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ABSTRACT
We study the problem of fairly allocating𝑚 indivisible items ar-

riving online, among 𝑛 (offline) agents. Although envy-freeness

has emerged as the archetypal fairness notion, envy-free (EF) al-

locations need not exist with indivisible items. To bypass this, a

prominent line of research demonstrates that there exist allocations

that can be made envy-free by allowing a subsidy. Extensive work

in the offline setting has focused on finding such envy-freeable allo-

cations with bounded subsidy. We extend this literature to an online

setting where items arrive one at a time and must be immediately

and irrevocably allocated. Our contributions are two-fold:

• Maintaining EF Online: We show that envy-freeability cannot

always be preserved online when the valuations are submodular

or supermodular, even with binary marginals. In contrast, we

design online algorithms that maintain envy-freeability at every

step for the class of additive valuations, and for its superclasses

including 𝑘-demand valuations and SPLC valuations.

• Ensuring Low Subsidy: We investigate the quantity of subsidy

required to guarantee envy-freeness online. Surprisingly, even

for additive valuations, the minimum subsidy may be as large as

Ω(𝑚𝑛), in contrast to the offline setting, where the bound is𝑂 (𝑛).
On the positive side, we identify valuation classes where the

minimum subsidy is small (i.e., does not depend on𝑚), including

𝑘-valued, rank-one, restricted additive, and identical valuations,

and we obtain (mostly) tight subsidy bounds for these classes.
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1 INTRODUCTION
In the decades since its formal introduction by Steinhaus [44] in

1948, the fair division problem has emerged as a fundamental topic

at the intersection of economics and computer science. The central

fair division question asks how to allocate a finite collection of

items amongst a set of agents, each equipped with a valuation

function over subsets of the items, in a manner that is universally

regarded as fair. When the items are divisible, and with only mild

assumptions on the structure of the agents’ valuations, it is possible

to obtain an allocation where no agent is envious of any other,

i.e., every agent (according to its own valuation) weakly prefers

its assigned bundle to that of any other agent [45]. This concept,

introduced by Foley [23], is now widely known as envy-freeness.

However, when the items are indivisible andmust each be integrally

assigned to some agent, it is easy to see that envy-free allocations

do not necessarily exist: when only one valuable item is available,

the agent that receives it is always envied.

In a seminal work, Maskin [41] asked whether this impossibility

could be circumvented by the addition of a single divisible good

(i.e., money), and if so, how much of it was needed to eliminate

all envy. Maskin [41] showed that for matching instances with 𝑛

agents and𝑚 = 𝑛 goods, if without loss of generality any specific

good has a value of at most one dollar, an envy-freeable allocation

always exists, and a subsidy of 𝑛 − 1 dollars is sufficient to remove

all envy for some allocation. This result spurred a large body of

literature investigating the existence of such envy-freeable alloca-

tions in fair division [6, 13, 28, 31, 32], leading to a now well-known

characterization:

Theorem [6, 28, 31, 32]. An allocation is envy-freeable if and only

if it is locally efficient.

An allocation is locally efficient (LE) if, when the 𝑛 assigned

bundles of the allocation are each frozen, no reassignment of these

bundles to the 𝑛 agents increases the social welfare. Several papers

have since examined the quantity of subsidy sufficient to guarantee

envy-freeness. Prominently, the work of Brustle et al. [13] proves

that it is always possible to eliminate envywith a small total subsidy,

i.e., one that does not grow with the number of items𝑚.

We extend the above body of literature to a natural online setting

in which items arrive one at a time, revealing their values, and

must each be assigned immediately and irrevocably. Our interest

in this problem arises from the simple observation that when the

valuations are additive, it is possible to maximize welfare online
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(i.e., maintain a kind of global efficiency), implying the maintenance

of LE and therefore envy-freeability online. Thus the first natural

question that we raise and study is the following.

Question 1. Going beyond additive valuations, for what valuation
classes is it possible to maintain envy-freeability online?

We show that it is additionally possible to maintain LE online

for the classes of SPLC valuations and 𝑘-demand valuations (for

any 𝑘). Interestingly, although welfare maximization is one possible

strategy to obtain LE, the collection of valuation classes for which

LE can be maintained online is strictly more general, i.e., this may

be possible even when maximizing welfare online is impossible. In

this sense, our work demonstrates a separation between classes

for which online welfare maximization is possible and classes for

which local efficiency can be maintained online.

In the other direction, we show that maintaining LE online is

impossible for budget-additive valuations, even if the budgets are

known in advance, and that it is impossible for submodular and

supermodular valuations, even if the marginal values are binary.

While in the offline case, envy-freeness with a small subsidy

is feasible for both additive valuations and monotone valuations,

for the online problem, maintaining LE via welfare maximization

results in a subsidy that grows linearly with𝑚 in the worst case.

This raises the second natural question that we study in this work.

Question 2. Do there exist valuation classes for which it is possible
to maintain envy-freeability online with a small subsidy, i.e., one that

does not grow with𝑚?

We first show that when the agents have additive valuations this

is impossible, and there exists an instance for which maintaining

envy-freeability online necessitates a subsidy as high as𝑚(𝑛 − 1).
A similar lower bound extends to SPLC valuations and 𝑘-demand

valuations (both of which generalize additive valuations when 𝑘 is

allowed to be as large as𝑚).

In contrast, we provide a positive answer to the above question

for several well-studied valuation classes, including unit-demand

and bivalued valuations (and, more generally, 𝑘-demand and 𝑘-

valued valuations when 𝑘 is independent of 𝑚), as well as rank-

one, restricted additive, and identical monotone valuations. The

definitions of these classes, along with a more detailed discussion

of their properties, are presented in the respective sections.

All of our positive results are obtained algorithmically. Through

adversarial constructions, we show that nearly all of our algorithms

are exactly tight, i.e., they have the best possible bound on the

total subsidy even up to coefficients. Interestingly, for several of

these classes this bound is asymptotically larger (as a function of 𝑛)

than the corresponding bound in the offline version of the problem,

thereby providing strong separations between the online and offline

settings.
1
Table 1 shows a high-level summary of our results.

We remark that a key modeling choice in our work is to track the

minimum subsidy required to guarantee envy-freeness at each step,

rather than maintaining an explicit online update of the payment

vector. At any point during the online arrival of items, the mech-

anism is prepared to obtain an envy-free allocation with subsidy

should the process terminate. This choice aligns with applications

1
For instance, a result of Brustle et al. [13] shows that a total subsidy of𝑛−1 suffices for

additive valuations. Our results demonstrate that the minimum subsidy is Θ(𝑛2 ) even
for structured subclasses of additive valuations, including binary additive valuations

and rank-one valuations.

Valuation Class
Question 1 Question 2
Can EF be

maintained

online?

Can we get EF

with small
subsidy?

Budget Additive ✗ (Thm 3.4) ✗ ( )

Binary Submodular ✗ (Thm 3.5) ✗ ( )

Binary Supermodular ✗ (Thm 3.6) ✗ ( )

SPLC ✓ (Thm 3.2) ✗ ( )

Additive ✓ ( ) ✗ (Thm 4.1)

𝑘-Demand ✓ ( ) ✓∗
(Thm 4.2)

𝑘-Valued ✓ ( ) ✓∗
(Thm 4.3)

Rank-One ✓ ( ) ✓ (Thm 4.4)

Restricted Additive ✓ ( ) ✓ (Thm 4.5)

Identical Monotone ✓ ( ) ✓ (Thm 4.6)

Table 1: Summary of our results for Questions 1 and 2 for the
valuation classes considered in this work. (∗) For 𝑘-valued
and 𝑘-demand valuations, our subsidy bound is small in the
sense that it does not depend on𝑚 but does depend on 𝑘 . For
the rowsmarkedwith “(—–)” in Question 1, the positive result
is implied by Theorem 3.2, while similarly for Question 2,
the negative result is implied by Theorem 4.1.

in which the online arrival of items may halt unpredictably, and

the envy-freeness guarantee must be immediately realized with

bounded subsidy.

Finally, we note that most of our results extend to the related

chore-division problem, where each item adds a cost to the agent

that receives it. Section 5 contains a high-level discussion of the

problem of bounding the subsidy in the fair division of chores.

The full version of this work is available in [36].

1.1 Additional Related Work
While this work introduces the online fair division with subsidy

problemwith online items and offline agents, there is a large body of

research on each of these topics taken individually (see Amanatidis,

Aziz, Birmpas, Filos-Ratsikas, Li, Moulin, Voudouris, and Wu [3]).

Fair Division With Subsidy. The problem of finding a fair allocation

with subsidy has been considered in several contexts, including rent

division [21, 24], item allocation [6, 7, 9, 13, 16, 31, 35, 38, 46, 47] and

job scheduling [19, 22, 32], with a variety of objectives including

bounding payments, measuring social welfare, capping makespan,

and approximating minimum subsidy.

Online Fair Division. The problem of finding fair allocations in

online settings has been extensively explored in the literature on

online fair division. Prior work has examined various formulations

of the problem, including settings with online items and offline

agents [27, 30, 33], offline items and online agents [34, 37, 48], as

well as randomized mechanisms [2, 12]. Primary research objectives

includeminimizing themaximum envy, bounding the number of on-

line adjustments, approximating social welfare, and approximating

the maximin share.
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2 PRELIMINARIES
We consider a fair division setting with a set of agents [𝑛] =

{1, 2, . . . , 𝑛} and a set of items [𝑚] = {1, 2, . . . ,𝑚}. Each agent

𝑖 ∈ [𝑛] is equipped with a valuation function 𝑣𝑖 : 2
[𝑚] → R≥0.

We make the standard assumptions that each valuation is mono-

tone, i.e. 𝑣𝑖 (𝑆) ≤ 𝑣𝑖 (𝑇 ) for all 𝑆 ⊆ 𝑇 ⊆ [𝑚], and normalized, i.e.

𝑣𝑖 (∅) = 0. Our theorems are written for the setting where the items

are goods and the marginal values are therefore nonnegative, but,

as we discuss later, a similar analysis can be applied to the case of

chores without much further effort.

We consider some important types of instances with additional

assumptions on the structure of the valuations, which we define in

the corresponding subsections.

Our task is to select an allocation 𝑋 = (𝑋1, 𝑋2, . . . , 𝑋𝑛) and a

subsidy vector 𝑝 = (𝑝1, . . . , 𝑝𝑛). An allocation is a partition of [𝑚]
into 𝑛 bundles such that 𝑋1 ∪𝑋2 ∪ . . . ∪𝑋𝑛 = [𝑚] and 𝑋𝑖 ∩𝑋 𝑗 = ∅
for 𝑖 ≠ 𝑗 . A subsidy vector must satisfy 𝑝𝑖 ≥ 0 for all 𝑖 ∈ [𝑛].

2.1 Fairness Notions and Local Efficiency
Envy-freeness, a central fairness notion in the fair division literature

requires that no agent envies the bundle of another agent. An

allocation 𝑋 = (𝑋1, . . . , 𝑋𝑛) is envy-free (EF) if 𝑣𝑖 (𝑋𝑖 ) ≥ 𝑣𝑖 (𝑋 𝑗 ) for
all 𝑖, 𝑗 ∈ [𝑛]. Since envy-free allocations do not necessarily exist,

we need the use of a subsidy.

Definition 2.1 (Envy-Freeness with Subsidy, Envy-Freeability). An

allocation 𝑋 = (𝑋1, . . . , 𝑋𝑛) together with a subsidy vector 𝑝 =

(𝑝1, . . . , 𝑝𝑛) is envy-free if 𝑣𝑖 (𝑋𝑖 ) +𝑝𝑖 ≥ 𝑣𝑖 (𝑋 𝑗 ) +𝑝 𝑗 for all 𝑖, 𝑗 ∈ [𝑛].
An allocation 𝑋 is said to be envy-freeable if a subsidy vector

satisfying this condition exists.

The social welfare of an allocation is the sum of the values

obtained by all agents, i.e., 𝑆𝑊 (𝑋 ) = ∑
𝑖∈[𝑛] 𝑣𝑖 (𝑋𝑖 ). A well-known

result characterizes envy-freeness via local efficiency.

Definition 2.2 (Local Efficiency). An allocation 𝑋 = (𝑋1, . . . , 𝑋𝑛)
is locally efficient if there is no permutation of the agents that

increases the social welfare, i.e., 𝑋 is LE if for all 𝜋 : [𝑛] → [𝑛] we
have

∑
𝑖∈[𝑛] 𝑣𝑖 (𝑋𝑖 ) ≥

∑
𝑖∈[𝑛] 𝑣𝜋 (𝑖 ) (𝑋𝑖 ).

Theorem 2.3 ([6, 28, 31, 32]). An allocation 𝑋 = (𝑋1, . . . , 𝑋𝑛) is
envy-freeable if and only if 𝑋 is locally efficient.

Clearly, any allocation that maximizes the social welfare (across

all possible allocations) is locally efficient.

2.2 Online Setting
We consider an online setting where items 1, 2, . . . , 𝑗 arrive one by

one and must be irrevocably allocated upon arrival. This means that

when item 𝑗 arrives, the items 1, 2, . . . , 𝑗 − 1 are already allocated

to some agents, and the algorithm must allocate item 𝑗 before item

𝑗 + 1 arrives. We assume that the online algorithm has value-oracle

access, meaning that when item 𝑗 arrives, the algorithm can access

any agent’s value for any bundle containing the items that have

arrived up to that point, i.e., the algorithm can query 𝑣𝑖 (𝑆) for any
𝑖 ∈ [𝑛] and 𝑆 ⊆ {1, . . . , 𝑗}. We further assume that the algorithm

selects a subsidy vector 𝑝 = (𝑝1, . . . , 𝑝𝑛) after all items have been

allocated, and we aim to construct algorithms that ensure envy-

freeness with subsidy (Definition 2.1) at the end of the execution,

once all items have arrived.

Note that in our online model, the algorithm does not know

the number of items in advance. Any algorithm that guarantees

envy-freeness for online instances must maintain local efficiency at

every step, i.e., whenever the online arrival of items (unpredictably)

terminates, the algorithm must output a locally efficient allocation

and a subsidy vector that eliminates all envy. Consequently, rather

than updating the subsidies online, the algorithm must only main-

tain a locally efficient allocation online, along with a minimum

envy-eliminating payment vector for that allocation.

2.3 Minimum Subsidy and the Envy Graph
For classes of valuations where envy-freeness with subsidies is

attainable, our goal is to design online algorithms that use as little

total subsidy as possible, formally defined below.
2

Definition 2.4 (Total Subsidy). A subsidy vector 𝑝 = (𝑝1, . . . , 𝑝𝑛)
is said to use total subsidy at most 𝑋 if

∑
𝑖∈[𝑛] 𝑝𝑖 ≤ 𝑋 .

Throughout this paper, as in prior work on bounding the subsidy,

we assume that the marginal value of any item is at most 1, i.e., for

any 𝑆 ⊆ [𝑚] and 𝑔 ∈ [𝑚], 𝑣𝑖 (𝑆 ∪ {𝑔}) − 𝑣𝑖 (𝑆) ≤ 1. This assumption

can be made without loss of generality by appropriately scaling

all valuations by the same factor, which only changes the relative

units in which the subsidy is measured.

For a given envy-freeable allocation, it was shown by [31] that

an envy-eliminating subsidy vector that minimizes the subsidy for

each agent (and therefore also minimizes the total subsidy) can be

found in polynomial time. In this work, rather than bounding the

per-agent subsidy, we focus on bounding the total subsidy, which

is at most 𝑛 times larger. From the perspective of our notion that

a small subsidy is independent of the number of items, the two

objectives are essentially equivalent.

For the analysis of fair allocations with subsidies, we will utilize

an auxiliary directed graph defined for every allocation called the

envy graph. For a given fair division instance, and given allocation

𝑋 , the envy graph𝐺𝑋 is constructed as follows. The agents [𝑛] form
the set of vertices of this graph, and there is a weighted directed arc

for every ordered pair of agents. The weight on arc (𝑖, 𝑘) is the envy
that agent 𝑖 has for agent 𝑘 in 𝑋 , i.e.,𝑤𝐺𝑋

(𝑖, 𝑘) = 𝑣𝑖 (𝑋𝑘 ) − 𝑣𝑖 (𝑋𝑖 ).
Halpern and Shah [31] observed that if an allocation is locally

efficient, then the corresponding envy graph does not have any

directed cycles of positive weight. Thus the heaviest path starting

at any vertex 𝑖 ∈ 𝑉 (𝐺𝑋 ) is well-defined. An important lemma for

bounding the total subsidy, proved in [31] for additive valuations

and in [13] for monotone valuations, is as follows.

Lemma 2.5 ([13, 31]). Given a fair division instance with𝑚 goods,

𝑛 agents, and monotone valuation functions 𝑣𝑖 , consider an allocation

𝑋 = (𝑋1, . . . , 𝑋𝑛) that is locally efficient. Let ℓ (𝑖) denote the weight of
the heaviest path in the envy graph 𝐺𝑋 starting at vertex 𝑖 . Then the

minimum subsidy required tomake𝑋 envy-free is exactly

∑
𝑖∈[𝑛] ℓ (𝑖).

Moreover, this quantity can be bounded above by𝑚(𝑛 − 1).
2
Note that a simple reduction from the Partition problem shows that deciding whether

a given instance has an envy-free allocation is NP-hard. Thus the optimization problem

of minimizing the subsidy for a given instance is also NP-hard.
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3 BOUNDARIES OF ENVY-FREEABILITY
Recall that in order to maintain envy-freeability, we are tasked with

maintaining local efficiency online; that is, after each incoming

item is assigned to some agent, we require that no permutation of

the bundles increases the social welfare of the resulting allocation.

We begin our analysis with additive valuations, which admit an

interesting property in the online setting: when a new item arrives,

for any locally efficient partial allocation (of the items that have

previously arrived), there exists an agent to which the new item

can be assigned such that the resulting allocation is locally efficient.

In other words, local efficiency can always be extended online.

Proposition 3.1. In a fair division instance with additive valu-

ations, let 𝑆 ⊆ [𝑚] be a subset of items, and let 𝑔 ∈ [𝑚] \ 𝑆 be an

item not in 𝑆 . Given any partial allocation 𝑋 of the items in 𝑆 that

is locally efficient, let 𝑋 ′
be the allocation obtained by assigning 𝑔 to

some agent 𝑖∗ ∈ argmax𝑖∈[𝑛] 𝑣𝑖 ({𝑔}). Then 𝑋 ′
is locally efficient.

Proof. Suppose, for a contradiction, that there exists a permuta-

tion 𝜋 : [𝑛] → [𝑛] such that reallocating the bundles of 𝑋 ′
along 𝜋

increases the social welfare. Then, since the valuations are additive,∑︁
𝑖∈[𝑛]

𝑣𝜋 (𝑖 ) (𝑋 ′
𝑖 ) >

∑︁
𝑖∈[𝑛]

𝑣𝑖 (𝑋 ′
𝑖 )

=⇒ 𝑣𝜋 (𝑖∗ ) (𝑋 ′
𝑖∗ \ {𝑔}) +

∑︁
𝑖∈[𝑛]\{𝑖∗ }

𝑣𝜋 (𝑖 ) (𝑋 ′
𝑖 )

> 𝑣𝑖∗ (𝑋 ′
𝑖∗ \ {𝑔}) +

∑︁
𝑖∈[𝑛]\{𝑖∗ }

𝑣𝑖 (𝑋 ′
𝑖 ) (1)

=⇒
∑︁
𝑖∈[𝑛]

𝑣𝜋 (𝑖 ) (𝑋𝑖 ) >
∑︁
𝑖∈[𝑛]

𝑣𝑖 (𝑋𝑖 ),

which contradicts the fact that 𝑋 is locally efficient. □

The above proposition immediately gives us a simple algorithm

for maintaining local efficiency online when valuations are additive:

assign each item to an agent that has the highest value for it, thereby

maximizing the social welfare. Observe that if the valuations are

not additive, the implication in (1) is no longer necessarily true.

This raises the natural question of whether local efficiency can

be maintained online for classes beyond additive valuations. We

answer this question either affirmatively or negatively for a variety

of valuation classes. We begin with our positive results.

3.1 LE Can Be Maintained Online
We show that LE can be maintained online for the class of SPLC

valuations, and the class of 𝑘-demand valuations for any 𝑘 (i.e., we

allow 𝑘 to be as large as𝑚). These valuation classes each generalize

the class of additive valuations.

3.1.1 SPLC Valuations. A valuation function 𝑣𝑖 is SPLC (Separable

Piecewise-Linear Concave), if the set of goods can be partitioned

into𝑇 types such that any two items of the same type are identical,

for type 𝑡 ∈ [𝑇 ] there is a set 𝑀𝑡 of goods of that type, and the

agent has a value 𝑣𝑡
𝑖,ℓ

associated with the ℓ th copy of any good

of type 𝑡 . Across different types, the valuation function is addi-

tive. The function is concave, so that 𝑣𝑡
𝑖,1

≥ 𝑣𝑡
𝑖,2

≥ · · · ≥ 𝑣𝑡
𝑖, |𝑀𝑡 | .

Putting this all together, the value for a given bundle 𝑆 is 𝑣𝑖 (𝑆) =∑
𝑡 ∈[𝑇 ]

∑
ℓ∈[ |𝑆∩𝑀𝑡 | ] 𝑣

𝑡
𝑖,ℓ
. These valuations, also called additively

separable concave valuations, have been previously studied in the

context of fair division [e.g. 5, 17, 18].

Theorem 3.2. Envy-freeability can be maintained online for all

instances with SPLC valuations.

Proof. The algorithm formaintaining LE in this case is simple: it

assigns each incoming good to the agent with the highest marginal

value for it. We show that, even for SPLC valuations, this algorithm

finds a social welfare maximizing allocation and is therefore locally

efficient. The social welfare of an allocation 𝑋 = (𝑋1, . . . , 𝑋𝑛) is

𝑆𝑊 (𝑋 ) =
∑︁
𝑖∈[𝑛]

𝑣𝑖 (𝑋𝑖 ) =
∑︁
𝑖∈[𝑛]

∑︁
𝑡 ∈[𝑇 ]

∑︁
ℓ∈[ |𝑆∩𝑀𝑡 | ]

𝑣𝑡𝑖,ℓ

=
∑︁

𝑡 ∈[𝑇 ]

∑︁
𝑖∈[𝑛]

∑︁
ℓ∈[ |𝑆∩𝑀𝑡 | ]

𝑣𝑡𝑖,ℓ

where we swap the order of summation in the last equality. To prove

that our allocation maximizes welfare, it therefore suffices to prove

that for each type 𝑡 ∈ [𝑇 ], it maximizes

∑
𝑖∈[𝑛]

∑
ℓ∈[ |𝑆∩𝑀𝑡 | ] 𝑣

𝑡
𝑖,ℓ
.

Now, fix a type 𝑡 ∈ [𝑇 ]. This type has |𝑀𝑡 | copies in the instance,

so each agent has a set of |𝑀𝑡 | marginal values for different copies

of this good for a total of at most 𝑛 |𝑀𝑡 | possible marginals. These

valuations are concave i.e., each new copy has a decreasingmarginal

value for any agent. Since the algorithm allocates an incoming copy

to an agent with the highest marginal, it chooses the highest |𝑀𝑡 |
marginal values for allocating this good, whichmaximizes the social

welfare amongst possible assignments. □

3.1.2 𝑘-Demand Valuations. A valuation function 𝑣𝑖 belongs to

the class of 𝑘-demand valuations if the value of any bundle 𝑆 is

equal to the sum of the values of the 𝑘 highest-valued items, valued

as singletons, in 𝑆 . That is, every item 𝑗 ∈ [𝑚] has an associated

value 𝑣𝑖 ({ 𝑗}), and the value of a non-empty bundle 𝑆 is 𝑣𝑖 (𝑆) =

max𝑇 ⊆𝑆 : |𝑇 | ≤𝑘
∑

𝑗∈𝑇 𝑣𝑖 ({ 𝑗}). This class notably generalizes unit-

demand valuations (when 𝑘 = 1) and additive valuations (when

𝑘 ≥ 𝑚) and models scenarios where an agent can hold at most 𝑘

items; see [e.g. 15, 20, 50]. Interestingly, unlike the case of additive

or SPLC valuations, for 𝑘-demand valuations it is impossible to

maintain a social-welfare-maximizing allocation online, as shown

in the following example. Consider an instance with unit-demand

valuations, with 𝑛 = 2 agents and𝑚 = 2 items, where agent 1 has

values 0.75 and 1 respectively for the two items, and agent 2 has

values 0.5 and 0.25 respectively for the two items. The welfare-

maximizing allocation for this instance gives the second item to

agent 1 and the first item to agent 2, for a total value of 1.5. However,

in the online setting, when item 1 arrives, it is assigned to agent 1

(since 0.75 > 0.5) to maximize welfare. Nonetheless, we show that

for 𝑘-demand valuations it is possible to maintain local efficiency

(and envy-freeability) in the online setting.

Theorem 3.3. Envy-freeability can be maintained online for all

instances with 𝑘-demand valuations.

Proof. Consider the following algorithm. Each time a good 𝑔

arrives, the algorithm allocates it to the agent 𝑖𝑔 with the highest sin-

gleton value for it, i.e., 𝑖𝑔 ∈ argmax𝑖∈[𝑛] 𝑣𝑖 ({𝑔}). Let the resulting
allocation be 𝑋 = (𝑋1, . . . , 𝑋𝑛). When the agents have 𝑘-demand

valuations, at every step in the execution of the online algorithm,

this allocation ensures that each bundle is assigned to the agent with
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the highest value for this bundle, i.e., 𝑣𝑖 (𝑋𝑖 ) ≥ 𝑣𝑖′ (𝑋𝑖 ) for all 𝑖, 𝑖′ ∈
[𝑛]. To see this, fix any pair of agents 𝑖, 𝑖′ ∈ [𝑛]. By the definition of

𝑘-demand valuations, 𝑣𝑖′ (𝑋𝑖 ) = max𝑇 ⊆𝑋𝑖 : |𝑇 | ≤𝑘
∑

𝑗∈𝑇 𝑣𝑖′ ({ 𝑗}). Let
𝑇★

be a subset of 𝑋𝑖 that achieves this maximum. Then 𝑣𝑖′ (𝑋𝑖 ) =∑
𝑗∈𝑇★ 𝑣𝑖′ ({ 𝑗}), which by our algorithm is at most

∑
𝑗∈𝑇★ 𝑣𝑖 ({ 𝑗}) ≤

𝑣𝑖 (𝑋𝑖 ), where the last inequality follows from the definition of 𝑘-

demand valuations. Thus 𝑣𝑖 (𝑋𝑖 ) ≥ 𝑣𝑖′ (𝑋𝑖 ) for all 𝑖, 𝑖′ ∈ [𝑛], so there
is no reassignment of the 𝑛 fixed bundles that increases the welfare.

Consequently, the algorithm maintains LE. □

3.2 LE Cannot Be Maintained Online
In this section, we show that it is impossible to maintain local effi-

ciency online for budget-additive valuations, even if the budgets

are known in advance, and for submodular and supermodular valu-

ations, even if the marginal values are binary (i.e., in {0, 1}). The
impossibilities for binary submodular and binary supermodular

valuations are particularly surprising, given the large collection of

positive results in fair division for these highly structured valuation

classes [e.g. 8, 10, 11].

3.2.1 Budget-Additive Valuations. Avaluation function 𝑣𝑖 is budget-

additive if it is additive, but capped at an agent-specific budget 𝐵𝑖 .

The value of a non-empty bundle 𝑆 is 𝑣𝑖 (𝑆) = min{∑𝑗∈𝑆 𝑣𝑖 ({ 𝑗}), 𝐵𝑖 }.
Budget-additive valuations have been widely studied in auctions

and fair division [e.g. 14, 25, 42].

Theorem 3.4. No online algorithm can maintain envy-freeability

in instances with budget-additive valuations, even if the budgets are

known in advance.

Proof. Consider an instance with two agents where agent 1’s

budget is 1 − 𝜖 , and agent 2’s budget is 1. Suppose an item arrives

online with value 1 − 𝜖 for agent 1 and value 1 − 2𝜖 for agent 2.

Any online algorithm that maintains LE assigns this item to agent 1.

Next, suppose a second item arrives online with value 1−𝜖 for agent
1 and value 1/2 for agent 2. If this item is assigned to agent 1, the

resulting social welfare is 1−𝜖 , but swapping the two bundles results
in an increase in the social welfare to 1. Similarly, if the second

item is instead assigned to agent 2, the resulting social welfare is

3/2 − 𝜖 , but swapping the two bundles results in a social welfare of

2 − 3𝜖 , which is an increase for sufficiently small 𝜖 > 0. □

3.2.2 Binary Submodular Valuations. Next, we show that local ef-

ficiency cannot be maintained online for the class of submodular

valuations. This result holds even in the special case where the mar-

ginal value of an item is either 0 or 1, i.e., submodular valuations

with binary marginals, and therefore extends to matroid-rank valu-

ations and gross-substitutes valuations [40]. It is well-known that

the class of submodular valuations with binary marginals exactly

coincides with the class of matroid-rank valuations.

A valuation function 𝑣𝑖 is matroid rank if there is an underlying

finite matroid M𝑖 = ( [𝑚],I𝑖 ) such that the value of a bundle

𝑆 ⊆ [𝑚] is equal to the rank of that bundle in M𝑖 , i.e., the size

of the largest independent subset of 𝑆 . In the following proof, we

will use the fact that matroids are closed under restriction, i.e., if

an online instance with a given profile of matroid-rank valuations

terminates early, then the resulting partial instance is a feasible

instance for the class of matroid-rank valuations.

Theorem 3.5. No online algorithm can maintain envy-freeability

in instances with binary submodular valuations.

Proof. For a given online algorithm, we will adversarially con-

struct an instance with matroid-rank valuations for which this

algorithm cannot maintain local efficiency online. The instance has

two agents, labeled 1 and 2, and up to four items, labeled 𝑎, 𝑏, 𝑐 and

𝑑 , that arrive in order. Suppose both agents have a value of 1 for

each of the items 𝑎 and 𝑏 and value 2 for the bundle {𝑎, 𝑏}. Without

loss of generality, suppose the algorithm assigns item 𝑎 to agent 1.

When item 𝑏 arrives, we have the following cases.

Case 1: The algorithm assigns item 𝑏 to agent 2. Suppose item

𝑐 arrives next, and agent 1’s underlying matroid has the bases

{{𝑎, 𝑏}, {𝑏, 𝑐}}, and agent 2’s matroid has the bases {{𝑎, 𝑏}, {𝑎, 𝑐}}
(this choice is consistent with the valuations of 𝑎 and 𝑏). If item

𝑐 is assigned to agent 1, then the social welfare of the resulting

allocation is 2. However, swapping the bundles increases the social

welfare to 3. Similarly, if item 𝑐 is assigned to agent 2, then swapping

the bundles increases the social welfare from 2 to 3. Consequently,

the online algorithm fails to maintain local efficiency.

Case 2: The algorithm assigns item 𝑏 to agent 1.We will now require

item 𝑑 to complete the argument. Suppose agent 1’s underlying ma-

troid consists of the bases {{𝑎, 𝑏}, {𝑎, 𝑐}, {𝑎, 𝑑}, {𝑏, 𝑐}, {𝑏, 𝑑}, {𝑐, 𝑑}},
and agent 2’s underlying matroid has the bases {{𝑎, 𝑏, 𝑐}, {𝑎, 𝑏, 𝑑}}
(these choices are consistent with valuations of 𝑎 and 𝑏). We have

two cases, corresponding to the possible assignments of item 𝑐 .

Case 2a: The algorithm assigns item 𝑐 to agent 1. If item 𝑐 is assigned

to agent 1, then the social welfare of the resulting allocation is

2. However, swapping the bundles increases the social welfare to

3, so the online algorithm fails to maintain local efficiency in the

restricted instance.

Case 2b: The algorithm assigns item 𝑐 to agent 2. Suppose item 𝑐

is assigned to agent 2. Then, when item 𝑑 appears, it is assigned

to either agent 1 or agent 2. If 𝑑 is assigned to agent 1, then the

social welfare of the resulting allocation is 3. However, swapping

the bundles increases the social welfare to 4, so the online algo-

rithm fails to maintain local efficiency. For the other case, suppose

𝑑 is assigned to agent 2, then the social welfare of the resulting

allocation is again 3. However, swapping the bundles once again

increases the social welfare to 4, so the online algorithm fails to

maintain local efficiency in all cases. □

3.2.3 Binary Supermodular Valuations. We present a similar result

for binary supermodular valuations. The argument has a more

complicated case analysis that also requires the use of a fifth item

𝑒 . Due to length restrictions, the proof of this result is deferred to

the full version [36].

Theorem 3.6. No online algorithm can maintain envy-freeability

in instances with binary supermodular valuations.

We remark that it is much easier to construct small counterex-

amples for the classes of submodular and supermodular valuations

if the assumption of binary marginal values is dropped.

4 (MOSTLY) TIGHT SUBSIDY BOUNDS
In the previous section, our goal was to delineate the valuation

classes for which it is possible to maintain local efficiency online.
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For this section, our objective is to maintain local efficiency while

additionally bounding the total subsidy sufficient for envy-freeness

in the resulting allocation. We investigate a variety of valuation

classes in order to determine tight upper bounds and lower bounds

on the subsidy for these classes.

As a consequence of Lemma 2.5 the upper bound of𝑚(𝑛−1) holds
for all valuation functions that we consider in this section. First, in

Section 4.1, we show that for additive valuations (and therefore its

superclasses, including SPLC valuations and 𝑘-demand valuations

for unrestricted 𝑘), this is the best subsidy bound that any online

algorithm can achieve. Next, in Section 4.2 we investigate structured

classes of valuations and show that this subsidy bound improves. In

particular, we show that a small subsidy, independent of the number

of items𝑚, is possible for these classes. Most of our subsidy bounds

in this section are exactly tight even up to coefficients. The proofs

of some of our theorems are omitted from this version and appear

in the full version [36].

4.1 Large Subsidy Bounds
In this section, we consider the case of additive and, more generally,

SPLC valuations, as discussed in Section 3.1.1.

Theorem 4.1. There exists an online algorithm that achieves envy-

freeness with a total subsidy of at most𝑚(𝑛− 1) for all instances with
SPLC valuations, which in particular include all additive valuation

instances. Moreover, for any 𝜖 > 0 and any online algorithm, there

exists an additive instance for which achieving envy-freeness requires

a total subsidy of at least𝑚(𝑛 − 1) − 𝜖 .

4.2 Small Subsidy Bounds
In this section, we consider five well-studied valuation classes for

which we establish small subsidy bounds. These upper and lower

bounds are exactly tight, except for the case of 𝑘-valued valuations.

4.2.1 𝑘-Demand Valuations. We begin by analyzing the case of

𝑘-demand valuations, as discussed in Section 3.1.2.

Theorem 4.2. There exists an online algorithm that achieves envy-

freeness with a total subsidy of at most 𝑘 (𝑛 − 1) for all instances
with 𝑘-demand valuations. Moreover, for any 𝜖 > 0 and any online

algorithm, there exists a 𝑘-demand instance for which achieving envy-

freeness requires a total subsidy of at least 𝑘 (𝑛 − 1) − 𝜖 .

Our proof of the upper bound employs an algorithm that assigns

each item to the agent that values it the most. Notably, this allo-

cation rule does not necessarily maximize welfare for this class of

valuations, yet we show it preserves local efficiency.

4.2.2 Personalized 𝑘-Valued Valuations. A valuation function 𝑣𝑖
is 𝑘-valued if there exist 𝑎1, . . . , 𝑎𝑘 such that 𝑣𝑖 is additive and

𝑣𝑖 ({𝑔}) ∈ {𝑎1, . . . , 𝑎𝑘 } [e.g. 26]. An important special case is the

bivalued case, corresponding to 𝑘 = 2 [e.g. 4]. Our results apply to

the setting of personalized 𝑘-valued valuations, where the set of

values {𝑎1, . . . , 𝑎𝑘 } may differ across agents.

Theorem 4.3. There exists an online algorithm that achieves envy-

freeness with a total subsidy of at most 𝑛2𝑘𝑛 for all instances with

personalized 𝑘-valued valuations.

Proof. In personalized 𝑘-valued valuations, each good can take

at most 𝑘 different values for each agent. Therefore, if we represent

each good as an 𝑛-dimensional vector where the 𝑖𝑡ℎ coordinate

denotes the value that agent 𝑖 assigns to the good, the set of all

possible goods can be represented by at most 𝑘𝑛 distinct vectors.

We refer to each of these vectors as a type.

The algorithm maps every good to its corresponding type. The

first good of a type is allocated to the agent who values it the most,

the second to the agent who values it second-highest, and so on in

a round-robin fashion, breaking ties arbitrarily.

We first show that the resulting allocation is locally efficient. Sup-

pose, for a contradiction, that the envy graph has a positive-weight

directed cycle (corresponding to a violation of local efficiency).

Then, since the allocation can be additively decomposed into 𝑘𝑛

separate allocations, one corresponding to each type, there exists an

item type such that the allocation of the items of that type violates

local efficiency. However, within each type, the items are assigned

in non-increasing order of agent values, thus any agent that has a

greater value for some item type receives a (weakly) larger number

of items of that type, so by the rearrangement inequality [49] the

allocation within each type is locally efficient.

It remains to bound the subsidy for the above algorithm. For

any given type, the envy between any two agents is bounded by

the value of a single good. Consequently, the total envy between

any two agents across all types is bounded by the total number of

types, i.e., 𝑘𝑛 . Thus the weight of the heaviest path starting at any

vertex is at most (𝑛 − 1)𝑘𝑛 , and by Lemma 2.5, the total subsidy is

bounded by 𝑛2𝑘𝑛 . □

4.2.3 Rank-One Valuations. An instance with valuation functions

𝑣1, . . . , 𝑣𝑛 is rank-one if 𝑣𝑖 (𝑋 ) = ∑
𝑗∈𝑋 𝑤𝑖 ·𝑞 𝑗 for some agent weights

𝑤1, . . . ,𝑤𝑛 ∈ [0, 1] and base values 𝑞1, . . . , 𝑞𝑚 ∈ [0, 1]. An impor-

tant motivation for rank-one valuations arises in the sponsored

search model, where agents correspond to advertisers and items to

ad slots. Here, an advertiser’s value for a slot is the product of their

value per click and the slot’s click-through rate [39].

Theorem 4.4. There exists an online algorithm that achieves envy-

freeness with a total subsidy of at most 𝑛(𝑛 + 1)/2− 1 for all instances

with rank-one valuations. Moreover, for any 𝜖 > 0 and any online

algorithm, there exists a rank-one instance for which achieving envy-

freeness requires a total subsidy of at least 𝑛(𝑛 + 1)/2 − 1 − 𝜖 .

Proof. Throughout the proof, we denote 𝑞(𝑆) = ∑
𝑔∈𝑆 𝑞𝑔 .

Upper bound. Let 𝑋 denote the current allocation and 𝑔 be the

arriving item. The algorithm maintains the invariant 𝑞(𝑋1) ≥
𝑞(𝑋2) ≥ . . . ≥ 𝑞(𝑋𝑛), which implies local efficiency by the re-

arrangement inequality [49]. The allocation rule for each arriving

item 𝑔 is defined as follows. If there exists an agent 𝑖 ∈ [𝑛 − 1] such
that 𝑞(𝑋𝑖 ) ≥ 𝑞(𝑋𝑖+1) + 1, then the algorithm allocates 𝑔 to agent

𝑖 + 1. If no such agent exists, the algorithm allocates 𝑔 to agent 1.

We first observe that, by construction, at any point in the exe-

cution of the algorithm there can be at most one index 𝑖 such that

𝑞(𝑋𝑖 ) ≥ 𝑞(𝑋𝑖+1) + 1. Moreover, for agent 𝑖 , 𝑞(𝑋𝑖 ) ≤ 𝑞(𝑋𝑖+1) + 2.

By the characterization of the minimum subsidy (Lemma 2.5),

the subsidy required to make the allocation envy-free is equal to

the weight of the heaviest path starting at 𝑖 in the envy graph.
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Figure 1: Illustration of the lower bound construction for
rank-one valuations in the proof of Theorem 4.4. Each blue
bar represents an item, with its length proportional to the
item’s base value and the label inside indicating its arrival
order. The allocation shown is the subsidy-minimizing one
that maintains envy-freeability at every step. The red bar
lengths are proportional to each agent’s envy toward agent 1.

The weight of a path 𝑖1 → 𝑖2 → · · · → 𝑖𝑘 is given by

∑𝑘−1
𝑟=1 𝑤𝑟 ·

(𝑞(𝑋𝑟+1) − 𝑞(𝑋𝑟 )).
We now argue that, without loss of generality, the heaviest path

can be assumed to have the form 𝑖 → 𝑖 − 1 → · · · → 1. Indeed,

consider any arc 𝑖 → 𝑗 with 𝑖 > 𝑗 . This edge can be replaced

by the path 𝑖 → 𝑖 − 1 → · · · → 𝑗 + 1 → 𝑗 , whose weight is∑𝑖
𝑟=𝑗+1𝑤𝑟 · (𝑞(𝑋𝑟−1) − 𝑞(𝑋𝑟 )) ≥

∑𝑖
𝑟=𝑗+1𝑤𝑖 · (𝑞(𝑋𝑟−1) − 𝑞(𝑋𝑟 )) =

𝑤𝑖 · (𝑞(𝑋𝑖 )−𝑞(𝑋 𝑗 )). Thus, this replacement cannot decrease the path

weight. Furthermore, since the envy graph contains no positive-

weight cycle by Lemma 2.5, the heaviest path is simple. Combined

with the invariant 𝑞(𝑋1) ≥ 𝑞(𝑋2) ≥ · · · ≥ 𝑞(𝑋𝑛), this implies that

the heaviest path indeed has the structure 𝑖 → 𝑖 − 1 → · · · → 1.

For such a path, the subsidy required for agent 𝑖 is at most∑𝑖
𝑟=2𝑤𝑟 · (𝑞(𝑋𝑟−1) − 𝑞(𝑋𝑟 )) ≤

∑𝑖
𝑟=2 (𝑞(𝑋𝑟−1) − 𝑞(𝑋𝑟 )) = 𝑞(𝑋1) −

𝑞(𝑋𝑖 ) ≤ 𝑖 where the final inequality follows from the observation

above. Thus each agent 𝑖 with 2 ≤ 𝑖 ≤ 𝑛 receives a subsidy of atmost

𝑖 , and the total subsidy is bounded by 2+ 3+ . . .+𝑛 = 𝑛(𝑛 + 1)/2− 1.

Lower bound. Fix any online algorithm for the class of rank-one

valuations. Consider the following rank-one instance with 𝑛 agents

and𝑚 = 𝑛(𝑛+1)/2 goods. The agents have parameters𝑤𝑖 = 1− 𝑖 ·𝜖
for 𝑖 ∈ [𝑛], and the goods have parameters 𝑞 𝑗 = 1 − 𝜖 + 2

𝑗−𝑛 · 𝜖 for
𝑗 ∈ [𝑚], where 0 < 𝜖 < 1/𝑛.

We first claim that for any 𝑖 ∈ [𝑛 − 1], throughout the execution
of the algorithm, either both agents 𝑖 and 𝑖+1 are assigned no goods,
or agent 𝑖 is assigned strictly more goods than agent 𝑖 + 1. It is easy

to see that agent 𝑖 + 1 can never receive strictly more goods than

agent 𝑖 , because𝑤𝑖+1 < 𝑤𝑖 , and swapping their bundles in such a

situation strictly increases welfare, contradicting local efficiency.

Suppose that at some point agent 𝑖 + 1 is assigned an item 𝑗 , and

at that moment both agents 𝑖 and 𝑖 + 1 have exactly 𝑘 goods. Let

𝑋𝑖 and 𝑋𝑖+1 be their respective bundles at that time. Then we have∑
𝑗∈𝑋𝑖

𝑞 𝑗 ≤ 𝑘 · (1− 𝜖) +∑
𝑗 ′< 𝑗 2

𝑗 ′−𝑛 · 𝜖 < 𝑘 · (1− 𝜖) + 2
𝑗−𝑛 · 𝜖 , and∑

𝑗∈𝑋𝑖+1 𝑞 𝑗 ≥ 𝑘 · (1 − 𝜖) + 2
𝑗−𝑛 · 𝜖 . Hence, swapping the bundles

of agents 𝑖 and 𝑖 + 1 increases the social welfare, violating local

efficiency. This proves the claim.

We show that, following from the claim, agent 1 is assigned at

least 𝑛 goods. Suppose for a contradiction that agent 1 receives

at most 𝑛 − 1 goods. Then, by induction, agent 𝑖 receives at most

max(𝑛 − 𝑖, 0) goods for every 𝑖 . This implies that the algorithm

Phase P1 P2 P3 P4
Item 1 2 3 4 5 6 7 8 9 10

Agent 1 1 1 1 1 1 1 1 1 1 1

Agent 2 1 1 1 1 1 1 1 1 1 1

Agent 3 1 1 1 1 1 1 1 1 1 0

Agent 4 1 1 1 1 1 1 1 0 0 0

Agent 5 1 1 1 1 1 1 0 0 0 0

Table 2: Illustration of the lower bound construction for bi-
nary additive valuations in the proof of Theorem 4.5. Red
entries represent agent–item pairs with value 0, green entries
represent pairs with value 1, and circled entries represent
the allocation made by the online algorithm.

allocates at most 𝑛(𝑛 − 1)/2 < 𝑚 goods, a contradiction. Therefore,

agent 1 receives at least 𝑛 goods.

Furthermore, we can inductively argue that each agent 𝑖 receives

at most 𝑛 − 𝑖 + 1 goods. Thus agent 𝑖’s envy towards agent 1 is at

least 𝑤𝑖 · (𝑖 − 1 − 𝑛 · 𝜖) ≥ (1 − 𝑛 · 𝜖) · (𝑖 − 1 − 𝑛 · 𝜖) ≥ 𝑖 − 2𝑛 · 𝜖 .
Consequently, the total subsidy is at least 2 + . . . + 𝑛 − 2𝑛2 · 𝜖 . □

4.2.4 Restricted Additive Valuations. An instance with valuations

𝑣1, . . . , 𝑣𝑛 is restricted additive if there are some 𝑢1, . . . , 𝑢𝑚 ≥ 0

such that for all 𝑖 ∈ [𝑛], 𝑣𝑖 is additive and 𝑣𝑖 ({𝑔}) ∈ {0, 𝑢𝑔} for
𝑔 ∈ [𝑚]. Restricted additive valuations capture scenarios where

all agents agree on the relative value of items (represented by 𝑢𝑔),

but each agent is only interested in a subset of them; see [e.g. 1].

An important special case of restricted additive valuations is the

binary additive case, where 𝑢𝑔 = 1 for all 𝑔; see [e.g. 29].

Theorem 4.5. There exists an online algorithm that achieves envy-

freeness with a total subsidy of at most 𝑛(𝑛 − 1)/2 for all instances
with restricted additive valuations. Moreover, for any online algorithm,

there exists an instance with binary additive valuations for which

achieving envy-freeness requires a total subsidy of at least 𝑛(𝑛− 1)/2.

Proof. Upper bound. Consider the following greedy algorithm.

Let (𝑋1, . . . , 𝑋𝑛) denote the current allocation and𝑔 be the incoming

item. The algorithm assigns 𝑔 to the agent whose current bundle

has the smallest total value among agents who value 𝑔 positively,

that is, to agent 𝑖 ∈ argmin𝑎:𝑣𝑎 (𝑔)>0 𝑣𝑎 (𝑋𝑎). Because each item is

allocated to an agent who values it positively and no other agent

values it higher, the resulting allocation maximizes welfare.

Let 𝑋 = (𝑋1, . . . , 𝑋𝑛) be the final allocation. Without loss of

generality, we can relabel the agents so that their final bundle values

are in nonincreasing order: 𝑣1 (𝑋1) ≥ 𝑣2 (𝑋2) ≥ · · · ≥ 𝑣𝑛 (𝑋𝑛).
We first show that for any pair of agents 𝑖 < 𝑗 , agent 𝑖 does

not envy agent 𝑗 . Since agent 𝑗 only receives items that they value

positively, we have 𝑣 𝑗 (𝑋 𝑗 ) ≥ 𝑣𝑖 (𝑋 𝑗 ). Together with our ordering

assumption 𝑣𝑖 (𝑋𝑖 ) ≥ 𝑣 𝑗 (𝑋 𝑗 ), it follows that 𝑖 does not envy 𝑗 .

Next, consider any pair 𝑗 < 𝑖 . We show that agent 𝑖 envies

agent 𝑗 by at most 1. Let 𝑔 be the last item assigned to 𝑗 that 𝑖

values positively, and let 𝑌 denote the partial allocation just before

𝑔 arrives. At that time, the algorithm chose to give 𝑔 to 𝑗 rather than

to 𝑖 , so by definition of the greedy rule, 𝑣𝑖 (𝑌𝑖 ) ≥ 𝑣 𝑗 (𝑌𝑗 ). Because
agent 𝑗 values all items in 𝑋 𝑗 positively, we also have 𝑣 𝑗 (𝑌𝑗 ) ≥

Research Paper Track  AAMAS 2026, May 25–29, 2026, Paphos, Cyprus

354



𝑣𝑖 (𝑌𝑗 ). Combining these inequalities gives 𝑣𝑖 (𝑌𝑖 ) ≥ 𝑣𝑖 (𝑌𝑗 ). When

𝑔 is added to 𝑗 ’s bundle, agent 𝑖’s value for 𝑔 increases 𝑣𝑖 (𝑌𝑗 ) by
𝑣𝑖 ({𝑔}) ≤ 1, hence 𝑣𝑖 (𝑋𝑖 ) ≥ 𝑣𝑖 (𝑌𝑖 ) ≥ 𝑣𝑖 (𝑌𝑗 )+𝑣𝑖 ({𝑔})−1 = 𝑣𝑖 (𝑋 𝑗 )−
1. Therefore, agent 𝑖’s envy toward agent 𝑗 is at most 1.

By the characterization of minimum subsidies (Lemma 2.5), the

subsidy required for agent 𝑖 is at most 𝑖−1. Summing over all agents

gives a total subsidy of 1 + 2 + · · · + (𝑛 − 1) = 𝑛(𝑛 − 1)/2.
Lower bound. Fix an online algorithm for the class of restricted

additive valuations. We adversarially construct an instance with

binary additive valuations where this algorithm either requires at

least Ω(𝑛2) subsidy or violates envy-freeness. The adversary con-

structs the instance adaptively, based on the algorithm’s decisions,

over a sequence of 𝑛 − 1 phases.

Throughout the execution, the adversary maintains a set of elim-

inated agents and eliminates a new agent at the end of each phase.

The agent eliminated at the end of phase 𝑝 is denoted by 𝑒𝑝 .

At the beginning of phase 𝑝 , for 1 ≤ 𝑝 ≤ 𝑛 − 1, define 𝐶𝑝 =

argmin𝑖∈[𝑛]\{𝑒1,...,𝑒𝑝−1 } 𝑣𝑖 (𝑋𝑖 ), i.e., 𝐶𝑝 is the set of non-eliminated

agents with minimum value. We let 𝐶𝑝 be the set of candidates for

elimination. The adversary begins adding identical items, each of

value 1 for the non-eliminated agents in [𝑛] \ {𝑒1, . . . , 𝑒𝑝−1} and
value 0 for the eliminated agents in {𝑒1, . . . , 𝑒𝑝−1}. The adversary
continues adding such items until one of the following occurs:

(1) the algorithm assigns an item to an eliminated agent,

(2) 𝑛3 items have been added during phase 𝑝 , or

(3) all but exactly one candidate agent in𝐶𝑝 have been assigned

an item during phase 𝑝 .

At the end of phase 𝑝 , the adversary selects a candidate agent

𝑒𝑝 ∈ 𝐶𝑝 who received no item during phase 𝑝 to be eliminated.

Case 1. The adversary terminates because an item is assigned to

an eliminated agent.We show that in this case the algorithm violates

local efficiency. Suppose the algorithm assigns an item to agent 𝑒𝑞
with 𝑞 < 𝑝 during phase 𝑝 . Let𝑋 be the final allocation. Since every

item except the last one was assigned to a non-eliminated agent at

the time it arrived, the social welfare of 𝑋 is 𝑆𝑊 (𝑋 ) =𝑚 − 1.

Pick a candidate 𝑒𝑝 that received no item in this phase. Consider

an allocation 𝑋 ′
obtained from 𝑋 by reassigning 𝑋 ′

𝑒𝑝
= 𝑋𝑒𝑞 and

𝑋 ′
𝑒𝑝− 𝑗−1 = 𝑋𝑒𝑝− 𝑗

for 0 ≤ 𝑗 < 𝑝 − 𝑞. Note that agent 𝑒𝑝 values every

item in 𝑋𝑒𝑞 at 1, since 𝑒𝑝 was still active at the beginning of phase

𝑝 . Similarly, for any 0 ≤ 𝑗 < 𝑝 − 𝑞, agent 𝑒𝑝− 𝑗−1 values all items in

𝑋𝑒𝑝− 𝑗
at 1, because 𝑒𝑝− 𝑗 received no items during phase 𝑝 − 𝑗 by

the choice of elimination. Thus, 𝑆𝑊 (𝑋 ′) = 𝑚, implying that 𝑋 is

not locally efficient, and hence not envy-freeable.

Case 2. The adversary terminates after 𝑛3 items have arrived. We

show that the algorithm uses a subsidy of Ω(𝑛2). By construction of
valuations and the definition of𝐶𝑝 , at the beginning of phase 𝑝 , each

𝑖 ∈ 𝐶𝑝 weakly envies all other non-eliminated agents. Since𝑛3 items

arrive, there exists some non-eliminated agent 𝑗 ∉ {𝑒1, . . . , 𝑒𝑝−1}
who receives at least 𝑛2 items during phase 𝑝 , and some candidate

agent 𝑖 ∈ 𝐶𝑝 who receives no item during that phase (otherwise

we would be in case (3)).

Therefore, in the final allocation𝑋 , we have 𝑣𝑖 (𝑋𝑖 )+𝑛2 ≤ 𝑣𝑖 (𝑋 𝑗 ),
implying that envy-freeness requires a subsidy of at least 𝑛2.

Case 3. The adversary proceeds to the next phase. We show that

at the end of phase 𝑛 − 1, the algorithm still requires a total subsidy

of at least Ω(𝑛2). By construction, for every 1 ≤ 𝑝 ≤ 𝑛 − 2, the

agent 𝑒𝑝 eliminated in phase 𝑝 envies the agent 𝑒𝑝+1 eliminated in

the next phase by at least 1. By the characterization of minimum

subsidy (Lemma 2.5), this implies that the total subsidy is at least

1 + 2 + . . . + (𝑛 − 1) = 𝑛(𝑛 − 1)/2. □

4.2.5 Identical Monotone Valuations. An instance with valuations

𝑣1, . . . , 𝑣𝑛 is identical monotone if, for all 𝑖, 𝑗 ∈ [𝑛], 𝑣𝑖 (𝑆) = 𝑣 𝑗 (𝑆) for
every bundle 𝑆 . This class is quite general, imposing only mono-

tonicity and normalization on the valuation, but it assumes that all

agents have identical preferences; see [e.g. 43].

Theorem 4.6. There exists an online algorithm that achieves envy-

freeness with a total subsidy of at most 𝑛 − 1 for all instances with

identical monotone valuations. Moreover, for any online algorithm,

there exists an instance with identical monotone valuations for which

achieving envy-freeness requires a total subsidy of at least 𝑛 − 1.

The proof of the upper bound builds on a construction of an EF1

allocation for identical monotone valuations.

5 DISCUSSION
Comparison with Envy Minimization. We note that the envy mini-

mization problem without the local efficiency requirement has been

studied extensively (see [e.g. 2, 30]), and seems to have connections

to subsidy minimization (i.e., Lemma 2.5). Benadè, Kazachkov, Pro-

caccia, Psomas, and Zeng [12] obtain an envy bound against an

adaptive adversary of 𝑂 (
√︁
𝑚/𝑛) for additive valuations over suffi-

ciently many items, and show that this bound is essentially optimal.

Lemma 2.5 seems to suggest that a bound on envy should imply

a bound on subsidy, however, this holds only when the algorithm

also maintains local efficiency at every step. This latter requirement

poses the main challenge in online subsidy minimization.

Online Fair Division of Chores. We remark that most of our results

extend to the fair division of chores, for which the valuation func-

tions are non-increasing, and for which local efficiency continues

to characterize envy-freeability. The subsidy, however, is measured

differently: agents assigned extra chores receive greater payments.

Consequently, while some of our subsidy bounds change with re-

spect to their dependence on 𝑛, the boundaries we established for

our two central questions remain unchanged.

Open Problems. Our work creates some compelling directions for

future research. Can the results we obtain for Questions 1 and 2 be

extended to any other interesting valuation classes? Another prob-

lem we leave open is determining the tight bound on the minimum

subsidy for 𝑘-valued instances.
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