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ABSTRACT
Black-box model sharing allows multiple parties to build a high-
quality ensemble model without revealing private information.
However, self-interested parties require incentives, specifically Fair-
ness and Individual Rationality, to contribute their predictions. Ex-
isting mechanisms typically handle either monetary payoffs or data
rewards in isolation, failing to address scenarios where parties have
varying budgets and data needs.We propose a novel incentivemech-
anism that fairly distributes ensemble predictions and monetary
payoffs commensurate with each agent’s contribution. Specifically,
we use the average ensemble weight for the contribution measure
and derive a closed-form solution that explicitly determines the fair
reward and payoff allocation given the contribution and payment.
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1 INTRODUCTION
Collaborative machine learning enables agents to build superior
models by pooling resources. While approaches like Federated
Learning [6] decentralize data, they require sharing gradients, which
can leak privacy [5, 13]. Black-box model sharing [2, 3, 7] offers a
stricter privacy guarantee: parties share only predictions ℎ𝑖 (𝑥) on
public data, which are aggregated into ensemble prediction ℎ𝑁 (𝑥)
as "soft labels" to improve individual models.

However, this collaboration assumes willingness to participate.
In reality, agents are self-interested [9]. Without proper incentives,
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free-riding occurs. We identify two key incentives: Fairness (re-
wards proportional to contribution) and Individual Rationality
(IR) (agents are better off participating than not), similar to those in
incentivized data sharing [11]. Existing works struggle to balance
these incentives because they treat monetary compensation and
data rewards (model improvement) separately [4, 8, 11, 12]. We
propose a unified 2-stage mechanism (Fig. 1): Contribution Eval-
uation: We value contributions using a Weighted-Ensemble Game,
proving that a party’s fair contribution equals its average ensemble
weight; Reward Allocation:We introduce a Fair-Replication Game
to jointly allocate monetary payoffs and data rewards, allowing
agents to trade budget for model performance fairly.
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Figure 1: Overview of black-box model sharing framework.
Stage 1 uses each party’s prediction ℎ𝑖 (𝑥) to obtain its contri-
butions 𝜙𝑖 . Stage 2 uses the contribution 𝜙𝑖 and payment 𝑝𝑖 to
realize the reward𝑈𝑖 (of value 𝑟𝑖 + 𝑟+𝑖 ) and compensation 𝑝+𝑖 .

2 METHODOLOGY
We consider 𝑛 parties, each with a private model ℎ𝑖 trained on
local data D𝑖 . A trusted host uses a public dataset U of size 𝑇 to
query models and aggregate predictions via an ensemble ℎ𝑁 (𝑥) =∑𝑛

𝑖=1 𝛽𝑖,𝑥ℎ𝑖 (𝑥), where 𝛽𝑖,𝑥 ∈ [0, 1] is the weight of model 𝑖 for input
𝑥 , determined by the selected ensemble method. The generalization
error of anyℎ on domain ⟨D, 𝑓 ⟩ is𝐿D (ℎ, 𝑓 ) := E𝑥∼D [ℓ (ℎ(𝑥), 𝑓 (𝑥))]
where ℓ is the loss function and 𝑓 is the labeling function. We use
the shorthand 𝐿D (ℎ) = 𝐿D (ℎ, 𝑓 ) next.

2.1 Stage 1: Valuation via Weighted Ensemble
To ensure fairness, we must quantify the marginal contribution
of each party. We define the Weighted-Ensemble Game (WEG)
where the value of a coalition 𝐶 ⊆ 𝑁 is the total weight mass it
controls: V(𝐶) := 1

𝑇

∑
𝑥∈𝑈

∑
𝑖∈𝐶 𝛽𝑖,𝑥 .
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Because this valuation is additive, the Shapley value [10] 𝜙𝑖 (the
standard solution for fair attribution) collapses into a computation-
ally efficient form: 𝜙𝑖 =V({𝑖}) = 1

𝑇

∑
𝑥∈𝑈 𝛽𝑖,𝑥 .

We theoretically validate this choice by analyzing the general-
ization error 𝐿D (ℎ𝑁 ). Prop. 2.1 shows that 𝐿D (ℎ𝑁 ) is bounded by
the weighted sum of individual errors

∑
𝜙𝑖𝐿D (ℎ𝑖 ). Thus, a higher

𝜙𝑖 correctly identifies a model that contributes more to reducing
ensemble error.

Proposition 2.1. For the ensemble model ℎ𝑁 and for any 𝛿 ∈
(0, 1), with probability ≥ 1 − 𝑛𝛿 :

𝐿D (ℎ𝑁 ) ≤
𝑛∑︁
𝑖=1

(
𝜙𝑖 +

√︁
2 log(2/𝛿)/𝑇

)
𝐿D (ℎ𝑖 ) + Σ𝑁

where Σ𝑁 :=
∑𝑛

𝑖=1 E𝑥∼D [(𝛽𝑖,𝑥 − ED [𝛽𝑖,𝑥 ]) ( |ℎ𝑖 (𝑥) − 𝑓 (𝑥) | −
𝐿D (ℎ𝑖 ))] .

2.2 Stage 2: Joint Allocation
Parties receive a baseline reward 𝑟𝑖 (a subset of ensemble predic-
tions). They may also make a monetary payment 𝑝𝑖 to acquire
additional rewards 𝑟+𝑖 , receiving compensation 𝑝+𝑖 from the pool of
others’ payments. We define the updated model ℎ′ trained on a mix
of private data and the received reward (ensemble predictions). We
aim to satisfy:
• Fairness: Rewards and net payoffs are proportional to contribu-
tion 𝜙𝑖 : ∃𝑘1, 𝑘2 > 0, s.t. ∀𝑖 ∈ 𝑁, 𝑟𝑖 = 𝑘1𝜙𝑖 , 𝑟

+
𝑖 − 𝑝𝑖 + 𝑝+𝑖 = 𝑘2𝜙𝑖 .

• 𝜖-Individual Rationality: Baseline reward improves model
performance, and additional reward is more valuable than its
payment: ∃𝜖 > 0, s.t. ∀𝑖 ∈ 𝑁, 𝐿D (ℎ′𝑖 ) − 𝜖 ≤ 𝐿D (ℎ𝑖 ), 𝑟+𝑖 ≥ 𝑝𝑖 .

• Weak Efficiency: At least one party receives the maximum
possible reward V𝑁 (the full ensemble): ∃𝑖 ∈ 𝑁, s.t. (𝑟𝑖 =V𝑁 ).
To determine the fair exchange rate between money and data,

we propose the Fair-Replication Game (FRG), denoted M. The
value of a coalition in FRG is defined by M(𝐶) = (∑𝑖∈𝐶 𝜙𝑖 ) × 𝛾 ,
where 𝛾 =

∑
𝑗∈𝑁𝑝 𝑗/(V𝑁 − 𝜙 𝑗 ) represents the total monetary pool

normalized by contribution scarcity.
We analyze the combined gameV+M. We derive the final utility

𝑢𝑖 (the combined Shapley value), which specifies the allocation:

Theorem 2.2. GivenV andM, the utility 𝑢𝑖 := 𝜙𝑖 (V +M) for
each party 𝑖 ∈ 𝑁 can be decomposed as𝑢𝑖 = 𝑟𝑖+𝑟+𝑖 +𝑝+𝑖 −𝑝𝑖 where
𝑟𝑖 = 𝜙𝑖 is the Shapley value in game 𝐺 , specifically as follows,

𝑢𝑖 = 𝑟𝑖 +
V𝑁 × 𝑝𝑖

V𝑁 − 𝜙𝑖︸    ︷︷    ︸
𝑟+
𝑖

+∑
𝑗∈𝑁 \{𝑖 }

𝜙𝑖 × 𝑝 𝑗

V𝑁 − 𝜙 𝑗︸                 ︷︷                 ︸
𝑝+
𝑖

−𝑝𝑖 .

The utility 𝑢𝑖 satisfies (a) payoff balance:
∑

𝑖∈𝑁 (𝑝+𝑖 − 𝑝𝑖 ) = 0, (b)
dummy payment: ∀𝐶 ⊆ 𝑁 \ {𝑖}, V(𝐶 ∪ 𝑖) = V(𝐶) ⇒ 𝑢𝑖 =

0 , 𝑟+𝑖 = 𝑝𝑖 , (c) semi-symmetry: ∀𝐶 ⊆ 𝑁 \ {𝑖, 𝑗}, V(𝐶 ∪ 𝑖) =

V(𝐶 ∪ 𝑗) ⇒ 𝑢𝑖 = 𝑢 𝑗 , and (d) strict monotonicity: (∃ 𝑗 ∈ 𝑁, 𝑝′𝑗 >
𝑝 𝑗 ) ∧ (∀𝑘 ∈ 𝑁 𝑝′

𝑘
≥ 𝑝𝑘 ) ⇒ ∀𝑖 ∈ 𝑁,𝑢′

𝑖 > 𝑢𝑖 .

Realization Scheme. Based on Thm. 2.2, we now describe how
the host allocates rewards and payoffs in practice. Party 𝑖 receives
a total reward of value 𝑟𝑖 + 𝑟+𝑖 = 𝑟𝑖 + V𝑁 × 𝑝𝑖/(V𝑁 − 𝜙𝑖 ), and a

net payoff of value 𝑝+𝑖 − 𝑝𝑖 =
∑

𝑗∈𝑁 \{𝑖 }
𝜙𝑖×𝑝 𝑗
V𝑁 −𝜙 𝑗

− 𝑝𝑖 from the host.
The host samples a subset S𝑖 ⊆ U with |S𝑖 | = 𝑇𝑖 = (𝑟𝑖 + 𝑟+𝑖 ) ×𝑇

and send reward R𝑖 = {(𝑥, ℎ𝑁 (𝑥))}𝑥∈S𝑖 and payoff 𝑝+𝑖 to party 𝑖 .
Parties fine-tune ℎ𝑖 on (1 − 𝛼𝑖 )D𝑖 ∪ 𝛼𝑖R𝑖 to produce ℎ′𝑖 .

2.3 Incentive Guarantee
The allocation based on Thm. 2.2 guarantees our desired incentives:
Fairness and Weak Efficiency, by using the scaled reward 𝑟𝑖 =

(𝜙𝑖/𝜙∗) × V𝑁 . Additionally, 𝑟+𝑖 ≥ 𝑝𝑖 is always satisfied.
We now elaborate 𝐿D (ℎ′𝑖 ) − 𝜖 ≤ 𝐿D (ℎ𝑖 ) by analyzing 𝜖 which is

a virtual regret that needs to be minimized to incentivize partici-
pation. We first define the empirical risk trained on the data mix
𝐿̂D′

𝑖
(ℎ) := (1− 𝛼𝑖 )𝐿̂D𝑖

(ℎ) + 𝛼𝑖 𝐿̂D (ℎ,ℎ𝑁 ) and 𝛼𝑖 ∈ [0, 1] the mixing
weight for balancing training data. By leveraging technical results
from domain learning theory [1] and utilizing the ensemble domain
⟨D, ℎ𝑁 ⟩, we provide a specific result of 𝜖-IR in Prop. 2.3.

Proposition 2.3. Let H be a hypothesis space of VC dimension
𝑑 . Given𝑚𝑖 the data size of D𝑖 , and a distribution divergence
measure 𝑑HΔH (D𝑖 ,D) := 2 supℎ,ℎ′∈H

��𝐿D𝑖
(ℎ,ℎ′) − 𝐿D (ℎ,ℎ′)

��,
with probability at least 1 − 𝑛𝛿 , 𝜖-IR is satisfied such that ∀𝑖 ∈
𝑁 𝐿D

(
ℎ′𝑖
)
− 𝜖 ≤ 𝐿D (ℎ𝑖 ) with 𝜖 =max𝑖∈𝑁 𝜖𝑖 and

𝜖𝑖 = 𝐴
(
𝛼2
𝑖 /𝑇𝑖 + (1 − 𝛼𝑖 )2/𝑚𝑖

) 1
2 + 𝛼𝐵 + 𝑑HΔH (D𝑖 ,D)

where 𝐴 = 4
√︃
2𝑑 log(2(𝑇𝑖 +𝑚𝑖 + 1)) + 2 log( 8

𝛿
) and 𝐵 =

−𝑑HΔH (D𝑖 ,D) + 2𝐿D (ℎ𝑁 ) .

As 𝜖 = max𝑖∈𝑁 𝜖𝑖 , minimizing 𝜖 is equal to minimize each 𝜖𝑖 .
Thus, a smaller 𝜖𝑖 for all 𝑖 ∈ 𝑁 indicates a stronger 𝜖-IR guaran-
tee. Prop. 2.3 shows that 𝜖𝑖 mainly depends on the ensemble error
𝐿D (ℎ𝑁 ), themixing value𝛼𝑖 , and its reward size𝑇𝑖 , as𝑑HΔH (D𝑖 ,D)
is fixed. For a given collaboration,𝐿D (ℎ𝑁 ) (due to ensemblemethod)
and𝑇𝑖 (due to fixed 𝜙𝑖 and 𝑝𝑖 ) are also fixed. When 𝛼𝑖 = 1, it implies
ℎ′𝑖 is only trained on the ensemble predictions, and 𝜖𝑖 (1) mainly
depends on 𝐿D (ℎ𝑁 ) the error of ensemble predictions; when 𝛼𝑖 = 0,
ℎ′𝑖 is the same as ℎ𝑖 , and 𝜖𝑖 (0) mainly depends on 𝑑HΔH (D𝑖 ,D)
the distribution divergence. We can write 𝜖𝑖 (𝛼𝑖 ) as a function of
𝛼𝑖 , which achieves its minimum by using the optimal value 𝛼∗. We
then have the strongest 𝜖-IR guarantee where 𝜖 = max𝑖∈𝑁 𝜖𝑖 is
minimized. In the ideal case if 𝜖𝑖 = 0 ∀𝑖 ∈ 𝑁 , the strict IR (i.e.,
𝐿D (ℎ′𝑖 ) ≤ 𝐿D (ℎ𝑖 )) is satisfied; this holds only when each party has
infinite optimal ensemble predictions (i.e.,𝑇𝑖 =∞ and 𝐿D (ℎ𝑁 ) = 0)
or infinite optimal source data (i.e.,𝑚𝑖 =∞ and 𝑑HΔH (D𝑖 ,D) = 0),
which is hard to satisfy in practice. In practice, the virtual regret 𝜖
is not needed, and the strict IR is consistently achieved empirically,
underscoring that parties are not made worse off by the collabo-
ration. The 𝛼∗

𝑖 not only results in the strict IR, but also yields the
largest performance improvement empirically.

3 CONCLUSION
In this work, we presented a theoretically grounded mechanism
for black-box model sharing, with a close-form solution to jointly
allocate rewards and monetary payoffs, satisfying Shapley fairness
and guarantees 𝜖-individual rationality.
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