
Population size effects on strategic classification dynamics
Marta C. Couto

Informatics Institute, UvA
Amsterdam, The Netherlands
m.gomesdacunhacouto@uva.nl

Flavia Barsotti
ING Group & TU Delft (DIAM)
Amsterdam, The Netherlands

flavia.barsotti@ing.com;f.barsotti@tudelft.nl

Fernando P. Santos
Informatics Institute, UvA

Amsterdam, The Netherlands
f.p.santos@uva.nl

ABSTRACT
Classification algorithms are increasingly used in high-stakes do-
mains such as healthcare and finance. Individuals affected by these
decisions can strategically adapt to obtain favourable outcomes.
This may create data distribution shifts that require algorithm re-
training. The resulting feedback loop between user adaptation and
institutional updates fundamentally shapes both algorithmic ac-
curacy and fairness; yet, these dynamics remain under-explored.
We propose evolutionary game theory as a rigorous framework
to study these multiagent dynamics. This approach provides in-
sights into which strategies — such as levels of user honesty and
algorithmic decision thresholds — persist in the long run. Our key
contribution is to formally consider finite populations of users and
institutions. We explore population size asymmetries, reflecting
real-world settings where a large user population interacts with a
comparatively small set of institutions, and different numbers of
institutions translate different competitive landscapes. In alignment
with previous results, our model reveals that whenmoderate institu-
tions use algorithms susceptible to manipulation users either game
the system or incur excessive costs to meet institutional standards.
We also show, perhaps counter-intuitively, that unfavourable states
for users become more prevalent when the institutions’ population
becomes smaller. The effect of population size is not always mono-
tonic, revealing a new layer of complexity to strategic classification.
Notably, the potential negative impact on users persists even un-
der the highly idealised scenario of manipulation-proof classifiers,
which generally reduces social costs and encourages honest user
improvement. Overall, our findings indicate that population size
asymmetries, ubiquitous in practice, play a critical and non-trivial
role in shaping the dynamics of strategic classification, and should
be considered when assessing algorithmic accuracy and fairness in
the long run.
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1 INTRODUCTION
Classification algorithms are widely used in multiple contexts and
can often severely impact individuals’ well-being [30], especially
when considering high-stakes domains, such as healthcare, credit
lending, and fraud detection. When individuals have knowledge
about the classification algorithm, they may strategically adapt
their features or actions to obtain favourable outcomes, as reported
in prior works [7]. Users’ adaptation is desirable when it leads to
honest improvement and enables compliant algorithmic recourse
[12]. However, some users may also “game” the system by manipu-
lating data (e.g., providing false information) [1, 3, 22]. This is risky
for institutions, as users’ behaviour introduces data distribution
shifts, affecting the accuracy of model predictions [11, 29, 36]. To
reduce the impacts on algorithmic performance, institutions can
impose additional requirements on applicants. In turn, this can
result in an exaggerated burden on users [6, 18, 26]. The field of
strategic classification studies this complex interaction [16].

In their seminal paper, Hardt et al. (2016) introduce the problem
of strategic classification and the challenge of designing strategy-
robust classifiers that maintain performance after users’ adaptation
[16]. Other works focus on how classifiers can incentivise users to
honestly improve [24]. Interactions between users and institutions
are framed as a game, assuming that: i) users perfectly know the
classifiers and can best-respond to them, and ii) institutions use
this assumption about users to build strategy-robust algorithms or
create incentives for improvement. In real settings, however, users
might not have full information about classifiers and their behav-
ior can be hard to anticipate by institutions. More recent works
relax those assumptions, introducing noisy and social learning in
modelling users’ behaviour [4–6, 15, 20, 37]. Other works study the
effect of various levels of algorithmic transparency [1, 13, 32]. Inter-
estingly, while transparencymay leave room for strategic behaviour,
full opaqueness can also be detrimental, even for institutions [13].

Most previous studies model the interaction as a single-step
process: an institution deploys an algorithm and users respond
once. This simplification might overlook the dynamical nature of
the relation between algorithms and their users — one that typ-
ically unfolds over multiple rounds of continuous co-adaptation
[11]. Only a few works take this into account [8, 31, 37]. Some of
these take a population dynamics approach [8, 31]. By means of
replicator dynamics, Saig & Rosenfeld (2025) study the long-term
co-evolution of model performance and user population composi-
tion. They consider a single institution and a population of users
(one-to-many) evolving through natural selection, assuming that
fitness depends on how adequately the institution classifies users
[31]. Instead, Couto et al. (2025) consider both a population of users
and a population of institutions (many-to-many) [8]. This allows
to account for (i) direct competition among institutions, and (ii)
potential conflicts of interest between users and institutions, an
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aspect relevant in practice when unqualified users can benefit from
low algorithmic precision. However, that work uses a determinis-
tic method by assuming infinite populations. Real populations are
finite, which may introduce stochastic effects with consequences
that are often unexpected for long-term outcomes [19, 27].

Here, we study the dynamics of strategic classification in finite
populations. In particular, we pose the question:What is the effect
of having different population sizes, reflecting real-world
settings where a large user population interacts with a com-
paratively small set of institutions?

We consider that institutions can set a medium or high classifi-
cation threshold, suggesting how strict they are in terms of require-
ments in the application process. In turn, users can invest in an
honest or deceitful application, at a high and low cost, respectively,
or even not make any investment. Figure 1 summarizes our model.
We observe that when moderate institutions (medium classification
threshold) use algorithms that are vulnerable to manipulation, users
end up either gaming the system by misreporting personal informa-
tion or incurring excessive costs to meet institutional standards. In
this scenario, unfavourable states for users can be amplified when
the institutional population is small, a result which is relevant and
at the same time counter-intuitive. Yet, the effect of the population
size is not monotonic, resulting from an intricate interaction of
factors. Interestingly, our results highlight that negative impacts
may persist even under a scenario with manipulation-proof clas-
sifiers, which should generally reduce social costs and encourage
honest user improvement. Overall, our findings demonstrate that
population size asymmetries, which are common in practice but
often overlooked in the literature, have a critical impact on the
long-term dynamics of strategic classification.

2 MODEL AND METHODS
2.1 The general game
We introduce a game between two types of players, the institution
and the user. The institution aims to accurately classify the user
to provide a service. As a running example, we will often assume
that the institution can be a bank deploying an algorithm to decide
whether to give a loan or not to a customer. However, examples
of strategic classification exist in multiple domains such as hiring
[10], recommender systems [23], collective action dilemmas [14]
or even predictive policing [3].

We assume that the algorithm deployed by the bank takes as
input user’s self-reported features (or attributes) in the application
process. On the other hand, the bank sets a threshold on the credit
score to classify customers’ applications as positive (i.e., getting the
credit) or negative (i.e., not getting the credit).

We assume that an institution may choose to set its score thresh-
old at two different levels,Medium (M) or High (H) (horizontal
lines in Figure 1B). In other words, institutions can be moderate or
harsh, respectively, where a harsh institution only accepts high qual-
ity applications, while a moderate institution has a less stringent
set of requirements. Formally, we define the institutions’ strategy
set 𝑆𝐼 as

𝑆𝐼 := {𝑆𝐼𝑖 , 𝑖 = 1, 2} := {Medium,High}. (1)

In turn, users’ strategies correspond to adaptations in their feature
space, which may affect their score. Let 𝑧1 (𝜏) ∈ [0, 1] be a (nor-
malized) true feature value (e.g., real income), and 𝑧2 (𝜏) ∈ [0, 1]
be a (normalized) observable feature value (e.g., declared income)
at moment 𝜏 , where 𝜏 ∈ {0, 1}. We can equate 𝑧1 as the true score
and 𝑧2 as the predicted score by the institution. In Figure 1B, we
represent 𝑧1 on the x-axis and 𝑧2 on the y-axis. The time 𝜏 = 0
refers to the initial condition (before actions are taken), and 𝜏 = 1
refers to the moment after actions are taken. We assume that ini-
tially the observed feature corresponds to the real one, that is,
𝑧1 (0) = 𝑧2 (0) — in Figure 1B, individuals initially lie on the diago-
nal (black avatars). Only after actions are taken, these quantities
may differ. Moreover, when the true and observable features do not
match, i.e. 𝑧1 (1) ≠ 𝑧2 (1), it means that an individual provided false
information.

Let 𝜃 be the success threshold linked to a user’s true success or
quality (dashed line in Figure 1B), such that, for any 𝜏 , if 𝑧1 (𝜏) ≥ 𝜃 ,
the user is successful (e.g. can repay a loan); if 𝑧1 (𝜏) < 𝜃 , the user
is not successful (e.g. is not able to repay a loan). Additionally, we
distinguish users in terms of their true quality prior to any action,
i.e. at 𝜏 = 0. We denote the user type by 𝑢, where 𝑢 ∈ {G, B}. If
𝑧1 (0) ≥ 𝜃 , the user is denoted by Good (𝑢 = 𝐺), while for 𝑧1 (0) < 𝜃 ,
the user is denoted by Bad (𝑢 = 𝐵). Hence, in Figure 1B, the Bad
user is located left of the dashed line, and the Good user is on the
right (black avatars).

Users can choose from different actions when interacting with
an institution (e.g., when applying for a bank loan). When providing
personal information, users can possibly (i) disclose their features
as they are (i.e. without any adaptation) at no cost, (ii) fake or
misreport their features at a low cost, or (iii) improve their features
and report them truthfully at a high cost. Here, we assume that
each type of user can choose from two actions. As shown in [8],
this simplification does not affect the results significantly. Formally,
the set of strategies 𝑆𝐺 and 𝑆𝐵 of the Good and Bad users are,
respectively,

𝑆𝐺 := {𝑆𝐺𝑖 , 𝑖 = 1, 2} := {Not adapt,Adapt}, (2)

𝑆𝐵 := {𝑆𝐵𝑖 , 𝑖 = 1, 2} := {Fake, Improve}. (3)

A Good user that does Not adapt (N), keeps their initial score,
𝑧1 (0) = 𝑧1 (1) = 𝑧2 (1), and incurs no cost. When deciding to Adapt
(A), the user increases their true score, 𝑧1 (0) < 𝑧1 (1) = 𝑧2 (1), at
some cost1. As for a Bad user, they can choose to Fake (F) or to
Improve (I). To Fake means appearing as having a higher score
than they truly have, 𝑧1 (0) = 𝑧1 (1) < 𝑧2 (1), that is, to provide false
or manipulated information at a low cost. To Improve means to
increase one’s true score, 𝑧1 (0) < 𝑧1 (1) = 𝑧2 (1) at a high cost. In
Figure 1B, the four different actions are depicted by the coloured
arrows, which show the variation in the feature space (𝑧1, 𝑧2) from
𝜏 = 0 to 𝜏 = 1.

1We could interpret Adapt as truthful adaptation (equivalent to Improve) or not
(equivalent to Fake). For our purposes, it only matters whether we observe some
costly adaptation (compared to none at no cost) because, regardless of its type, the
impact on the institution is the same. For clarity, here we assume this adaptation to be
truthful, but we denote it by Adapt to eliminate ambiguity about the type of user we
refer to.
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Figure 1: Model illustration. (A) Co-adaptation dynamics of strategic classification. A relatively small population of institutions
(using classification algorithms) interacts with a large population of users (being classified). The population of users is composed
of two sub-populations corresponding to Good and Bad users, having high and low credit scores, respectively. The strategies
that each individual can adopt co-evolve based on their relative average success. (B) Feature space and strategies. The horizontal
axis represents the user’s real feature (𝑧1); the vertical axis represents the user’s feature observable by the institution (𝑧2)
and used in the algorithmic classification. For simplicity, we depict 1-dimensional features. We represent the institution’s
strategies (decision boundary) by coloured horizontal lines, Medium and High. The dashed vertical line denotes the success
threshold 𝜃 determining a user’s true success. A Good user has their initial real feature above the success threshold, i.e. 𝑧1 (0) > 𝜃 .
On the contrary, a Bad user has their initial real feature below the success threshold, i.e. 𝑧1 (0) < 𝜃 . We represent the users’
strategies by coloured arrows, which express a change in the feature space. A Good user can decide to Adapt (paying a cost
to improve their condition) or Not adapt (remain as they are at no cost). A Bad user can decide to Improve (paying a cost
to truthfully improve their initial condition, i.e., to change their real features) or Fake (paying a lower cost to manipulate
their initial condition, i.e., to change only their observable features). The black avatars refer to the initial condition (𝜏 = 0),
whereas the grey avatars refer to the final condition (𝜏 = 1), i.e. before and after adaptation. (C) We represent the state space
{0, 1, . . . , 𝑁 𝐼 } × {0, 1, . . . , 𝑁𝐺 } × {0, 1, . . . , 𝑁𝐵} by a cube, each dimension corresponding to a different type of player. The vertices
(coloured circles) denote the homogeneous states, from the set 𝑆 in Equation (13), or {(H)igh, (M)edium} × {(A)dapt, (N)ot Adapt}
× {(F)ake, (I)mprove}, where each sub-population is composed of a single strategy. All other points of the state space denote
non-homogeneous states (not explicitly shown for simplicity).

The interaction between the institutions and the users is repre-
sented by a general game with the following scheme

Good Bad
Not adapt Adapt Fake Improve

Medium I𝐺
11 ,U

𝐺
11 I𝐺

12 ,U
𝐺
12 I𝐵

11,U
𝐵
11 I𝐵

12,U
𝐵
12

High I𝐺
21 ,U

𝐺
21 I𝐺

22 ,U
𝐺
22 I𝐵

21,U
𝐵
21 I𝐵

22,U
𝐵
22

,

(4)
where the rows correspond to the institution’s decisions, and the
columns correspond to each user type’s decisions. I𝐺

𝑖 𝑗
denotes the

payoff that the institution obtains when playing strategy 𝑆𝐼
𝑖
against

a Good user playing strategy 𝑆𝐺
𝑗
, andU𝐺

𝑖 𝑗
denotes the payoff that a

Good user obtains when playing strategy 𝑆𝐺
𝑗
against an institution

playing strategy 𝑆𝐼
𝑖
, where 𝑖 = 1, 2 and 𝑗 = 1, 2. The remaining

payoffs are analogously defined.
Note that by construction, the institution does not knowwhether

it faces a Good or Bad user — that is what the institution is trying
to predict in the first place. Thus, the institution’s strategy holds
for both types of players (i.e. the classification algorithm deployed
by the institution applies to all users simultaneously). Moreover,
unlike previous work [16], our setup avoids the strong assumption
that users know the classifiers perfectly. Instead, we consider a
simultaneous game, where users decide between being “generally”
honest or not (for Bad users), and adapting or not (for Good users),

with fixed costs for each action. This setup provides a general
formulation of our problem. Next, we define two particular cases.

2.2 The baseline scenario: imperfect classifiers
We now build a baseline case of the game introduced in Section 2.1.
Before assigning payoffs to the game, it is useful to reason in terms
of classification outcomes and formalise it by the following matrix

Good Bad
Not adapt Adapt Fake Improve

M 𝑇𝑃 𝑇𝑃 𝐹𝑃 𝑇𝑃

H 𝐹𝑁 𝑇𝑃 𝑇𝑁 𝐹𝑁

. (5)

We start from the point of view of a High institution. A High
institution sets its threshold so high that it only accepts Good users
who Adapt, yielding a true positive (𝑇𝑃 ) (Figure 1B). A Good user
that doesNot adapt is classified as negative (𝐹𝑁 ). At the same time,
a High institution can accurately classify faking behaviour from a
Bad user (𝑇𝑁 ). Still, it would decline a Bad user that improves (𝐹𝑁 ).
An institution with aMedium threshold always accepts Good users
(𝑇𝑃 ). It also accepts Bad users, yielding a false positive (𝐹𝑃 ) if users
Fake and a 𝑇𝑃 if they Improve.

We can now assign actual payoffs to each outcome. We assume
that an institution earns a payoff of 𝜌 in case of a 𝑇𝑃 . For example,
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𝜌 can denote a bank’s gain from a successful lending operation,
associated with the loan’s interest rate. In the case of a false positive
𝐹𝑃 , we assume the institution has a loss measured by 𝜆. When the
institution rejects a user’s application and thus the user is classified
as negative, we assume the institution gets a null payoff. As for the
user, we assume they obtain a benefit 𝑏 when they are accepted
(classified as positive), both in the case of a 𝑇𝑃 or a 𝐹𝑃 . Moreover,
the user pays a cost 𝑐𝐼 for adapting or improving and a cost 𝑐𝐹 for
faking. Hence, we write the payoff matrices of the game described
in Equation (5) as

Good Bad
Not adapt Adapt Fake Improve

M 𝜌 , 𝑏 𝜌 , 𝑏 − 𝑐𝐼 −𝜆, 𝑏 − 𝑐𝐹 𝜌 , 𝑏 − 𝑐𝐼
H 0, 0 𝜌 , 𝑏 − 𝑐𝐼 0, −𝑐𝐹 0, −𝑐𝐼

(6)

where all parameters 𝜌 , 𝜆, 𝑏, 𝑐𝐼 and 𝑐𝐹 take real positive values. As
stated before, we consider the cost of improvement higher than the
cost of faking, i.e., 𝑐𝐼 > 𝑐𝐹 . Additionally, we assume that (i) 𝑏 > 𝑐𝐼
(the cost of improving is never greater than the benefit of receiving
a loan, irrespective of being a Good or Bad user) and (ii) 𝜆 > 𝜌

(the loss for the institution associated with a 𝐹𝑃 is greater than the
benefit of a 𝑇𝑃 ).

2.3 The robust scenario: manipulation-proof
classifiers

We now consider a scenario where Medium institutions are robust
against faking behaviour. For that, we simply change one entry
of the previous matrix in Equation (5). We do so assuming that
when aMedium institution meets a Fake user, it classifies them
as negative, yielding a 𝑇𝑁 . The new outcome matrix becomes

Good Bad
Not adapt Adapt Fake Improve

M 𝑇𝑃 𝑇𝑃 TN 𝑇𝑃

H 𝐹𝑁 𝑇𝑃 𝑇𝑁 𝐹𝑁

(7)

where the only difference to the baseline scenario is in bold. Simi-
larly, in terms of payoffs, we write

Good Bad
Not adapt Adapt Fake Improve

M 𝜌 , 𝑏 𝜌 , 𝑏 − 𝑐𝐼 0, −𝑐𝐹 𝜌 , 𝑏 − 𝑐𝐼
H 0, 0 𝜌 , 𝑏 − 𝑐𝐼 0, −𝑐𝐹 0, −𝑐𝐼

(8)

We keep the same assumptions for the parameters as above.

2.4 Evolutionary dynamics
The previous section defines the games of interest. Here, we describe
the behavioural dynamics that models how individuals adapt their
strategies over time. We apply tools from evolutionary game theory,
a natural and rigorous framework for modelling strategic dynamics
[17]. This allows us to identify which strategies can emerge and
persist in the long run.

We consider finite populations of players: one population of
institutions of size 𝑁 𝐼 and two populations of users, Good and Bad,
of sizes 𝑁𝐺 and 𝑁𝐵 , respectively. We denote the total population
size by 𝑁 ≡ 𝑁 𝐼 + 𝑁𝐺 + 𝑁𝐵 .

We define the state of the population by a vector s = (𝑛𝐼 , 𝑛𝐺 , 𝑛𝐵),
where 𝑛𝐼 is the number of institutions playing strategy 𝑆𝐼1, 𝑛

𝐺 is the
number of Good users playing strategy 𝑆𝐺1 , and 𝑛

𝐵 is the number
of Bad users playing strategy 𝑆𝐵1 . Therefore, the state space of the
system is the lattice {0, 1, . . . , 𝑁 𝐼 } × {0, 1, . . . , 𝑁𝐺 } × {0, 1, . . . , 𝑁𝐵}
(illustrated with a cube in Figure 1C). We assume that the popula-
tions’ sizes are constant; therefore, s fully describes the state of the
system, as the number of institutions playing strategy 𝑆𝐼2 is simply
given by 𝑁 𝐼 − 𝑛𝐼 . Likewise for the populations of users.

Let 𝑓 𝐼
𝑖
(s) denote the expected payoff or fitness obtained by an

institution when implementing strategy 𝑆𝐼
𝑖
. We assume well-mixed

populations of players, such that any institution can interact with
any user with the same likelihood. Thus, we can write the expected
payoff 𝑓 𝐼

𝑖
(s) as

𝑓 𝐼𝑖 (s) =
∑︁

𝑢∈{𝐺,𝐵}

𝑁𝑢

𝑁𝐺 + 𝑁𝐵
·
I𝑢
𝑖1 𝑛

𝑢 + I𝑢
𝑖2 (𝑁

𝑢 − 𝑛𝑢 )
𝑁𝑢

. (9)

Observe that, for 𝑢 = 𝐺 , the ratio

𝑝𝐺 ≡ 𝑁𝐺/(𝑁𝐺 + 𝑁𝐵) ∈ [0, 1] (10)

represents the proportion of Good users with respect to the popu-
lation of users.

Similarly, let 𝑓 𝑢
𝑗
(s) denote the expected payoff obtained by a

𝑢-type user implementing strategy 𝑆𝑢
𝑗
, where 𝑢 = 𝐺, 𝐵. We have

𝑓 𝑢𝑗 (s) =
U𝑢

1𝑗 𝑛
𝐼 + U𝑢

2𝑗 (𝑁
𝐼 − 𝑛𝐼 )

𝑁 𝐼
. (11)

To model the co-adaptation of the three populations, we con-
sider a pairwise imitation process, where successful strategies (with
relatively higher payoffs) are more likely to be imitated and thus
spread throughout the populations. This represents a social learning
mechanism that goes as follows. In each time step, one individual
𝑖 is randomly selected from the whole population of players. This
individual, whether an institution or a user, may revise its current
strategy. For that, another individual 𝑗 , of the same kind, is ran-
domly selected as a potential role model. Individual 𝑖 switches to
individual 𝑗 ’s strategy with probability 𝑃𝑖 𝑗 [34, 35]

𝑃𝑖 𝑗 =
1

1 + 𝑒−𝛽 (𝑓𝑗−𝑓𝑖 )
, (12)

where 𝑓𝑖 and 𝑓𝑗 are the expected payoffs of individuals 𝑖 and 𝑗 ,
respectively, and 𝛽 (≥ 0) is the selection strength. Parameter 𝛽 de-
termines how important the payoff differences are to the imitation
process: if 𝛽 = 0, players change their strategy with probability
0.5, regardless of the payoffs; if 𝛽 is high, player 𝑖 is very likely to
imitate player 𝑗 if 𝑗 ’s payoff is higher than 𝑖’s. Hence, 𝛽 controls
how noisy the imitation learning is. Since the strategy update only
depends on the current state of the system, this process can be
described by a Markov chain [21].

We also allow for mutations: with small probability 𝜇, individuals
switch to a random strategy instead of imitating others. Mutations
prevent absorbing states by reintroducing absent strategies even in
homogeneous populations (i.e., populations with a single strategy
present). This ensures the system forms an ergodic Markov chain
that converges to a unique stationary distribution, describing the
long-run probability (or relative time) of the system being in each
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state [2, 25]. In particular, the system has (𝑁 𝐼 +1) (𝑁𝐺 +1) (𝑁𝐵 +1)
states. When considering, for example, population sizes of 100
individuals, that yields around 106 states. To avoid the difficulties
associated with such a large state space, we resort to the widely
used small mutation limit method [19]. In the small mutation limit,
we assume that mutations are very rare. Consequently, the time
between mutations allows the system to reach a homogeneous state
and remain there long enough until a new mutation occurs (and
possibly steers the system back to an interior state). This yields the
time spent in non-homogeneous (interior) states as negligible. Thus,
this approximation enables the reduction of the full state space
to the 8 homogeneous states, which correspond to the corners
of the state space depicted by the cube in Figure 1C. The set of
homogeneous or monomorphic states 𝑆 is

𝑆 = {(0, 0, 0), (𝑁 𝐼 , 0, 0), (0, 𝑁𝐺 , 0), (0, 0, 𝑁𝐵), (𝑁 𝐼 , 𝑁𝐺 , 0),

(𝑁 𝐼 , 0, 𝑁𝐵), (0, 𝑁𝐺 , 𝑁𝐵), (𝑁 𝐼 , 𝑁𝐺 , 𝑁𝐵)}
(13)

We also use the notation 𝑆 = {HAI, MAI, HNI, HAF, MNI, MAF,
HNF,MNF} to highlight the strategy composition of the population
at each homogeneous state. For example, the state (0, 0, 0) is also
denoted by HAI, where only the strategies High (H), Adapt (A)
and Improve (I) are present in the respective sub-populations.

To define the reduced Markov chain, we need to calculate several
transition probabilities. First, the transition probability 𝑇 𝐼

± (s) that
the number of institutions playing 𝑆𝐼1 increases or decreases by one
at state s = (𝑛𝐼 , 𝑛𝐺 , 𝑛𝐵) is given by

𝑇 𝐼
± (𝑛𝐼 , 𝑛𝐺 , 𝑛𝐵) =

𝑁 𝐼 − 𝑛𝐼

𝑁 𝐼

𝑛𝐼

𝑁 𝐼 − 1
1

1 + 𝑒∓𝛽 (𝑓
𝐼
1 (𝑛𝐺 ,𝑛𝐵 )−𝑓 𝐼2 (𝑛𝐺 ,𝑛𝐵 ) )

.

(14)
Similarly, the transition probability𝑇𝑢

± (s) (where 𝑢 = 𝐺, 𝐵) that the
number of 𝑢-type users playing 𝑆𝑢1 increases or decreases by one is
given by

𝑇𝑢
± (𝑛𝐼 , 𝑛𝐺 , 𝑛𝐵) = 𝑁𝑢 − 𝑛𝑢

𝑁𝑢

𝑛𝑢

𝑁𝑢 − 1
1

1 + 𝑒∓𝛽 (𝑓
𝑢
1 (𝑛𝐼 )−𝑓 𝑢2 (𝑛𝐼 ) )

. (15)

The fixation probability denotes the probability that a single mu-
tant of a given strategy completely takes over a resident population
of the opposite strategy [27, 33]. Let us denote the fixation proba-
bilities of strategies 𝑆𝐼1, 𝑆

𝐺
1 and 𝑆𝐵1 in the respective populations as

𝜌𝐼1, 𝜌
𝐺
1 and 𝜌𝐵1 . We can write the fixation probabilities as [21, 35]

𝜌𝐼1 (𝑛
𝐺 , 𝑛𝐵) = 1

1 +∑𝑁 𝐼

𝑘=1
∏𝑘

𝑚=1
𝑇 𝐼
− (𝑚,𝑛𝐺 ,𝑛𝐵 )

𝑇 𝐼
+ (𝑚,𝑛𝐺 ,𝑛𝐵 )

,

𝜌𝐺1 (𝑛𝐼 , 𝑛𝐵) = 1

1 +∑𝑁𝐺

𝑘=1
∏𝑘

𝑚=1
𝑇𝐺
− (𝑛𝐼 ,𝑚,𝑛𝐵 )

𝑇𝐺
+ (𝑛𝐼 ,𝑚,𝑛𝐵 )

,

𝜌𝐵1 (𝑛
𝐼 , 𝑛𝐺 ) = 1

1 +∑𝑁𝐵

𝑘=1
∏𝑘

𝑚=1
𝑇𝐵
− (𝑛𝐼 ,𝑛𝐺 ,𝑚)

𝑇𝐵
+ (𝑛𝐼 ,𝑛𝐺 ,𝑚)

,

(16)

where here𝑛𝐼 ,𝑛𝐺 , and𝑛𝐵 can only take values of 0 or the respective
population size, because in the small mutation limit, we assume
that while fixation takes place in one population, the other two
populations remain fixed and homogeneous. To write the fixation
probabilities of strategies 𝑆𝐼2, 𝑆

𝐺
2 and 𝑆𝐵2 — 𝜌𝐼2, 𝜌

𝐺
2 and 𝜌𝐵2 , respec-

tively — we simply switch the signs “+” and “−” in the transition
probabilities 𝑇 in Equation (16). Each of these fixation probabilities

is associated with one direction at an edge of the cubic state space
(Figure 1C).

Finally, we write the transition matrix Λ of the reduced Markov
chain. Each entry Λ𝑠𝑠′ corresponds to the probability of going from
state 𝑠 to state 𝑠′, with 𝑠, 𝑠′ ∈ 𝑆 in Equation (13) and is given by

Λ𝑠𝑠′ =



𝑁 𝐼

𝑁
𝜌𝐼1 (𝑛

𝐺 , 𝑛𝐵), if 𝑠 = (0, 𝑛𝐺 , 𝑛𝐵) and 𝑠′ = (𝑁 𝐼 , 𝑛𝐺 , 𝑛𝐵)
𝑁 𝐼

𝑁
𝜌𝐼2 (𝑛

𝐺 , 𝑛𝐵), if 𝑠 = (𝑁 𝐼 , 𝑛𝐺 , 𝑛𝐵) and 𝑠′ = (0, 𝑛𝐺 , 𝑛𝐵)
𝑁𝐺

𝑁
𝜌𝐺1 (𝑛𝐼 , 𝑛𝐵), if 𝑠 = (𝑛𝐼 , 0, 𝑛𝐵) and 𝑠′ = (𝑛𝐼 , 𝑁𝐺 , 𝑛𝐵)

𝑁𝐺

𝑁
𝜌𝐺2 (𝑛𝐼 , 𝑛𝐵), if 𝑠 = (𝑛𝐼 , 𝑁𝐺 , 𝑛𝐵) and 𝑠′ = (𝑛𝐼 , 0, 𝑛𝐵)

𝑁𝐵

𝑁
𝜌𝐵1 (𝑛

𝐼 , 𝑛𝐺 ), if 𝑠 = (𝑛𝐼 , 𝑛𝐺 , 0) and 𝑠′ = (𝑛𝐼 , 𝑛𝐺 , 𝑁𝐵)
𝑁𝐵

𝑁
𝜌𝐵2 (𝑛

𝐼 , 𝑛𝐺 ), if 𝑠 = (𝑛𝐼 , 𝑛𝐺 , 𝑁𝐵) and 𝑠′ = (𝑛𝐼 , 𝑛𝐺 , 0)
0, otherwise, except 𝑠 = 𝑠′

1 −
8∑

𝑠′′=1;𝑠≠𝑠′′
Λ𝑠𝑠′′ if 𝑠 = 𝑠′ .

(17)
The factors multiplying the fixation probabilities represent the
likelihood that the single mutant appearing at a givenmonomorphic
state is of the type driving the respective transition.

We obtain the stationary distribution vector v over the 8 states
by solving the eigenvector equation v = vΛ. Again, the stationary
distribution gives the prevalence or relative time spent in each state.

3 RESULTS AND DISCUSSION
We start by looking at the most likely directions of adaptation. For
each edge of the state space, we calculate the direction in which the
fixation probability is greater. For example, if 𝜌𝐼1 (0, 0) > 𝜌𝐼2 (0, 0),
we say thatMedium institutions (𝑆𝐼1) are favoured to replaceHigh
institutions (𝑆𝐼2), when 𝑛

𝐺 = 𝑛𝐵 = 0 and indicate this with an arrow
pointing from state HAI (purple circle) to MAI (blue circle) in
Figure 2. A dashed edge indicates equal fixation probabilities in
both directions.

For the imperfect classifier scenario introduced in Section 2.2, the
only state for which all three adjacent edges point in its direction
for the entire parameter space is HAF (orange circle) (Figure 2
left). This makes HAF a highly robust state (where institutions
have High thresholds, Good users Adapt and Bad users Fake).
From the point of view of the users, this is not very desirable —
Good users pay excessive costs to be accepted and Bad users are
rejected. Furthermore, all adjacent edges point towards the state
MNF (yellow circle), under the condition 𝑝𝐺 > 𝑝∗

𝐺
≡ 𝜆/(𝜆 + 𝜌),

with 𝑝𝐺 in Equation (10). This means that also a state withMedium
institutions, where Good users do Not adapt and Bad users Fake,
is robust, if there are sufficiently many Good users. This state is
now more favourable to the users because Good users are not
required to incur the adaptation cost to be accepted, and Bad users
are also accepted. However, this is less beneficial to the institutions
as they bear the costs of false positives (𝜆). This scenario adequately
captures the fundamental problem of strategic classification — it is
hard to achieve states that are advantageous to both institutions and
users, that is, where algorithmic performance and fairness coexist.

We now see how the manipulation-proof scenario introduced in
Section 2.3 changes these dynamics (Figure 2 right). First, one of
the edges that previously pointed to the state HAF (starting from
MAF) is now neutral, which makes this state less robust compared
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MNF

HNI
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Figure 2: Transitions of the stochastic dynamics. We study
two scenarios: The first one (left) corresponds to the imperfect
classifier, illustrating the problem of strategic classification.
The second scenario (right) assumes that it is possible to
build amanipulation-proof classifier without an extremely
high decision threshold. The figure shows the most probable
directions of adaptation: the arrows indicate, for each edge of
the state space, the direction of the larger fixation probabil-
ity; the dashed line represents a neutral fixation probability,
where transitions in both directions are equally likely. All
directions are independent of the exact parameter values
except for the transition between states MNF and HNF: the
transition fromHNF to MNF (rightwards) is more likely than
the transition fromMNF to HNF (leftwards) if 𝑝𝐺 > 𝜆/(𝜆 + 𝜌),
with 𝑝𝐺 in Equation (10). The opposite is true if 𝑝𝐺 < 𝜆/(𝜆+𝜌).

to the previous scenario. Second, the stateMNI (green circle) be-
comes highly robust, because Bad users are now incentivised to
Improve (the previousMNI→MNF transition flips its direction).
Additionally, the stateMNF is unconditionally favoured in relation
to HNF (contrary to the previous scenario in Figure 2 left). This
also contributes to transitions that ultimately favour state MNI.
The stateMNI is collectively beneficial — the institutions have a
Medium threshold, the Good users are therefore accepted without
unjustified costs, and Bad users honestly improve. Naturally, this
is a highly idealised scenario, where we assume thatMedium in-
stitutions are capable of being robust against manipulation while
simultaneously not having excessively high decision boundaries.
This scenario serves to show how a simple change in the incentive
structure significantly alters the overall dynamics.

We confirm these observations by calculating the stationary
distributions over the 8 states for each scenario, for particular pa-
rameter values (Figure 3A). First, we consider that all populations
have the same size (𝑁𝐼 = 𝑁𝐺 = 𝑁𝐵 = 100), which makes 𝑝𝐺 = 0.5.
For 𝜌 = 15 and 𝜆 = 50, then we have 𝑝𝐺 < 𝑝∗

𝐺
. The state HAF is

the only prevalent state when classifiers are imperfect, whereas
state MNI is the only prevalent state when classifiers are robust
to manipulation. This result is consistent with the results obtained
with infinite populations in a previous work [8]. Furthermore, for
a more explicit comparison of the consequences of each scenario,
we plot algorithmic performance (defined by the average fraction
of 𝑇𝑃 , 𝑇𝑁 , 𝐹𝑃 and 𝐹𝑁 cases), and the social cost (defined by the
average fraction of Good users that Adapt). We see that for both
scenarios, the algorithmic performance is maximal (there are only
true cases). However, in the imperfect classifier scenario, the social

Asymmetric population sizes (NI = 10, NG + NB = 290)

Symmetric population sizes (NI = NG = NB = 100)

Imperfect classifier Manipulation-proof classifier

A

B
Imperfect classifier Manipulation-proof classifier

Figure 3: Stochastic dynamics in the small mutation limit
for 𝑝𝐺 < 𝑝∗

𝐺
≡ 𝜆/(𝜆 + 𝜌), 𝑝𝐺 in Equation (10): stationary

distribution over all homogeneous states (above panels) and
the respective average metrics, algorithmic performance and
social cost (below panels). The algorithmic performance is
given by the fraction of𝑇𝑃 ,𝑇𝑁 , 𝐹𝑃 and 𝐹𝑁 cases (in bars); the
social cost imposed on users is given by the fraction of Good
users that Adapt (black line). (A) Symmetric population sizes,
𝑁𝐼 = 𝑁𝐺 = 𝑁𝐵 = 100. (B) Asymmetric population sizes, 𝑁𝐼 =

10, 𝑁𝐺 = 𝑁𝐵 = 200. A small population of institutions makes
the state HAF (red) more prevalent for the manipulation-
proof scenario. Consequently, we see an increase in the social
cost, while the performance is notmuch affected. Parameters:
𝜌 = 15, 𝜆 = 50, 𝑏 = 50, 𝑐𝐹 = 1, 𝑐𝐼 = 5, 𝛽 = 0.02, 𝑁 = 300, 𝑝𝐺 = 0.5.

cost is also maximal, because Good players always Adapt to the
High institutions.

We then consider a more realistic setting where the population of
institutions is much smaller than the populations of users: we keep
the total population size 𝑁 = 300, and consider only 10 institutions.
In Figure 3B, we see that the imperfect scenario almost does not
change. However, for the manipulation-proof scenario, the state
HAF now emerges about 14% of the time. This has no effect on the
algorithmic performance, but it increases the social cost. Notably,
the increase of a state which is detrimental to the users turns up
even in the idealized scenario.

We now study what happens for 𝑝𝐺 > 𝑝∗
𝐺
(Figure 4). First, we

see that state MNF is now much more prevalent. When the pop-
ulations’ sizes are symmetric (Figure 4A), the state MNF is even
more predominant than HAF. While this is beneficial for the users,
decreasing social cost substantially, it also increases the fraction
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Asymmetric population sizes (NI = 10, NG + NB = 290)

Symmetric population sizes (NI = NG = NB = 100)

Imperfect classifier Manipulation-proof classifier

A

B
Imperfect classifier Manipulation-proof classifier

Figure 4: Stochastic dynamics in the small mutation limit for
𝑝𝐺 > 𝑝∗

𝐺
. This figure is analogous to Figure 3, except that it

stands for the high proportion of Good players (𝑝𝐺 ) regime.
Parameters: 𝜌 = 15, 𝜆 = 50, 𝑏 = 50, 𝑐𝐹 = 1, 𝑐𝐼 = 5, 𝛽 = 0.02, 𝑁 =

300, 𝑝𝐺 = 0.8.

of false positives, partly compromising algorithmic performance.
Regarding asymmetric population sizes case (Figure 4B), we again
see a significant increase in the prevalence of state HAF and, con-
sequently, an increase in social cost. As expected, there are no
significant changes in the manipulation-proof scenario for this pa-
rameter regime, since the replacement directions on the right panel
of Figure 2 are independent of the parameter values.

To better understand these outcomes, we first note that the im-
pact of population sizes results from the interplay of several factors.
On the one hand, as the institutions’ population becomes smaller,
a single institution can more easily fixate on the resident popula-
tion, since fewer strategy switches are needed for one individual’s
strategy to completely replace the other, regardless of the specific
strategies involved. On the other hand, the fewer individuals in a
population, the fewer mutations are produced in that population.
Specifically, the probability that a mutation occurs in a certain
player type (institution, Good or Bad user) corresponds to the pro-
portion of such type in the entire population — see Equation (17).
Therefore, while a small population can facilitate transitions, it also
curbs mutations that could trigger them. Thus, these two oppos-
ing contributions can override each other, rendering the effect of
population sizes highly non-trivial.

Let us focus on the imperfect scenario in the left panels of Fig-
ures 2 and 4. We verify that the transition ΛMNF HNF increases
from the symmetric to the asymmetric population case, but not

the opposite transition ΛHNF MNF. From the HNF state (grey cir-
cle), the transition to HAF is very likely. This can explain why the
prevalence of state HAF increases at the cost of decreasing MNF.

For the manipulation-proof scenario (right panels of Figures 2
and 4), the mechanism is similar, but it affects different pathways.
The transition ΛMNI HNI increases from the symmetric to the asym-
metric population case, but not the transition in the opposite direc-
tion. From theHNI state (grey circle), there are two likely pathways
to HAF, through state HNF or state HAI. We observe the same
mechanism for the 𝑝𝐺 < 𝑝∗

𝐺
regime (Figure 3A to B, right panels).

As the impact of population size results from the interplay of var-
ious factors and therefore can exhibit counter-intuitive behaviour,
we examine a broader range of population sizes. Figure 5A shows
the prevalence of each state across varying population sizes (while
keeping the total population size constant). Indeed, we verify that
for the imperfect classifier scenario (left), the effect of population
size is non-monotonic — there is an intermediate institutions’ pop-
ulation size (around 𝑁 𝐼 ≈ 30) that maximises the prevalence of
state HAF, and hence, the social cost. This occurs because sim-
ilarly to the increase of transition ΛMNF HNF for decreasing 𝑁𝐼 ,
also the transition ΛHAF MAF increases. From MAF, the transition
toMNF is likely, which would explain an increase inMNF at the
cost of HAF. Thus, the prevalence of these two states — HAF and
MNF — depends on a fine balance of several transitions. There is a
point where the pathwayHAF→MAF→MNF starts dominating,
hence the decrease in HAF for low institutions’ population sizes.

As for the manipulation-proof scenario (right), the decrease in
stateMNI (for decreasing institutions’ population size) occurs only
around 𝑁 𝐼 ≈ 20. Therefore, even in a highly robust scenario, with

NI = 100
NI = 10

HAF

MNF

MNI

Out[ ]=
HAI MAI HNI HAF

MNI MAF HNF MNF

Out[ ]=
HAI MAI HNI HAF

MNI MAF HNF MNF

Imperfect classifier Manipulation-proof classifierA

B Imperfect classifier Manipulation-proof classifier

Figure 5: Abundance of each state for varying (A) population
sizes 𝑁 𝐼 and (B) institution’s benefit 𝜌 from a true positive𝑇𝑃 .
In panel B, we also compare the case of symmetric population
sizes (𝑁 𝐼 = 100 in solid lines) and an asymmetric case (𝑁 𝐼 =

10 in dashed lines). Fixed parameters: 𝜌 = 15 (panel A), 𝜆 =

50, 𝑏 = 50, 𝑐𝐹 = 1, 𝑐𝐼 = 5, 𝛽 = 0.02, 𝑝𝐺 = 0.8, 𝑁 = 300.
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Social cost/Accuracy ratio

Figure 6: Social cost to algorithmic accuracy ratio for varying
population sizes 𝑁 𝐼 and institution’s benefit 𝜌 from a true
positive 𝑇𝑃 . We define accuracy as the sum of true positive
and true negative rates. The white dashed lines indicate the
parameters used in Figure 5. Fixed parameters: 𝜆 = 50, 𝑏 =

50, 𝑐𝐹 = 1, 𝑐𝐼 = 5, 𝛽 = 0.02, 𝑝𝐺 = 0.8, 𝑁 = 300.

manipulation-proof classifiers, a lending ecosystem with only a
few institutions can significantly alter the dynamics to the detri-
ment of users. In the presence of a small population of institutions,
stochastic effects more easily drive the system away from the de-
sirable state MNI. Once High institutions fixate (even if only due
to chance), then the users rapidly transition to Adapt and Fake
because those are their best-responses to harsh institutions.

In Figure 5B, we show the effect of the parameter 𝜌 , that is,
the benefit that an institution receives when it correctly accepts
a user (e.g. the bank’s gain from a successful loan repayment).
The higher 𝜌 , the more frequent the states MNF and MNI are,
respectively, in the imperfect and robust scenarios. Therefore, a
larger 𝜌 tends to favour the users. Regarding the imperfect classifier
regime, this is consistent with the observation in Figure 2 that
state MNF becomes robust for 𝑝𝐺 > 𝑝∗

𝐺
. This condition can be

rewritten as 𝜌 > 𝜆(1 − 𝑝𝐺 )/𝑝𝐺 . For the parameters in Figure 5B,
the condition yields 𝜌 > 12.5. Figure 5B (left) shows that when the
population sizes are symmetric (𝑁 𝐼 = 100 in solid lines), the state
MNF starts replacing HAF close to 𝜌 = 12.5. This state conversion
is driven towards higher values of 𝜌 for asymmetric population
sizes (𝑁 𝐼 = 10 in dashed lines). Furthermore, we see that the effect
of population sizes depends on the parameter 𝜌 .

To study the interplay between population asymmetry and 𝜌 ,
we vary both in Figure 6. Here, we plot the summary metric social
cost to algorithmic accuracy ratio (cost-to-accuracy ratio for short),
where we define accuracy as the sum of true positive and true
negative rates. As such, it is desirable to maintain low values for
this metric (greenish to yellow tones in Figure 6). We confirm that,
in general, high 𝜌 and institutions’ population size 𝑁 𝐼 lead to a
low cost-to-accuracy ratio. However, for the imperfect scenario
(left), we also verify that the impact of population size depends on
𝜌 . For low 𝜌 , decreasing 𝑁 𝐼 decreases the cost-to-accuracy ratio.
For intermediate 𝜌 , there is a maximum of the cost-to-accuracy
ratio for relatively low to moderate values of 𝑁 𝐼 . For high values
of 𝜌 , the cost-to-accuracy ratio has a minimum for intermediate

values of 𝑁 𝐼 . This, again, reveals the nuanced non-monotonicity of
the problem. Finally, while having robust classifiers (right) greatly
alleviates the problem of strategic classification, also here caution
needs to be taken, as regions where the cost-to-accuracy ratio is
not optimal still persist.

4 CONCLUSION
Classification algorithms are increasingly used for decision-making
in many domains affecting society. We take credit lending as our
main motivating case study, but our model could be applied to other
domains where strategic classificaiton is relevant, for instance hir-
ing [10], recommender systems [23], collective action dilemmas
[14], spam detection [16] or even predictive policing [3]. In such do-
mains, individuals can adapt over time and be strategic about their
disclosed features. This, in turn, demands algorithm retraining, cre-
ating complex feedback loops between users and institutions. We
propose a game theoretic model to study the long-term dynamics
of co-adaptation between users and institutions. Newly, we assume
that the co-adapting populations are finite, to take into account
(i) stochastic effects and (ii) asymmetries in population sizes, both
naturally present in real populations, where usually the number
of users is much larger than the set of institutions they interact
with. The resulting non-trivial effects could not be captured with
deterministic, infinite population models. Our key results highlight
that when moderate institutions use algorithms susceptible to ma-
nipulation, users either game the system by misreporting personal
information or incur excessive costs. We notice that unfavourable
states for users can be amplified when the institutions’ population
is small. This negative impact on users may persist even under ideal-
ized scenarios. Although the proposed model already incorporates
increasingly complex assumptions, we recognize that other aspects
are oversimplified. For example, we consider both binary types of
users, Good and Bad, and binary strategies. An extension of this
work could take into account users that are more or less close to the
decision boundaries and continuous strategies. In such a setting, we
could obtain a better approximation of the decision threshold that
institutions would converge to. Another future direction would be
to consider diverse intensities of selection, either between users
and institutions, or even between different groups of users. By us-
ing an approach that resonates with the general idea of human-AI
co-evolution [28], our work sheds light on the trade-off between
algorithmic performance and fairness in strategic classification. In
particular, our results suggest that population structure in the form
of size asymmetry plays a critical role in the interaction between
users and institutions. Hence, it should be taken into account when
assessing algorithmic accuracy and fairness in the long run.

Software Availability: The source code used to generate all the
results can be found in this open source OSF repository [9].
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