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ABSTRACT 1 INTRODUCTION
We introduce a novel framework for sensor grouping using Learn- Binary sensors are a particular category of sensors that measure the
ing Automata, drawing inspiration from the Ising model in statisti- state of a system with a binary output representing simple states,
cal physics. By representing binary sensor actions as atomic spins, such as on/off, open/close, or active/inactive [15]. These sensors
we propose to model the problem as a common Ising-type separa- are often seen as cost-effective solutions with minimal privacy con-
tion game with interpretable utility functions that promote align- cerns, albeit with a binary level of abstraction over measurable
ment or anti-alignment based on sensor reliability. In particular, events [5, 21]. For instance, pyroelectric infrared (PIR) sensors are
our study presents four reward realizations of this game scenario: passive sensors that can be used for location tracking and human
ferromagnetic, anti-ferromagnetic, local ferromagnetic, and local activity recognition [10], and for independent living support [21],
anti-ferromagnetic. We rigorously establish that each realization with a versatile installation in environments (e.g., ground or ceiling)
constitutes a potential game aligned with the same separation po- [10, 18]. Other categories of binary sensors can be installed on home
tential, ensuring that individual sensor incentives contribute to the appliances and furniture to locate specific movements or actions [7].
same overarching separation objective. We also establish that, under Data provided by such an array of sensors can be used as biomark-
standard small-step Learning Automata updates, the induced learn- ers of dementia, with an F-score of up to 91.60% using ensemble
ing dynamics converge (in the stochastic-approximation sense) to boosted trees [1]. However, depending on the application, some
pure-strategy Nash equilibria of the corresponding potential game, sensors require redundant installation to overlap sensing areas [18]
which are local maximizers of the separation potential. Under the or minimize false positive rates [6]. In some critical contexts, such
standard two-type reliability model (with p; # %) these equilibria as real-time elderly assistance, false positives or negatives could
coincide with the global maximizers and provide perfect separation lead to an incorrect interpretation of their conditions, resulting in
of fair and unfair sensors (up to a global label flip). Our proposed improper care actions [6]. For such critical scenarios, Kodeswaran et
methods do not require ground truth or local stationarity assump- al. proposed a system in which daily living activities are monitored
tions about the processes measured by the sensors. By construction, with a large number of heterogeneous sensors (n = 14-100) for the
our algorithm uses only current observations and requires minimal main activities, with a failure-detection algorithm to minimize main-
state memory in each sensor, making it suitable for near-real-time tenance overhead [9]. In this paper, we focus on the identification
applications. This work also paves the way for future research in of unreliable sensors, i.e., sensors whose measurements have a low
multi-agent coordination leveraging physics principles under noisy probability of corresponding to the inherent process they observe.
feedback conditions, while providing an interpretable framework. Sensor fault detection is often based on an expert-provided set of
rules [12], pre-trained Markov chain models [14], or anomaly de-

KEYWORDS tection in redundant networks. Kodeswaran et al. used the sensor’s

periodicity to flag abnormalities if it differs considerably from the
periodicity of the underlying measurement process [9]. In several
scenarios, the ground truth may not be known [12] or obtaining reli-
able training data is an “obstacle” [21]. In such situations, clustering
approaches in networks are often scalable, data-driven alternatives
[21], and, by extension, game-theoretic sensor fusion techniques
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The Ising model is a thermodynamic model for ferromagnetic ma-
terials that properly describes macroscopic magnetization using
localized, atom-level changes [13, 17]. In this model, the studied
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is a reward function [11] while providing an interpretable frame-
work [4]. These methods require estimating probabilities using
graph properties [11] or known distributions [4].

In this paper, we propose a framework based on principles from
the Ising model to address reliability-based sensor grouping chal-
lenges in networks without a ground truth reference, where each
sensor is modeled as an independent agent. Our framework also
avoids assumptions about latent processes, such as local station-
arity. This relaxed premise relies on a Learning Automata process
where only current samples of sensor agreements are used rather
than directly estimating probabilities. Our framework provides four
reward realizations with theoretical guarantees to identify reliable
versus unreliable sensors: (1) a ferromagnetic realization that re-
wards global consistency between group labels and measurements,
(2) a signed anti-ferromagnetic-inspired realization whose micro-
scopic interaction uses +1 votes within the current group, while still
inducing the same separation incentives in expectation, (3) a local
ferromagnetic realization based on signed votes within the current
action group, and (4) a local anti-ferromagnetic realization based
on signed votes against the current opposite group. Here, “local”
refers to comparisons conditioned on the current action partition
rather than to a fixed communication graph. We prove that each re-
alization constitutes a potential game, allowing for a decentralized
and scalable method to identify unreliable sensors with reduced
computational overhead.

2 DEFINITIONS AND NOTATION

We consider a network of N sensors indexed by i € {1,...,N}. At
each discrete time t, there is an unknown binary true state y(t) €
{+1, -1} (no ground truth access is assumed). Sensor i produces a
binary measurement x;(t) € {+1, —1} and independently chooses a
binary group label (action) s;(t) € {+1, —1} used only for grouping.
The sensor actions are abstractions of the spin of an atom in the

Ising model [8].

Binary symmetric reliability channel (time-wise i.i.d.). Fix un-
known parameters {p;}¥, with p; € (0,1). For each sensor i and
time ¢, let n;(t) € {+1,—1} be a noise bit such that

P(n;(t) = +1) = p;, P(ni(t) ==1) =1-p;.

Assume {n;(t)};; are independent across sensors i and time ¢,
and independent of the (possibly nonstationary) true state process
{y(t)}. Measurements are generated as

xi(t) = y(t)ni(t).
Then p; = P(x;(t) = y(t)). We classify sensors as fair if p; > % and
unfair if p; < % (classification not used by the algorithm).

Conditional independence and (no) stationarity requirements. Con-
ditional on y(t), the measurements {xi(t)}fi , are independent
across sensors since {;(t)} are sequentially independent. We do not
impose stationarity on {y(#)}: under the binary symmetric channel
above, pairwise agreement/disagreement events I[x; (¢) = x;(¢)] de-
pend only on (#;(t), n;(t)) and therefore have time-homogeneous
distributions (see Lemma 1).

Profiles. We denote s(t) = (s1(t),...,sn(t)) € {-1,+1}" and
x(t) = (x1(t), ..., xn (1)) € {-1,+1}V.
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Agreement probability and coupling. For i # j, define the (time-
homogeneous) measurement agreement probability

W,‘j £ P(Xi(t) =Xj(t)).
(For completeness we set w;; = 1.) Define the Ising-style coupling
Jij £ 2w — 1€ [-1,1],

so that J;; > 0 for same-type pairs (both fair or both unfair) and
Jij < 0 for different-type pairs.

LEMMA 1 (TIME-HOMOGENEOUS AGREEMENT AND FACTORIZED
COUPLING). Under the binary symmetric reliability channel, for any
i # j and any time t, wi; = pip; + (1 — p;)(1 = p;), and J;; =
2w;j —1 = (2p; —1)(2p; — 1). In particular, w;; and J;; do not depend
on the distribution of y(t).

Proor. Fori # j, x;(t) = y(t)n;(t) and x;(t) = y(t)n;(t), hence
x;(t) = x;(t) iff n;(t) = n;(t). By independence of n;(t) and n;(t),

wij = P(ni(t) =n;(t) = pip; + (1 = p:i)(1 - pj).

Then J;; = 2w;j — 1 = (2p; — 1)(2p; — 1) by direct expansion. O

Action probabilities. Each sensor i maintains a Bernoulli action
distribution P,‘(t) = (pi,+1(t),pi’_1(t)) with pi’+1(t) + pi,—l(t) =1
and p;—1 () =1 = pi1(2).

3 ISING MODEL

The (pairwise) Ising model is a probabilistic model for binary spins
on a graph [17]. Let G = (V, E) be an undirected graph with V =
{1,..., N}, and associate to each node i € V a spin variable s; €
{-1,+1}. A spin configuration is denoted by s = (s1,...,sN) €
{-1,+1}V.

Hamiltonian (energy) and parameters. Given symmetric couplings
{Jij}(i.j)eE and (optional) external fields {h; };cv, the standard Ising
Hamiltonian is

H(s) £ — Z Jijsisj — Zhisi.

(i,j)€E ieV

Under this sign convention, J;; > 0 encourages alignment (s; = s;)
on edge (i, j) (ferromagnetic interaction), whereas J;; < 0 encour-
ages anti-alignment (s; = —s;) (anti-ferromagnetic interaction).

Temperature and Gibbs distribution. For inverse temperature f >
0, the Gibbs distribution on configurations is
Pg(s) =

—_ep(—pH(s)),  Z(E Y exp(-pH(s))

Z(p) se{-1,+1}N

where Z(f) is the partition function. In particular, minimizing H(s)
corresponds to maximizing the score 3 ; j)eg Jijsis; when h; = 0.

Spin-flip energy difference. For h; = 0, flipping a single spin s; to
s; = —s; changes the interaction term by

H(s{,s-;) = H(s;,s—;) = 2s; Z Jijsjs

Jj:(i.j)€E
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Mapping to sensor grouping (couplings and separation objective).
In our setting, the binary sensor action s;(t) € {—1,+1} is used as a
group label (spin) for sensor i at time t. The sensor measurement
x;(t) is binary and is independent of the chosen group label. Let
wij = P(x;(t) = xj(t)) denote the agreement probability between
sensors i and j (defined in the previous section), and define the
Ising-style coupling

]ij B 2w,-j —-1€ [—1,1].

Under the standard reliability model where p; = P(x;(t) = y(¢))
and measurements are conditionally independent given the (binary)
truth y(t), one has w;; = pip; + (1 — p;)(1 — p;) and thus

Jij =2wi; — 1= (2pi = 1)(2p; — 1).

Hence J;; > 0 for same-type pairs (both fair or both unfair) and
Jij < 0 for different-type pairs.
We will use the following Ising-type separation potential:

(Dsep(s) = Z]ijsi3j~

i<j

1)

which is (up to the conventional sign) the pairwise interaction term
of an Ising Hamiltonian on the complete graph. Maximizing ®ep
promotes s; = s; when J;; > 0 and s; = —s; when J;; < 0, i.e,, it
promotes grouping by sensor type.

Assuming p; # 1 for all i and writing a; £ 2p; — 1, we have

Jij = a;a; and
2
aisi) -
i

s0 ®gep is maximized by choosing s; = sign(a;) for all i (and its
global sign flip), which yields perfect separation of fair (p; > %)
and unfair (p; < %) SEensors.

M=

~7o

1 N
q)sep(s) = 5 (Z

i=1

Il
AN

PROPOSITION 1 (GLOBAL MAXIMIZERS OF CDSep). Assume p; # %
for alli and define a; = 2p; — 1. Then for alli < j we have J;; = a;a;

and
2
a,—si) -

Consequently, ®gep, is maximized by s; = sign(a;) for alli (and by its
global sign flip), yielding perfect separation of fair and unfair sensors.

N

q)sep(s) = % (Z

i=1

N

2
>

i=1

LEMMA 2 (NO SPURIOUS ONE-FLIP LOCAL MAXIMA). Under the
assumptions of Proposition 1, the only one-flip local maxima of ®sep
on {-1,+1}N are the two global maximizers s = sign(a) and s =
—sign(a). Equivalently, if ®sep(s) > Pgep(—s;,5-;) for all i, then
s € {sign(a), —sign(a)}.

4 ISING-INSPIRED REWARD DESIGNS FOR
SENSOR GROUPING

We now define four reward/utility designs using Ising interactions.
At each time ¢, each sensor i samples a group label s;(¢) and pro-
duces a measurement x;(t). Each sensor then computes a reward
ri(t) € [0,1] from pairwise comparisons of (s;(t), x;(t)) with the
received (s;(t), x;(¢)) from other sensors (one bit each). No ground
truth y(t) is required.
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Figure 1: Graphic representation of a game with eight sensors.
Each sensor k has (A) an action/group label s;(¢) € {-1,+1}
sampled from its action probabilities, and (B) a binary mea-
surement x (¢) of an unknown true signal. The actions are
used only for grouping and do not affect the measurements.
Using a reference sensor k, (C) identifies the sensors in the
same current action group and (D) the sensors with the same
current measurement. These relationships define the four
reward realizations FE, ANFE, LoFE, and LoANFE. For vi-
sual convenience, the figure uses 0/1 symbols for the binary
measurements and hidden truth; in the formal model these
correspond to x;(t),y(t) € {-1,+1}, with T(t) denoting y(¢).
The displayed rewards are exact for N = 8: FE uses VkF £/8,
while ANFE, LoFE, and LOANFE use § + Vi/16; ANFE includes
the self term j = k, whereas LOFE and LOANFE exclude self
G #k).

For each approach, we define a reward r;(s, x) and the corre-
sponding expected utility as the expectation is taken over the mea-
surement conditional on the (fixed) action vector s:

Ui(s) = Ex [ri(s, x)ls],

For brevity, we omit the conditional symbol in the rest of this
manuscript.

In contrast to the lattice topology of classical Ising models, our
framework imposes no constraints on sensor spatial arrangement
or communication topology. The interaction structure is defined by
action groupings that emerge dynamically through the Learning
Automata process. In LoFE and LOANFE, local therefore refers to
comparisons restricted by the current partition rather than to a
fixed graph-local neighborhood.

4.1 Ferromagnetic Approach (FE)

The global ferromagnetic scheme rewards consistency between
group labels and measurements: agreement inside the same group
and disagreement across different groups.
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Reward. Define the raw consistency count

N
ViFE(s,x) = Z (]I[si =sj, x; = x;] +I[s; #j, x; # xj]).
j=1
where [(A) is the indicator function (which is 1 when A holds and
0 otherwise).
In this reward, we include the term j = i for simplicity in the
notation. It contributes a constant without changing the overall
incentives. Then, the normalized reward is

1
(s & SV (s,x) € [0.1].

Expected utility. The utility, after taking expectations and using
Jij = 2w;j — 1 results in:

11
UIFE(S) = 5 + m Z]ijsisj'
=

Thus, pairs with J;; > 0 increase utility when s; = s;, while pairs
with Ji; < 0 increase utility when s; # s;, aligning incentives with
the separation potential ®gcp.

4.2 Anti-Ferromagnetic Approach (ANFE)

We use a signed anti-ferromagnetic-inspired variant whose mi-
croscopic interaction uses +1 votes for agreement/disagreement
within the current group, while still inducing the same separation
incentives in expectation.

Reward. Define the signed within-group vote sum

N
VAT (s ) £ 3 (T =55 xi =] = s = 55, 3 # 351),
j=1

where ViANFE € [-N, N] and normalize/shift to [0, 1]:

1
—VANFE(S 1) € [0,1].

1
riNE (s x) 2 = 4 N Vi

2
Expected utility. A direct computation gives

1
4N

A

+ Jijs

[\
M=

;X

UiANFE(S) =Ci+ N Z]ijsisj, C;
Jj=1 Jj=1
where C; is constant with respect to s;. Consequently, for fixed s_;,
the best response of sensor i under ANFE is the same as under FE
(both maximize }; Jijsis; up to positive scaling/offset). The full
derivation and the induced exact-potential relation are given in
Section 6.

4.3 Local Ferromagnetic Approach (LoFE)

The local ferromagnetic scheme compares a sensor only with those
currently in the same group but keeps signed agreement votes. In
this approach, we normalize by the total population N to preserve
an exact potential-game structure for ®sep.

Intragroup neighborhood. For a set s, define

Gi(s) = {j#ilsj=si}.
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Reward. For j € G;(s), define the signed vote

LoFE

vote; 7 " (s, %) = I[x; = x;] = I[x; # x;] € {-1,+1},

and the raw score

VEOFE (s, x) 2 Z Vote{?})FE(s, x).
Jj€Gi(s)

We define the normalized reward

1 1
-+ VIR (g x).

LoFE A
o (s, x) 2
i (sx) 2 2N

If G;(s) = 0, the sum is empty and riLOFE =1/2.

Expected utility. Using E[VotelLJ?FE] =2w;; — 1 = J;j, we obtain

1 1

LoF

UiOE(S)=E+mA g Jij-
Jj€Gi(s)

For comparison, replacing N by |G;(s)| results in a group-size-
normalized expression closely related to [19]. However, the N-
normalization preserves an exact potential-game relation to ®g.p.

4.4 Local Anti-Ferromagnetic Approach
(LoANFE)

The local anti-ferromagnetic scheme compares a sensor only to
those currently in the opposite group, and rewards disagreements
across groups and penalizes agreements.

Opposite-group neighborhood. Define
Hi(s) = {j #1ilsj#si}.
Reward. For j € H;(s), define
vote; P (s, x) £ I[x; # x;] = 1[x; = x;] € {~1,+1},

and

voteleOANFE (s, x).

‘/iLOANFE (S, x) s Z

JE€H;(s)

The normalized reward is

1 1
rl!.,oANFE(s, x) A 5 + ﬁViLOANFE(s’ x)A

LOANFE _ 1/2.

If Hi(s) = 0, we again have r;

Expected utility. Since E[vote?j?’ANFE] =1-2w;; = —J;j and for
Jj € Hi(s) we have s;s; = —1, it follows that —J;; = Jijs;s;. Therefore

1 1
U (s) = 3V IN Z Jijsisj-
JjeHi(s)

Potential-game alignment. Each discussed realization is associ-
ated with utilities whose unilateral incentive changes are propor-
tional to the change in the same separation potential ®gp(s) =
2i<j Jijsisj, up to a positive scaling factor. Hence, the four induced
games share the same pure-strategy Nash equilibria and are best
interpreted as reward realizations of the same separation objective.
Detailed derivations, with the exact constants k for each scheme,
are provided in Section 6, see Lemma 4.
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5 LEARNING AUTOMATA (LA) ALGORITHM
AND CONVERGENCE ANALYSIS

We use a standard Learning Automaton (LA). Each sensor i main-
tains P;(t) = (pi+1(2), pi.—1(t)), samples a group label s; (¢) ~ P;(t),
receives a bounded reward r;(¢t) € [0,1] from one of the four
schemes in Section 4, and updates its probabilities.

5.1 LA Update Rule
For a step size A € (0, 1), the update is

Pisi(t)(t+1) = pisyey () + Ari(8) (1= pis, ) (1)), (2)
pik(t+1) = pige(t) —Ari(t) pir(0),  k#si(1).  (3)
Stopping criterion (implementation only). In simulations, we de-
clare convergence when max{p; +1(¢), pi-1(t)} > 1 — € holds for

all i. This is a termination rule and is not part of the LA dynamics
analyzed below.

5.2 Expected Utilities and Separation Potential

For any fixed action profile s, each scheme defines a bounded ex-
pected utility U; (s) = Ey [ri(s,x)] € [0, 1]. Given a mixed-strategy
profile P = (Py,..., Py), define the conditional expected utility of

action k € {1, +1} for player i:
ZU(k s [ |piss-

J#i

(4)

uik(P) = E [Ui(s) | P, si =k]

Let %;(P) = X pik uik(P) denote sensor i’s average expected
utility under P.
We also define the expected separation potential under mixed

strategies
Zcbsep(s) ]_[pj .-

LEMMA 3 (1.I.D. REWARDS UNDER A FROZEN POLICY). Fix any
mixed-strategy profile P and suppose each sensor samples s;(t) ~ P;
i.i.d. over time (i.e., P(t) = P). Under the binary symmetric reliability
channel of Section 2, the resulting reward vector r(t) (under any of
the four schemes) is i.i.d. over time.

®(P) £ Egop | (5)

sep(s)

Proor. Under the four reward definitions, each r;(¢) is a mea-
surable function of (s(t), x(t)). If P(t) = P, then s(t) is ii.d. over
time. By the measurement model, x(¢) is generated from i.i.d. noise
bits {#n;(t)}; that are independent across time; moreover, agree-
ment events I[x;(t) = x;(¢)] depend only on (n;(t),n;(t)). Hence
(s(#),x(t)) is ii.d. over time, and so are r(t). |

5.3 Mean ODE Approximation

As A — 0, based on standard stochastic approximation theory, as
proved in [2] and [3], we can approximate the discrete updates as
continuous-time dynamics.

THEOREM 2 (WEAK ODE LIMIT OF LR-I LEARNING AUTOMATA).
Consider the linear reward—inaction (LR-I) update with a constant
step size A > 0. Let PA() denote the standard continuous-time inter-
polation of the discrete iterates { P(t)} ;e on the A-rescaled time axis.
Under Lemma 3 (i.i.d. rewards when P is held fixed), as A — 0 the
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interpolated process P*(-) converges weakly to the unique solution of
the mean ODE

Pk = pik(wn(P) = w(P)), Vi ke{-141},  ©

with the same initial condition.

Proor. This is the standard ODE method for LR-I learning au-
tomata [16]. Lemma 3 provides the key hypothesis used there: if
P(1) is held fixed at P, then the action-reward process isiid. O

5.4 Potential Along the Mean ODE

For each of the four reward designs, the induced game is an exact
potential game with potential @, up to a positive scaling constant.
Because these constants are positive, all four reward designs in-
duce the same best-response correspondence. Concretely, for any
unilateral flip s; = —s; and fixed s_;,

Ui(sf 5-1) = Uisi5-1) = (@uep (51 5-) = Puep(s505-0) ).~ (7)

with k = 5 for FE and k = ;f; for ANFE, LoFE, and LOANFE (see

Section 6.2 for the derivations).

THEOREM 3 (MONOTONICITY OF EXPECTED SEPARATION POTEN-
TIAL). Along any solution of the mean ODE (6), the expected separa-
tion potential ®(P(t)) is non-decreasing:

d
E@(P(t)) >0.

More precisely, for the scaling constant k in (7),

Z Z Z PikPik (ui,k(P)_ui,k’(P))z b

d
S O(P) =
t i=1 ke{-1,+1} kK’ e{-1,+1}

®)

Proor. Differentiate (5):

d ac1>(P)
(P = Z Zk:

From (5),
92(P)
Wik

The exact potential property (7) implies that, for each i and any
k, k', the conditional expected utilities satisfy

ui,k(P) - ui,k’(P) = K(¢i,k(P) - ¢i,k’(P))»

hence u; ;. (P) = k ¢;x(P) + c;(P) for a term ¢; (P) independent of k.

Using pix = pik (uix—;) and eliminating c; gives p;x = k pi k(P —
$:), where ¢; = 34 pix¢ix. Substituting into the derivative yields

E [qjsep(s) | P) Si = k] = ¢i,k(P)-

>0

d
ECD(P) =K Z Varj.p; (¢ik)

Rewriting the variance as a pairwise sum gives (8).
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5.5 Convergence to Pure-Strategy Nash
Equilibria
THEOREM 4 (STABILITY AND STRICT PURE NASH EQUILIBRIA). For
any of the four schemes, consider the mean ODE (6). Then:

o Every pure-strategy profile (corner of the simplex) is a station-
ary point of the ODE.

o Every Nash equilibrium (pure or mixed) is a stationary point
of the ODE.

o Every stationary point that is not a Nash equilibrium is unsta-
ble.

o Every strict pure-strategy Nash equilibrium is an asymptoti-
cally stable stationary point.

Proor. These statements follow from [16] for LR-I learning
automata. O

5.6 Implication for Sensor Separation

Theorem 4 shows that asymptotically stable stationary points of
the mean ODE correspond to strict pure-strategy Nash equilibria.
Because each of our four reward designs induces an exact potential
game with potential @, (Section 4.4 and Section 6), pure-strategy
Nash equilibria coincide across the four realizations and with the
one-flip local maximizers of ®cp. Under the reliability model with
pi # % for all i, Lemma 2 implies that the only one-flip local max-
imizers are the two perfect separation profiles s = sign(a) and
its global sign flip. Hence, every strict pure-strategy Nash equi-
librium yields perfect separation of fair and unfair sensors (up to
a global label flip), and the LR-I learning automata converges to
such equilibria in the standard ODE/weak-convergence sense of
Theorem 2.

6 UTILITY DERIVATIONS AND EXACT
POTENTIAL PROPERTY

This section collects the derivations of expected utilities and the
exact-potential relations used in Sections 4-5.

6.1 Expected utilities for the four schemes
Global ferromagnetic (Fg). Recall

1N
:N;

Fori # j,let w;j = P(x; = x;) and J;; = 2w;; — 1. Then, for fixed s,

riFE(s,x) (]I[si =sj, % =x;] +1[s; #5j, x; # xj])~

E[L(s; = sj,x; = x;)] =1(s; = s5) wijs
E[]I(Si * Sj, Xi * Xj)] = ]I(Si * Sj) (1 - Wij).

1+s;s;
— , one obtains

Using I(s; = s;) = and I(s; # s;) =

N
o 2 s
j=1

where the j = i term contributes only a constant (since s? = 1).

1
Ui(s) =7 +
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Global signed anti-ferromagnetic (ANFE). Recall

N

1 1
ANF _ _ _ _

rANE (s x) = 3 + IN j; (]I[si =sj, x; =x;] —I[si =sj, x; # xj]).

For fixed s,
E[I[(Si =Sj, X ZXj) —I[(Si =Sj, Xi ixj)] :H(Si :sj)]ij-
Thus

1
ANF
Ui NE(S):E 4NZJL_] 4NZ]115131 4NZ]ljsls_]a
with C; £ % + W 2 Jij independent of ;.

Local ferromagnetic (LOFE). Recall G;(s)

1 1
= - 4+ —
2 2N

={j#i:s;j=s}and

Do (tx =x;] =l # x]).

JEGi(s)

riLOFE (s, x)

Since E[I(x; = x;) = I(x; # xj)] = 2wij —1=J;j, we get
ULOFE( ) 5 + . Z ]l}
JGGI(S)

Local anti-ferromagnetic (LOANFE). Recall Hi(s) = {j #i:s; #
s;} and

1 1
rlLOANFE(S)x) — 5 + N Z (I[[xi #x;] = 1[x; = xj])'

JjEHi(s)
Here E[I(x; # x;) =I(x; = xj)] = 1-2w;; = —J;;, and for j € H;(s)
we have s;5; = —1, hence —J;; = J;;ss;. Therefore
1
A OE PRy Z Jijsisj.
J€H;(s)

Remark (same best responses of the signed realizations). Using the
expressions above, the three signed realizations ANFE, LoFE, and
LoANFE differ only by additive terms independent of s;:

UiLOFE(s) = 2 4NZ]U 4NZ]”SLSP

J#i

1
UFFE () + —.

LoANFE LoFe
URRE () = UL (9)- - > o~

J#i

UiANFE ( S)

Consequently, ANFE, LoFE, and LOANFE induce the same best-
response correspondence.

6.2 Exact potential constants

LEMMA 4 (EXACT POTENTIAL PROPERTY AND CONSTANTS). Let
Cbsep(s) = 2i<j Jijsis; and let slf = —s;.

For each scheme X € {Fk, ANFE, LOFE, LOANFE} there exists a
constant kx > 0 such that

U (sf,s21) = U (si,5-1) = kx (<I>sep(3§, s_i) — ¢sep(si,s_i))~
Concretely, kg = ﬁ and KanFe = KLoFe = KLoANFE = ﬁ.
Proor. For any profile s, a single flip satisfies

Dgep (57, 5-1) — Poep (i, 5-i) = —25; Z]ij3j~

J#i
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Global FE: from the utility expression above, UiFE(s) = %+ﬁ 2 Jijsisj,
hence .
UFE(s),s-1) = U™ (si,5-1) = WACDSEPv
Global ANFE: the only s;-dependent term is 35 Y ; Jijsis;. giving
1
UiANFE(sl{, 3—1‘) - UiANFE(Si’ S—i) = EAq)sep
Local LoFe: flipping s; swaps G;(s) with H;(s), so the difference of
utilities is ) .
a2 0= 2, Ju) = gt
J€H; JeGi
Local LOANFE: similarly,

1
UiLoANFE(Sl{’sﬂ_) _ UiLOANFE(Si,S—i) = mA(DSep

7 PROOFS FOR PROPOSITION 1 AND
LEMMA 2

Proor oF Propos1TION 1. With a; £ 2p; — 1 and Jj; = a;a; for

i<],
(X 2 N
2
Zaiajsisj = 5 (Z aisi) - Zai 5
i<j i=1 i=1
by expanding the square and sum off-diagonal terms. The second

term is constant in s, so maximizing Qs is equivalent to maximiz-
ing |Y; aisi|, achieved by s; = sign(a;) (and its global sign flip). O

PrROOF OF LEMMA 2. Let L(s) = Zfil a;s;. By Proposition 1, Ogep (s) =

1(L(s)* = X;a?). If L(s) = 0, then flipping any s; changes L to
L’ = —2a;s; # 0 and increases L?, so s cannot be one-flip locally
maximal.

Assume L(s) > 0. If there exists i with a;s; < 0, then flipping s;
changes L to L’ = L — 2a;s; = L + 2|a;| > L, hence strictly increases
L? and thus @y, contradicting one-flip local maximality. Therefore
a;s; > 0 for all i, i.e., s; = sign(a;) for all i.

IfL(s) < 0, the same argument applied to —s yields s = — sign(a).

]

8 EXPERIMENTAL RESULTS
8.1 Experimental Setup

We consider three simulated scenarios: A) clearly separable groups,
where sensors have distinctly different reliability levels, making
it easier to separate fair and unfair sensors; B) difficult to sepa-
rate groups, where sensors have similar reliability levels, making
grouping more challenging; and C) a large network with moder-
ate difficulty to assess scalability. For each scenario, we simulate
two groups, S; and S,, with a known number of sensors and re-
liabilities (N7, p1, N2, p2). Then, we apply the four Ising-inspired
reward realizations until convergence as defined in Algorithm 1.
After convergence, the two groups obtained are denoted as S4 and
Sp with sizes N4 and Np. The learning rate for all experiments is
setto A =0.01.

To evaluate the performance of our approach, we focused on two
metrics: the number of iterations until convergence (convergence
time) and the error rate. To calculate the latter, we first calculate the
accuracy of the sensor identification in groups S4 and Sp: p4 and
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pB, respectively. Then we compute the error rate e as the weighted
average of the complement of the accuracy:

. Na(1-pa) + Np(1 - pp) ©)
Ny + N

Each scenario is repeated over 100 independent runs, and the
mean and 95% CI of the performance metrics are reported. In addi-
tion, we included two nonparametric statistical methods to compare
convergence times: Kruskal-Wallis (across all groups) and pairwise
Bonferroni-corrected Mann-Whitney U.

For comparison with alternative methods, we use LOFE as a ref-
erence, since it was previously proposed by Yazidi et al. in [19].
Moreover, for a non-Ising comparison, we added two additional
methods: replicator dynamics ([20]) and batch K-means. The first
facilitates continuous updates in a manner comparable to our meth-
ods, whereas the latter can be assumed to be a reference clustering
method. Both methods only use the measurements.

8.2 Results and Discussion

Clearly Separable Groups. Our first simulated scenario includes
N; = 10 fair sensors with reliability p; = 0.9 and N; = 10 unfair
sensors with reliability p, = 0.1. Table 1.A shows its convergence
time and error rates. All approaches grouped the sensors with zero
error rate, indicating effective separation between fair and unfair
sensors. Notably, FE achieved convergence in approximately 2119
iterations, which is about twice as fast as the other methods.

Difficult to Separate Groups. In this scenario, we set Ny = 10,
N, =10, p; =0.55, and p; = 0.45, making it harder to distinguish
between fair and unfair sensors (Table 1.B). The convergence times
for all methods are on the order of 10° iterations, reflecting the
increased difficulty of the task. Similarly to the previous scenario,
FE converged in approximately 120,000 iterations, lower than the
other approaches.

Moderate Scenario with More Sensors. We consider a larger net-
work with N; = 100, N, = 100, p; = 0.7, and p, = 0.2 to test
scalability (Table 1.C). In this simulation, convergence times of FE

160000 —
Difficult to separate

Moderate difficult I I
120000 — I

100000 —

Clearly separable I

140000 —

ime

80000 —

60000 —

Convergence T

40000 —

20000 —

0
T T T T T T
KM RD Fe AnFe LoFe LoAnFe

Figure 2: Barplot results of the simulated scenarios. Mean val-
ues and bootstrap 95% confidence intervals (CIs) are shown
for the six methods: K-means (KM), replicator dynamics (RD),
and the FE, ANFE, LOFE, and LOANFE Ising reward realiza-
tions.
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Table 1: Results of the simulated scenarios: A) clearly separable groups (N; = 10, Nz = 10, p; = 0.9, p, = 0.1), B) difficult-to-separate
groups (N; =10, N; = 10, p; = 0.55, p; = 0.45), and C) moderate scenario (N; = 100, N, = 100, p; = 0.7, p, = 0.2)

Mean values and bootstrap 95% confidence intervals (CIs) are shown for the six methods: K-means (KM), replicator dynamics
(RD), and the Fe, AnFe, LoFe, and LoAnFe Ising reward realizations.

A Bonferroni-corrected pairwise Mann-Whitney comparison was conducted to analyze the convergence times across the six
approaches, with the final column denoting methods exhibiting statistically nonsignificant differences (adjusted p-value > 0.05).

Convergence Time Error Similar Convergence Time
Mean (CI) Mean (CI) Method (Adj. P-value)
A) Clearly KM 7481.07 (7362.90, 7601.26) 0.00 (0.00, 0.00) -
Separable RD 20293.15 (18653.05, 21930.61) 0.03 (0.01, 0.04) -
Fe 2137.19 (2072.31, 2204.18) 0.00 (0.00, 0.00) -
AnFe 4569.23 (4385.61, 4771.07) 0.00 (0.00, 0.00)  LoFe (0.2579),LoAnFe (0.1494)
LoFe 4439.37 (4277.22, 4616.44) 0.00 (0.00, 0.00) AnFe (0.2579),LoAnFe (0.7722)
LoAnFe 4326.61 (4206.56, 4451.35) 0.00 (0.00,0.00)  AnFe (0.1494),LoFe (0.7722)
B) Difficult KM 12065.46 (11551.37, 12614.93)  0.12 (0.10, 0.13) -
to Separate RD 32754.84 (12868.93, 57609.98) 0.12 (0.11, 0.14) -
Fe 120311.35 (113407.53, 127733.69)  0.08 (0.07, 0.09) -
AnFe 137965.12 (129083.49, 147699.98)  0.08 (0.07, 0.09) LoFe (0.4839)
LoFe  142351.15 (133093.96, 152350.88) 0.09 (0.08,0.10) AnFe (0.4839),LoAnFe (0.1883)
LoAnFe 148276.92 (140238.99, 157416.50)  0.08 (0.07, 0.09) LoFe (0.1883)
C) Moderate KM 3326.94 (3279.47, 3376.43) 0.00 (0.00, 0.00) -
Difficult RD 3784.08 (3779.00, 3789.26) 0.00 (0.00, 0.00) -
Fe 7750.11 (7584.74, 7916.66) 0.00 (0.00, 0.00) -
AnFe 16704.50 (16227.64, 17213.16)  0.00 (0.00, 0.00)  LoFe (0.2657),LoAnFe (0.9951)
LoFe 17328.89 (16711.64, 17979.01) 0.00 (0.00, 0.00) AnFe (0.2657),LoAnFe (0.2641)
LoAnFe  16717.08 (16242.79, 17209.88)  0.00 (0.00, 0.00)  AnFe (0.9951),LoFe (0.2641)

and ANFE are around 7750 and 16700 iterations, while LoFE and
LoANFE converge in approximately 17300 and 16700 iterations, re-
spectively. The experiments should be interpreted as a comparison
of reward realizations rather than of different equilibrium objec-
tives. Across the three scenarios, FE consistently converges faster,
whereas ANFE, LoFE, and LOANFE exhibit closely clustered con-
vergence times and similar error profiles. This is consistent with
the exact-potential analysis: the three signed realizations share
k = 1/(4N), while FE uses k = 1/(2N). Thus, the main empiri-
cal differences lie in microscopic feedback, scaling, and finite-time
learning behavior rather than in the equilibrium separation ob-
jective. A comprehensive theoretical analysis of the convergence-
speed differences between the reward realizations was beyond the
scope of the current manuscript.

Furthermore, we need to emphasize that the provided strategies
only require each sensor to store its current and immediate past ac-
tion and a limited memory of the status of each sensor (O(n)), while
alternative methods require estimating the probabilities [4] (O(n?)).
While we compare against a reference approach, a limitation of
this study is the number of simulations and comparison methods.
Future work involves evaluating our approach in controlled real-life
environments to confirm the efficiency of the proposed methods.

9 CONCLUSION

In this work, we developed a novel theoretical framework for dis-
tributed sensor/agent coordination inspired by statistical physics
principles. The framework comprises four reward realizations of a
common separation game: ferromagnetic (FE), anti-ferromagnetic
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(ANFE), local ferromagnetic (LoFE), and local anti-ferromagnetic
(LoANFE). Through rigorous mathematical analysis, we demon-
strated that these realizations constitute potential games aligned
with the same separation potential, where individual sensor objec-
tives align with the same global separation objective.

The main distinction among the four realizations lies in micro-
scopic feedback and finite-time learning behavior. In particular, FE is
a global consistency realization, whereas ANFE, LoFE, and LOANFE
are signed realizations that remain exactly aligned with the same
separation incentives and therefore induce the same pure-strategy
Nash equilibria. In the local variants, local refers to comparisons
conditioned on the current action partition rather than to a fixed
communication graph.

Our theoretical analysis established convergence guarantees for
the LA algorithm in these potential games, demonstrating reliable
convergence to Nash equilibria that optimize the common separa-
tion potential. This convergence property ensures that the system
isolates unreliable sensors and consequently improves measure-
ment accuracy. Using the Ising model, our proposed method allows
small-scale interpretable strategies with known effects throughout
the system. Experimentally, FE converged faster, whereas ANFE,
LoFE, and LoANFE exhibited closely clustered behavior, consistent
with their shared exact-potential structure. The selection of the
proper reward realization therefore depends primarily on micro-
scopic feedback and finite-time behavior rather than on a different
equilibrium separation objective. In addition, our findings encour-
age the development of further statistical physics-inspired reward
constructions in game theory.
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