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ABSTRACT
Offline RL algorithms aim to improve upon the behavior policy that

produces the collected data while constraining the learned policy

to be within the support of the dataset. However, practical offline

datasets often contain examples with little diversity or limited explo-

ration of the environment, and frommultiple behavior policies with

diverse expertise levels. Limited exploration can impair the offline

RL algorithm’s ability to estimate Q or V values, while constraining

towards diverse behavior policies can be overly conservative. Such

datasets call for a balance between the RL objective and behav-

ior policy constraints. We first identify the connection between

𝑓 -divergence and optimization constraint on the Bellman residual

through a more general Linear Programming form for RL and the

convex conjugate. Following this, we introduce the general flex-

ible function formulation for the 𝑓 -divergence to incorporate an

adaptive constraint on algorithms’ learning objectives based on the

offline training dataset. Results from experiments on the MuJoCo,

Fetch, and AdroitHand environments show the correctness of the

proposed LP form and the potential of the flexible 𝑓 -divergence

in improving performance for learning from a challenging dataset

when applied to a compatible constrained optimization algorithm.
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1 INTRODUCTION
Recent progress in offline Reinforcement Learning (RL) significantly

improved RL algorithms’ practical value by alleviating the bottle-

neck problem of RL model training, which is the need for online
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environment interaction. The capability of training an RL agent

on a static dataset opens up application opportunities such as AI-

conversation and robot manipulation [12, 29]. A key idea behind

the general design principle of offline RL algorithms is to optimize

the learning policy with the given reward while constraining it to

stay within the support of the static dataset [18, 25]. Algorithms

designed following this pessimism principle [7, 15, 16] have demon-

strated considerable performance in benchmarks such as D4RL [6].

However, the implicit exploration setting and the limited combi-

nation of behavior policies suggest a gap between the characteris-

tics of datasets from the benchmark and the real-world application.

Practical considerations [14, 20] like safety and costs of experi-

ments can restrict the practitioner who collects the data to follow

an almost deterministic or even rule-based behavior. The limited

exploration problem in the offline RL setting can be more severe. In

addition, applications of RL may call for large-scale data collection

from different practitioners or crowd-sourced data collection [34].

Such practices can lead to datasets with a high mixture of expertise

levels, even for learning a single skill.

While previous works [26, 31] have explored characterizing of-

fline RL datasets in terms of trajectories’ performance and the

amount of explorations present in the dataset, these measurements

may only reflect dataset properties on the distribution level at best,

and cannot identify any individual dataset. As the top row in Fig-

ure 3 shows, both measurements on dataset returns (PSV, NER)

and dataset exploration (SACo) exhibit significant overlap among

different settings, in terms of the number of behavior policies and

behavior policy stochasticity. This makes it impossible to reliably

tell what a single dataset’s setting is from those measurements. Fur-

thermore, as the bottom row in Figure 3 shows, each algorithm can

suffer significant performance loss under different dataset mixtures

and with reduced stochasticity. These observations suggest that

two offline RL datasets can appear empirically similar but differ

drastically in the learning algorithms’ performance.

One of the potential causes of this performance degradation

can be the algorithm’s universal pessimism towards the dataset.

Different expertise levels and stochasticity levels of behavior poli-

cies call for different constraints. Previous work on heteroscedastic

datasets [28] and mixtures of two behavior policies [11] share our

opinion. The former study applied a relaxed constraint in the policy

evaluation, while the latter re-weighted their learning data samples

by trajectory returns. Yu et al. [37] focused on imitation learning
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Figure 1: Dataset measurements across different compositions and algorithms’ performance in them. (Top) Positive Scaled
Variance (PSV) of the return, Normalized Expected Return (NER), and SACo as a measure of exploration; (Bottom) Algorithm
performances across different dataset mixture and behavior policy stochasticity.

by applying a relaxed 𝑓 -divergence using a small expert dataset

and a larger unlabeled dataset.

In this paper, we focus on using the 𝑓 -divergence to control con-

straint level. We first highlight the implicit role of 𝑓 -divergence for

any RL algorithms that minimize the Bellman error by generalizing

the unconstrained optimization derived from the Linear Program-

ming (LP) formulation of RL and connecting it to traditional RL

algorithms. We then show a unified form of LP for RL as optimizing

the sum of an initial loss term and an 𝑓 -divergence penalty on either

the density ratio estimation or the estimated value, under the Bell-

man constraint. These theoretical results show that RL algorithms

naturally incorporate the 𝑓 -divergence against the training data,

either explicitly or implicitly. Inspired by these results, we propose

the flexible 𝑓 -divergence, a general function form for 𝑓 -divergence

that is applicable to both traditional Bellman error minimization

algorithms and dual optimization algorithms based on density ratio

estimation, to enable flexible constraint control. We show that the

Flexible 𝑓 -divergence can achieve improved performance over its

base algorithms in challenging settings where base algorithms fail.

The extended version of this paper with appendix is available at

https://arxiv.org/abs/2602.11087.

2 BACKGROUND
The traditional Reinforcement Learning problem formulates the

agent-environment interaction as aMarkov Decision Process (MDP)

[30]. The MDP can be defined as a tuple M = (S,A,T , 𝑝0, 𝑟 , 𝛾),
with a state space S, an action spaceA, a state transition dynamics

T : S × A → Δ(S)1, a reward function 𝑟 : S × A → R, an initial

state distribution 𝑝0, and a discount factor 𝛾 ∈ [0, 1]. The agent’s
policy 𝜋 (𝑎𝑡 |𝑠𝑡 ) is the conditional probability of action to take with

the given state.With 𝑠0 ∼ 𝑝0, 𝑎𝑡 ∼ 𝜋 (𝑎𝑡 |𝑠𝑡 ), 𝑠𝑠+1 ∼ T (𝑠𝑡+1 |𝑠𝑡 , 𝑎𝑡 ), the
expected discounted return is defined as E𝜋 [

∑∞
𝑡=0
𝛾𝑡𝑟 (𝑠𝑡 , 𝑎𝑡 )]. Prac-

tical evaluations of the expected return for a given policy 𝜋 are the

action-value function𝑄𝜋 (𝑠, 𝑎) = 𝑟 (𝑠, 𝑎)+𝛾E𝑎′∼𝜋,𝑠′∼T [𝑄𝜋 (𝑠′, 𝑎′)] in
the Bellman equation format and the state value function 𝑉 𝜋 (𝑠) =
E𝑎∼𝜋 [𝑄𝜋 (𝑠, 𝑎)]. The goal of an RL algorithm is to find the optimal

policy 𝜋∗
thatmaximizes the expected return, 𝜋∗ = argmax𝜋 E𝜋 [R],

whose value function and action-value function are 𝑉 ∗
and 𝑄∗

.

In the offline RL setting, the RL algorithm seeks to optimize the

policy using a static dataset D = {(𝑠, 𝑎, 𝑠′, 𝑟 )}𝑁𝑖=1
without access

to the actual environment. To provide a measure of data sample

distribution, we can express the visitation of state-action pairs as the

state-action occupancymeasure𝑑𝜋 (𝑠, 𝑎) := (1−𝛾)E𝜋 [
∑

𝑡 𝛾
𝑡𝑃 (𝑠𝑡 , 𝑎𝑡 )]

and the state occupancy measure 𝑑𝜋 (𝑠) =∑
𝑎 𝑑

𝜋 (𝑠, 𝑎). 𝑑D (𝑠, 𝑎) and
𝑑D (𝑠) are occupancy measure of the dataset.

The optimization of the RL problem can be formulated as a

Linear Programming (LP) problem of the 𝑉 function (𝑉 -LP) with

the following as the primal problem [24]:

min

𝜈
(1 − 𝛾)𝑝0 (𝑠)𝜈 (𝑠) (1)

s.t. (B𝜈) (𝑠, 𝑎) ≥ 𝑟 (𝑠, 𝑎) + 𝛾 (T𝜈) (𝑠, 𝑎),∀𝑠, 𝑎 (2)

where (T𝜈) (𝑠, 𝑎) = ∑
𝑠′ T (𝑠′ |𝑠, 𝑎)𝜈 (𝑠′) and (B𝜈) (𝑠, 𝑎) = 𝜈 (𝑠). The

intuition behind the primal problem is to minimize the upper bound

1Δ(S) is the space of probability distribution over S [1].
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of 𝑉 since it is the fixed point solution of the Bellman equation

upon convergence. Therefore the solution of 𝜈 (𝑠) would be 𝑉 ∗ (𝑠).
The following optimization problem is the more common dual

optimization form of the primal problem.

max

𝑑≥0

𝑑 (𝑠, 𝑎)𝑟 (𝑠, 𝑎) (3)

s.t. (B∗𝑑) (𝑠) = (1 − 𝛾)𝑝0 (𝑠) + 𝛾 (T∗𝑑) (𝑠),∀𝑠 (4)

where (T∗𝑑) (𝑠) =
∑

𝑠,𝑎 T (𝑠 |𝑠, 𝑎)𝑑 (𝑠, 𝑎) and (B∗𝑑) (𝑠) =
∑

𝑎 𝑑 (𝑠, 𝑎).
The dual problem has a more natural interpretation as maximizing

the expected return while ensuring the occupancy measure satisfies

the Bellman flow constraint 4.

To simplify notation, we define the TD error (or equivalently,

the advantage estimation) as

𝑒𝜈 (𝑠, 𝑎) = 𝑟 (𝑠, 𝑎) + 𝛾 (T𝜈) (𝑠, 𝑎)︸                    ︷︷                    ︸
𝑄 (𝑠,𝑎)

−𝜈 (𝑠) . (5)

We also define the density ratio estimation of occupancy measures

between 𝑑 (𝑠, 𝑎) and 𝑑D (𝑠, 𝑎) as 𝜁 (𝑠, 𝑎) = 𝑑 (𝑠,𝑎)
𝑑D (𝑠,𝑎) . The LP problem

results in the Lagrangian below and its dual optimization problem:

max

𝜁 ≥0

min

𝜈

∑︁
𝑠,𝑎

[(1 − 𝛾)𝑝0 (𝑠)𝜈 (𝑠)︸               ︷︷               ︸
𝐿𝑃

+ 𝜁 (𝑠, 𝑎)𝑟 (𝑠, 𝑎)︸         ︷︷         ︸
𝐿𝐷

+𝛾𝜁 (𝑠, 𝑎) (T𝜈) (𝑠, 𝑎) − 𝜁 (𝑠, 𝑎)𝜈 (𝑠)] . (6)

The summation

∑
𝑠,𝑎 [·] is only possible in theory, and it implicitly

assumes a universal data occupancy measure, i.e., 𝑑D (𝑠, 𝑎) = 1. In

practical offline RL settings, we substitute it with E(𝑠,𝑎)∼𝑑D [·]. To
accommodate the offline RL setting, one common approach is to

augment the dual problem’s maximization problem (Eq. 3) and cor-

respondingly the Lagrange equation with a negative 𝑓 -divergence

between 𝑑 and 𝑑D
as 𝐷 𝑓 ( 𝑑 (𝑠,𝑎)

𝑑D (𝑠,𝑎) ) = E𝑑D [𝑓 ( 𝑑 (𝑠,𝑎)
𝑑D (𝑠,𝑎) )]. However,

this added regularization creates a disconnection with the primal

problem. We will show that the constraint term can be naturally

derived from the primal problem under a relaxed condition and is

important in the optimization when using challenging datasets.

Our theoretical results also use the conjugate of the function [4]

𝑔(𝑦) = sup

𝑥∈dom 𝑔∗
𝑦 ∗ 𝑥 − 𝑔∗ (𝑥) . (7)

If 𝑔(𝑥) is a convex function, the conjugate of its conjugate is itself.
We can evaluate the optimal 𝑥 value by taking the RHS of Eq. 7 and

setting its partial derivative over 𝑥 to 0.

𝑥∗ = 𝑔∗
′−1 (𝑦) (8)

3 THE GENERAL LP FORMULATION FOR RL
Here, we provide a general view of RL in the format of Linear

Programming to highlight the role of 𝑓 -divergence in RL, either

explicitly or implicitly. We first connect the traditional RL algo-

rithms, whose optimization aims to minimize the Bellman residual

through some loss function, to the LP formulation. Then, we draw

the connection from the dual problem (Eq. 3) with the 𝑓 -divergence

constraint to a modified version of its primal problem (Eq. 1).

3.1 Alternative form of 𝐿𝑃
The original 𝐿𝑃 in RL’s LP form is defined as 𝛼 (𝑠)𝜈 (𝑠) [24]. In Eq. 1,

𝛼 (𝑠) = (1 − 𝛾)𝑝0 (𝑠). In a given MDP, 𝑝0 is stationary and therefore

(1−𝛾)𝑝0 (𝑠) remains constant. This suggests that additional options

such as (1 − 𝛾)𝜈 (𝑠) may also be valid for 𝐿𝑃 .

A less obvious form for 𝐿𝑃 is E(𝑠,𝑎)∼D [−𝑒𝜈 (𝑠, 𝑎)], or simplified as

−𝑒𝜈 (𝑠, 𝑎) since the offline algorithm will sample from the dataset by

definition. By comparing the value function of the dataset 𝑉 D (𝑠)
and 𝜈 (𝑠), we can derive 𝑒𝜈 (𝑠, 𝑎) and transform it to a valid 𝐿𝑃 option

using the performance difference lemma [1]:

𝑉 D (𝑠) − 𝜈 (𝑠) = 1

1 − 𝛾 E(𝑠,𝑎)∼D [𝑒𝜈 (𝑠, 𝑎)] (9)

(1 − 𝛾)𝜈 (𝑠) = (1 − 𝛾)𝑉 D (𝑠) − E(𝑠,𝑎)∼D [𝑒𝜈 (𝑠, 𝑎)] . (10)

Since the LHS of Eq. 10 is valid for 𝐿𝑃 , its RHS is equivalently valid.

While 𝑉 D (𝑠) may be unknown, it is a fixed constant for a given

static dataset. This provides us with a strong analysis tool for later

Sections. From a vector perspective of 𝛼 (𝑠), this is also suggested

in [24] by choosing 𝛼 = (I − 𝛾T)𝑇 .

3.2 Connecting Bellman minimization to LP
We start by rewriting the Lagrangian in Eq. 6 into a more compact

form with the removal of 𝜁 ≥ 0 and the inclusion of 𝑓 -divergence

using a valid function 𝑔∗ (·):

L(𝜈, 𝜁 ) =
∑︁
𝑠,𝑎

𝛼 (𝑠)𝜈 (𝑠) + 𝜁 (𝑠, 𝑎)𝑒𝜈 (𝑠, 𝑎) − 𝑔∗ (𝜁 (𝑠, 𝑎)) (11)

Previous studies [17, 27] show that the dual optimization of Eq. 11

as max𝜁 min𝜈 𝐿(𝜈, 𝜁 ) can be converted into an unconstrained opti-

mization problem either using the convex conjugate or the solution

to its Lagrange dual function as follows:

max

𝜁
min

𝜈
L(𝜈, 𝜁 ) = min

𝜈
𝛼 (𝑠)𝜈 (𝑠) + 𝑔(𝑒𝜈 (𝑠, 𝑎)) . (12)

By substituting 𝛼 (𝑠)𝜈 (𝑠) with −𝑒𝜈 (𝑠, 𝑎), we can derive the following
optimization objective:

min

𝜈
−𝑒𝜈 (𝑠, 𝑎) + 𝑔(𝑒𝜈 (𝑠, 𝑎)). (13)

Theorem 1. For a convex 𝑔(·) with 𝑔∗ (1) = 0 and 𝑔∗
′ (1) = 0,

−𝑥 + 𝑔(𝑥) is convex and min𝑥 𝑔(𝑥) − 𝑥 = 0 when 𝑥 = 0

Proof. Because 𝑔(·) is convex, 𝑔′ (·) is monotonic and therefore

𝑔′ (·) − 1 is monotonic. The minimum value of −𝑥 + 𝑔(𝑥) will be 0

at 𝑔′ (0) = 1, from 𝑔∗
′ (1) = 0, and 𝑥∗ = 0. □

Theorem 1 suggests that the optimization objective in Eq. 13 is

equivalent to minimizing 𝜈 such that the Bellman error, i.e. 𝑒𝜈 , is

0, with a careful selection of 𝑔(·) and its corresponding conjugate

function 𝑔∗ (·). This also suggests that any existing RL algorithm,

as long as it uses a compatible loss function 𝑔(·) to minimizing the

Bellman error, has an implicit 𝑓 -divergence implication between

the value function in learning and observed data. For example, the

traditional MSE loss for minimizing the Bellman error in Q-learning

is equivalent to setting 𝑔(𝑒𝜈 ) = 1

2
𝑒2

𝜈 + 𝑒𝜈 , which is the conjugate of

the 𝜒2
-divergence function.

A key distinction here compared against prior works is the re-

moval of 𝜁 ≥ 0. This removal corresponds to changing the inequal-

ity constraint in the primal problem constraint (Eq. 2) into the
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equality constraint. Note that the constraint change will still yield

a valid optimization problem because the optimal value function

must satisfy the Bellman equation, which leads to the Bellman error

being zero. Such a relaxation provides theoretical justification for

prior works with relaxed positivity [13] and opens up additional

possible function forms for 𝑓 -divergence.

Remark. We follow the definition of 𝑓 -divergence with domain
over R [3, 32, 35], instead of [0,+∞). This allows negative probability
measures and thus 𝜁 < 0. However, 𝜁 < 0 makes the importance
sampling interpretation of the dual problem invalid in the tradi-
tional probability. Recent work about the likelihood ratio estimation
in quasiprobability may provide some insight about its interpreta-
tion [5].

3.3 Unified form of LP for RL
Here, we show a unified form of LP for RL by connecting the

dual problem with an 𝑓 -divergence augmentation to its primal

problem with a similar augmentation. We start by rewriting the

dual problem in Eq. 3 and 4 using density ratio estimation 𝜁 (𝑠, 𝑎) 2

and the standard 𝐿𝑃 term with the inclusion of 𝑓 -divergence:

max

𝜁
𝜁 (𝑠, 𝑎)𝑟 (𝑠, 𝑎) − 𝑔∗ (𝜁 (𝑠, 𝑎)) (14)

s.t. (B∗𝜁 ) (𝑠) − 𝛼 (𝑠) − 𝛾 (T∗𝜁 ) (𝑠) = 0,∀𝑠, 𝑎 (15)

The constraint is still the Bellman flow constraint, but rewritten

in the format of a residual equal to zero. We define 𝑒𝜁 (𝑠, 𝑎) =

(B∗𝜁 ) (𝑠) − 𝛼 (𝑠) − 𝛾 (T∗𝜁 ) (𝑠) as the Bellman occupancy residual.

Following Section 3.2, its Lagrangian is Eq. 11, and it can be trans-

formed into the following unconstrained optimization problem

with Eq. 13 being its special case:

min

𝜈
𝛼 (𝑠)𝜈 (𝑠) + 𝑔(𝑒𝜈 (𝑠, 𝑎)) . (16)

We can also rewrite it into a singular unconstrained optimization

problem
3
:

max

𝜁

∑︁
𝑠,𝑎

𝜁 (𝑠, 𝑎)𝑟 (𝑠, 𝑎) − 𝑔∗ (𝜁 (𝑠, 𝑎)) − 𝛿0 (𝑒𝜁 (𝑠, 𝑎)) (17)

Now consider a modified primal problem with a similar augmen-

tation of a convex function 𝜑 (𝜈) and conversion of the inequality

constraint to the equality constraint:

min

𝜈
𝛼 (𝑠)𝜈 (𝑠) + 𝜑 (𝜈 (𝑠)) (18)

s.t. 𝑒𝜈 (𝑠, 𝑎) = 0,∀𝑠, 𝑎 (19)

2
The following conversion is straightforward in the theoretical set-

ting, i.e. 𝑑D (𝑠, 𝑎) = 1. In the practical sampling setting, (T∗𝜁 ) (𝑠 ) =∑
𝑠,𝑎̄ T(𝑠 |𝑠, 𝑎)𝑑D (𝑠, 𝑎)𝜁 (𝑠, 𝑎) = E(𝑠,𝑎̄)∼D [T (𝑠 |𝑠, 𝑎)𝜁 (𝑠, 𝑎) ]. (B∗𝜁 ) (𝑠 ) =∑
𝑎 𝑑

D (𝑠, 𝑎)𝜁 (𝑠, 𝑎) = E𝑎∼𝜋𝛽 ( · |𝑠 ) [𝑑D (𝑠 )𝜁 (𝑠, 𝑎) ], which would transform to full

sampling when aggregate over all state 𝑠 , i.e.
∑

𝑠 (B∗𝜁 ) (𝑠 ) = E(𝑠,𝑎)∼D [𝜁 (𝑠, 𝑎) ].
3
We define 𝛿0 (𝑥 ) =

{
0 if 𝑥 = 0,

∞ otherwise

.

The min-max optimization over its Lagrangian can be written as

max

𝜁
min

𝜈
L(𝜈, 𝜁 ) = max

𝜁
min

𝜈

∑︁
𝑠,𝑎

𝛼 (𝑠)𝜈 (𝑠) + 𝜁 (𝑠, 𝑎)𝑟 (𝑠, 𝑎)

+ 𝜁 (𝑠, 𝑎) · 𝛾 (T𝜈) (𝑠, 𝑎) − 𝜁 (𝑠, 𝑎) · (B𝜈) (𝑠, 𝑎)
+ 𝜑 (𝜈 (𝑠)) (20)

=min

𝜁
max

𝜈

∑︁
𝑠,𝑎

−𝜁 (𝑠, 𝑎)𝑟 (𝑠, 𝑎) − 𝛼 (𝑠)𝜈 (𝑠)

− 𝜈 (𝑠) · 𝛾 (T∗𝜁 ) (𝑠) + 𝜈 (𝑠) · (B∗𝜁 ) (𝑠)
− 𝜑 (𝜈 (𝑠)) (21)

=min

𝜁

∑︁
𝑠,𝑎

−𝜁 (𝑠, 𝑎)𝑟 (𝑠, 𝑎)

+ max

𝜈
[𝜈 (𝑠) ·

(
(B∗𝜁 ) (𝑠) − 𝛼 (𝑠) − 𝛾 (T∗𝜁 ) (𝑠)

)︸                                  ︷︷                                  ︸
𝑒𝜁 (𝑠,𝑎)

−𝜑 (𝜈 (𝑠))]

(22)

=min

𝜁

∑︁
𝑠,𝑎

−𝜁 (𝑠, 𝑎)𝑟 (𝑠, 𝑎) + max

𝜈
[𝜈 (𝑠) · 𝑒𝜁 (𝑠, 𝑎) − 𝜑 (𝜈 (𝑠))]

(23)

=min

𝜁

∑︁
𝑠,𝑎

−𝜁 (𝑠, 𝑎)𝑟 (𝑠, 𝑎) + 𝜑∗ (𝑒𝜁 (𝑠, 𝑎)) (24)

=max

𝜁

∑︁
𝑠,𝑎

𝜁 (𝑠, 𝑎)𝑟 (𝑠, 𝑎) − 𝜑∗ (𝑒𝜁 (𝑠, 𝑎)) (25)

Eq. 21 changes the min-max optimization direction by negating the

Lagrangian. Eq. 24 is the result of applying convex conjugate.

Eq. 25 shares a close similarity with Eq. 16. We can also rewrite

the constrained optimization problem in Eq. 18 and 19 into a singu-

lar unconstrained optimization problem, similar to Eq. 17:

min

𝜈

∑︁
𝑠,𝑎

𝛼 (𝑠)𝜈 (𝑠) + 𝜑 (𝜈 (𝑠)) + 𝛿0 (𝑒𝜈 (𝑠, 𝑎)) (26)

It is straightforward to spot the similarity between Eq. 16 and 26,

as well as the similarity between Eq. 17 and 25. In fact, with either

𝑔(·) = 𝛿0 (·) or 𝜑∗ (·) = 𝛿0 (·), i.e., applying the equality constraint

to either 𝑒𝜈 or 𝑒𝜁 , we can derive the following equivalence:

min

𝜈

∑︁
𝑠,𝑎

𝛼 (𝑠)𝜈 (𝑠) + 𝜑 (𝜈 (𝑠)) + 𝑔(𝑒𝜈 (𝑠, 𝑎))

≡max

𝜁

∑︁
𝑠,𝑎

𝜁 (𝑠, 𝑎)𝑟 (𝑠, 𝑎) − 𝜑∗ (𝑒𝜁 (𝑠, 𝑎)) − 𝑔∗ (𝜁 (𝑠, 𝑎)) (27)

From the convex conjugate perspective, the equivalence holds be-

cause the conjugate function of 𝛿0 (·) is 𝛿∗0 (·) = 0. From the con-

strained optimization using Lagrangian, the equivalence holds be-

cause any valid solutions need to have 𝑒𝜈 (𝑠, 𝑎) = 0 or 𝑒𝜁 (𝑠, 𝑎) = 0.

By applying the equality constraint on 𝑒𝜈 (𝑠, 𝑎), the primal problem

is equivalent to an unconstrained version of the dual problem, with

its equality constraint on 𝑒𝜁 (𝑠, 𝑎) changed into a penalty function

characterized by 𝜑∗ (·). Vice versa for the dual problem. As a result,

the selection of the penalty function, either 𝑔(·) or 𝜑∗ (·), and its

conjugate function directly impact the optimization process.
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4 FLEXIBLE 𝑓 -DIVERGENCE
Theoretical results from the previous section show that the LP

optimization of RL, either implicitly or explicitly, contains the 𝑓 -

divergence regularization by choosing the penalty function 𝑔(·)
and its conjugate 𝑔∗ (·). As a result, the selection of 𝑔∗ (·) is crucial.

Previous theoretical analyses of offline RL algorithms’ perfor-

mance guarantees are based on assumptions about the “concen-

trability” of a dataset’s coverage [1, 25, 38]. Formally, a concentra-

bility coefficient 𝐶𝜋
is defined as the smallest constant such that

𝑑𝜋 (𝑠,𝑎)
𝑑D (𝑠,𝑎) ≤ 𝐶𝜋 ,∀𝜋 ∈ F 𝜋 , 𝑠 ∈ 𝑆, 𝑎 ∈ 𝐴. The concrete family of the

policy F 𝜋
determines the concrete type of the concentrability co-

efficient. For example, setting it to be the family of 𝜋∗
yields the

𝜋∗
-concentrability. The concentrability coefficient characterizes the

lower bound of𝑑D
against the policy family. Under such an assump-

tion, the traditional application of 𝑓 -divergence in the optimization

can be over-conservative since it places the same constraint over

𝑑D (𝑠, 𝑎) from a policy outside of the policy family of our interest,

usually those producing higher returns. This is more likely with

more fundamentally different behavior polices.

Here, we introduce the function form of the Flexible 𝑓 -divergence

that is generalized and flexible to apply different levels of penalties

or constraints by selecting corresponding parameters and base func-

tions. We express the function form in the context of the divergence

function 𝑔∗ (·), but we also provide concrete steps to compute the

corresponding 𝑔(·) such that the Flexible 𝑓 -divergence is applica-

ble to the general form of RL algorithms with the Bellman error

minimization.

4.1 Functional Form for Flexible 𝑓 -divergence
We propose a general function format 𝑔∗ (𝜁 ;𝛼−, 𝛼+, 𝛽), shorten for

𝑔∗
𝛼±,𝛽

(𝜁 ), as the function for the Flexible 𝑓 -divergence by joining

two scaled closed convex functions 𝑔∗− and 𝑔∗+ at the threshold value

𝛽 to constrain 𝜁 with different levels and functions. We denote its

conjugate function as 𝑔𝛼±,𝛽 (·). We use 𝛼− and 𝛼+ to scale 𝑔∗− and

𝑔∗+ respectively. For general optimization, we would want the func-

tion to be continuous at 𝛽 , i.e., 𝛼−𝑔∗− (𝛽) = 𝛼+𝑔∗+ (𝛽). To ensure

𝑔∗ (𝜁 ;𝛼−, 𝛼+, 𝛽)’s conjugate is also a meaningful optimization objec-

tive, both𝑔∗
′
− and𝑔∗

′
+ must be invertible. Lastly, its Fenchel conjugate

needs to be continuous at 𝛽 , which requires 𝛼−𝑔∗
′
− (𝛽) = 𝛼+𝑔∗

′
+ (𝛽).

We start by picking two closed, strictly convex and differen-

tiable functions 𝑔∗− and 𝑔∗+ from the family of valid functions for

𝑓 -divergence, i.e., F = {𝑓 |𝑓 : R+ → R, 𝑓 (1) = 0, 𝑓
′ (1) = 0}.

The condition follows Theorem 1 to ensure the corresponding

−𝑥 +𝑔𝛼±,𝛽 (𝑥) is a full fledged loss function. The choice of functions
guarantees their derivative functions to be monotonic and thus

invertible. Based on these two base functions, we apply scaling and

a linear difference:

𝑔∗
𝛼±,𝛽

(𝜁 ) =
{
𝛼−𝑔∗− (𝜁 ) − 1𝛽<1 (𝑘𝑔𝜁 +𝐶𝑔) 𝜁 < 𝛽

𝛼+𝑔∗+ (𝜁 ) + 1𝛽≥1 (𝑘𝑔𝜁 +𝐶𝑔) 𝜁 ≥ 𝛽.
(28)

Depending on whether 𝛽 < 1 or not, we apply a linear difference

to either 𝑔∗− or 𝑔∗+. The function without added linear difference

(𝑔∗± (𝜁 ) = 𝑔∗± (𝜁 )) will retain its function form scaled by its coefficient

and still satisfy the requirement of being a function for 𝑓 -divergence,

especially 𝑔∗± (1) = 0.
4
The function with added linear difference

(𝑔∗± (𝜁 ) = 𝑔∗± (𝜁 ) ± (𝑘𝑔𝜁 +𝐶𝑔)) is not guaranteed to behave the same

as the original function or even be a valid function by itself for

𝑓 -divergence. Evaluating 𝜁 over the support of 𝑑D
, we have

E𝑑D [𝑔∗± (
𝑑 (𝑠, 𝑎)
𝑑D (𝑠, 𝑎)

) ± (𝑘𝑔
𝑑 (𝑠, 𝑎)
𝑑D (𝑠, 𝑎)

+𝐶𝑔)] (29)

=E𝑑D [𝑔∗± (
𝑑 (𝑠, 𝑎)
𝑑D (𝑠, 𝑎)

)] ± E𝑑D [𝑘𝑔 (
𝑑 (𝑠, 𝑎)
𝑑D (𝑠, 𝑎)

− 1)]

± E𝑑D [𝐶𝑔 + 𝑘] (30)

=𝐷𝑔∗± (𝜁 ) ± 𝐷 𝑓 (𝑥 )=𝑘𝑔 (𝑥−1) (𝜁 ) ± E𝑑D [𝐶𝑔 + 𝑘] (31)

=𝐷𝑔∗± (𝜁 ) ± (𝐶𝑔 + 𝑘) . (32)

We can derive Eq. 32 from Eq. 31 by using 𝑓 -divergence’s property

of 𝐷 𝑓 ( 𝑑

𝑑D
) = 0 iff 𝑓 (𝑥) = 𝑐 (𝑥 − 1). From Eq. 32, we argue that the

function component with added difference can work equivalently

as its original 𝑓 -divergence plus a constant bias and does not impact

its usage as a learning objective.

We pick the linear coefficient 𝑘𝑔 = 𝛼−𝑔∗
′
− (𝛽) −𝛼+𝑔∗

′
+ (𝛽) to satisfy

the condition of 𝛼−𝑔∗
′
− (𝛽) = 𝛼+𝑔∗

′
+ (𝛽), as illustrated by evaluating

the derivative Function 33 with 𝜁 = 𝛽 . This introduces additional

difference between 𝑔∗− (𝛽) and 𝑔∗+ (𝛽) terms in Eq. 28. So we choose

𝐶𝑔 = 𝛼−𝑔∗− (𝛽) − 𝛼+𝑔∗+ (𝛽) − 𝛽𝑘𝑔 to remove the value difference.

For the complete dual optimization algorithms, for example,

using dual gradient descent [4], 𝑔∗ (𝜁 ) in Eq. 28 would be enough.

However, for algorithms such as OptiDICE that use intermediate 𝑒𝜈

to estimate its current optimal
ˆ𝜁 ∗ or algorithms directly optimizing

Eq. 13, we derive the estimation of
ˆ𝜁 ∗ = 𝑔∗

′−1

𝛼±,𝛽
(𝑒𝜈 ) by following

Eq. 8 to get

𝑔∗
′

𝛼±,𝛽
(𝜁 ) =

{
𝛼−𝑔∗

′
− (𝜁 ) − 1𝛽<1 (𝑘𝑔) 𝜁 < 𝛽

𝛼+𝑔∗
′
+ (𝜁 ) + 1𝛽≥1 (𝑘𝑔) 𝜁 ≥ 𝛽

(33)

𝑔∗
′−1

𝛼±,𝛽
(𝑒𝜈 ) =

{
𝑔∗

′−1

− ( 𝑒𝜈+1𝛽<1
(𝑘𝑔 )

𝛼−
) 𝑒𝜈 < 𝛽𝑒𝜈

𝑔∗
′−1

+ ( 𝑒𝜈−1𝛽≥1
(𝑘𝑔 )

𝛼+
) 𝑒𝜈 ≥ 𝛽𝑒𝜈

. (34)

Since we use 𝛽 as the threshold to separate the evaluation of

𝜁 , correspondingly, there will be a threshold for 𝑒𝜈 as the result

of 𝑔(𝑒𝜈 ) and 𝑔∗ (𝜁 ) being the conjugate of each other. We com-

pute the threshold value for 𝑒𝜈 as 𝛽𝑒𝜈 by evaluating 𝑔∗
′ (𝜁 = 𝛽) as

𝛽𝑒𝜈 = 1𝛽≥1 (𝛼−𝑔∗
′
− (𝛽)) + 1𝛽<1 (𝛼+−𝑔∗

′
+ (𝛽)). For algorithms directly

optimizing Eq. 13, We can then acquire the optimization objective

of 𝑒𝜈 by substituting the variable 𝜁 in the convex conjugate with

ˆ𝜁 ∗ as 𝐿(𝜈) = −𝑒𝜈 + ˆ𝜁 ∗𝑒𝜈 − 𝑔∗𝛼±,𝛽 (
ˆ𝜁 ∗), with the possible addition of

other terms depending on the concrete algorithm.

4.2 Heuristic estimation of 𝛼± and 𝛽
The native form of𝑔∗

𝛼±,𝛽
(𝜁 ) relies on the selection of𝛼±, 𝛽 , and𝑔∗± (·).

While the fully automatic selection algorithm for these components

is not the main contribution of our paper, we provide heuristic

methods to estimate values for 𝛼± and 𝛽 using the learning agent’s

predicted values from the offline dataset.

Estimating𝛼±. Inspired byHan et al. [10], we train an additional
behavior cloning policy 𝜋𝑏 from the offline dataset and compare its

predicted action probability against learned exp(𝑒𝜈 ). Specifically,
we predict the action probability 𝜋𝑏 (𝑎 |𝑠) and exp(𝑒𝜈 (𝑠, 𝑎)) for each
4
We use 𝑔∗± to indicate either 𝑔∗− or 𝑔∗+ .
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state-action pair in the sampled batch. We treat the list of computed

probability and the list of exp(𝑒𝜈 ) as two vectors, i.e.−→𝜋𝑏 and
−−−−−−→
exp(𝑒𝜈 ),

and compute 𝛼± as follows:

𝛼+ =
1

cos⟨−→𝜋𝑏 ,
−−−−−−→
exp(𝑒𝜈 )⟩

(35)

𝛼− =
1

1 − cos⟨−→𝜋𝑏 ,
−−−−−−→
exp(𝑒𝜈 )⟩

, (36)

where cos⟨·, ·⟩ computes the cosine similarity. We use an exponen-

tial moving average (EMA) to smooth the estimation throughout

training.

Estimating 𝛽 . Because 𝑔(𝑒𝜈 ) and 𝑔∗ (𝜁 ) are conjugate functions
to each other, 𝑒𝜈 and 𝜁 has a direct correspondence. We compute

the average 𝑒𝜈 as 𝑒𝜈 from sampled batches and smooth it with EMA.

We then compute the beta value by 𝛽 = 𝑔∗
′−1

𝛼±,0 (𝑒𝜈 ).

4.3 Effect of base function, 𝛼± and 𝛽
Table 1 provides some examples of existing 𝑓 -divergence approaches,

with the adjustment to ensure 𝑔∗
′ (1) = 0, and their corresponding

functions. Figure 2 shows graphs of selected flexible 𝑓 -divergence,

in terms of the divergence function𝑔∗ (·), the prime inverse function

𝑔∗
′−1 (·), and conjugate function𝑔(·), as well as the−𝑒𝜈+𝑔(𝑒𝜈 ) as the

loss function in the traditional RL.We also illustrate their estimation

effect using a simple two-dimensional dataset with Gaussian noise

injected into the y-dimension. The top row of Figure 2 compares the

effect of different base functions. While all of 𝑔∗ (·) are convex with
the minimum value at 𝑔∗ (1) = 0 and all of −𝑒𝜈 + 𝑔(𝑒𝜈 ) are convex
with the minimum value at −0 + 𝑔(0) = 0, their derivatives are

vastly different and thus have different impact in the optimization

effect, as illustrated in the estimation effect. For example, using the

Hellinger function as 𝑔∗+ will approximate the maximum value. The

bottom row of Figure 2 shows the effect of 𝛼± and 𝛽 . A high-level

interpretation of the impact from the perspective of the resulting

−𝑒𝜈 + 𝑔(𝑒𝜈 ) is that the larger the magnitude of the derivative is at

the positive or the negative side, the more penalty the positive or

negative Bellman error 𝑒𝜈 will receive. However, such a difference

cannot be captured by the coefficient 𝛼± alone since the derivative

is often non-linear.

5 RELATEDWORKS
LP and DRE for offline RL LP algorithm for RL relies on the

concept of density ratio estimation (DRE), which is 𝜁 , to provide

estimation or correction for the density ratio between 𝑑 and 𝑑𝐷 .

DualDICE [21] applied the Fenchel Duality to derive the LP format

of RL for the MDP with 0 reward values for policy evaluation.

AlgaeDICE [22] and GenDICE [39] derived the LP between 𝑄 and

𝜋 for policy improvement. OptiDICE [17] aimed to resolve the

instability from the dual optimization by solving the closed-form

solution for 𝜁 . ODICE [19] inspected the gradient of LP. 𝑓 -DVL [27]

extended the framework of LP and proved that several offline RL

algorithms, such as CQL [16], SQL [36], and XQL [8] are special

cases of LP for RL. Here, we further extend the LP framework by

identifying −𝑒𝜈 as 𝐿𝑃 and relaxing the constraint of 𝜁 ≥ 0.

𝑓 -divergence and relaxed regularization Some functions for

the 𝑓 -divergence in prior works are special cases of Ada-𝑓 . The

𝑓
soft−𝜒2 function in OptiDICE [17] uses the 𝛼-divergence function

as 𝑔∗− and the 𝜒2
-divergence function as 𝑔∗+, with 𝛼± = 𝛽 = 1.

Similarly, RelaxDICE [37] adds a relaxed 𝑓 divergence upon the

base KL-divergence, resulting in the special case with both base

functions being 𝐾𝐿-divergence and 𝛼− = 1, 𝛼+ = 2. Indirectly, the

expectile regression for updating𝑉 (𝑠) in IQL [15] can be considered
as optimizing Eq. 13 directly with 𝑔 and 𝑔∗ being 𝜒2

. For a selected

expectile value 𝜏 , we can use 𝛼− = 1

1−𝜏 and 𝛼+ = 1

𝜏
to achieve the

same effect. PORelDICE [13] relaxes the regularization by setting

𝜁 ≥ 𝜀, which shares a similar effect by using Le-Cam divergence

for 𝑔∗− and set 𝛼− = 𝜀.

6 EXPERIMENTS AND ANALYSIS
Our experiments serve two main objectives. The first one is to

verify whether the proposed general constrained LP format for RL

is a valid RL algorithm. Our second objective is to examine the

effect of flexible 𝑓 -divergence in challenging learning settings to

see whether it can improve the performance over its base algorithm.

Note that the main focus of our experiments is to inspect flexible

𝑓 -divergence’s effect by substituting the base algorithm’s default

𝑓 -divergence function, either in the explicit form of 𝑔∗ (𝜁 (𝑠, 𝑎))
or the implicit form of 𝑔(𝑒𝜈 (𝑠, 𝑎)). It is not to compare against

algorithms with a completely different optimization procedure,

though the flexible 𝑓 -divergence could substitute those algorithms’

𝑓 -divergence function as well.

We devised two algorithms following the theoretical framework

as Flex-𝑓 -Q and Flex-𝑓 -DICE. Flex-𝑓 -Q approximates 𝑒𝜈 as 𝑄𝜙 − 𝜈𝜃 ,
optimizes Eq. 13 directly to update 𝜈𝜃 through semi-gradient de-

scent, and use −𝑒𝜈 as 𝐿𝑃 . It is conceptually similar to IQL [15]

but with Flex-𝑓 as its divergence. Flex-𝑓 -DICE is the OptiDICE

algorithm with its divergence substituted with Flex-𝑓 . Close per-

formance between Flex-𝑓 -Q and IQL can empirically show that

the proposed general constrained LP format is a valid RL learning

algorithm, with the swapped 𝐿𝑃 and removal of 𝜁 ≥ 0. Comparison

between both pairs of algorithms can show the impact of Flex-𝑓 .

We focus on environments with continuous action space settings,

including continuous control and goal-oriented tasks. For contin-

uous control tasks, we conducted experiments on MuJoCo [33]

environments: Hopper-v4, Walker2d-v4, Ant-v4, and HalfCheetah-

v4. The main objective of these environments is to control various

types of simulated robots to move forward as far as possible without

falling into an unhealthy state. For goal-oriented tasks, we adopted

Fetch environments [23], including Push-v2 and PickAndPlace-v2.

These environments require the RL agent to control a robot arm

and move the target object to the specified goal location. We also

included Pen-v1 and Hammer-v1 from ArdoitHand with cloned and

human datasets from D4RL [6].

We collected new datasets for the included MuJoCo and Fetch

environments. Using the Soft Actor-Critic (SAC) algorithm [9],

we trained the behavior policy following D4RL’s data collection

procedure except for the policy’s variance. For goal-oriented envi-

ronments in Fetch, we used Hindsight Experience Replay (HER) [2]

with the future resampling strategy and resampling size 𝑘 = 4.

We limited the explorative behavior of the policy during data col-

lection by fixing the variance of the policy distribution to be 0.0

as fully deterministic policies. We constructed datasets by mixing
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𝑓 -divergence 𝑔∗ (𝜁 ) 𝑔(𝑒𝜈 ) 𝑔∗
′ (𝜁 ) 𝑔∗

′−1 (𝑒𝜈 )
𝜒2 1

2
(𝜁 − 1)2 1

2
𝑒2

𝜈 + 𝑒𝜈 𝜁 − 1 𝑒𝜈 + 1

KL-divergence 𝜁 ln 𝜁 − 𝜁 + 1 exp(𝑒𝜈 ) − 1 ln 𝜁 exp(𝑒𝜈 )
Reverse-KL − ln 𝜁 + 𝜁 − 1 − ln(1 − 𝑒𝜈 ) − 1

𝜁
+ 1

1

1−𝑒𝜈

Hellinger
1

2
(
√︁
𝜁 − 1)2 𝑒𝜈

1−2𝑒𝜈

√
𝜁−1√
𝜁

∗ 1

2

1

1−2𝑒𝜈

2

Le-Cam
1−𝜁

2(𝜁+1) +
𝜁−1

4
−
√

1 − 4𝑒𝜈 − 𝑒𝜈 + 1 − 1

(𝜁+1)2
+ 1

4

√︃
4

1−4𝑒𝜈
− 1

Table 1: Example divergence functions 𝑔∗, conjugate 𝑔, derivative, and inverse of derivative, adjusted to ensure 𝑔∗
′ (1) = 0.

Figure 2: (Top) Example 𝑓 divergence function. The function for IQL is 𝜒2 with 𝛼− = 10

3
and 𝛼+ = 10

7
, corresponding to the

70%-expectile regression. Le-Cam+𝜒2 shares the same coefficient. (Bottom) Illustration of 𝛼− , 𝛼+, and 𝛽’s effect. Default values
are 1.0. All functions use 𝜒2 for as 𝑔∗+ (·).

data collected from 2, 4, and 10 behavior policies at different exper-

tise levels, referred to as 2-p, 4-p, and 10-p, respectively. Please see
the supplementary material for details about the data collection

procedure.

Flex-𝑓 -DICE uses 𝜒2
as𝑔∗+ and KL as𝑔∗− in MuJoCo environments.

Flex-𝑓 -Q uses KL as 𝑔∗+ and 𝜒2
as 𝑔∗− in MuJoCo environments. 𝑔∗+

is 𝜒2
and 𝑔∗− is Le-Cam for all other environments. Other hyperpa-

rameters between the two pairs of compared algorithms, IQL vs.

Flex-𝑓 -Q and OptiDICE vs. Flex-𝑓 -DICE, are the same, respectively.

We trained each algorithm in each setting for five different seeds

and report the average normalized returns.

Table 2 shows each algorithm’s average return for each environ-

ment and dataset. We highlight the entry if it is higher than the

compared counterpart, and underline the entry if the compared

algorithms achieved similar performance (Δ ≤ 5). Flex-𝑓 -Q’s perfor-
mance is overall close to IQL, empirically showing the correctness

of the proposed general LP form as the Bellman minimization algo-

rithm. In some cases, the performance of Flex-𝑓 -Q is higher than IQL.

Flex-𝑓 -DICE can almost always achieve improved performance over

OptiDICE. This suggests the potential of Flex-𝑓 in increasing its

base algorithm’s performance. Flex-𝑓 -DICE’s higher performance

in Mujoco environments, where it shares the same soft-X2
base

function as OptiDICE, verifies the effect of heuristically estimated

𝛼± and 𝛽 . We also include the result from TD3BC [7] and CQL [16]

in the supplementary material for comparison.

Figure 3 shows an example of how 𝛼± and 𝛽 change throughout

the training process. 𝛼± can change drastically over the course

of training. The decrease of 𝛼+ suggests the estimated 𝑒𝜈 is more

aligning with the behavior in the dataset and therefore leading to

lower regularization. 𝛼+’s increase means the estimated 𝑒𝜈 diverges

away from dataset’s behavior, leading to higher regularization. Due

to the numeric stability, we limited the 𝑒𝜈 value for estimation 𝛽

to be in [−0.2, 0.15]. But different function approximations and

gradient update format still lead to different estimated 𝛽 value.

We conducted an ablation study to investigate the effect of

base functions using Hopper and Walker2D environments with

4-p datasets. For 𝑔∗+ (·), we considered X2
and KL; for 𝑔∗− (·), we

considered X2
, KL, Le-Cam, and Hellinger. Table 3 shows both Flex-

𝑓 -Q and Flex-𝑓 -DICE’s performance. From the high level, Table 3

shows that there is unlikely a universal function form that works

well for every environments because the combination achieving

the highest performance is different for each environment and al-

gorithm, though Hellinger-X2
appears to be relatively consistent

for Flex-𝑓 -DICE. This supports our hypothesis that different envi-
ronments and algorithms call for a different level of constraint and

correspondingly different 𝑓 -divergence as optimization objective.
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Table 2: Min-Max Normalized Returns

IQL Flex-𝑓 - Opti- Flex-𝑓 -

env dataset Q DICE DICE

hopper 4-p 62.8 76.4 77.9 99.0
2-p 100.7 106.0 45.2 40.8

10-p 63.5 68.5 89.9 94.5
walker 4-p 50.3 50.7 75.7 94.2

2-p 85.6 88.3 130.6 130.3

10-p 101.2 102.0 79.8 86.3
ant 4-p 113.8 123.1 126.0 136.0

2-p 120.3 146.1 126.6 129.3
10-p 92.7 91.1 74.9 81.5

half- 4-p 52.3 54.7 15.9 47.0
cheetah 2-p 44.9 42.6 13.4 40.1

10-p 78.2 80.3 80.5 79.4

push 4-p 91.6 92.4 81.9 88.3
2-p 95.2 95.2 87.4 93.0
10-p 84.1 81.3 69.5 68.4

pick 4-p 95.7 97.0 87.2 90.3
&place 2-p 92.0 92.7 91.6 93.2

10-p 45.2 45.3 26.6 37.9
pen cloned 56.2 58.9 22.9 40.4

human 52.9 53.4 10.2 39.6
hammer cloned 2.2 0.9 0.2 1.3

human 1.0 1.9 3.4 0.9

Figure 3: 𝛼± and 𝛽 changes throughout training.

An interesting observation from Table 3 is that using KL as 𝑔∗+ (·)
for Flex-𝑓 -Q only exploded when using KL as 𝑔∗− (·), which is why

there is no entry, but was still able to function using other func-

tions as 𝑔∗− (·). This suggests that a different 𝑔∗− (·) can effectively

Table 3: Aplation study of base functions using 4-p

Algorithm Flex-f-Q Flex-f-DICE

env 𝑔+ 𝑔−

hopper X2 X2
54.7 75.4

KL 71.9 99.0
Le-Cam 49.2 94.4

Hellinger 55.2 100.6
KL X2

76.4 81.9

KL 80.8 72.3

Le-Cam 58.1 74.6

Hellinger 54.8 88.6

walker X2 X2
45.4 97.6

KL 55.0 94.2

Le-Cam 46.0 97.8

Hellinger 48.7 110.0
KL X2

50.7 101.8

KL - 95.1

Le-Cam 60.2 96.9

Hellinger 45.0 91.7

alleviate the risk of Q value overestimation in the semi-gradient

style optimization like IQL or Flex-𝑓 -Q.

7 CONCLUSION
In this paper, we identify the challenge of offline RL using datasets

with limited stochasticity and a high mixture of expertise levels.

We propose a general form of LP with expanded options for 𝐿𝑃
and the removed constraint of 𝜁 ≥ 0. We show that such an LP

form for RL yields an unconstrained optimization problem that is

equivalent to any RL algorithms relying on the Bellman error mini-

mization. We also show a unified form of LP for RL, under which

the existing dual optimization problem can be viewed as minimiz-

ing the sum of an initial loss term and a penalty function, under

the Bellman constraint on either learned value function or density

ratio estimation. We further derived the general function form of

the flexible 𝑓 -divergence to provide alternative flexible constraints

on the dataset support. Such a flexible 𝑓 -divergence function form

opens up future research opportunities of constructing a fully auto-

mated adaption algorithm to apply an adaptive constraint based on

received data. Experiment results empirically showed the correct-

ness of the proposed LP formulation and the potential of flexible

𝑓 -divergence in improving algorithm performance with identified

challenging datasets.

We note that using flexible 𝑓 -divergence can introduce new

hyperparameters, and deployed heuristic methods for adaptively

estimating them during training. Our future work will aim to in-

corporate the optimization of 𝛼± and 𝛽 directly into optimization

algorithms, thereby converting the flexible 𝑓 -divergence into a fully

optimizable format.
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