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ABSTRACT

Suppose you run a home exam, where students should report their
own scores but can cheat freely. You can, if needed, call a limited
number of students to class and verify their actual performance
against their reported score. We consider the class of mechanisms
where truthful reporting is a dominant strategy, and truthful agents
are never penalized—even off-equilibrium.

How many students do we need to verify, in expectation, if
we want to minimize the bias, i.e., the difference between agents’
competence and their expected grade? When perfect verification is
available, we characterize the best possible tradeoff between these
requirements and provide a simple parametrized mechanism that
is optimal in the class for any distribution of agents’ types. When
verification is noisy, the task becomes much more challenging. We
show how proper scoring rules can be leveraged in different ways to
construct truthful mechanisms with a good (though not necessarily
optimal) tradeoff.
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1 INTRODUCTION

We consider a scenario in which self-interested agents need to
report their own performance, or score in a given task, such as a
home exam, earnings, recycling, etc.

More precisely, each agent reports her own performance or com-
petence (=expected score), and should be graded or compensated
accordingly. However, agents always prefer higher grades and thus
have an incentive to misreport.

The principal has limited verification capabilities: it can select
some of the agents and observe their score directly by retaking the
exam under supervision, auditing their financial status, tracking
their consumption or recycling behavior, etc. The final grades can
be based on both reported and observed scores, and thus agents that
score lower than they reported could be punished. This abstraction
of verification mechanisms is common in the economic literature
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Figure 1: Top: Typical distribution of credit score [1]. Bottom:
Typical distribution of SAT scores [31].

when the underlying problem varies from allocation of one or more
goods [6, 10], to incentivizing certain actions [23], or revealing the
value for the principal [20]. Intuitively, we would like a mechanism
where truthful reports are a dominant strategy, as is standard both
in the economics and mechanism design literature.

However, we focus on a design goal that has not been studied to
the best of our knowledge, despite being very natural: specifically,
the principal would like to assign the agent(s) their true competence
as their grade. This alone could be trivially obtained by verifying
everyone, by threatening cheaters with an excessive penalty, or by
rewarding truth-tellers. However, we would like to audit as few
agents as possible, and excessive penalties may not be allowed.

Moreover, some agents may misreport even in a truthful mecha-
nism. This can happen if agents are irrational [17], have uninten-
tional mistakes in their reports [30], cannot see why the mechanism
is truthful 3, 19], cannot verify the behavior of the mechanism [7],
etc. We therefore require that a truthful agent is never punished (i.e.,
graded lower than her competence) regardless of others’ reports.

In many situations, there is public information on the distribution
of agents’ types, that the principal can use. See Fig. 1 and Fig. 3.
Ideally, however, the properties of the mechanism (e.g., truthfulness)
should not critically depend on access to the distribution, as it may
be inaccurate.
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1.1 Related Work

There is much work on incentivizing self-interested agents to report
private information. We can distinguish these settings according to
the main reason agents may want to lie.

In the first type of setting, agents do not really care how the
principal uses the reported information but may lie because they do
not have it or because obtaining the correct information requires
effort. Common solutions in the single agent case include the use
of scoring rules [28, 33] or more complicated contracts that assume
some ability to verify the outcome [8]. In the multi-agent case, there
are many variants of mechanisms built on cross-validation, such as
Bayesian Truth Serum [27, 32].

In contrast, the mechanism design literature that is closer to our
motivation deals with situations where the agents have a direct
interest in the outcome, which may be a common alternative, as-
signment of resources, and so on. We can further split problems
into those that allow monetary transfers (which often make it easy
to align incentives, despite possible computational hardness [5]);
and those that are not [25]. In the latter type, negative results are
abundant and successful mechanisms are only possible when the
structure of the problem can be exploited.

Our problem relates to the second type, and moreover, agents
have very clear incentives to inflate their reported scores. The
closest line of work within this framework is probably strategic
classification, where agents report information and would like it to
be classified in a certain way [15, 18, 21, 34]. For example, Hardt
et al. [15] consider a designer (‘jury’) that sets up the classification
algorithm. An agent (‘contestant’) can try and game the input, at
a cost, in an attempt to improve her outcome (say, increase her
chances for a loan). In our model, agents can lie freely, but might
be caught and punished.

Some papers also combine payments/penalties and verification.
E.g., in [9], partial verification is used to reduce payments; and
other works consider payments/penalties contingent on some value
realization or action [11, 26] (implying it can be freely verified).
Mylovanov and Zapechelnyuk [24] highlight the issue of limited
liability, as the penalty is exogenously bounded to a fraction of the
value of the allocated good.

Closer to our motivation, Akasiadis and Chalkiadakis [2] use
scoring rules to induce truthful reports of electricity consumption
shifting costs. However, in these works, all values are eventually
revealed without the principal taking an explicit action.

Mechanism design with verification. In the classical principal-
agent model with verification [14], the principal has no ability to
reveal the true state, but can a-priori restrict the allowed responses
of the agent, which is irrelevant in our case. In a recent follow-up
work by Ball and Kattwinkel [4], they add tests that the principal
can assign to the agent following her report, similarly to our noisy
verification model. The test is costless, and the challenge is to match
each report with the best test.

Other works use costly verification in a very similar way to us,
when the problem is to allocate item(s) to the agents with the high-
est private value [6, 10], or eligibility based on private features [12],
where value/features are sampled independently from known indi-
vidual distributions. Li studies a similar assignment problem, but
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where the agents privately know the value of the item to the princi-
pal [20]. Our setting is most similar to [23], where agents’ utility is a
function of their reported type and the penalties, but the principal’s
goals are very different.

1.2 Our Contribution

In the next section, we define the class of elicitation mechanisms
and our formal requirements. Section 3 contains our main result,
which is the single-parameter subclass of Monotone-Cutoff Ver-
ification (MCV) mechanisms. MCV provides an optimal tradeoff
between minimal verification and minimal bias, assuming deter-
ministic verification. When the type distribution is known, one can
choose the parameter to bound either the bias or the verification
cost. When it is not known, we show how near-optimal bounds
can still be guaranteed in a multiagent setting. In Section 4, we
provide three mechanisms that only assume noisy verification. All
mechanisms leverage proper scoring rules, albeit in different ways.
The last section shows empirically that our mechanisms provide a
good tradeoff of bias vs. verification on common distributions.

All missing proofs are included in the full version of the pa-
per [22].

2 SETTING

There are N agents, each one with a type ¢;, which is an element in
the set 7, where 7~ C [0, 1]. The type, which is private information,
measures the competence of agent i, where better agents have a
higher type. Agents report their types to a central authority that
we call the principal. We denote the report of agent i by #; € 7.
The principal wishes to grade agents, where the grades should be
as close as possible to the real types. Agents are selfish and wish
to maximize their grade, as explained in the introduction. Thus,
agents will potentially lie to maximize their expected grade.

Verification. The principal can verify a particular agent’s type,
e.g., by forcing them to re-take an exam in class, audit economic
reports, or track individual consumption. We assume the principal
has access to a verification process, which returns t; in the determin-
istic case. In the noisy verification case, the process returns s; ~ T;
where T; is an arbitrary distribution on 7~ with mean #;. Other than
the expectation, we make no assumptions on the distribution T;. In
particular, it may be correlated with other agents, and need not be
known to the designer.

Mechanisms. A mechanism M = (My, M) consists of two
different functions:

(1) Verification selection function My : 7~ — [0, 1]. This func-
tion takes as input an agent’s reported types ; and possibly
other available information (see below), and returns an audit
probability q; € [0, 1] for every i € N: the probability that i
will be selected for verification. Since all agents with same
reported type ¢ have the same g;, we also denote g;;
Grading function Mg : 7 X (7" U {L1}) — R. This function
takes as input a reported type f; and a realized performance
sample s; (or L if i is not verified) and sets a grade g;. The
grade is not necessarily in the set 7~ and could e.g. be negative
unless specified otherwise.
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Mechanism 1: A general elicitation mechanism

Require: ({;);cn, My, Mg,[Optional: Information I]
1: forallie N do
2 q— My(f) //audit probability

3: foralli € N do

4 with probability 1 — g;, set g; «— Mg (£;, 1);

5. with the remaining probability, obtain a verified score s; ~ T;

and set grade g; «— Mg(%;, ;).
6: return (g;)ieN

The functions above may rely on external parameters or additional
information, that the mechanism takes as input.

To specify a concrete mechanism, we only need to formally
define My and Mg (see Mechanism 1). Three simple examples are:
VERIFY-ALL: My (f;) =1 Vi;; and grades such that

M‘G/A(fi, s;) = t; if f; = s;, and 0 otherwise.
Pay-ArL: MP4 just pays 1 to all agents without verification, i.e.,
PA _ PA _
M =oM" =1 )
HuGe-PENALTY: M{}’P(ti) = ¢ Vt; for some small ¢ > 0; and
fi if i’i =5 (OI‘ J_)

des each such that MAP (4, s;) := .
grades each such that MG" (i, s;) {_2/6 i s,

Note that once we fix the mechanism M and the profile #, the
expected grade of an agent can be determined. Let

G (1) = My (D) Es;~1, IMa (fi, s1)] + (1 = My (i) Mg (i, L) (1)

be the expected grade of a type t agent reporting f, and denote by
gr = g:(t) the expected grade of a truthful type-t agent.

Hard requirements.

HR1. Truth-telling must be a weakly dominant-strategy;

HR2. Truth-tellers are never punished. Le., g; > t; forall t; € T
even if others lie;

HR3. Realized grades must be at least —&, where & > 0 is a
parameter.1

The special case of ¢ = 0 is called limited liability and means we
cannot ‘punish’ cheaters, beyond disqualifying their reward.

In the deterministic verification case, a mechanism satisfying
HR1-HR3 is called valid (we later discuss relaxations for the noisy
setting). Clearly if we only care about validity, it could be obtained
trivially, by either one of the VERIFY-ALL or PAY-ALL mechanisms.
HUGE-PENALTY may or may not be valid, depending on £&.

Soft requirements and tradeoffs. 1deally, we would like to min-
imize both the amount of verified agents, and the grading error
|gi — ti]. Since the grade may be affected by random factors, a more
modest goal would be to minimize the bias |g; — t| of every type t.
By HR2 the bias of a valid mechanism must be non-negative.

The metrics we would like to optimize may also depend on the
type distribution p = (p(t));e7.2 Where tmin # tmax are the mini-
mal and maximal types with positive support. All soft requirements
refer to a truthful profile:

'We could similarly add a requirement about the maximal realized grade (e.g., a course
grade may be capped at ‘100’ by the system). For simplicity, we avoid this restriction,
but note that most of our mechanisms indeed keep realized grades at most 1.

ZFor ease of presentation we treat p as a discrete distribution but all definitions and
results (except in Section 4.2) naturally extend to continuous distributions.
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e Minimize the expected proportion of agents we verify
ver(M,p) := Erplqt] = Xieq p()q:.
e Minimize the maximal bias (always nonnegative by HR2)
B(M) := max;eq(g: — t).
e Minimize the expected bias
bias(M, p) := Er-p[gr — t] = Zyeq p() (g — 1)
While the soft requirements necessarily depend on the type distri-
bution p, our hard requirements including truthfulness should hold
even if p is unknown (in contrast to most previous work [6, 12]).

3 DETERMINISTIC VERIFICATION

In this section we assume verification is deterministic, i.e., when-
ever i is audited, we get s; = t; w.p. 1. Even so, the three soft
requirements capture design goals that are generically contradic-
tory: the lower the audit probability, the higher the required threat
to maintain truth-telling as an equilibrium. The VERIFY-ALL and
HuUGE-PENALTY mechanisms represent the two extremes. It is thus
natural to ask what is the efficient compromise between accuracy
and small sample, in terms of a theoretical bound and, moreover,
whether we can find mechanisms that implement it.

Definition 3.1 (Domination). We say that a mechanism M (weakly)
dominates some other mechanism M’ if for any type distribution
p, M outperforms M’ in all soft requirements. If in addition M
strictly outperforms M’ on one of those requirements, we say that
strictly dominates M.

In other words, M dominates M’ if M verifies fewer agents,
and yet obtains lower maximal bias and expected bias. Furthermore,

Definition 3.2 (Efficiency). A mechanism is efficient if there is no
other mechanism that strictly dominates it.

3.1 The Monotone-cutoff Verification Class

Next, we introduce the class of Monotone-Cutoff Verification mecha-
nism (hereinafter MCV). The class is parameterized with y € [0, 1],
which governs the audit probabilities. We emphasize that for an
MCV mechanism and the results in this subsection, the number
of agents is irrelevant, and we could have stated them for a sin-
gle agent. However, our extensions will make use of the entire
population.

The Monotone-Cutoff Verification (MCV) mechanism:. The mech-

anism MY¢ takes the parameters y € [0, 1] and € > 0 as input. Since
& is fixed and derived from HR3 we will omit it to simplify the
notation, writing MY rather than MY

e Verification: agent i with report ; is verified by M‘Y, with a

li-y y
A T t; >
probability of MY, (i) = { iwg 7Y
0 <y

e Grading;: if agent i was not verified, then she receives a score

. #; >
of MY, 1) =47 P
Y i<y
Otherwise, if the verification yielded a result s;, then
N fi fi =S
MY (F,s;) = R .
G( 1 l) _g tl i Si
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Figure 2: Illustration of an MCV mechanism. The horizontal
line represents the report i; = t, and the vertical axis plays
the role of both the grade and the audit probabilities. The
audit probability (red double line) is zero for reports below y,
and any such report gets y (green horizontal segment). The
dotted diagonal line represents the identity. When #; > y,
audit probability is increasing, both the default (green) and
truthful (dashed orange) grades match f;, and there is a fixed
maximal penalty of —¢ (blue dash-dots).

We visualize an example of a MCV mechanism in Figure 2. The
red and gray shaded areas demonstrate the overall audit probability
and bias, respectively (for a uniform type distribution).

Notice that MY effectively lets agents report their type as “not
greater than y” without being verified, and §; = max{t,y}.

For ¢ = 0 and the extreme values y = 0 and y = 1, we get
the VERIFY-ALL and PAay-ALL mechanisms, respectively. Setting y =
0,¢= % almost coincides with the HUGE-PENALTY mechanism. Thus,
the MCV class of mechanisms aims to optimally balance between
the solutions, where every pick of y, £ corresponds to a different
point on the Pareto frontier.

ProrosiTION 3.3. All MCV mechanisms are valid.

Proor. HR2 and HR3 are immediate by definition. For truth-
fulness, note that in MY truth telling guaranties at least y for all
agents, whereas the maximum expected payoff for an untruthful
agent,

max (1 — MY (E))ME (Fi, L) + MY (5) - ML (B 1),

ti#t;
is exactly y. If {; < y, the agent receives a score of y, without being
verified. For #; > y:

(1= M (E))ME (s, 1) + M (F) - ME (i, 1)

PR Tt A TIPS
_(1 fi+§)tl+fi+§( H=y. ]

As we mentioned above, setting y = 0 and y = 1 (under limited
liability) results in the VERIFY-ALL and PAy-ALL mechanisms, re-
spectively. Next, we show that the class T := {M? : y € [0,1]}
constitutes the efficiency boundary of all valid mechanisms.
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THEOREM 3.4. For any valid mechanism M, there exists MY € T
that weakly dominates M.

Meaning, if minimum possible grade is —& and we demand HR1
and HR2, we only need to choose y € [0, 1] for which the corre-
sponding MY € T best suits our ideal trade-off between accuracy
and verification (where these depend also on the prior distribution
of types p). In particular, as the proof shows, ver(MY, p), B(MY)
and bias(M?, p) are easy to compute for any given type dist. p.

Proor. Denote, for any type distribution p and y € [0,1] the
following measures that are independent of the mechanism:

BIAS(y.p) := ), p(t)(y = 1); @)
t<y

VER(Y.p) = 3P0 ©
t>y

We first argue that any mechanism MY meets these measures
exactly,ie., Vy € [0,1] and p € A([0, 1]), bias(MY, p) = BIAS(y, p)
and ver(MY, p) = VER(y, p).

Indeed, these equalities follow directly from the definitions of
Mé and Miy,, respectively. Also note that B(MY) =y — tiin-

Now take M as described in the theorem. Let M’ be a mechanism
identical to M, except M(’}(fi, s;) := —& for t; # s;. We argue that M’
is also valid, and dominates M. First, since penalty for cheating is
weakly increasing by HR3, being truthful remains a weakly domi-
nant strategy. Second, grades of all truthful agents are unchanged,
and thus no change in bias. Next, let

V= max (1= My (&) MG (B, L) + My, (£) - MG (£, 1)
= max (1 = My (&)) Mg (£, 1) + My, (&) - (=9).
tj
7 the maximum gain for untruthful agents under M’, regardless of
their true type. We will see that MY € I dominates M’ (and thus
M).

If a grade of y is achievable by lying, then by HR1 all truthful

agents are graded at least ¥ in equilibrium, therefore

bias(M’,p) = " p(£)(7 — t) = bias(M”)

t<y

and, in particular, a type-zero agent has at least go = 7, thus
B(M’) 2 7 — tmin = B(MY). Moreover, for all #; € [0, 1] we have
M’G(fi, 1) > #; by HR2, and thus by definition of 7,

1

7> (1 - My (8)) i — M () = My (§) >

~>| S

1

Summing over all types j < #; < 1 we get

ver(M’) > Z p(t):—i; = ver(M7). o

t>y
COROLLARY 3.5. Every MCV mechanism is efficient.

Proor. If MY is strictly dominated by any other mechanism, the
theorem gives that it is also strictly dominated by some M"" € T.
But this is impossible since for any distribution p and for any two
0<y<t <y <1 (where p(t*) > 0), ver(M', p) < ver(M?, p)
while bias(MY’, p) > bias(MY, p). o
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Figure 3: US income distribution by tax brackets in 2013 [16].

Optimizing the cutoff point. Theorem 3.4 provides us with a way
to explicitly bound the tradeoff on bias/verification.
For € [0,1] let y(B, p) := max{y € [0, 1] : BIAS(y,p) < S}

COROLLARY 3.6. For every f§ € [0, 1], type dist. p,
bias(MYBP) p) = B; and ver(MYBP) p) = VER(y(B, p), p).

As we saw in the proof of the theorem, no mechanism with lower
bias can verify less.

Limited liability. In particular, if £ = 0, the following corollary
is implied, showing that some bias is inescapable unless we verify
each and every agent.

COROLLARY 3.7. Suppose p(0) > 0. Under limited liability, no
valid mechanism exists such that bias(M, p) = 0 and ver(M, p) < 1.

Example. Suppose we apply the MCV mechanism to decide on
tax audits on the population from Fig. 3, where a grade of ‘1’ means
full tax exemption (0% tax). Note that there are no ‘grade 0’ (100%
tax) agents so Corollary 3.7 does not apply. In fact by setting y = 0.6
and ¢ = 0 (i.e., tax full income of cheaters) we can get 0 bias by
auditing 30% of the population.

In contrast, if we maintain limited liability and set y = 0.75 (cap
max tax bracket at 25%) then we will have an expected bias of 0.003,
auditing only 14.6% of the people.

3.2 Unknown Prior

The definition of the MCV class, its strategy-proofness and effi-
ciency do not require an a-priori assumed type distribution. How-
ever, running MY for some arbitrary y € [0, 1] offers no guarantee
in terms of average bias and expected sample size.

In what comes next, we show that we can, in fact, approximate
pretty well any desired goals on the Pareto curve, even without a
prior, provided there are enough agents from the same distribution
p. Notably, the agents’ types need not be independent.

The basic principle of the mechanism we construct is that for
every agent i, we pick a slightly different MCV mechanism, based on
the observed distribution of all agents excluding her. As we will see,
this scheme will approximate the desired bias goal by an additive
O(1/n) factor, with no additional verification.

Definition 3.8. For alli € N, let p_; : [0,1] — [0,1] be the
observed (reported) type distribution aggregated over £, j # i.
Since p_; is identical for every two agents of the same type, we also
use the notation p;.
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Agent-Specific MCV (AS-MCV) mechanism:. For all f € [0,1],

define AMP as follows. For every agent i, let y; := y(;5 8. p-i);
then apply MY to agent i.

We first observe that AM? is valid, since any MY is valid, and
since the report of i cannot influence which mechanism she will
face. f is our desired bound on the expected bias, and we wish to
minimize ver(M, p) without knowing p.

THEOREM 3.9. For every f € [0, 1], and any type dist. p,
(1) bias(AMP,p) < p+ 1
(2) ver(AMP, p) < VER(y(B. p). p).

Compare these bounds to Cor. 3.6: the theorem shows that we
only lose an additive factor of i on the average bias by not knowing
p in advance, without additional verification.

Intuitively, the challenge is that there is no longer a single cutoff.
But the maximal and minimal y_; can be used to consider all relevant
types for bias and ver, respectively. Since p_; is close to p the
increase in bias is bounded. Then we show that all agents that
affect ver() use the same mechanism MY (#P),

It is not hard to see how one can similarly minimize the bias
subject to bounded verification capacity.

4 NOISY VERIFICATION

The MCV mechanism depends on the fact that verification is deter-
ministic, i.e., that liars are always caught, if verified. In this section
we relax the assumption of deterministic verification, meaning that
T; is not guaranteed to return ¢;, but rather some random variable
si ~ T; with expected value ¢;.

To see why MCV (and any mechanism with penalties) fails under
noisy verification, note that even a truthful agent might get s; < £;
and be punished, in violation of HR2. We therefore have to relax
HR2 to HR2’: we still require unverified agents to get at least £,
and truthful agents should get at least £ only in expectation (i.e.,
gr > t). In other words, we require that the bias is nonnegative.

All mechanisms we construct in this section make use of proper
scoring rules.

Scoring rules. Based on [13], a proper scoring rule is a function
R:[0,1]> = R s.t. Es.7[R(x, s)] is maximized for x = E;_7[s] for
any distribution T.3

A common example of a proper scoring rule is the continuous
semi power scoring rule

R*(x,s) ==t -5 - x% 1 — (a — 1)x°.

4
This is an asymmetric variant of the power scoring rules studied
in [29]. For @ = 2 we get the semi-quadratic scoring rule R?(x, s) =
2sx — x2. It is known from [13] that a function can be implemented
by a proper scoring rule if and only if it is strictly convex, and this
will be useful for us later on. In particular, E.7[R*(t,s)] = t* for
any distribution T with mean ¢ € [0, 1], and any « > 1.

Naive mechanisms. In the deterministic verification case, there
were simple valid mechanisms that minimized either the bias or the
audit probability (while performing poorly on the other). Indeed, the
PAY-ALL mechanism still applies in the noisy setting. A parallel of

3More generally, scoring rules allow the agent to report her full distribution T rather
than just its expectation, but this simplified form will suffice for our needs.
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VERIFY-ALL is also possible, by applying the scoring rule R**(, s)
to all agents, for some arbitrarily small & > 0.4

However, designing a mechanism with nontrivial bounds both
on the bias and the verification cost is much more challenging
than in the deterministic case, since we can never be certain that
a particular agent has cheated. E.g., it is not a-priori clear how to
implement a mechanism similar to HUGE-PENALTY (even ignoring
HR3), as in the noisy setting large penalties may violate both HR1
and HR2’. We will later return to this point. We also show in the
full version that applying a proper scoring rule only to some agents
is not truthful.

We therefore provide two partial solutions in this section. The
first maintains all of our previous assumptions, implementing mech-
anisms that behave like ‘scoring-rules-in-expectation’. The second
mechanism exploits the size of the population and assumes access
to the accurate distribution of the true types, and has a unique
equilibrium with no verification and arbitrarily small bias.

Deliberate failures. One may worry about situations where agents
deliberately under-perform when getting verified. We highlight that
although we made no explicit requirement regarding this type of
manipulation, the grade in all of our mechanisms is monotonic in
the realization s, and thus agents cannot gain from such behavior.

4.1 Scoring Rules ‘in Expectation’

The idea is not to apply a scoring rule only on verified agents, but to
set up the mechanism such that every agent is subject to a scoring
rule in expectation, and thus has an incentive to be truthful.

We demonstrate this first with a simple, parameter-free mecha-
nism with linear audit probability.

Linear Verification (LV) mechanism:.

o L(VMv(f,) = fi.
° L(VMG({',', J_) =
L] L(VMG({L,‘,S,‘) :

1 "
ris t;.
23,’ -

3
1

Lemma 4.1. g, (f) = % + R%(%,t), where grade expectation is taken
over both the random verification decision of the mechanism, and the
performance of the verified agent.

COROLLARY 4.2. The LV mechanism satisfies HR1, HR2’, and
HR3 with & = 3.

Proor. Truthfulness (HR1) follows immediately from Lemma 4.1
since the expected grade is an affine transformation of R?, and thus
also a proper scoring rule. As for HR2’, note that the expected
grade of a truthful agent of type ¢ is i + t2. It is easy to check that
this is at least t. HR3 is immediate from the definition. O

Note that the constant boost of the grade cannot be lower than
since for t* = % the expected grade is exactly %

As for the soft requirements, it is immediate that B(LVM) = i.
The expected verification [resp., bias] depend on the distribution p,
but are easy to compute by integrating  [resp., ; +t*—t] over p. E.g.
for a uniform type distribution we would get ver(LV M, p) = %
and bias(LVM, p) = %

1
)

4This introduces a small negative bias, which is not allowed, but we can fix this by
adding a small constant to the grade, see below.
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Reducing the bias. While increasing the parameter 6 from 0 to-
wards 1 clearly increases the amount of verification, we saw that the
effect on the expected bias is non-monotone. Increasing it beyond 1
is unlikely to reduce the bias and therefore we need a different
mechanism.

Polynomial Verification (PV) mechanism:. The mechanism takes

two parameters:

e an integer parameter x > 1;

e areal-valued parameter 6 € [0, 1];
and is defined as follows.

o PYMIN(i) =0- (i)
9’ A K ~

o PYMG (i1 L) = e + g L (0 £)¢/e.

. P(VM%K(fi,Si) = (K‘:iw + é(l + %)Si - #
Note that for k = 1,60 = 1 the PV mechanism coincides with the
LV mechanism.’ Just like the LV mechanism, any PV mechanism
implements a (semi-polynomial) scoring rule. See the dash-dotted
purple line in Fig. 4.

Lemma 4.3. §;(f) = # + R % (1, 1);

* +1 1
LEMMA 4.4. (Kﬁw +ttx € [t,[+ E]

1

Proor. Clearly, # is positive and upper bounded by 5.

. 1 . .
Now consider ¢ — t1*x . This term is nonnegative and concave. By
derivation, the maximum is obtained at (£ )*. Thus

K+1
1+4 K K K x(1+L)
t— e < (—)F = (—— )
(K+ 1) (rc+ l)
—( K ) ( K Jer K*(x +1) Kt
Tk+1 k+1 Tk + DR (ko + 1)
KK+1 + kK — KK+1 K"
= = . O
(k + 1)r+t (k + 1)x+1

PROPOSITION 4.5. The PV mechanism satisfies HR1 and HR2’. It
satisfies HR3 ﬂ# - W <&

Proor. Truthfulness (HR1) follows immediately from Lemma 4.3
since the expected grade is an affine transformation of R, and
thus also a proper scoring rule. As for HR2’, note that the expected
grade of a truthful agent of type ¢ is # + R By Lemma 4.4
this is at least . HR3 is respected by our restriction on the parame-
ters. a

As for the soft requirements, it is easy to see that the audit
probability is monotonically increasing in both parameters. As
k — oo, it approaches a constant function that verifies every agent
(unless #; = 0) w.p. 6.

We observe that the bias does not depend on 0 at all, which
may at first seem surprising. The bias for a truthful type-t agent

l —L_ and thus

R S,
(r+1)x+L K+1

both the maximal and the expected bias go to 0 as k — oo.
Therefore, by selecting sufficiently large x and sufficiently small

0, we approach a ‘perfect’ mechanism with no verification and no

bias. However, we must not forget that the parameters are restricted

is Rt By Lemma 4.4 this is at most

SWe can also see that when § = 1,k — oo the mechanism approaches VERIFY-ALL.
We get PaY-ALL when 6 = k = 0 although we did not formally allow x = 0.
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Figure 4: Visualization of the Polynomial Verification mech-
anism with k = 2,0 = 0.5. The purple dash-dot line shows the
expected grade of a truthful agent. As in Fig. 2, the shaded
areas show the overall verification and bias under a uniform
type distribution.

by the maximal allowed penalty . Indeed, ignoring this restriction
provides us with the noisy counterpart of the HUGE-PENALTY mech-
anism.

From two parameters to one. By the above discussion, once ¢ is
fixed and x was selected, we should choose the minimal 6 that

—1/(k+1)
satisfies HR3. Denote 0* (&, k) = ((1 +1/K) "D e f) .

COROLLARY 4.6. Forany & > 0 and x € Z,, any valid PV M%*
mechanism is dominated by PY MY (E0x

This is simply since mechanisms with § < 6*(«, £) violate HR3
(thus not valid), and mechanisms with 0 > 6*(k, £) have higher
verification rate and same bias.

Thus, as in the deterministic verification case, we get a three-way
tradeoff: fixing the maximal penalty ¢, the (integer) parameter k
balances verification vs. bias. However, in the PM class, allowing
negative grades is essential. We conjecture that under limited lia-
bility, no valid mechanism is better than a convex combination of
VERIFY-ALL and Pay-ALL.

In contrast to the deterministic case, we have no guarantee that
the PM class provides the best possible tradeoff. However, the class
provides a strong baseline for mechanisms that balance between
verification and bias.

4.2 Alternative Approach: Type Histogram

The MCV mechanism can work without any information on the
type distribution, but can exploit such information to better opti-
mize the bias.

In this last section, we will assume the set of possible types is
discrete with |t — t'| > ¢ for any ¢ # t’. We further assume we have
access to the exact type histogram (i.e., we know exactly the number
of agents of each type, denoted H(t) := |{i € N : t; = t}|), and
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show a ‘toy mechanism’ that exploits this information to provide
a ‘perfect’ outcome: a unique Nash equilibrium in which no agent
is verified, and the maximal bias is arbitrarily small, even when
verification is noisy.

The equilibrium is not in dominant strategies, and thus the mech-
anism does not belong in the same class as the previous mechanisms,
relaxing HR1 to HR1': there is a unique Nash equilibrium, which
is truthful. The mechanism also holds HR2’ and limited liability.®

The Histogram Mechanism:. The mechanism H MY takes a pa-

rameter @ € (1,1 + ¢) as input, as well as the histogram H of all
agents’ types (as “additional information”). Define x := [ 2] > £.

o Set H(t) == |[{i: f; = t}];

o ty « max{t € 7 s.t. H(t) > H(t)}; // (maximal violating
type if exists)

o Set HM$ () = 1if f; = ty and 0 otherwise;

o WMac(fi, J_) =&+ fi;

o HME(H,s) = &+ R x (B,5).

PROPOSITION 4.7. The histogram mechanism H M respects lim-
ited liability, and has a unique Nash equilibrium, in which all agents
are truthful and none are verified. Moreover, for any truthful type t
agent, §; € [t,t + €] even off-equilibrium.

Intuitively, the proof relies on two observations: first, in every
profile where agents only lie upwards, there is at least one cheater
that is verified with certainty, and thus experiences the scoring
rule fully. Second, by Lemma 4.4 the proper scoring rule RYx
implements a near-identity function when « is close to 1 (and
thus « is large), thus approximating agents’ true types to arbitrary
precision.

5 EMPIRICAL DEMONSTRATION

In this section, we demonstrate the triple tradeoff between maximal
penalty, average bias and verification for the MCV and PV classes.
Since the tradeoff relies on an actual type distribution we employ
both synthetic and real-world data.

Data. As real-world datasets, we used (a) SAT 2022 test scores: a
standardized test widely used for college admissions in the United
States, with statistics taken from [31]; (b) FICO scores statistics
from 2018 [1].

Additionally, we use the synthetic Beta distribution with var-
ious parameters. B(1,1) is the Uniform distribution, and higher
parameters correspond to lower variance, where MCV is expected
to perform better. Both of our real-world datasets are shown in
Fig. 3, together with the best-fit Beta distributions.

Hardware. We used a standard PC with intel Core i7-9700k CPU
and 16GB RAM for running the simulations. The entire execution
takes a couple of seconds.

Experimental setup. We set the value of the maximal penalty
parameter &. Note that both mechanism classes essentially have a
single parameter: y € [0, 1] for MCV, and « € Z, for PV. For each
type distribution p, and M € {M¥¢, PV MPEX)XY we compute

®In fact, the mechanism holds a stronger version of HR2’, since truthful agents get at
least their type in expectation whether they are verified or not.
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Figure 5: Efficiency curves for MCV mechanism under Lim-
ited Liability on several synthetic and real type distributions.
The y parameter ranges from 0 to 1, with higher values to
the right.
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Figure 6: Efficiency curves of MCV and PV mechanisms on
the SAT type distribution. Lines are shown for & = 1,2,4
(and also ¢ = 0 for MCV). The gray line shows the convex
combination of VERIFY-ALL and Pay-ALL.

the bias(M, p) and ver(M, p) for different values of the parameter
in range. We select y as multiples of 0.01, and x € {1,..., 15, 20,50}.

We compute bias() and ver() as expected values, by integrating
over the type distribution p. We do not sample the types, the veri-
fication decision, or (in the noisy setting) the performance of the
verified agent.’

5.1 Results
Deterministic verification. Figure 5(top) shows Efficiency curves

of the MCV mechanism (i.e., under deterministic verification) for

"In fact, we do not even need to define the performance distribution T;, since we only
use its expectation ;.
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the various distributions, using ¢ = 0 (limited liability). Higher y
values correspond to points towards the bottom right, i.e., with less
verification and a higher bias.

We can see that MCV performs better as the variance of p de-
creases, and is doing much better on SAT and FICO than on the
Uniform distribution.

For example, in SAT, we could guarantee an expected bias of less
than 5% of the grade, with verifying only 20% of the students. Note
that in the noiseless setting, the bias of the MCV mechanism also
equals the error in grading (as the grade is deterministic).

Triple tradeoff. Fig. 6 compares the performance we get under
deterministic verification (using MCV) and noisy verification (using
PV), for maximal penalty & € {1, 2,4}. The figure shows results on
the SAT distribution, results on other distributions are similar.

We also show results for MCV with limited liability, which still
does better than PV with a high maximal penalty. Note that the best
we can do in the noisy setting with limited liability is the baseline.

One thing that is evident from the figure is that we can signifi-
cantly reduce the bias in both settings, but it is harder to control
the verification amount in the noisy setting, as we currently have
no solution between the Linear Verification mechanism (x = 1) and
the PAy-ALL mechanism.

6 CONCLUSION

In this paper, we considered possible ways to incentivize agents to
truly report their type, when a high type leads to better utility (as
in the case of grading an exam). While agents can lie freely about
their type, the principal has certain verification power, that she
prefers to use scarcely.

Our main result characterizes the optimal tradeoff between re-
quired verification and maximal/expected bias, when verification
is guaranteed to reveal the true type. We note that our mechanism
can also be used when agents have multi-dimensional types as in
[12], as long as allocation probability is only determined by the
agent’s own type (thus can be treated as ‘grade’), i.e., when there is
no competition.

Noisy verification makes the task much more challenging, but
still possible if we allow ‘negative grades’, and at the cost of larger
bias and/or more verification. We further showed how having access
to the exact type histogram leads to a mechanism that essentially
eliminates both the bias and the required verification. While having
such access is unlikely, we hope the ideas used in the proof could
be useful to better exploit information on the type distribution.

The main remaining challenge is to prove a tight approximation
bound for the noisy verification setting.
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