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ABSTRACT

Hedonic games are fundamental models for investigating the for-
mation of coalitions among a set of strategic agents, where every
agent has a certain utility for every possible coalition of agents
it can be part of. To avoid the intractability of defining exponen-
tially many utilities for all possible coalitions, many variants with
succinct representations of the agents’ utility functions have been
devised and analyzed, e.g., modified fractional hedonic games by
Monaco et al. [36]. We extend this by studying a novel succinct
variant that is related to modified fractional hedonic games. In
our model, each agent has a fixed type-value and an agent’s cost
for some given coalition is based on the differences between its
value and those of the other members of its coalition. This allows
to model natural situations like athletes forming training groups
with similar performance levels or voters that partition themselves
along a political spectrum.

In particular, we investigate natural variants where an agent’s
cost is defined by distance thresholds, or by the maximum or aver-
age value difference to the other agents in its coalition. For these
settings, we study the existence of stable coalition structures, their
properties, and their quality in terms of the price of anarchy and
the price of stability. Further, we investigate the impact of limiting
the maximum number of coalitions. Despite the simple setting with
metric distances on a line, we uncover a rich landscape of models,
partially with counter-intuitive behavior. Also, our focus on both
swap stability and jump stability allows us to study the influence
of fixing the number and the size of the coalitions. Overall, we find
that stable coalition structures always exist but that their properties
and quality can vary widely.
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1 INTRODUCTION

Consider athletes preparing for a marathon who want to form
running groups that are supervised by coaches. Each athlete has
an individual performance level (e.g. their pace) and wants to be in
a group with other athletes who are on a similar level. The utility
of an athlete then only depends on the comparison between their
individual performance level and those of the other athletes in
their running group. As there is only a limited number of coaches
available, the maximum number of running groups is restricted.

This setting belongs to the research field of agent-based coalition
formation that has been widely studied in the last decades, starting
with the work of Miller [35] on coalition formation games and later
the seminal concept of hedonic games studied by Bogomolnaia and
Jackson [14], Drèze and Greenberg [23] and Banerjee et al. [10];
see also the surveys by Aziz and Savani [9] and Hajduková [28].

The key feature of hedonic games is that an agent’s utility de-
pends only on the members of its coalition and not on external
factors such as the composition or size of other coalitions. In our
athletics example, the training quality of an individual athlete only
depends on the other athletes running in the same group with them.

In their full generality, hedonic games are hard to describe and
analyze due to the existence of exponentially many possible coali-
tions and valuations. However, many natural coalition formation
settings can be captured by hedonic games that have a succinct
representation. Classical examples are additively separable hedonic
games [14], and fractional hedonic games [6, 36], where agents
value each other individually and their utility in a coalition is the
sum or average over all the valuations of agents in their coalition.

Numerous succinct variants have been proposed; see the survey
by Kerkmann et al. [30]. However, none of them closely captures
our setting, in which agents have fixed real-valued types and derive
their utility from the distances between these types.

In our model, instead of considering utilities, we take the equiva-
lent cost-based approach and focus on three natural cost functions
that depend only on the type differences within a coalition:

• Average: the cost of an agent is the average type difference
to the other agents (without self-effect),

• Maximum: the cost of an agent is the maximum type differ-
ence to the other agents,

• Cutoff: the cost of an agent is the number of other agents
who have a type difference larger than a given threshold 𝜆.

See Example 1.1 for an illustration of the cost functions. These
cost functions serve as a proof of concept for capturing natural agent
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Figure 1: Coalition structure C = {𝐶1,𝐶2,𝐶3} with 𝑛 = 10
agents and 𝑘 = 3 coalitions. Bold black numbers represent

agents with this value. Green areas are the intervals with

radius 𝜆 = 1 (green) and 𝜆 = 2 (light green) around the value

7. The blue lines show the maximum distance of the circled

agent to both sides for coalitions 𝐶1 and 𝐶3.

behavior. Moreover, they have been recently used in a closely re-
lated agent-based model investigating residential segregation [11].

Example 1.1. Consider the game instance with coalition struc-
ture, i.e., a partition of the agents into disjoint coalitions, C =

{𝐶1,𝐶2,𝐶3}, shown in Figure 1. In this example the circled agent
with value 7, called agent 𝑥 , is currently in its worst coalition 𝐶2
(for all three cost functions) but would prefer to join either coalition
𝐶1 or 𝐶3, depending on the cost function (and on 𝜆 for Cutoff).
With the Average cost function, the agents in coalitions𝐶1 and𝐶3
have an average distance of 1.4 and 2 to agent 𝑥 , respectively. Thus,
agent 𝑥 prefers 𝐶1 over 𝐶3 in this setting. With the Maximum cost
function, on the other hand, agent 𝑥 prefers coalition 𝐶3 over 𝐶1,
because the largest distance from 𝑥 to another agent is smaller in
𝐶3 (distance 2) than in𝐶1 (distance 3). For the Cutoff cost function,
agent 𝑥 ’s preference might depend on the threshold value 𝜆 we set.
When 𝜆 = 2, all agents in coalition 𝐶3 are within the threshold dis-
tance to agent 𝑥 , while some agents in𝐶1 are outside. Thus, agent 𝑥
prefers 𝐶3 over 𝐶1 when 𝜆 = 2. However, with a smaller threshold
of 𝜆 = 1, agent 𝑥 slightly prefers 𝐶1 over 𝐶3. See Section 1.1 for the
exact definition of the cost functions and the full version of this
paper [21] for more details. ◁

For our coalition formation problem with three natural cost
functions and possibly a fixed number of coalitions 𝑘 , we establish
the existence of stable coalition structures. Furthermore, we study
structural properties of both stable and socially optimal states and
analyze the quality of the stable states.

1.1 Model

Agents and Coalition Structures. In our model there are𝑛 agents
denoted by [𝑛] := {1, 2, . . . , 𝑛}, each having a fixed real value 𝑣𝑖 ∈ R
(for all agents 𝑖 ∈ [𝑛]). We assume, wlog that the values are sorted
in non-decreasing order, i.e., 𝐿 = 𝑣1 ≤ 𝑣2 ≤ · · · ≤ 𝑣𝑛 = 𝐻 . Multiple
agents may share the same value, which we call repetition.

Every subset of the agents is called a coalition. The coalition [𝑛]
is called the grand coalition, while a coalition {𝑖} ⊆ [𝑛] consisting
of a single agent 𝑖 ∈ [𝑛] is called a singleton coalition. A set of
coalitions C is called a coalition structure if every agent is part
of exactly one coalition in C. For explicit coalition structures, we
often represent an agent by its value. If a value 𝑣 ∈ R or an entire

coalition {𝑎, 𝑏, 𝑐} occurs 𝑥 ∈ N times, we denote this by
𝑥︷︸︸︷

𝑣 . . . 𝑣, resp.

𝑥︷  ︸︸  ︷
{𝑎, 𝑏, 𝑐} .

In this paper, we only focus on coalition structures consisting of
at most 𝑘 ≤ 𝑛 many coalitions, and write C := {𝐶𝑖 }𝑖∈[𝑘 ] , where
𝑘 ∈ N is a model parameter. Given a coalition structure C, we
denote the coalition of agent 𝑖 ∈ [𝑛] as C(𝑖). We say that a coalition
structure C (with possibly empty coalitions) is sorted, if for all
agents 𝑖, 𝑗 in some coalition 𝐶 ∈ C, it holds that all agents with
a value between 𝑣𝑖 and 𝑣 𝑗 are also part of the same coalition 𝐶 .
In a sorted coalition structure, the coalitions can be sorted by the
value of their agents. Then, w.l.o.g., we name the coalitions to be
ascending with respect to the value of any agents in each coalition,
with 𝐶1 being the coalition with the agents with lowest value, etc.

Cost Functions. The distance d(𝑖, 𝑗) between two agents 𝑖, 𝑗 ∈
[𝑛] is defined as the Euclidean distance between the respective
values of the agents, i.e., |𝑣𝑖 − 𝑣 𝑗 |. To calculate the cost of an agent
𝑖 , there are many ways to aggregate the distances between it and a
set of agents. In this paper, we explore three natural cost functions
(average distance, maximum distance and cutoff), where for agent 𝑖 ,
we aggregate its distances to all other agents in its current coalition

𝐶 (𝑖) while calculating its cost. Such cost functions are calledwithout
self-effect. Because of this, singleton coalitions need to be treated
separately: We differentiate between the happy in isolation (HIS)

and the unhappy in isolation (UIS) case, where the cost of an agent
𝑖 ∈ [𝑛] in a singleton coalition {𝑖} is zero or infinity, respectively.

For coalitions with at least two agents, we define the three cost
functions as follows. The Average cost function

costAVG (𝑖,𝐶) :=
1

|𝐶 \ {𝑖}|
∑︁

𝑗∈𝐶\{𝑖 }
d(𝑣𝑖 , 𝑣 𝑗 )

takes the average distance to all other agents. TheMax cost function

costMAX (𝑖,𝐶) := max
𝑗∈𝐶\{𝑖 }

d(𝑣𝑖 , 𝑣 𝑗 )

takes the maximum distance to all other agents in the coalition.
To define the Cutoff cost function, we need an additional model
parameter 𝜆 > 0. Based on that, we partition the coalition 𝐶 into
friends and enemies of agent 𝑖 . The set of friends 𝑁 +

𝑖
(𝐶) of agent

𝑖 in coalition 𝐶 is the set of all other agents 𝑗 ∈ 𝐶 \ {𝑖} whose
distance to agent 𝑖 is at most 𝜆. All other agents in coalition 𝐶 are
the enemies 𝑁 −

𝑖
(𝐶) := 𝐶 \ (𝑁 +

𝑖
(𝐶) ∪ {𝑖}) of agent 𝑖 . The Cutoff

cost function with respect to 𝜆 > 0 is then

costCUT−𝜆 (𝑖,𝐶) :=
|𝑁 −

𝑖
(𝐶) |

|𝐶 \ {𝑖}| ,

i.e., the fraction of enemies of agent 𝑖 in coalition𝐶 among all other
agents in the coalition𝐶 . When it is clear from the context, we omit
the subscript of the cost functions.

Stability Concepts. Given a coalition structure C, an agent 𝑖 has
an improvingmove if the cost of agent 𝑖 in its current coalition𝐶 ∈ C
is strictly higher than its cost in some other coalition 𝐶′ ∈ C \ {𝐶}.
A coalition structure is called jump stable or a jump equilibrium if
no agent has an improving move. We refer to this as jump stability

1.

1In some related works this is called Nash stability.

Research Paper Track AAMAS 2026, May 25–29, 2026, Paphos, Cyprus

2215



Similarly, given a coalition structure C := {𝐶𝑖 }𝑖∈[𝑘 ] , there is an
improving swap between agents 𝑖 and 𝑗 if both can strictly decrease
their cost by swapping their coalitions, i.e., both leaving their cur-
rent coalition and joining the other coalition. A coalition structure
is called swap stable if there is no improving swap.

Terminology. We use the scheme COST-ST-XIS for naming
combinations of cost functions and stability concepts, where

• COST indicates the cost function, which is either Avg (for
Average), Max (for Maximum) or Cutoff𝜆 (for the Cutoff
cost function with parameter 𝜆),

• ST indicates the stability concept, which is either Jump for
jump stability or Swap for swap stability,

• XIS indicates whether we are in the happy in isolation (HIS)
or unhappy in isolation (UIS) setting.

Note that, when considering swap stability, the sizes of the coali-
tion cannot change. Therefore, singleton coalitions stay as they
are. Moreover, every agent in a singleton coalition in the initial
coalition structure cannot leave, since either it does not want to
(HIS) or no other agent wants to swap into a singleton coalition
(UIS). As singletons thus do not contribute to any game dynamic in
the swap setting, we will only consider games without singletons
and omit the UIS and HIS flag in the terminology for Swap games.

All game instances are defined by the number of agents 𝑛, their
values (𝑣𝑖 )𝑖∈[𝑛] and the maximum number of allowed coalitions,
𝑘 . Indeed, every instance of a Jump game is defined by the tuple
(𝑛, (𝑣𝑖 )𝑖∈[𝑛] , 𝑘). For Swap games, we additionally need to fix the
sizes of the coalitions, i.e., every instance of a Swap game is defined
by the tuple (𝑛, (𝑣𝑖 )𝑖∈[𝑛] , 𝑘, (𝑘𝑖 )𝑖∈[𝑘 ] ).

Quality of Equilibria. The quality of a coalition structure C is
measured by the social cost, which we define as the sum of costs over
all agent’s cost in the game, i.e., SC(C) := ∑

𝑖∈[𝑛] cost(𝑖, C(𝑖)). A
coalition structure with the smallest social cost is called an optimum

OPT(I) of a game instance I. The quality of equilibria is measured
by the Price of Anarchy (PoA) and the Price of Stability (PoS) [5, 31].
Let G be a set of game instances and EQ the set of equilibria (given
some stability concept). Then the PoA (PoS) is defined to be the
worst ratio between the cost of the worst (best) equilibrium and
the optimum cost over all instances of G, i.e.,

PoA(G) := sup
I∈G

sup
C∈EQ(I)

SC(C)
OPT(I) ,

PoS(G) := sup
I∈G

inf
C∈EQ(I)

SC(C)
OPT(I) .

Regarding game dynamics, a game has the finite improvement

property (FIP), if any sequence of improving moves is finite, i.e.,
eventually must end in an equilibrium. We will use ordinal poten-
tial functions [37] to prove this property in a setting, or show the
existence of an improving response cycle (IRC) to disprove it.

To discuss the PoS for Cutoff𝜆-Jump games, we use the technical
concept of a 𝜆-block. Given some 𝜆 > 0, a 𝜆-block is an interval
𝐼 ⊆ R of size |𝐼 | = 𝜆. A (multi-)set of values 𝑉 is said to be covered
by a set B of 𝜆-blocks, if for every value 𝑣 ∈ 𝑉 there is at least
one 𝜆-block 𝐵 ∈ B that includes the values 𝑣 , i.e., 𝑣 ∈ 𝐵. We call
a Cutoff𝜆-Jump game instance (𝑛, (𝑣𝑖 )𝑖∈[𝑛] , 𝑘) nice if the set of
values {𝑣𝑖 }𝑖∈[𝑛] can be covered by a set of at most 𝑘 𝜆-blocks.

1.2 Related Work

Given the breadth of variants of hedonic games, we focus our discus-
sion on models with cardinal-based comparisons, where each agent
has a valuation function scoring every coalition and prefers the
higher (lower) valued coalition in the utility (cost) variant. How-
ever, some models based on ordinal comparisons employ ideas
similar to the cost functions we study but their results cannot be
applied to our model. Examples include: hedonic games withW-
preferences [8, 16, 17], where coalitions are compared based on the
worst-ranked agent (similar to our Max cost function), and hedonic
games with friends-and-enemies preferences [22, 32, 39], where
each agent partitions others into friends and enemies (similar to
our Cutoff cost function) and compares coalitions based on the
number of friends and enemies they include.

The most prominent cardinal-based hedonic games with succinct
representations are additively separable hedonic games (ASHGs)

introduced by Bogomolnaia and Jackson [14] and fractional hedonic
games (FHGs) introduced by Aziz et al. [6]. In both games, every
agent 𝑖 has a valuation 𝑣𝑖 ( 𝑗) ∈ R for every agent 𝑗 in the game. In
ASHGs, the utility of an agent is the sum of these valuations over all
agents in its coalition, while in FHGs, the agents take the average
of the values in its coalition. Recently, Monaco et al. [36] studied a
variant of FHGs called modified FHGs where every agent takes the
average only over all other agents’ valuations, excluding its own
(without self-effect). Indeed, the Avg-Jump-UIS and Cutoff𝜆-Jump-
UIS games can be seen as cost-based variants of these modified
FHGs provided that the number of coalitions is not restricted. For
the Cutoff𝜆 games, the valuations are additionally in {0, 1}, which
is why they are a subclass of so called unweighted modified FHGs.
Also, Monaco et al. [36] showed that in modified FHGs with non-
negative and symmetric valuations, there is always a jump stable
outcome (the grand coalition) and the PoA and PoS is linear in 𝑛.
However, these results do not hold for our cost-based variants;
especially when restricting the number of coalitions.

Several hedonic game variants use some notion of distance in
their models. Rey and Rey [38] use the distance between an agent’s
ordinal preference list and its coalition to determine their valua-
tion of that coalition. Further, some variants of FHGs position the
agents on an unweighted host graph 𝐺 and use the distance in 𝐺
to get the valuations between agents, i.e., distance hedonic games

(DHGs) by Flammini et al. [26] and social distance games (SDGs) by
Brânzei and Larson [15]. In social distance games, the valuation of
an agent 𝑖 for an agent 𝑗 ≠ 𝑖 in a coalition 𝐶 is 1

𝑑𝐺 [𝐶 ] (𝑖, 𝑗 ) , where
𝑑𝐺 [𝐶 ] (𝑖, 𝑗) is the distance from node 𝑖 to node 𝑗 in the subgraph of
𝐺 induced by the node-set 𝐶 . Distance hedonic games (DHGs) gen-
eralize SDGs by adding a scoring vector 𝛼 mapping each possible
distance 𝑑𝐺 [𝐶 ] (𝑖, 𝑗) to a real number. Some instances of our Avg-
Jump game can be modeled as DHGs. Here, agents have consecutive
natural numbers as fixed values and the matching DHG instance is
played on a path graph with a decreasing scoring vector 𝛼 . To the
best of our knowledge, there no results are known for this case.

Only a few models consider distances between points embedded
in the Euclidean space. In hedonic clustering games introduced by
Feldman et al. [25], coalitions are interpreted as clusters, and each
agent’s cost is defined by its distance to the cluster center or median.
Also, they examine the “Fixed Clustering” setting, in which the
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Swap J-HIS J-UIS Swap J-HIS J-UIS Swap J-HIS J-UIS
EQ Existence ✓✓C2.2 ✓T2.4 [34] ✓GC ✓✓C2.2 ✓T3.6 ✓GC ✓✓T1 [11]

∀∃ L2.3 ∀∃ T2.4 [34] ∀∃ GC ∀∃ L2.3 ∀∃ T3.6 ∀∃ GC ∀∃ T2.3 ∀∃ T3.6 ∀∃ GC
∄∀ L2.4 ∄∀ L2.4 ∄∀ L2.4

OPT sorted ∃� L2.4 ∃� L2.4
PoA
PoS =1 C4.7 =1 C4.7 =1 L4.8

Average Cutoff𝜆 Max

✓✓L3.2

EQ sorted ∄∀ E2.3 [34] ∄∀ L3.9 ∄∀ L4.3
(∀∃) Conjecture ∃� L2.4 ∃� L3.11

∞ L4.3 ∞ L4.2 ∞ L4.3
>1 L4.9 =1 (nice) / >1 (else) L4.10 >1 L4.9

Table 1: Result Overview. The symbol “✓✓” means that this setting has the FIP, while “✓” only indicates simple equilibrium

existence for all instances (e.g. GC stands for grand coalition). As for the logic quantifier, the first is over the set of instances

of this setting while the second one is over the set of equilibria of the respective instance, i.e., “∄∀” can be read as “There is

an instance such that not all equilibria are sorted”; “∀∃” means “For all instances there is at least one sorted equilibrium /

optimum”; “∃�” means “There are instances where no optimum is sorted”. The “∞” in the PoA row indicates an unbounded PoA.

number of coalitions (or clusters) is fixed. Both variants are related
to our model, but incomparable due to the different cost functions.

Regarding limiting the number of coalitions, Sless et al. [40] study
ASHGs where exactly 𝑘 coalitions must be formed. Li [33] extends
this by considering FHGs with an upper bound on the number of
coalitions. Milchtaich and Winter [34] analyze a model incorporat-
ing all three key aspects of our models: limited number of coalitions,
geometric embedding, and ignoring the self-effect within coalitions.
In particular, they study exactly the Avg-Jump-HIS games and show
that sorted PNE always exist, although unsorted PNE can also occur,
and an IRC exists even if there are only two coalitions. In order to
show the existence of sorted PNE, they propose an algorithm that
we will extend and adapt to our other cost functions. Interestingly,
they also consider the Distance-to-Average cost function in higher
dimensions, where the existence of PNE is no longer guaranteed.

A model similar to our Avg-Jump-HIS game is also analyzed by
Ahmadi et al. [3]. For the general setting in multiple dimensions,
they showNP-hardness and for the one-dimensional average setting
with Euclidean distances, they rediscover the O(𝑘𝑛) algorithm by
Milchtaich and Winter [34]. Their model was later generalized by
Aamand et al. [1], which allows for arbitrary distance aggregation
functions for the Jump-HIS setting. With this, they investigate a
minimum distance and maximum distance function, similar to our
Max-Jump-HIS setting, where they show approximation results on
the optimum in a multidimensional setting.

Another way to limit the number of coalitions is by fixing the
size of each coalition. As jumps would change coalition sizes, swap
stability is more applicable in this setting. However, we note that
some studies on hedonic games consider upper bounds on coalition
sizes, which allows jumps [13, 19]. Swap stability has been studied
in various models including matching markets [4, 7, 20], Schelling
Games [2, 12, 18, 24, 29], and also recently in hedonic games with
W-preferences [19] and ASHGs [13]. Schelling Games [2, 18], in
particular, can be seen as hedonic games with overlapping coali-
tions. In these games, agents of different types occupy nodes on
a host graph and aim to optimize their neighborhood. Formally,
hedonic games are Schelling games on a host graph consisting of
disconnected cliques. We highlight the model by Bilò et al. [11], as
they study the same set of cost functions and stability concepts as
those used in our hedonic games. Using the reduction mentioned

above, we obtain that our Max-Swap games are potential games.
Furthermore, they show that the PoA is unbounded in almost all
cases except for Max-Swap and Avg-Swap, where the PoA is linear
in 𝑛. They also show that the PoS is 1 for Avg-Swap and Cutoff𝜆-
Swap games on regular graphs. Note that the latter result does not
directly apply to our models, as the reduction to Schelling games
does not create regular connected graphs as used by Bilò et al. [11].

1.3 Our Contribution

We propose and analyze a novel succinct variant of hedonic games
where each agent has a fixed real-valued type and costs are induced
by type-distances. To capture natural settings where agents cannot
opt out to form a singleton coalition, the maximum number of
coalitions might be fixed. For an overview of our results with the
respective references, see Table 1.

For all combinations of cost functions (average distance, distance
cutoff, maximum distance; in columns) and stability concepts (swap
and jump; in sub-columns), we show that: every game instance
admits at least one equilibrium (table row 1), either because they
fulfill the FIP, or as we show a way to construct one for any instance.
Further, every game instance admits a sorted equilibrium (row 2)
and there exists at least one game instance in each setting admitting
an unsorted equilibrium (row 3). Furthermore, we identify game
instances in which all socially optimal structures are unsorted in ev-
ery setting (row 4), except for Avg-Jump, where we conjecture that
all optimal structures are sorted. To substantiate this, we provide
partial results in this direction in the full version [21]. Regarding
the quality of equilibria, we provide examples showing that the
price of anarchy (PoA) is unbounded for most settings (row 5), and
we characterize the price of stability (PoS) for all Swap games. For
Jump games, the PoS is strictly greater than 1, except for a specific
subclass of Cutoff𝜆-Jump games (row 6).

In Sections 2 and 3, we address swap stability and jump stability,
separately. Each section first establishes the existence of equilibria
and then investigates their structural properties, along with those of
the optimal structures. Finally, in Section 4, we analyze the quality
of both swap and jump equilibria in terms of the PoA and PoS.

All omitted details can be found in the full version [21].
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2 SWAP STABILITY

In this section, we study the existence and properties of swap equi-
libria as well as the properties of the respective optima.

2.1 Equilibrium Existence

In this subsection, we show that all Swap games have at least
one equilibrium. Bilò et al. [11] give potential functions for all
three cost functions for Schelling games with continuous types on
regular graphs (Theorem 2 and Proposition 3) and for Max-Swap
even on general graphs (Theorem 1). As our hedonic games can be
transformed to their Schelling games on a set of (different-sized)
cliques, we already have equilibrium existence for Max-Swap. For
Avg-Swap and Cutoff𝜆-Swap, they showed that the social cost is
a potential function. Bilò et al. [13] showed that the social welfare
(the utility equivalent of social cost) is also a potential function
for ASHG and FHG restricted for swap stability. In the following
Lemma 2.1, we show that this also applies to a subclass of modified
FHGs [36] that includes utility variants for our Avg and Cutoff𝜆
cost functions. The proof can be found in the full version [21].

Lemma 2.1. Every modified FHGwith symmetric and non-negative

valuation has a swap equilibrium, and they have the FIP.

Using Lemma 2.1 for Avg- and Cutoff𝜆-Swap games, as well as
the potential function for Max-Swap Schelling games by Bilò et al.
[11], we prove Corollary 2.2 in the full version [21].

Corollary 2.2. Every Max-, Avg- and Cutoff𝜆-Swap game has

an equilibrium, and all three fulfill the FIP.

2.2 Properties of Equilibria and Optima

In this section, we study whether or when swap equilibria and
optima of Swap games are sorted. First, we show the intuitive
statement, that sorted coalition structures are swap stable for all
three cost functions (see the full version [21] for the proof).

Theorem 2.3. Every sorted coalition is swap stable for Max, Avg

and Cutoff𝜆 games.

Although Theorem 2.3 shows that all sorted coalition structures
are swap stable, this does not necessarily hold in the other direc-
tion. In Lemma 2.4, we give examples indicating that neither swap
equilibria nor (swap) optima are always sorted.

Lemma 2.4. For Max-, Avg- and Cutoff𝜆-Swap games, there is

an instance with only unsorted optima and an unsorted equilibrium.

Proof. Consider the following game instance with 𝑛 := 9 agents,
𝑘 := 2 coalitions of size 𝑘1 := 4 and 𝑘2 := 5 and values (𝑣𝑖 )𝑖∈[9] :=
(1, 1, 2, 2, 2, 2, 2, 3, 3). For all cost functions, we show in the full ver-
sion [21] that the unsorted coalition structure

C∗ :=
{
{1, 1, 3, 3}, {2, 2, 2, 2, 2}

}
is the social optimum and a swap equilibrium. For the Cutoff𝜆
cost function, we choose 𝜆 < 1. However, one can scale the values
of this example to get the same results for an arbitrary 𝜆. □

3 JUMP STABILITY

Section 2 shows that swap equilibria are easy to find due to several
potential functions. We show that equilibria are harder to find for

Jump games, since the FIP only holds for Max-Jump games. Also,
sorted coalition structures and social optima are not always stable.

3.1 Equilibrium Existence

First, note that in the unhappy in isolation (UIS) setting, the grand
coalition is a stable coalition structure, as no agent would jump out
into a singleton coalition. Thus, equilibrium existence is given for
all cost functions in this case.

Observation 3.1. For all three Jump-UIS game variants, the grand

coalition is always stable.

Moreover, Max-Jump-UIS games and also Max-Jump-HIS games
are potential games, which we show in the following Lemma 3.2.
Bilò et al. [11] show that the potential function for Max-Swap
in Schelling games with continuous types fails on regular graphs
where the number of empty nodes is higher than the maximal
degree in the host graph. However, as Lemma 3.2 implies, this
potential function works on any set of independent cliques in the
HIS setting, and with minor adjustments also for the UIS setting.

Lemma 3.2. Every Max-Jump-UIS, and -HIS game has an equilib-

rium, and they fulfill the FIP.

Proof sketch. We show that both kinds of games are poten-
tial games. Both potential functions are based on the idea that the
non-increasingly sorted cost vector of all agents decreases lexico-
graphically with every improving jump. Formally, let Φcost (C) be
the vector of the costs of all agents in the HIS setting that is sorted
non-increasingly. Then, we show that Φcost (C) is a potential func-
tion for Max-Jump-HIS games and that Φ(C) := ( |C|≠∅ ,Φcost (C))
is a potential function for Max-Jump-HIS games, where |C|≠∅ is the
number of non-empty coalitions in the given coalition structure C.
Details can be found in the full version [21]. □

Next, we provide an IRC for Avg- and Cutoff𝜆-Jump games in
Theorem 3.3 showing that both are not potential games in com-
parison to the Max-Jump games. Note that, Milchtaich and Winter
[34] provided an IRC for Avg-Jump games. However, we want to
highlight that the IRC given in Theorem 3.3 works for both Avg-
and Cutoff𝜆-Jump games.

Theorem 3.3. Avg- and Cutoff𝜆-Jump games admit an IRC.

Proof. Consider the IRC given in Table 2, which works for both
cost functions. Please note that this IRC also holds for both the HIS
and the UIS setting, as it does not include singleton coalitions. □

Although we know by Theorem 3.3 that Avg-Jump and Cutoff𝜆-
Jump are not potential games, there is at least one jump equilibrium
for each such game instance. Indeed, Milchtaich and Winter [34]
gave an algorithm that calculates a jump stable coalition struc-
ture for all Avg-Jump-HIS game instances that is also sorted [34,
Theorem 2.4]. Now, we show that this algorithm also works for a
large class of games, including Avg-, Cutoff𝜆- and Max-Jump-HIS
games.

In order to explain and analyze this algorithm, we introduce some
additional notation and terminology regarding a sorted coalition
structure C := {𝐶𝑖 }𝑖∈[𝑘 ] . For every coalition 𝐶𝑖 ∈ C, we call the
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Coalition Structure Cutoff4 Average
{14, 11, 5, 6, 7, 9}, {1, ®5, 5, 8, 10, 14} 2

5 {
2
6

21
5 {

22
6

{14, 11, 5, 5, 6, 7, 9}, { ®1, 5, 8, 10, 14} 3
4 {

5
7

33
4 {

50
7

{14, 11, 1, 5, 5, 6, 7, ®9}, {5, 8, 10, 14} 2
7 {

1
4

28
7 {

13
5

{14, 11, 1, 5, 5, 6, ®7}, {5, 8, 9, 10, 14} 2
6 {

1
5

22
6 {

15
5

{14, 11, 1, 5, ®5, 6}, {5, 7, 8, 9, 10, 14} 2
5 {

2
6

20
5 {

23
6

{14, 11, ®1, 5, 6}, {5, 5, 7, 8, 9, 10, 14} 3
4 {

5
7

33
4 {

40
7

{14, 11, 5, 6}, {1, 5, 5, 7, 8, ®9, 10, 14} 2
7 {

1
4

25
7 {

14
4

{14, 11, 5, 6, 9}, {1, 5, 5, ®7, 8, 10, 14} 2
6 {

1
5

21
6 {

16
5

{14, 11, 5, 6, 7, 9}, {1, ®5, 5, 8, 10, 14} . . .
Table 2: IRC for the given instance under the Cutoff4-Jump
setting, and Avg-Jump setting. The first column shows the

coalition structures of the IRC (jumping agent in bold). The

other columns indicate the cost change of the jumping agent.

agent with the smallest and highest value in 𝐶𝑖 the left-most agent
𝐿(𝐶𝑖 ) and the right-most agent 𝑅(𝐶𝑖 ) of 𝐶𝑖 , respectively. Having
the same idea in mind, we also refer to coalition 𝐶𝑖−1 and 𝐶𝑖+1 as
the coalitions left and right of coalition 𝐶𝑖 , respectively2. If some
left-most agent 𝑥 := 𝐿(𝐶𝑖 ) wants to move to the next coalition to its
left, i.e., 𝐶𝑖−1, to reduce its cost, we call this move a left-improving

move of agent 𝑥 . Similarly, a right-improving move is a move of some
right-most agent 𝑥 := 𝑅(𝐶𝑖 ) to coalition 𝐶𝑖+1 such that agent 𝑥 has
higher cost in 𝐶𝑖 than in 𝐶𝑖+1.

The idea of Milchtaich and Winter’s algorithm is to start with a
sorted “right-heavy” coalition structure, having the 𝑘 − 1 smallest
values of a game instance in singleton coalitions and the rest in
the remaining coalition. Then the algorithm allows the agents to
perform left-improving moves and stops if no agent has a left-
improving move. Milchtaich and Winter [34] show that, with the
Average cost function, that the algorithm terminates after at most
𝑛𝑘 many left-improving moves in jump stable coalition structure.
In Definition 3.4, we bundle sufficient properties of the Average
cost function into a broad class of cost function inducing the same
behavior to the algorithm.

Definition 3.4. A cost function cost𝑚 is called monotone, if the
following conditions hold for every game instance (𝑛, (𝑣𝑖 )𝑖∈[𝑛] , 𝑘):

(i) For a coalition 𝐶 and agents 𝑥,𝑦 ∉ 𝐶:
if 𝑣𝑥 ≤ 𝑣𝑦 ≤ 𝑣𝐿 (𝐶 ) or 𝑣𝑅 (𝐶 ) ≤ 𝑣𝑦 ≤ 𝑣𝑥
then cost𝑚 (𝑦,𝐶) ≤ cost𝑚 (𝑥,𝐶).

(ii) For all coalitions 𝐶, 𝐷 and agents 𝑥 ∉ 𝐶 ∪ 𝐷 :
if 𝑣𝑥≤𝑣𝐿 (𝐶 )≤𝑣𝑅 (𝐶 )≤𝑣𝐿 (𝐷 ) or 𝑣𝑅 (𝐷 )≤𝑣𝐿 (𝐶 )≤𝑣𝑅 (𝐶 )≤𝑣𝑥
then cost𝑚 (𝑥,𝐶) ≤ cost𝑚 (𝑥,𝐶 ∪ 𝐷) ≤ cost𝑚 (𝑥, 𝐷).

(iii) For all coalitions 𝐶, 𝐷 over R and 𝑐 ∈ 𝐶:
if cost𝑚 (𝑐,𝐶) > cost𝑚 (𝑐, 𝐷), then
• cost𝑚

(
𝑅(𝐶),𝐶

)
> cost𝑚

(
𝑅(𝐶), 𝐷

) (
for 𝑣𝑅 (𝐶 ) ≤ 𝑣𝐿 (𝐷 )

)
,

• cost𝑚
(
𝐿(𝐶),𝐶

)
> cost𝑚

(
𝐿(𝐶), 𝐷

) (
for 𝑣𝑅 (𝐷 ) ≤ 𝑣𝐿 (𝐶 )

)
.

In order to prove that the algorithm by Milchtaich and Winter
[34] calculates a jump stable coalition structure for all monotone
cost functions (see Theorem 3.6), we first show that we only need
to rule out left- and right-improving moves to prove stability for
2Note that there is no coalition left of coalition𝐶1 nor right of coalition𝐶𝑘 .

a given sorted coalition structure. This property is captured in
the following Lemma 3.5 and can be proven as an implication of
property (iii) of Definition 3.4 (see the full version [21] for details).

Lemma 3.5. Let I := (𝑛, (𝑣𝑖 )𝑖∈[𝑛] , 𝑘) be a game instance with

monotone cost function cost𝑚 . Further, let C := {𝐶𝑖 }𝑖∈[𝑘 ] be a sorted
coalition structure of I. Then, either C is a jump equilibrium, or there

is a left-improving move or a right-improving move.

Now, we are ready to prove that the properties of monotone cost
functions are sufficient for the algorithm of Milchtaich and Winter
[34] to work properly.

Theorem 3.6. Every game instance I := (𝑛, (𝑣1, . . . , 𝑣𝑛), 𝑘) with
a monotone cost function cost𝑚 in the HIS-setting has a sorted jump

equilibrium, which can be found within 𝑘𝑛 many improving moves.

Proof sketch. The algorithm starts with the “right-heavy” coali-
tion structure Cstart :=

{
{𝑣1}, . . . , {𝑣𝑘−1}, {𝑣𝑘 , . . . , 𝑣𝑛}

}
. Clearly,

Cstart is sorted and stays sorted under left-improving moves. It
is therefore valid to also number coalitions during the algorithm
from 𝐶1 to 𝐶𝑘 according to the ordering of their values.

To prove that this algorithm works under the monotone cost
function cost𝑚 , we show by induction that there is no coalition
structure during the algorithm admitting a right-improving move.
By Lemma 3.5, this proves that the final coalition structure of this al-
gorithm, for which by definition no left-improving move is possible,
is indeed a jump equilibrium.

In the base case, Cstart is sorted due to the assumed HIS setting.
Now consider a sorted coalition structure C := {𝐶𝑖 }𝑖∈[𝑘 ] which
does not admit any right-improving move, but at least one left-
improving move. Let 𝐿(𝐶𝑖 ) be the agent with a left-improving
move in C, and C′ := {𝐶′

𝑖
}𝑖∈[𝑘 ] the coalition structure C after the

left-improving move of agent 𝐿(𝐶𝑖 ). See Figure 2 for an illustration.

R(C′
i)R(C′

i−2) R(C′
i−1) = L(Ci)

C′
i−2 C′

i−1 C′
i C′

i+1

Ci−2 Ci−1 Ci Ci+1

Figure 2: Sketch of a left-improving move from a coalition

structure {𝐶𝑖 }𝑖∈[𝑘 ] to {𝐶′
𝑖
}𝑖∈[𝑘 ] .

The only coalitions that changed are 𝐶𝑖 and 𝐶𝑖−1. Therefore, we
only need to show that none of the agents 𝑅(𝐶′

𝑖−2), 𝑅(𝐶
′
𝑖−1) and

𝑅(𝐶′
𝑖
) have a right-improving move. (See the full version [21].) □

Next, we show that all three cost functions are monotone, imply-
ing that Jump-HIS instances have at least one sorted equilibrium.

Lemma 3.7. The Max-, Avg- and Cutoff𝜆 costs are monotone.

3.2 Properties of Optima and Equilibria

First, let us observe that if we fix 𝑛, 𝑘 , and the size of each coalition,
the optimum structure for both Jump and Swap games is the same,
as social costs are computed in the same way. But as the game
dynamics of Jump games allow the coalition number and sizes to
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change dynamically, we consider optima only depending on 𝑛 and
maximum 𝑘 . Especially for Jump-HIS games, the stable coalition
structures will always have 𝑘 occupied coalitions, as singleton resp.
single-value coalitions will always incur the minimum cost of 0 for
each contained agent, and thus instances with a higher maximum 𝑘

may have a lower optimum social cost. In contrast to this, in the UIS
setting, agents in singleton coalitions will always leave them and
never enter empty coalitions, and thus coalitions may stay empty,
and the grand coalition will always be an equilibrium.

The following result has already been mentioned but not proven
by Milchtaich and Winter [34, Example 2.3]. The proof and further
observations can be found in the full version [21].

Lemma 3.8. For Avg-Jump games, there is an instance with at least

one unsorted equilibrium.

Lemma 3.9. For Cutoff𝜆-Jump games, there is an instance with

only unsorted optima and at least one unsorted equilibrium.

Proof. We use a similar construction as in Lemma 2.4, but
this time with only three agents with value 2: Consider the game
instance with 𝑛 := 7 agents, 𝑘 := 2, some 𝜆 < 1 and values
(𝑣𝑖 )𝑖∈[7] := (1, 1, 2, 2, 2, 3, 3). The unsorted coalition structure

C∗ :=
{
{1, 1, 3, 3}, {2, 2, 2}

}
is jump stable, as all but one coalition have only pairwise friends in it.
In the full version [21], we show that it is also socially optimal. □

For Max-Jump games, there is a simple construction to show the
existence of unsorted equilibria.

Lemma 3.10. For Max-Jump-{UIS,HIS} games and any 𝑘 ≥ 2 and
𝑛 ≥ 4𝑘 , there is an instance with at least one unsorted equilibrium.

Proof sketch. Here, we only give the worst-case example for
𝑘 = 2 and 𝑛 = 4 and refer to the full version [21] for the general
construction. For this, consider the following instance{

{𝐿, 𝐿, 𝐻, 𝐻 }, {𝐿, 𝐿, 𝐻, 𝐻 }
}
,

where no agent has an improving jump, as its valuation is 𝐻 − 𝐿 in
both coalitions. □

By adjusting the instance used in Lemma 2.4, we get that Max
games also admit unsorted optima.

Lemma 3.11. For Max-Jump-{UIS,HIS} games, there is an instance

with only unsorted optima.

Computing the optimal coalition structure in Average-Jump
games is challenging even for 𝑘 = 2, due to the interdependence
between the agents’ values and their positions within the coalition
structure. To gain a better understanding of these optima, we study
their structural properties and prove several lemmata and obser-
vations (see the full version [21]), which lead us to the following
conjecture.

Conjecture 3.12. In Average-Jump games with 𝑘 = 2, the opti-
mal coalition structure is sorted.

This conjecture points to an important structural property of
Average-Jump games. If it holds, the optimal coalition structure
is also sorted for any 𝑘 , since otherwise two overlapping coali-
tions 𝐶′ and 𝐶′′ in C can be rearranged to reduce the total cost. In
particular, the existence of sorted optimal structures hints at the
possibility of a dynamic programming approach, similar to those
used for one-dimensional clustering problems such as 𝑘-means
and 𝑘-medians [27] and related clustering models [25]. However, it
remains unclear whether such an approach can be directly applied
or adapted to our setting, even if the conjecture holds, due to the
dependencies between agents’ costs and coalition boundaries.

4 QUALITY OF EQUILIBRIA

In this section, we study the impact of selfish behavior on the social
cost, by looking at the PoA and PoS for both Swap- and Jump games.

4.1 Price of Anarchy (PoA)

Theorem 4.1 summarizes our results on the PoA, which is un-
bounded in most settings. We show results by providing worst-case
instances for different game variants, split into Lemmas 4.2 to 4.5.

Theorem 4.1. The PoA is unbounded for all games with all 𝑘 ≥ 2,
except for Avg-Jump-HIS games with exactly two coalitions, where it

is either 1 or at least Ω(𝑛) depending on the agent values.

Lemma 4.2. The PoA is unbounded for Cutoff𝜆-{Swap, Jump}

games with all 𝑘 ≥ 2.

Proof sketch. We give two different game instances for 𝑘 = 2
and 𝑘 > 2 respectively, and show that they have an optimum C∗

with social cost 0 and admit a coalition structure C with positive
social cost that is both swap and jump stable.

For 𝑘 = 2, we assume 𝜆 = 1 and consider a game with small
0.5 ≥ 𝜀 > 0 and the following two coalition structures

C∗ :=
{
{0, 1 − 𝜀, 1}, {1 + 𝜀, 2}

}
,

C :=
{
{0, 1, 2}, {1 − 𝜀, 1 + 𝜀}

}
.

For all 𝑘 > 2, consider the game with 𝑛 := 4(𝑘 − 1) agents and
coalitions of size 𝑘1 := 2(𝑘 − 1) and 𝑘𝑖 = 2 for all 𝑖 ∈ [𝑘] \ {1}. Then

C∗ :=
{
{

2(𝑘−1)︷︸︸︷
0 . . . 0}, {2, 2}, . . . , {𝑘, 𝑘}

}
, and

C :=
{ 𝑘−1︷              ︸︸              ︷
{0, 0}, . . . , {0, 0}, {2, 2, 3, 3, . . . , 𝑘, 𝑘}

}
are the social optimum with cost 0 and an equilibrium with positive
cost, respectively. □

Lemma 4.3. The PoA of {Max, Average}-{Swap, Jump} games is

unbounded for all 𝑘 ≥ 3 and 𝑛 ≥ 2𝑘 + 2, independently of whether

UIS or HIS is considered. For Max-{Swap, Jump} games, the number

of coalitions can be reduced to 𝑘 = 2.

Proof sketch. We state the worst-case examples for both func-
tions. Refer to the full version [21] for the general constructions.

For Average, let 𝐿 < 𝑀 < 𝐻 and𝑀 := 𝐻+𝐿
2 + 1, and consider a

game with 𝑘 = 3 and 𝑛 = 8 admitting a coalition structure{
{𝐿, 𝐿}, {𝐿, 𝐿}, {𝑀,𝑀,𝐻,𝐻 }

}
.
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This is swap and jump stable for both the Max and the Average
cost function. However, there is an optimum{

{𝐿, 𝐿, 𝐿, 𝐿}, {𝑀,𝑀}, {𝐻,𝐻 }
}
.

with a social cost of 0. A similar construction works for the Maxi-
mum cost function even with 𝑘 = 2 and 𝑛 = 8. Here,{

{𝐿, 𝐿, 𝐿, 𝐿}, {𝐻,𝐻,𝐻,𝐻 }
}

is the optimum with a social cost of 0 while{
{𝐿, 𝐿, 𝐻, 𝐻 }, {𝐿, 𝐿, 𝐻, 𝐻 }

}
is a swap and jump stable coalition structure with asymptotically
maximal cost of Θ(𝑛(𝐻 − 𝐿)). □

Lemma 4.3 only shows the PoA for Avg games with 𝑘 ≥ 3
coalitions. With Lemma 4.4 and Lemma 4.5, we take a closer look
at 𝑘 = 2.

Lemma 4.4. For Avg-Jump-HIS games, if SC(OPT) = 0 for 𝑘 =

2 coalitions, then the social cost of any equilibrium is also 0. If

SC(OPT) > 0, then the PoA is in Ω(𝑛) and cannot be unbounded, even
for instances with two coalitions and only 3 different agent values.

Compared to Average-Jump-HIS games, where an unbounded
PoA is impossible for 𝑘 = 2, we show that Average-Jump-UIS
games have an unbounded PoA, since the grand coalition is stable.

Lemma 4.5. For all three Jump-UIS games, even games with 𝑘 = 2
coalitions and only two different agent values have unbounded PoA.

4.2 Price of Stability (PoS)

While the results on the PoA are similar for Swap and Jump games,
the PoS differs between Swap and Jump. Although the optima of all
three Swap games are always stable, this is not necessarily true for
the respective Jump games.

An overview of the results is given by Theorem 4.6. For that, we
remind the reader of the definition of nice Cutoff games given at
the end of Section 1.1.

Theorem 4.6. The PoS for all Swap games and nice Cutoff𝜆

games is 1. For all general Jump games, it is strictly larger than 1.

For Cutoff𝜆-Swap and Avg-Swap games, this follows directly
from the social cost being potential functions, while the proof for
Max-Swap games is more technical.

Corollary 4.7. The PoS is exactly 1 for all Cutoff𝜆-Swap and
Avg-Swap games.

Lemma 4.8. The PoS is 1 for Max-Swap games.

In contrast to Swap games, the PoS in Jump games is greater
than 1 in general, as optima can be unstable. However, there is an
interesting subclass of Cutoff𝜆-Jump games with a PoS of 1.

Lemma 4.9. For Avg- and Max-Jump games, it holds that PoS > 1.

Proof sketch. Consider the following game instancewith𝑛 = 7
agents, 𝑘 = 2 coalitions and values allowing the coalition structure

C∗ :=
{
{1, 1, 1}, {4, 6, 8, 8}

}
.

In the full version [21], we prove for both cost functions that this
coalition structure C∗ indeed (1) is the social optimum and (2) has
an improving jump for the agent with value 4. □

Lemma 4.10. The PoS of nice Cutoff𝜆-Jump games is exactly 1,
while the PoS over all other Cutoff𝜆-Jump games is greater than 1.

Proof sketch. For nice Cutoff𝜆-Jump games, the optimum
has a social cost of 0, since the agents can be partitioned into 𝑘

coalitions based on the unique 𝜆-blocks by which they are covered.
As coalition structures with social cost of 0 are stable, the PoS is 1.

For the second part, consider a Cutoff𝜆-Jump game instance
with 𝑛 = 8 agents, 𝑘 = 2 coalitions and coalition structure

C∗ :=
{
{0, 1

4
𝜀,
2
4
𝜀,
2
4
𝜀}, {𝜆 + 1

4
𝜀, 𝜆 + 3

4
𝜀, 2𝜆 + 1

4
𝜀, 2𝜆 + 𝜀}

}
for some 𝜀 > 0. In the full version [21], we show that this coalition
structure C∗ is an optimum and not jump stable, as the underlined
agent has an improving jump. □

CONCLUSION

We consider a hedonic games model, where each agent has a fixed
value, and evaluates the cost of each coalition by accumulating
the values of all other agents in its coalition, using three natural
cost functions. It is clear that in this setting, many more variants
could be implemented, e.g. it would also be interesting to explore
alternative cost functions, such as vectors of distances, squared
distances, or 𝑥-nearest-neighbor formulations. Within this setting,
we study two stability concepts and show the existence of equilibria
and their quality compared to the utilitarian social optimum. While
unsorted optima exist for most variants, it is yet unclear whether
they also exist for Avg-Jump games.

The structural property of being sorted, proposed in our con-
jecture, is key to understanding how optimal coalition structures
behave in Avg-Jump games. Confirming or disproving this con-
jecture would therefore be an important step toward obtaining a
clearer picture of both equilibrium quality and social optimality,
and could guide future algorithmic work. Still, proving this property
is far from easy, even for the simple case of 𝑘 = 2.

Since there is a substantial gap between unbounded PoA and the
constant lower bound on PoS, and because the worst-case instances
appear somewhat artificial, future work could focus on random or
real world instances, or on stability notions allowing more cooper-
ation. Regarding strong stability, a result by Milchtaich and Winter
[34] suggests instances with no equilibria, so models permitting
limited but not arbitrary cooperation could be of interest, especially
as some of the reported high PoA instances (e.g. Lemma 4.3) are
clearly not stable if multiple agents could coordinate.

Another promising direction would be to limit the size of coali-
tions, e.g. no coalition can be larger than 𝑥 ∈ N, to prevent the
formation of the grand coalition in the UIS setting. Moreover, an
unbounded PoA provides limited insight. In particular, for the util-
ity variant of nice Cutoff𝜆 games, the PoA becomes bounded.
Therefore, analyzing the utility variant may offer additional under-
standing of the game. Other avenues for research include analyzing
the core and the computational complexity of finding equilibria.
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