores 𝑏 records

with constant-size metadata, for 𝑂 (𝑏) space. Each of the𝑚 reason-

ing modules maintains 𝑂 (log𝑛) navigation or index information

over the lattice (e.g., pointers or cached paths). Summing these

contributions gives total memory usage 𝑂 (𝑛 + 𝑏 +𝑚 log𝑛). □

These complexity bounds demonstrate that the OSL architecture

scales efficiently with system size while providing sophisticated

perspective-aware reasoning capabilities that would require signifi-

cantly more complex implementations in traditional architectures.

Implementation and reproducibility. Our implementation is writ-

ten in Python 3.11 using NumPy and NetworkX, with experiments

driven by a single command-line interface. We provide a cross-

platform Dockerfile and a GitHub CI workflow that installs depen-

dencies, runs 247 unit tests, and executes a “quick” version of all

experiments on Ubuntu 22.04. The test suite achieves 94.7% line

coverage and 89.2% branch coverage, includes stress tests with up

to 10
5
lattice elements and 10

4
simultaneous belief insertions, and

has shown no memory leaks in 24-hour runs on ARM and x86_64

hardware.
1

3.5 Theoretical Guarantees and Soundness
The OSL framework provides strong theoretical guarantees about

the correctness and completeness of its reasoning processes.

Theorem 3.14 (Semantic Soundness). Let 𝑒 ∈ E and define the

supported theory at 𝑒 as

T𝑒 := {𝜓 ∈ L : cred(𝜓, 𝑒, 𝐵) > 0 }.
If T𝑒 is propositionally satisfiable (e.g., after contradiction resolution),

then for every 𝜑 with cred(𝜑, 𝑒, 𝐵) > 0 there exists a classical propo-

sitional interpretation 𝐼 such that 𝐼 |= T𝑒 and in particular 𝐼 |= 𝜑 .

Proof Sketch. If T𝑒 is satisfiable, there exists an interpretation

𝐼 such that 𝐼 |= 𝜓 for all 𝜓 ∈ T𝑒 . For any 𝜑 with cred(𝜑, 𝑒, 𝐵) > 0,

by definition 𝜑 ∈ T𝑒 , hence 𝐼 |= 𝜑 . □

Theorem 3.15 (Completeness of Contradiction Detection).

The MCC algorithm (Algorithm 3) detects every contradiction edge

between belief records whose lattice elements are comparable, and

returns the induced contradiction components. In particular, no pair

of contradictory beliefs that can co-occur in a reasoning context (i.e.,

comparable contexts) can go undetected.

Proof Sketch. The algorithm examines all belief-record pairs

and applies the lattice comparability filter, ensuring that all po-

tential interactions are considered. For each comparable pair, it

1
Code and scripts are accessible at https://github.com/alqithami/OSL.

adds a contradiction edge exactly when Contradict(𝜑1, 𝜑2) holds.
Therefore, any direct contradiction between comparable contexts

appears as an edge in the contradiction graph and will be included

in some returned component. □

These theoretical guarantees provide confidence that the OSL

framework maintains logical consistency and semantic coherence

while supporting efficient computational implementation.

4 EXPERIMENTAL EVALUATION
To validate the OSL framework, we conducted a series of experi-

ments designed to assess its computational performance, scalability,

and correctness. Our evaluation focuses on three key areas: (1) a

comparative analysis against established baseline systems, (2) an

assessment of the framework’s scalability on large lattices, and (3) a

qualitative evaluation of its ability to handle classic ToM scenarios.

4.1 Performance and Baseline Comparison
To assess the scalability of our approach, we evaluated the perfor-

mance of the RBP algorithm on balanced lattices of increasing size,

from 𝑛 = 100 to 𝑛 = 10
5
elements. The results demonstrate that

the average update time grows sub-linearly with the size of the

lattice. This is a critical result, as it shows that OSL can scale to

large, complex multi-agent systems without suffering the exponen-

tial complexity that plagues many other approaches to epistemic

reasoning.
2
A log–log regression over 𝑛 ≤ 2,000 yields an exponent

of 0.336 ± 0.045 (𝑅2 = 0.64), while including the full range up to

10
5
elements gives 0.421 ± 0.067 (𝑅2 = 0.58), confirming sub-linear

scaling on balanced lattices despite higher constant factors in the

distributed setting.

We compared the performance of OSL with three established

baseline systems: an Assumption-Based Truth Maintenance System

(ATMS) [11], a Distributed Truth Maintenance System (DTMS) [9],

and a state-of-the-art epistemic planner (MEPK) [26]. The results,

shown in Figure 3, demonstrate that OSL achieves competitive

performance while offering significantly greater expressive power.

While the DTMS is slightly faster, it does not support the kind of

perspective-aware reasoning that is central to our approach. The

ATMS and MEPK are both significantly slower than OSL, highlight-

ing the computational advantages of our unified lattice framework.

Table 1: Performance comparison across baseline systems on
the same scenario configuration (lattice size 𝑛 = 24, 5 trials).

System Runtime (ms) Mem. (MB) Proc. Rate Elem. (internal)3 Conv. Capabilities

OSL 6.87 ± 0.22 0.06 3494 ops/s 24 100% Perspective-aware

ATMS 11.65 ± 0.81 0.36 2060 ops/s 154 100% Assumption-based

DTMS 5.34 ± 0.37 0.09 4494 ops/s 154 100% Dependency tracking

MEPK 67.72 ± 9.66 0.42 354 ops/s 120 100% Probabilistic

4.2 Theory of Mind Scenarios
To evaluate OSL’s ability to handle complex social reasoning sce-

narios, we tested it on a series of classic ToM tasks, including the

2
Timings measured on a 12-core ARM laptop with 32GB RAM using single-threaded

Python 3.11.

3
The “Elem.” reports method-specific internal element counts, which need not coincide

across methods.
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Figure 3: Runtime and memory comparison showing OSL’s
competitive performance against established truth main-
tenance systems. OSL balances efficiency with perspective-
aware reasoning capabilities.

Table 2: Scalability (left) and ablation (right) results4.

Scalability Analysis Ablation Study
Size Runtime Memory Iter Elem Config Runtime Consist. Cov. Bel.

4 0.96ms 0.01MB 20 3.6 Full 7.60ms -5.49 1.0 142

8 1.62ms 0.00MB 20 7.4 No MCC 5.06ms -5.49 1.0 142

16 3.90ms 0.04MB 20 15.4 Limited RBP 4.39ms -5.49 1.0 142

32 13.19ms 0.05MB 20 32.0 No Propagation 1.01ms -6.89 0.0 72

64 34.82ms 0.17MB 19.4 64.0 Minimal 0.001ms -6.89 0.0 72

Sally-Anne false belief task [5]. In each case, OSL was able to cor-

rectly model the beliefs of the different agents and make the correct

inferences, demonstrating its ability to provide a robust foundation

for social reasoning. The lattice structure allows for a natural and ef-

ficient representation of nested beliefs, avoiding the combinatorial

explosion that can occur with traditional approaches.

The ablation study in Table 2 (right) isolates the cost and contri-

bution of each component. Removing MCC reduces runtime while

leaving task-level coverage unchanged, whereas removing propa-

gation collapses coverage, underscoring that RBP is essential for

ToM-style inference in our encoding.

4.3 Correctness Validation
We next assess whether OSL can support a range of ToM inferences

without any hard-coded ToMmodule, using a battery of classic tasks

from cognitive science. Each task is encoded by choosing appro-

priate observer–situation nodes and belief records; the reasoning

machinery (RBP and MCC) is unchanged. Table 3 summarizes the

scenarios and results.

Table 3: Theory-of-mind test results across scenarios.

Scenario OSL result Expected Confidence

Sally–Anne (basic) PASS PASS 1.000

Sally–Anne with distractor PASS PASS 1.000

Nested belief (Level 2) PASS PASS 0.950

Multiple objects PASS PASS 1.000

Temporal belief change PASS PASS 0.975

False photograph PASS PASS 1.000

Appearance–reality PASS PASS 0.925

4
Size = |𝐸 | ; Iter = mean iterations of Algorithm 2 (cap 20); Elem = mean visited

elements/update. Consist. = evaluation consistency score; Cov. = fraction of queries

with supported answer; Bel. = retained belief records.

Across all tasks OSL produces the correct answer in under 1ms,

maintaining distinct belief states for each observer–situation pair

while respecting the underlying lattice order. No specialized ToM

rules are required: changing the task amounts only to changing

which nodes of the lattice are populated with which beliefs, rein-

forcing the claim that ToM reasoning emerges naturally from the

OSL representation.

In multi-agent settings like our running building example, the

same mechanism would allow an agent to reason about what dif-

ferent humans and robots know (or mistakenly believe) before

deciding how to coordinate or which explanation to present.

5 DISCUSSION AND CONCLUSION
We presented the Observer–Situation Lattice, a lattice-theoretic

framework for representing and reasoning over perspective-indexed

beliefs in multi-agent systems. OSL provides a single semantic space

in which observer capabilities and situational refinement jointly de-

termine the context of a belief, supporting context-sensitive queries,

incremental updates, and principled handling of inconsistency.

Our main contributions are:

• Formal foundation. We formalize perspective as a finite

product lattice over observers and situations, establishing

the algebraic structure required for join/meet reasoning and

for well-defined context ordering.

• Incremental beliefmaintenance.We introduce Relativized

Belief Propagation to maintain cached credibility values un-

der the upward-closure semantics after belief insertions, re-

stricting computation to the contexts that can be affected.

• Contradiction organization. We introduce Minimal Con-

tradictionDecomposition, which detects contradictory belief-

record pairs (subject to the chosen comparability/contradiction

predicate) and returns contradiction components for targeted

resolution.

• Architectural integration and evaluation.We show how

OSL can function as a shared belief substrate for modu-

lar agent architectures and empirically validate scalability

and utility via baseline comparisons and classic ToM bench-

marks.

Limitations and future work. OSL currently assumes a fixed, fi-

nite lattice topology induced by fixed observer and situation sets;

supporting run-time insertion/removal and restructuring of lat-

tice elements is a key step toward open-world deployments. The

implementation also uses discrete contexts and deterministic cred-

ibility weights; extending the framework to continuous contexts

and uncertainty-aware credibility models is an important direction.

From a computational standpoint, memory and runtime depend on

belief-base size, and contradiction detection retains a worst-case

quadratic dependence on the number of belief records under pair-

wise contradiction checks. Finally, while our experiments demon-

strate favorable scaling on the tested near-balanced lattices and

validate ToM-style inferences, broader evaluation across domains

and deployment settings remains future work.

In summary, OSL offers a principled and implementable basis for

perspective-aware cognition by unifying context representation,

incremental belief maintenance, and inconsistency management

within a single lattice-based semantics.
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