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ABSTRACT
We propose average unfairness as a new measure of fairness in

routing games, defined as the ratio between the average latency

and the minimum latency experienced by users. This measure is

a natural complement to two existing unfairness notions: loaded

unfairness, which compares maximum and minimum latencies of

routes with positive flow, and user equilibrium (UE) unfairness,

which compares maximum latency with the latency of a Nash equi-

librium. We show that the worst-case values of all three unfairness

measures coincide and are characterized by a steepness parame-

ter intrinsic to the latency function class. We show that average

unfairness is always no greater than loaded unfairness, and the

two measures are equal only when the flow is fully fair. Besides

that, we offer a complete comparison of the three unfairness mea-

sures, which, to the best of our knowledge, is the first theoretical

analysis in this direction. Finally, we study the constrained system

optimum (CSO) problem, where one seeks to minimize total latency

subject to an upper bound on unfairness. We prove that, for the

same tolerance level, the optimal flow under an average unfairness

constraint achieves lower total latency than any flow satisfying a

loaded unfairness constraint. We show that such improvement is

always strict in parallel-link networks and establish sufficient con-

ditions for general networks. We further illustrate the latter with

numerical examples. Our results provide theoretical guarantees

and valuable insights for evaluating fairness-efficiency tradeoffs in

network routing.
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1 INTRODUCTION
In the classical routing games model, user behavior naturally leads

to equilibria that can be significantly inefficient compared to cen-

trally optimized solutions. While these optimal flows achieve the

lowest total latency among the population, such centralized routing

can often compromise fairness, potentially discriminating against

certain users by assigning them disproportionately high latency

routes. This fundamental tension between efficiency and fairness

has motivated a growing body of work aimed at formalizing mea-

sures of unfairness, understanding its trade-offs with efficiency, and

developing algorithms for computing flows that minimize the total

latency under unfairness constraints.

A key concern in this line of research is defining what it means

for a flow to be fair. Much of the literature adopts worst-case fair-

ness measures, which quantify fairness by the experience of the

most disadvantaged user. While this perspective provides strong

guarantees, it is brittle: a single outlier can dominate the fairness

measure, regardless of howmany users actually suffer such extreme

latency. As a result, worst-case fairness measures may be overly

pessimistic and fail to reflect the average user experience.

In this work, we introduce a new average measure of unfairness

that captures the average envy experienced by users in a given

flow. By shifting the focus from the worst-off user to the expected

delay in the network, our approach provides a more stable way

to reason about fairness in routing games. In light of this newly

introduced measure, we revisit the question: How unfair is opti-
mal routing? To that end, we prove a tight bound on the average

unfairness of an optimal flow for a class of latency functions. We

also revisit two canonical notions of worst-case unfairness: the

loaded unfairness, which is the maximum ratio between two users’

experienced latency, and the user equilibrium unfairness, which is

the maximum ratio between a user’s latency at the given flow and

the latency they experience at equilibrium. Interestingly, the bound

that we derive for the average unfairness matches the bounds for

both of these measures, but the lower bound is attained at different

instances. Further, for any given instance and a feasible flow exhibit-

ing some level of unfairness, we show that the average unfairness

is always strictly less than the corresponding loaded unfairness.

This highlights that worst-case measures can overstate the level

of unfairness and it motivates the use of average-case measures as

user constraints. Besides that, we offer a complete comparison of all

the three unfairness measures. To the best of our knowledge, since

their introduction by [1], these relationships have not been formally
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studied. Our analysis complements prior work [1], which inves-

tigated these connections only through numerical experiments,

by providing the first rigorous theoretical treatment. Finally, we

study the constrained system optimum problem (CSO) under the

alternative unfairness measures. For a fixed tolerance, the CSO

solution with the average-unfairness constraint can attain a strictly

lower cost than the loaded-unfairness solution. We derive verifi-

able conditions under which this strict improvement is guaranteed.

These conditions are expressed in terms of the path support of the

loaded-unfairness CSO solution and always hold in parallel-link

networks, ensuring strict improvement in that class. On bench-

mark networks with general topology, our numerical experiments

frequently exhibit the same effect.

The main contributions of this paper are summarized as follows.

(1) We introduce average unfairness as an intuitive and inter-

pretable measure of unfairness and derive its exact bound un-

der general network topologies and latency function classes.

(2) We provide a comprehensive theoretical comparison be-

tween average unfairness and two commonly used measures

in the literature (loaded and user equilibrium (UE) unfair-

ness). To the best of our knowledge, this is the first theoretical

comparison since the numerical study in [1].

(3) We analyze the constrained system optimum (CSO) prob-

lem under all three unfairness measures. We establish the

structure of its solutions in parallel-link networks, extending

the result in [12]. Moreover, we show that the CSO solution

under average unfairness can strictly outperforms that un-

der loaded unfairness, and establish conditions under which

this improvement is guaranteed. We further validate these

results through simulations.

1.1 Related Work
Unfairness measures and constrained system optimum. The
notion of unfairness in routing games and its first formalization

were introduced by Jahn et al. [10]. This work proposed a menu

of unfairness measures each capturing different aspects of unfair-

ness. One of the most studied among these is the loaded unfairness,
which measures the maximum ratio between the latencies of used

paths. It captures the worst-case envy among users by quantifying

how much more latency one user experiences compared to another.

This measure has been further analyzed in [3, 6], and a closely re-

lated definition was introduced and analyzed in [11]. An analogous

measure, the minmax fairness or envey-ratio, was proposed and

analyzed for the atomic congestion games model in [4, 9].

Another measure, the user equilibrium unfairness, captures the
deviation from the Nash equilibrium flow. It is defined as the maxi-

mum ratio between the latency of a path used in the current flow

and that of a path used at equilibrium. This measure was studied

in [15] to bound the unfairness of an optimal flow. Jahn et al. [10]

also introduced the normal unfairness, which evaluates fairness

based on the ratio of the normal length of a given path to that of

the shortest path. The normal length refers to any property of the

path that is fixed a priori and is independent of the flow. While at-

tractive for its simplicity [1], this measure fails to reflect the actual

level of experienced unfairness under realistic routing conditions

[2]. An improved notion of normal unfairness that uses the path’s

latency at the Nash equilibrium flow as the normal length was

proposed and analyzed in [16]. Finally, the free-flow unfairness—the
least studied of the four—measures the maximum ratio between

the latency of a used path and its latency under no congestion. It

can be viewed as an intermediary between the normal and loaded

unfairness measures.

We note that all these unfairness measures that are analyzed in

the context of routing games are worst-case measures, focusing on

the extremes of the population. In contrast, the average unfairness

measure we propose shifts the focus to quantifying the average

envy each user feels toward the most-advantaged user in the popu-

lation. This approach aligns with some fairness notions studied in

the broader resource allocation literature, where population-level

measures are common. A notable example is the Gini index [7],

which captures average pairwise differences in users’ costs nor-

malized by the average cost. A key technical distinction is that the

Gini index is based on cost differences, while our measure uses cost

ratios. Conceptually, while the Gini index reflects the average envy

between all pairs of users, our measure captures the average envy of

each user relative to the best-off user, providing a perspective more

aligned with the previously studied measures in this literature.

Previous numerical comparisons between these measures [10,

11] highlight the fact that they are not equivalent. In this work, we

strengthen the understanding of these relationships by establishing

theoretical comparisons between the measures, including the newly

introduced average unfairness, whenever they are comparable, and

illustrate with examples where such relationships do not hold.

The study of unfairness is motivated by the constrained system
optimum (CSO) problem which aims at finding flows that minimize

the total latency among those flows with bounded unfairness. This

problem is of great practical interest as it guides the design of rout-

ing algorithms and recommendations. Our average-case unfairness

measure gives rise a new formulation of the CSO model that is

more realistic and potentially with better (more efficient) solutions.

Approximate equilibrium and price of anarchy and sta-
bility. Unfairness measures are closely related to the concept of

approximate equilibria in routing games, though they are motivated

by distinct concerns: fairness versus bounded rationality. Despite

their different motivations, the definitions of measures and solution

sets, as well as the analytical tools used in both lines of research

are similar. A key distinction, however, lies in the fact that approxi-

mation measures fully characterize the set of exact Nash equilibria

as the approximation tolerance goes to zero, a property not shared

by any of the unfairness measures commonly studied. This cre-

ates subtle differences in the way these measures are defined. For

instance, the multiplicative definition of approximate equilibrium

[15] compares the cost of a used path to that of any alternative,

whereas the loaded unfairness introduced above only compares

used paths. Moreover, performance measures developed for approx-

imate equilibria, such as the price of stability (POS) [5], or for tolled

equilibria, such as the tolled price of anarchy (POA) [8], offer a

complementary perspectives useful for the study of fairness-related

problems, such as the CSO problem. In particular, the POS, with

respect to a suitable unfairness/approximation measure, offer a

meaningful upper bound on the values of the corresponding CSO

problem for a class of routing games.
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2 PRELIMINARIES
We provide the preliminaries of a routing game, following themodel

in [13, 15].

2.1 The Model
We consider a directed network 𝐺 = (𝑉 , 𝐸) with vertex set 𝑉 ,

edge set 𝐸, and 𝑘 source-destination vertex pairs {𝑠1, 𝑡1}, ..., {𝑠𝑘 , 𝑡𝑘 },
where each pair is referred to as a commodity. To simplify notation,

we let [𝑘] denote the set of indices {1, 2, ..., 𝑘}. We denote the set

of (simple) 𝑠𝑖 -𝑡𝑖 paths by P𝑖 , which is assumed to be non-empty,

and define P = ∪𝑖∈[𝑘 ]P𝑖 . A flow is a function 𝑓 : P → R+;
for a fixed flow 𝑓 we define 𝑓𝑒 =

∑
𝑃∈P:𝑒∈𝑃 𝑓𝑃 . We associate a

finite and positive rate 𝑟𝑖 with each pair {𝑠𝑖 , 𝑡𝑖 }, the amount of flow

with source 𝑠𝑖 and destination 𝑡𝑖 ; a flow 𝑓 is said to be feasible if
for all 𝑖 ,

∑
𝑃∈P𝑖

𝑓𝑝 = 𝑟𝑖 . Finally, each edge 𝑒 ∈ 𝐸 is given a load-

dependent latency function that we denote by ℓ𝑒 . For each 𝑒 ∈ 𝐸,

we assume that the latency function ℓ𝑒 is nonnegative, continuous,

and nondecreasing. Following [14, Definition 2.5], the following

definition will be useful later.

Definition 2.1. A latency function ℓ is standard if 𝑥 ·ℓ (𝑥) is convex
on [0,∞).

We will call the triple (𝐺, 𝑟, ℓ) an instance. The latency of a path

𝑃 with respect to a flow 𝑓 is defined as the sum of the latencies of

the edges in the path, denoted by ℓ𝑃 (𝑓 ) =
∑
𝑒∈𝑃 ℓ𝑒 (𝑓𝑒 )1. We define

the cost 𝐶 (𝑓 ) of a flow 𝑓 in (𝐺, 𝑟, ℓ) as the total latency incurred by

𝑓 ; that is,

𝐶 (𝑓 ) =
∑︁
𝑃∈P

ℓ𝑃 (𝑓 ) 𝑓𝑃 . (1)

By summing over the edges in a path 𝑃 and reversing the order

of summation, we may also write 𝐶 (𝑓 ) = ∑
𝑒∈𝐸 ℓ𝑒 (𝑓𝑒 ) 𝑓𝑒 . Also, the

total latency of commodity 𝑖 is 𝐶𝑖 (𝑓 ) =
∑
𝑃∈P𝑖

ℓ𝑃 (𝑓 ) 𝑓𝑃 .
Finally, given a class L of latency functions, we define a class

of instances G(L) = {(𝐺, 𝑟, ℓ) |𝐺 ∈ G𝑑𝑖𝑟
𝑓 𝑖𝑛

, 𝑟 ≻ 0, ℓ𝑒 ∈ L}, where
G𝑑𝑖𝑟
𝑓 𝑖𝑛

is the set of finite directed graphs. A class G(L) represents
all routing games on finite directed graphs with latency functions

from the class L.

2.2 Nash and Optimal Flows
Fix a flow 𝑓 feasible for an instance (𝐺, 𝑟, ℓ). We say that 𝑓 is an

optimal flow if it minimizes 𝐶 (𝑓 ). We denote the set of optimal

flows by 𝑂𝑃𝑇 (𝐺, 𝑟, ℓ). We say that it is a Nash flow if for every 𝑖

and every two 𝑠𝑖 -𝑡𝑖 paths 𝑃1, 𝑃2 ∈ P𝑖 with 𝑓𝑃1 > 0, ℓ𝑃1 (𝑓 ) ≤ ℓ𝑃2 (𝑓 ).
With nondecreasing and continuous latency functions, both optimal

flows and Nash flows exist
2
.

Given an instance (𝐺, 𝑟, ℓ) with standard latency functions, de-

fine the marginal cost function ℓ̂𝑒 = 𝑑
𝑑𝑥

(𝑥 · ℓ𝑒 (𝑥)). Then, a flow 𝑓

feasible for (𝐺, 𝑟, ℓ) is optimal if and only if it is a Nash flow for

(𝐺, 𝑟, ℓ̂); that is, for every 𝑖 and every two 𝑠𝑖 -𝑡𝑖 paths 𝑃1, 𝑃2 ∈ P𝑖

with 𝑓𝑃1 > 0, ℓ̂𝑃1 (𝑓 ) ≤ ℓ̂𝑃2 (𝑓 ).
1
Note that ℓ𝑒 (𝑓𝑒 ) only depends on 𝑓𝑒 , the amount of traffic on edge 𝑒 , but ℓ𝑃 (𝑓 )
depends not only on 𝑓𝑃 , the amount of traffic on path 𝑃 , but also on the amount of

traffic on each edge 𝑒 ∈ 𝑃 . Specifically, ℓ𝑃 (𝑓 ) depends on { 𝑓𝑒 |𝑒 ∈ 𝑃 }.
2
Continuity alone suffices for the existence of an optimal flow due to the extreme value

theorem, but the existence of a Nash flow needs both assumptions; see [15, Lemma

2.6].

2.3 Unfairness
We revisit two load-dependent unfairness measures introduced

in [10] and define the average unfairness measure. Note that we

define 0/0 := 1, so a flow where all traffic incurs zero latency has

an unfairness of 1 (totally fair).

Definition 2.2 (Loaded unfairness). Given an instance (𝐺, 𝑟, ℓ) and
a feasible flow 𝑓 , the loaded unfairness 𝑈 𝐿 (𝐺, 𝑟, ℓ, 𝑓 ) is defined as

𝑈 𝐿 (𝐺, 𝑟, ℓ, 𝑓 ) = max

{
ℓ𝑃 (𝑓 )
ℓ𝑄 (𝑓 ) |𝑃,𝑄 ∈ P𝑖 , 𝑓𝑃 , 𝑓𝑄 > 0, 𝑖 ∈ [𝑘]

}
. (2)

We denote𝑈 𝐿
𝑖
(𝐺, 𝑟, ℓ, 𝑓 ) = max{ ℓ𝑃 (𝑓 )

ℓ𝑄 (𝑓 ) |𝑃,𝑄 ∈ P𝑖 , 𝑓𝑃 , 𝑓𝑄 > 0} for
commodity 𝑖’s loaded unfairness. For a given instance, we denote its

loaded unfairness 𝑈 𝐿 (𝐺, 𝑟, ℓ) := sup𝑓 ★∈𝑂𝑃𝑇 (𝐺,𝑟,ℓ ) 𝑈
𝐿 (𝐺, 𝑟, ℓ, 𝑓 ★).

Given a class of latency functions L, we denote its loaded fairness

𝑈 𝐿 (L) = sup(𝐺,𝑟,ℓ ) ∈G(L) 𝑈
𝐿 (𝐺, 𝑟, ℓ).

Remark 1. In defining𝑈 𝐿 (𝐺, 𝑟, ℓ), we take the supremum rather
than the infimum to capture the worst-case scenario, although, in
practice, one might seek an optimal flow that minimizes unfairness.

Remark 2. Different flows, particularly optimal flows 𝑓 ★ ≠ ˜𝑓 ★,
that induce the same edge flows 𝑓 ★𝑒 = ˜𝑓 ★𝑒 ,∀𝑒 ∈ 𝐸, can have different
values of loaded unfairness 𝑈 𝐿 (𝑓 ★) ≠ 𝑈 𝐿 ( ˜𝑓 ★). To illustrate this,
consider the network in Fig. 1 which consists of two Pigou networks
connected in series. When routing one unit of traffic, any flow that
induces traffic of 1/2 to each edge is optimal, but splitting the unit
demand equally between paths 1 and 2 yields unfairness 2 (worst
case unfairness for instances with linear latency functions [6]), while
splitting between paths 3 and 4 yields unfairness 1 (totally fair). This
example shows that even though these flows have the same cost, they
induce different levels of unfairness.

𝑠 𝑡

𝑥

1

𝑥

1

path 1

path 2

path 3

path 4

Figure 1: Two Pigou networks connected in series.

Definition 2.3 (UE unfairness). Given an instance (𝐺, 𝑟, ℓ) and a

feasible flow 𝑓 , the user equilibrium (UE) unfairness 𝑈𝑈𝐸 (𝐺, 𝑟, ℓ, 𝑓 )
is defined as

𝑈𝑈𝐸 (𝐺, 𝑟, ℓ, 𝑓 ) = max

{
ℓ𝑃 (𝑓 )

ℓ𝑄 (𝑓 𝑁𝐸 )
|𝑃,𝑄 ∈ P𝑖 , 𝑓𝑃 , 𝑓

𝑁𝐸
𝑄 > 0, 𝑖 ∈ [𝑘]

}
,

(3)

where 𝑓 𝑁𝐸
is a Nash flow.
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We denote𝑈𝑈𝐸
𝑖

(𝐺, 𝑟, ℓ, 𝑓 ) = max{ ℓ𝑃 (𝑓 )
ℓ𝑄 (𝑓 𝑁𝐸 ) |𝑃,𝑄 ∈ P𝑖 , 𝑓𝑃 , 𝑓

𝑁𝐸
𝑄

>

0} for commodity 𝑖’s UE unfairness. For a given instance, we denote

its UE unfairness𝑈𝑈𝐸 (𝐺, 𝑟, ℓ) := sup𝑓 ★∈𝑂𝑃𝑇 (𝐺,𝑟,ℓ ) 𝑈
𝑈𝐸 (𝐺, 𝑟, ℓ, 𝑓 ★).

Given a class of latency functions L, we denote its UE fairness

𝑈𝑈𝐸 (L) = sup(𝐺,𝑟,ℓ ) ∈G(L) 𝑈
𝐿 (𝐺, 𝑟, ℓ).

Remark 3. Recall from [15, Lemma 2.6] that any instance (𝐺, 𝑟, ℓ)
with continuous and nondecreasing latency functions admits a Nash
flow. Also, if 𝑓 𝑁𝐸 and ˜𝑓 𝑁𝐸 are Nash flows, then𝐶𝑖 (𝑓 𝑁𝐸 ) = 𝐶𝑖 ( ˜𝑓 𝑁𝐸 )
for any commodity 𝑖 . This fact, together with the property that all
paths with positive flow in a Nash flow have equal latency, ensures
that ℓ𝑄 (𝑓 𝑁𝐸 ) in (3) is well-defined.

Now, we introduce the average unfairness measure, motivated

by two equivalent interpretations: expected unfairness and aver-

age envy. Consider an instance (𝐺, 𝑟, ℓ) and a feasible flow 𝑓 . For

simplicity, consider a single commodity. A commuter traveling on

a path 𝑃 ∈ P experiences ex post unfairness
ℓ𝑃 (𝑓 )
ℓ𝑄 (𝑓 ) , where 𝑄 is the

minimum-latency path with a positive flow. A natural definition of

the envy of a commuter on a path 𝑃 is precisely this ex post unfair-

ness ratio
ℓ𝑃 (𝑓 )
ℓ𝑄 (𝑓 ) . Thus, loaded unfairness captures the maximum

envy (see (2)), while average unfairness captures the average envy

across travelers, given by

𝐶 (𝑓 )
𝑟 ℓ𝑄 (𝑓 ) =

∑︁
𝑃∈P

𝑓𝑃

𝑟
· ℓ𝑃 (𝑓 )
ℓ𝑄 (𝑓 ) .

Beyond this average-envy interpretation, the ratio 𝐶 (𝑓 )/(𝑟 ℓ𝑄 (𝑓 ))
can also be viewed as the expected unfairness experienced by a

commuter when 𝑓 is interpreted as an ex ante route assignment.

These observations motivate the following definition of the average

unfairness measure.

Definition 2.4 (Average unfairness). Given an instance (𝐺, 𝑟, ℓ)
and a feasible flow 𝑓 , the average unfairness𝑈𝐴 (𝐺, 𝑟, ℓ, 𝑓 ) is defined
as

𝑈𝐴 (𝐺, 𝑟, ℓ, 𝑓 ) = max

{
𝐶𝑖 (𝑓 )
𝑟𝑖 ℓ𝑄 (𝑓 ) |𝑄 ∈ P𝑖 , 𝑓𝑄 > 0, 𝑖 ∈ [𝑘]

}
. (4)

We denote 𝑈𝐴
𝑖
(𝐺, 𝑟, ℓ, 𝑓 ) = max{ 𝐶𝑖 (𝑓 )

𝑟𝑖 ℓ𝑄 (𝑓 ) |𝑄 ∈ P𝑖 , 𝑓𝑄 > 0} for
commodity 𝑖’s average unfairness. For a given instance, we denote

its average unfairness𝑈𝐴 (𝐺, 𝑟, ℓ) := sup𝑓 ★∈𝑂𝑃𝑇 (𝐺,𝑟,ℓ ) 𝑈
𝐴 (𝐺, 𝑟, ℓ, 𝑓 ★).

Given a class of latency functions L, we denote its average fairness

𝑈𝐴 (L) = sup(𝐺,𝑟,ℓ ) ∈G(L) 𝑈
𝐴 (𝐺, 𝑟, ℓ).

Remark 4. We view different commodities as incomparable and
take the maximum across different commodities in (4). One can also
define the average unfairness to be the average of different commodi-
ties’ average unfairness. All the results in this work hold for both
definitions.

3 UNFAIRNESS BOUNDS AND COMPARISONS
3.1 Unfairness Bounds
In this section, we will prove the main result that gives the exact

bound of average unfairness of a class of instances under general

conditions. The bound is reminiscent of the results in [6, Theorem

4.2] and [13, Theorem 3.1], which we unify here for completeness.

As with those results, the bound depends on the steepness of the
class of latency functions.

Definition 3.1 (Steepness). Let L denote a class of differentiable

latency functions. For ℓ ∈ L, define the steepness 𝛾 (ℓ) as 𝛾 (ℓ) =

sup𝑥>0
ℓ̂ (𝑥 )
ℓ (𝑥 ) . Define 𝛾 (L) = supℓ∈L 𝛾 (ℓ).

We also consider the following set of assumptions.

Assumption 1. We assume that L is a family of differentiable
and standard latency functions.

Assumption 2. We assume that L includes all constant functions.

Theorem 3.2. Let L be a class of latency functions satisfying As-
sumption 1 and Assumption 2. Then𝑈 𝐿 (L) = 𝑈𝑈𝐸 (L) = 𝑈𝐴 (L) =
𝛾 (L).

Proof. The equalities𝑈 𝐿 (L) = 𝛾 (L) and𝑈𝑈𝐸 (L) = 𝛾 (L) are
proved in [6, Theorem 4.2] and [13, Theorem 3.1], respectively. The

equality for the average unfairness follows from Lemma 3.3 and

Lemma 3.5 proved below. □

Remark 5. Assumption 1 alone suffices for the three unfairness
measures to be upper bounded by 𝛾 (L), but both assumptions are
required for the lower bound.

Remark 6. We highlight two points about the results in [6, The-
orem 4.2] and [13, Theorem 3.1]. First, although the assumption of
standard latency functions is not stated explicitly in [6, Theorem 4.2],
it cannot be dispensed with. Second, while [13, Theorem 3.1] only
considers the single-commodity case, the result extends to multiple
commodities.

Lemma 3.3. Let L be a family of latency functions satisfying
Assumption 1. Then 𝑈𝐴 (L) ≤ 𝛾 (L).

Proof. Fix any instance (𝐺, 𝑟, ℓ) and an optimal flow 𝑓 ★. Con-

sider any 𝑖 ∈ [𝑘]. Since 𝑓 ★ is optimal, we get ℓ̂𝑃 (𝑓 ★) ≤ ℓ̂𝑄 (𝑓 ★) for
any 𝑃,𝑄 ∈ P𝑖 with 𝑓 ★

𝑃
> 0. Let 𝑄 be a minimum-latency path with

a positive flow for commodity 𝑖 , multiply both sides by 𝑓 ★
𝑃
, and

sum over all paths:∑︁
𝑃∈P𝑖

𝑓 ★𝑃 ℓ̂𝑃 (𝑓 ★) ≤ (
∑︁
𝑃∈P𝑖

𝑓 ★𝑃 ) · ℓ̂𝑄 (𝑓 ★) = 𝑟𝑖 ℓ̂𝑄 (𝑓 ★) . (5)

Combining the results, we get

𝐶𝑖 (𝑓 ★) ≤ LHS of (5) ≤ RHS of (5) ≤ 𝛾 (L) · 𝑟𝑖 ℓ𝑄 (𝑓 ★), (6)

where we use ℓ̂𝑒 (𝑓 ★𝑒 ) = ℓ𝑒 (𝑓 ★𝑒 ) + 𝑓 ★𝑒 ℓ′𝑒 (𝑓 ★𝑒 ) ≥ ℓ𝑒 (𝑓 ★𝑒 ) in the first

inequality and ℓ̂𝑄 (𝑓 ★) =
∑
𝑒∈𝑄 ℓ̂𝑒 (𝑓 ★𝑒 ) ≤ 𝛾 (L)∑𝑒∈𝑄 ℓ𝑒 (𝑓 ★𝑒 ) =

𝛾 (L)ℓ𝑄 (𝑓 ★) in the third inequality. Since (6) holds for any com-

modity 𝑖 ,𝑈𝐴 (L) ≤ 𝛾 (L). □

Remark 7. Another way to prove Lemma 3.3 is to invoke the in-
equality𝑈 𝐿 (𝐺, 𝑟, ℓ, 𝑓 ) ≤ 𝛾 (L) in [6, Theorem 4.2] and the inequality
𝑈𝐴 (𝐺, 𝑟, ℓ, 𝑓 ) ≤ 𝑈 𝐿 (𝐺, 𝑟, ℓ, 𝑓 ) in Proposition 3.7, which will be proved
later without using Lemma 3.3.

In proving the lower bound, we make use of the Pigou network

in Fig. 2. Before presenting the general lower bound in Lemma 3.5,

we provide a motivating example of the average unfairness of the

optimal flow when latency functions are polynomials.
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𝑠 𝑡

ℓ (𝑥)

𝑐

Figure 2: Pigou network.

Example 3.4. Construct (𝐺, 𝑟, ℓ) as follows: consider one unit of
traffic (𝑟 = 1) traveling through the Pigou network in Fig. 2, with

ℓ (𝑥) = 𝑥𝑛 and 𝑐 = 𝜖 where 𝜖, 𝑛 > 0. Solving (𝑥𝑛+1 + (1 − 𝑥)𝜖)′ = 0,

we get 𝑥 = ( 𝜖
𝑛+1 )

1

𝑛 , so

𝑈𝐴 (𝐺, 𝑟, ℓ) ≥
𝜖

𝑛+1 (
𝜖

𝑛+1 )
1

𝑛 + 𝜖 (1 − ( 𝜖
𝑛+1 )

1

𝑛 )
𝜖

𝑛+1
−−−−→
𝜖→0

𝑛 + 1. (7)

Lemma 3.5. Let L be a family of latency functions satisfying
Assumption 1 and Assumption 2. Then 𝑈𝐴 (L) ≥ 𝛾 (L).

Proof. Consider 𝑘 = 1. For any 𝛿 ∈ (0, 𝛾 (L)), there are ℓ ∈ L
and 𝜖 > 0 such that ℓ̂ (𝜖) ≥ (𝛾 (L) − 𝛿)ℓ (𝜖).

Consider 𝑟 units of traffic traveling through the Pigou network

with latency functions ℓ̂ (𝜖) and ℓ (𝑥), respectively, and 𝑟 > 𝜖 . Solv-

ing (𝑥ℓ (𝑥) + ℓ̂ (𝜖) (𝑟 − 𝑥))′ = 0, we get ℓ̂ (𝑥) = ℓ̂ (𝜖), so we assume

𝑥 = 𝜖 below.

𝑈𝐴 (L) ≥ lim

𝑟→∞
𝜖ℓ (𝜖) + ℓ̂ (𝜖) (𝑟 − 𝜖)

𝑟 ℓ (𝜖) = lim

𝑟→∞
𝜖

𝑟
+ ℓ̂ (𝜖) (𝑟 − 𝜖)

𝑟 ℓ (𝜖) . (8)

The first term goes to 0, so we focus on the second term.

ℓ̂ (𝜖) (𝑟 − 𝜖)
𝑟 ℓ (𝜖) ≥ ℓ̂ (𝜖) (𝑟 − 𝜖)

𝑟
ℓ̂ (𝜖 )

𝛾 (L)−𝛿

= (1 − 𝜖

𝑟
) (𝛾 (L) − 𝛿) −−−−→

𝑟→∞
𝛾 (L) − 𝛿.

(9)

Letting 𝛿 → 0 finishes the proof. □

Corollary 3.6. If L is the set of polynomials with degree at most
𝑛 and nonnegative coefficients, 𝑈𝐴 (L) = 𝑛 + 1.

Proof. Since (𝑥 · 𝑥𝑛)′ = (𝑛 + 1)𝑥𝑛 , the result follows from

Theorem 3.2. □

3.2 Comparisons
It is informative to compare the values that the three unfairnessmea-

sures take at the same flow. For the loaded and average unfairness

measures, the following proposition characterizes this comparison.

Proposition 3.7. Given any instance (𝐺, 𝑟, ℓ) and feasible flow
𝑓 , one of the following holds.

(1) 𝑈 𝐿 (𝐺, 𝑟, ℓ, 𝑓 ) > 𝑈𝐴 (𝐺, 𝑟, ℓ, 𝑓 ) > 1.
(2) 𝑈 𝐿 (𝐺, 𝑟, ℓ, 𝑓 ) = 𝑈𝐴 (𝐺, 𝑟, ℓ, 𝑓 ) = 1.

Proof. Fix an instance (𝐺, 𝑟, ℓ) and drop the dependence. For

any feasible flow 𝑓 and commodity 𝑖 , since 𝑟𝑖 max𝑃∈P𝑖 ,𝑓𝑃>0 ℓ𝑃 (𝑓 ) ≥∑
𝑃∈P𝑖

𝑓𝑃 ℓ𝑃 (𝑓 ), we have 𝑈 𝐿
𝑖
≥ 𝑈𝐴

𝑖
, so 𝑈 𝐿 ≥ 𝑈𝐴

. Below, we show

𝑈 𝐿 = 𝑈𝐴 ⇐⇒ 𝑈𝐴 = 1.

𝑈 𝐿 = 𝑈𝐴 ⇐⇒ ∃𝑖★ ∈ [𝑘] s.t.𝑈 𝐿
𝑖★

= 𝑈𝐴
𝑖★

≥ 𝑈𝐴

⇐⇒ 𝑟𝑖★ max

𝑃∈P𝑖★ ,𝑓𝑃>0
ℓ𝑃 (𝑓 ) =

∑︁
𝑃∈P𝑖★

𝑓𝑃 ℓ𝑃 (𝑓 )

⇐⇒ max

𝑃∈P𝑖★ ,𝑓𝑃>0
ℓ𝑃 (𝑓 ) = min

𝑃∈P𝑖★ ,𝑓𝑃>0
ℓ𝑃 (𝑓 )

⇐⇒ 𝑈𝐴
𝑖★

= 𝑈𝐴 = 1.

(10)

□

A result similar to Proposition 3.7 cannot be established between

the UE unfairness and the loaded unfairness as there is no general

relationship between the two measures (see Example 3.8 and Exam-

ple 3.10). It is also possible that at a given flow, one of the measures

equals 1 while the other does not (see Example 3.8 and Example 3.9).

Moreover, as noted in [10, Section 2.2], the loaded unfairness is

always greater than or equal to one, whereas UE unfairness can

take any nonnegative value (see Example 3.9).

Example 3.8. Construct (𝐺, 𝑟, ℓ) as follows: consider one unit of
traffic (𝑟 = 1) traveling through the network in Fig. 1. Consider

the (optimal) flow 𝑓 ★ that routes half of the traffic on the upper

path (path 1) and the other half on the lower path (path 2). Then

𝑈 𝐿 (𝐺, 𝑟, ℓ, 𝑓 ★) = 2 > 𝑈𝑈𝐸 (𝐺, 𝑟, ℓ, 𝑓 ★) = 1.

𝑠 𝑡

𝑥

1

1

𝑥

0

path 1

path 2

path 3

Figure 3: Braess’s network.

Example 3.9. Construct (𝐺, 𝑟, ℓ) as follows: consider one unit

of traffic (𝑟 = 1) traveling through the Braess’s network in Fig. 3.

Consider the (optimal) flow 𝑓 ★ that routes half of the traffic on the

upper path (path 1) and the other half on the lower path (path 3).

Then𝑈 𝐿 (𝐺, 𝑟, ℓ, 𝑓 ★) = 1 > 𝑈𝑈𝐸 (𝐺, 𝑟, ℓ, 𝑓 ★) = 3

4
.

Example 3.10. Construct (𝐺, 𝑟, ℓ) as follows: consider the multi-

commodity network in Fig. 4. Consider the (optimal) flow 𝑓 ★ that

routes all the traffic of the first commodity along the path 𝑠1 − 𝑡

and all the traffic of the second commodity along the only path

𝑠2 − 𝑡 . Note that the Nash flow routes all the traffic of the first

commodity through the path 𝑠1 − 𝑠2 − 𝑡 . Thus, 𝑈𝑈𝐸 (𝐺, 𝑟, ℓ, 𝑓 ★) =
3/2 > 𝑈 𝐿 (𝐺, 𝑟, ℓ, 𝑓 ★) = 1.

However, if we restrict our attention to optimal flows in single-

commodity instances, we obtain a relationship similar to that in

Proposition 3.7. Although both unfairness measures have been

extensively studied in the literature for the past decade, to the

best of our knowledge, this kind of relationship has never been

theoretically established.

Proposition 3.11. Given any single-commodity (𝑘 = 1) instance
(𝐺, 𝑟, ℓ) and optimal flow 𝑓 ★, one of the following holds.
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𝑠1

𝑠2

𝑡
1.5

𝑥0

𝑟1 = 0.25

𝑟2 = 0.75

Figure 4: Multi-commodity network.

(1) 𝑈 𝐿 (𝐺, 𝑟, ℓ, 𝑓 ★) > 𝑈𝑈𝐸 (𝐺, 𝑟, ℓ, 𝑓 ★).
(2) 𝑈 𝐿 (𝐺, 𝑟, ℓ, 𝑓 ★) = 𝑈𝑈𝐸 (𝐺, 𝑟, ℓ, 𝑓 ★) = 1.

Proof. Fix an instance (𝐺, 𝑟, ℓ) and drop the dependence. For

any optimal flow 𝑓 ★ and Nash flow 𝑓 𝑁𝐸
, we have the relationship

min𝑃∈P𝑖 ,𝑓
★
𝑃
>0 ℓ𝑃 (𝑓 ★) ≤ max𝑃∈P𝑖 ,𝑓

𝑁𝐸
𝑃

>0 ℓ𝑃 (𝑓 𝑁𝐸 ); for otherwise,
𝑓 𝑁𝐸

gives a lower total cost, a contradiction. Thus, 𝑈 𝐿 ≥ 𝑈𝑈𝐸
.

Below, we show 𝑈 𝐿 = 𝑈𝑈𝐸 ⇐⇒ (𝑈𝑈𝐸 = 1 and𝑈 𝐿 = 1). We

only need to show the only if direction.

𝑈 𝐿 = 𝑈𝑈𝐸 ⇐⇒ min

𝑃∈P𝑖 ,𝑓
★
𝑃
>0

ℓ𝑃 (𝑓 ★) = max

𝑃∈P𝑖 ,𝑓
𝑁𝐸
𝑃

>0
ℓ𝑃 (𝑓 𝑁𝐸 )

⇒ max

𝑃∈P𝑖 ,𝑓
★
𝑃
>0

ℓ𝑃 (𝑓 ★) = min

𝑃∈P𝑖 ,𝑓
★
𝑃
>0

ℓ𝑃 (𝑓 ★)

= max

𝑃∈P𝑖 ,𝑓
𝑁𝐸
𝑃

>0
ℓ𝑃 (𝑓 𝑁𝐸 )

⇒ 𝑈𝑈𝐸 = 1 and𝑈 𝐿 = 1,

(11)

where the second implication holds by contradiction; if it does not

hold, 𝑓 ★ cannot be optimal. □

Remark 8. Proposition 3.11 does not hold for multiple commodi-
ties (see Example 3.10). However, it holds for another version of the
definitions when we are allowed to compare the latencies of different
commodities. Formally speaking, if we replace the condition 𝑃,𝑄 ∈ P𝑖

in (2) and (3) with 𝑃,𝑄 ∈ P, Proposition 3.11 holds for the modified
definitions with multiple commodities.

The comparisons also give rise to the following result, exem-

plified by Example 3.4 and the example in [13, Section 1], where

the upper bound for average unfairness and UE unfairness are ap-

proached, but not attained, when the respectively defined problem

parameters 𝜖 goes to zero.

Corollary 3.12. Let L be a family of latency functions.
(1) If𝑈𝐴 (L) > 1, then𝑈𝐴 (𝐺, 𝑟, ℓ, 𝑓 ★) < 𝑈𝐴 (L) for any (𝐺, 𝑟, ℓ) ∈

G(L) and 𝑓 ★ ∈ 𝑂𝑃𝑇 (𝐺, 𝑟, ℓ).
(2) If 𝑘 = 1 and 𝑈𝑈𝐸 (L) > 1, then 𝑈𝑈𝐸 (𝐺, 𝑟, ℓ, 𝑓 ★) < 𝑈𝑈𝐸 (L)

for any (𝐺, 𝑟, ℓ) ∈ G(L) and 𝑓 ★ ∈ 𝑂𝑃𝑇 (𝐺, 𝑟, ℓ).

Proof. We prove the first part. If an instance (𝐺, 𝑟, ℓ) and opti-

mal flow 𝑓 ★ attain the upper bound 𝑈𝐴 (L), then we have

𝑈 𝐿 (𝐺, 𝑟, ℓ, 𝑓 ★) = 𝑈𝐴 (𝐺, 𝑟, ℓ, 𝑓 ★) > 1, (12)

violating Proposition 3.7. The second part follows similarly from

Proposition 3.11. □

Finally, we show that there is no general relationship between

the UE unfairness and average unfairness; specifically, they can be

drastically different in different instances.

Proposition 3.13. Given any instance (𝐺, 𝑟, ℓ) and feasible flow
𝑓 , there is no relationship between𝑈𝑈𝐸 (𝐺, 𝑟, ℓ, 𝑓 ) and𝑈𝐴 (𝐺, 𝑟, ℓ, 𝑓 ).

Proof. Consider Example 3.4, where lim𝜖→0𝑈
𝐴 (𝐺, 𝑟, ℓ, 𝑓 ★) =

𝑛+1 with the optimal flow 𝑓 ★. However, we have𝑈𝑈𝐸 (𝐺, 𝑟, ℓ, 𝑓 ★) =
1 for every 𝜖 > 0. In contrast, consider the Pigou network in

Fig. 2 with ℓ (𝑥) = 𝑥𝑛 and 𝑐 = (𝑛 + 1) (1 − 𝜖) (see [13]). Then

𝑈𝐴 (𝐺, 𝑟, ℓ, 𝑓 ★) = (𝑛+1)−𝑛(1−𝜖)
1

𝑛 −−−−→
𝜖→0

1, but𝑈𝑈𝐸 (𝐺, 𝑟, ℓ, 𝑓 ★) =
(𝑛+1) (1−𝜖 )

1
−−−−→
𝜖→0

𝑛 + 1. □

4 CONSTRAINED SYSTEM OPTIMUM (CSO)
In Section 3.2, we analyzed the worst-case unfairness for a class of

instances across the different measures and compared the values of

unfairness produced by these measures at a given instance and flow.

A closely related question is that of the constrained system optimum

problem first proposed in [10]. In this model, the goal is to find a

feasible flow 𝑓 that minimizes the total latency with constraints on

the unfairness it induces among the population. More formally, the

CSO problem can be formulated as

(𝐶𝑆𝑂) argmin

𝑓 :𝑈 (𝑓 )≤1+𝛽
𝐶 (𝑓 ), (13)

where 𝑈 is the unfairness measure of choice and 𝛽 ≥ 0 is the

unfairness tolerance. Different unfairness measures give different

solutions to this problem. In view of Proposition 3.7, in this section,

we focus on comparing the solution sets of the CSO problem under

loaded unfairness and average unfairness constraints. We denote

by 𝑂𝑃𝑇𝐿 (𝐺, 𝑟, ℓ, 𝛽) and 𝑂𝑃𝑇𝐴 (𝐺, 𝑟, ℓ, 𝛽) the sets of optimal flows

under the loaded unfairness and average unfairness constraints,

respectively. Also, denote the cost of the respective sets by

𝐶𝐿 (𝐺, 𝑟, ℓ, 𝛽) = min

𝑓 :𝑈 𝐿 (𝑓 )≤1+𝛽
𝐶 (𝑓 ),

𝐶𝐴 (𝐺, 𝑟, ℓ, 𝛽) = min

𝑓 :𝑈𝐴 (𝑓 )≤1+𝛽
𝐶 (𝑓 ) .

(14)

An immediate consequence of Proposition 3.7 is Corollary 4.1.

Corollary 4.1. Given any instance (𝐺, 𝑟, ℓ) and unfairness toler-
ance 𝛽 ≥ 0, 𝐶𝐴 (𝐺, 𝑟, ℓ, 𝛽) ≤ 𝐶𝐿 (𝐺, 𝑟, ℓ, 𝛽).

In some instances, the average unfairness constraint can strictly

improve upon loaded unfairness; that is, Corollary 4.1 holds with

strict inequality (see Example 4.2). However, this is not always the

case (see Example 4.3).

Example 4.2. Construct (𝐺, 𝑟, ℓ) as follows: consider one unit of
traffic (𝑟 = 1) traveling through the Pigou network in Fig. 2 with

ℓ (𝑥) = 𝑥 and 𝑐 = 1 + 𝛽 , where 𝛽 ∈ (0, 1). The optimal flow of this

instance 𝑓 ★ routes
1+𝛽
2

on the upper edge and
1−𝛽
2

on the lower

edge with𝐶 (𝑓 ★) = 3+2𝛽−𝛽2
4

< 1. The optimal flow under the loaded

unfairness {𝑓 𝐿} = 𝑂𝑃𝑇𝐿 (𝐺, 𝑟, ℓ, 𝛽) routes all traffic on the upper

edge with unfairness of 𝑈 𝐿 (𝑓 𝐿) = 1 and cost 𝐶𝐿 (𝐺, 𝑟, ℓ, 𝛽) = 1.

However, for the average unfairness, we can improve the cost of

𝑓 𝐿 by moving a small amount of traffic to the lower edge without

violating the unfairness constraint.

Example 4.3. Construct (𝐺, 𝑟, ℓ) as follows: consider 3/4 unit of
traffic (𝑟 = 3/4) traveling through the Braess’s network in Fig. 3.
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The optimal flow 𝑓 ★ distributes the traffic evenly across all three

paths (𝑓 ★
𝑃1

= 𝑓 ★
𝑃2

= 𝑓 ★
𝑃3

= 1

4
) with a total cost of 1. Consider a small

unfairness tolerance 𝛽 > 0. Simple calculation shows that the flow

𝑓 𝛽 defined by 𝑓
𝛽

𝑃1
= 𝑓

𝛽

𝑃3
= 3/8 and 𝑓

𝛽

𝑃2
= 0 is the unique optimal

flow under both unfairness measures, that is 𝑂𝑃𝑇𝐿 (𝐺, 𝑟, ℓ, 𝛽) =

𝑂𝑃𝑇𝐴 (𝐺, 𝑟, ℓ, 𝛽) = {𝑓 𝛽 }. Therefore, while 𝑓 𝛽 is not optimal in

terms of total latency, and its loaded unfairness 𝑈 𝐿 (𝐺, 𝑟, ℓ, 𝑓 𝛽 ) = 1

is strictly less than 1 + 𝛽 , there is no feasible direction to improve

upon it, even when considering average unfairness.

4.1 Conditions for Strict Improvement
We derive a sufficient condition for the constrained system optimal

flow under average unfairness to achieve a strictly lower cost than

that under loaded unfairness; that is, 𝐶𝐴 (𝐺, 𝑟, ℓ, 𝛽) < 𝐶𝐿 (𝐺, 𝑟, ℓ, 𝛽).
This strict difference in cost is notable for two reasons: i) Propo-

sition 3.7 compares the loaded and average unfairness of the un-

constrained optimal flow while here we compare the cost of two

different flows with the same value of unfairness in each respective

measure, thus providing greater nuance to the comparison of the

two measures, and ii) should practitioners seek to solve the CSO

problem in an effort to identify desirable flows, if the loaded un-

fairness measure is used, it can provide flows with greater envy

across the population while also having higher cost. The condition

for the strict difference in cost can be checked by looking at the

paths utilized under the solution 𝑓 ∈ 𝑂𝑃𝑇𝐿 (𝐺, 𝑟, ℓ, 𝛽).
We first give some intuition. Consider a flow 𝑓 ∈ 𝑂𝑃𝑇𝐿 (𝐺, 𝑟, ℓ, 𝛽)

that is not a system optimal flow (i.e., 𝑓 ∉ 𝑂𝑃𝑇 (𝐺, 𝑟, ℓ)). Then there

exists an improvement direction, that is, a feasible flow 𝑔 such that

𝐶 (𝛿𝑔 + (1 − 𝛿) 𝑓 ) < 𝐶 (𝑓 ) ∀𝛿 ∈ (0, 1]. This follows directly from

the convexity of the (unconstrained) system optimum problem

(under Assumption 1). One only needs to check if there exists

𝛿 ∈ (0, 1] such that ℎ = 𝛿𝑔 + (1 − 𝛿) 𝑓 does not violate the average

unfairness constraint𝑈𝐴 (ℎ) ≤ 1+ 𝛽 . This is equivalent to checking
the continuity of 𝑈𝐴

around 𝑓 , along with the fact that 𝑈𝐴 (𝑓 ) <
1 + 𝛽 (see Proposition 3.7).

We show that a sufficient condition for this to hold is if 𝑓 uti-

lizes any of the minimum-latency paths for each commodity. To

formalize this, we introduce the following notation for the set of

utilized paths 𝑃+ (𝑓 ), the set of minimum-latency paths per com-

modity 𝑃𝑖
min

(𝑓 ), and the set of minimum-latency utilized paths per

commodity 𝑃
𝑖,+
min

(𝑓 ):

𝑃+ (𝑓 ) := {𝑃 ∈ P|𝑓𝑃 > 0}. (15)

𝑃𝑖
min

(𝑓 ) := arg min

𝑃∈P𝑖

ℓ𝑃 (𝑓 ) . (16)

𝑃
𝑖,+
min

(𝑓 ) := arg min

𝑃∈P𝑖 ,𝑓𝑃>0
ℓ𝑃 (𝑓 ) . (17)

Proposition 4.4. Given any instance (𝐺, 𝑟, ℓ) satisfying Assump-
tion 1 and 𝛽 > 0, if there exists 𝑓 ∈ 𝑂𝑃𝑇𝐿 (𝐺, 𝑟, ℓ, 𝛽) such that
𝑃+ (𝑓 ) ∩ 𝑃𝑖

min
(𝑓 ) ≠ ∅ for all 𝑖 ∈ [𝑘], then one of the following holds

(1) 𝐶𝐿 (𝐺, 𝑟, ℓ, 𝛽) = 𝐶𝐴 (𝐺, 𝑟, ℓ, 𝛽) = 𝐶𝑂𝑃𝑇 (𝐺, 𝑟, ℓ).
(2) 𝐶𝐿 (𝐺, 𝑟, ℓ, 𝛽) > 𝐶𝐴 (𝐺, 𝑟, ℓ, 𝛽) ≥ 𝐶𝑂𝑃𝑇 (𝐺, 𝑟, ℓ).

Proof. We state the proof for the single-commodity case, which

extends straightforwardly to instances with multiple commodities.

If 𝐶𝐿 (𝐺, 𝑟, ℓ, 𝛽) > 𝐶𝑂𝑃𝑇 (𝐺, 𝑟, ℓ), then there exists a feasible flow 𝑔

such that 𝐶 (𝛿𝑔 + (1 − 𝛿) 𝑓 ) < 𝐶 (𝑓 ),∀𝛿 ∈ (0, 1]. By Proposition 3.7,

we know that 𝑈𝐴 (𝑓 ) < 1 + 𝛽 . We show that 𝑃+ (𝑓 ) ∩ 𝑃min (𝑓 ) ≠
∅ implies the continuity of the average unfairness measure 𝑈𝐴

around 𝑓 , which then implies existence of 𝛿 small enough such that

𝑈𝐴 (𝛿𝑔 + (1 − 𝛿) 𝑓 ) ≤ 1 + 𝛽 .

By our assumption that 𝑃+ (𝑓 ) ∩ 𝑃min (𝑓 ) ≠ ∅, it follows that
min𝑃∈𝑃+ (𝑓 ) ℓ𝑃 (𝑓 ) = min𝑃∈P ℓ𝑃 (𝑓 ), and we denote this common

value by 𝑐★. Let ℎ = 𝛿𝑔 + (1 − 𝛿) 𝑓 . By continuity of the latency

functions, the following hold when 𝛿 is sufficiently small.

(1) ℓ𝑃 (ℎ) < ℓ𝑄 (ℎ),∀𝑃 ∈ 𝑃min (𝑓 ), 𝑄 ∉ 𝑃min (𝑓 ).
(2) 𝑃+ (ℎ) ∩ 𝑃min (𝑓 ) ≠ ∅ (since 𝑃+ (𝑓 ) ∩ 𝑃min (𝑓 ) ≠ ∅).
Thus, 𝑃+

min
(ℎ) ⊆ 𝑃min (𝑓 ), and we can make min𝑃∈𝑃+ (ℎ) ℓ𝑃 (ℎ)

arbitrarily close to 𝑐★. □

The condition in Proposition 4.4 need not hold in general net-

works: a CSO solution may not utilize a minimum-latency path like

in Example 4.3. It is, however, guaranteed to hold for parallel-link

networks (i.e., single-commodity graphs with two nodes connected

by a finite set of parallel edges) as we show in Corollary 4.5.

Corollary 4.5. Given any parallel-link instance (𝐺, 𝑟, ℓ) satisfy-
ing Assumption 1 and given any 𝛽 > 0, one of the following holds.

(1) 𝐶𝐿 (𝐺, 𝑟, ℓ, 𝛽) = 𝐶𝐴 (𝐺, 𝑟, ℓ, 𝛽) = 𝐶𝑂𝑃𝑇 (𝐺, 𝑟, ℓ).
(2) 𝐶𝐿 (𝐺, 𝑟, ℓ, 𝛽) > 𝐶𝐴 (𝐺, 𝑟, ℓ, 𝛽) ≥ 𝐶𝑂𝑃𝑇 (𝐺, 𝑟, ℓ).

Proof. It suffices to show that any flow 𝑓 ∈ 𝑂𝑃𝑇𝐿 (𝐺, 𝑟, ℓ, 𝛽)
utilizes the minimum-latency path: 𝑃+ (𝑓 ) ∩ 𝑃min (𝑓 ) ≠ ∅. The rest
follows from Proposition 4.4.

Assume that there are 𝑛 edges with P = {𝑃1, 𝑃2, ..., 𝑃𝑛}, and the

total flow is 𝑟 . Suppose that a flow 𝑓 ∈ 𝑂𝑃𝑇𝐿 (𝐺, 𝑟, ℓ, 𝛽) does not
utilize any minimum-latency path; that is, 𝑃+ (𝑓 ) ∩ 𝑃min (𝑓 ) = ∅,
and let 𝑃1 be one such unutilized minimum-latency path.

We then construct a new flow 𝑔 by iteratively transferring flows

from the maximum-latency paths to 𝑃1 until one of the following

conditions is met. For simplicity of notation, we abbreviate a path

𝑃 𝑗 as 𝑗 in what follows.

(1) ℓ1 (𝑔1) = argmin𝑗∈{2,3,...,𝑛},𝑔𝑗>0 ℓ𝑗 (𝑔 𝑗 ).
(2) 𝑔1 = 𝑟 , meaning that all the flows are moved to 𝑃1.

Then, the transformed flow 𝑔 satisfies the loaded unfairness con-

straint since either all utilized paths have the same latency or the

minimum latency is unchanged while the maximum latency de-

creases. Also, the following relationships hold.

(1) ℓ1 (𝑔1) ≤ argmin𝑗∈{2,3,...,𝑛},𝑓𝑗>0 ℓ𝑗 (𝑓𝑗 ).
(2) ℓ𝑖 (𝑔𝑖 ) ≤ ℓ𝑖 (𝑓𝑖 ),∀𝑖 ∈ {2, 3, ..., 𝑛}.
Let 𝑦 = 𝑓 − 𝑔 be the difference of the two flows. We will show

that 𝐶 (𝑓 ) > 𝐶 (𝑔), a contradiction to 𝑓 being optimal.

𝐶 (𝑓 ) − 𝐶 (𝑔)

=

𝑛∑︁
𝑖=2

𝑓𝑖 ℓ𝑖 (𝑓𝑖 ) −
(

𝑛∑︁
𝑖=2

𝑔𝑖 ℓ𝑖 (𝑔𝑖 ) + (
𝑛∑︁
𝑖=2

(𝑦𝑖 ) ) · ℓ1 (
𝑛∑︁
𝑗=2

(𝑦 𝑗 ) )
)

=

(
𝑛∑︁
𝑖=2

𝑔𝑖 · (ℓ𝑖 (𝑓𝑖 ) − ℓ𝑖 (𝑔𝑖 ) )
)
+

(
𝑛∑︁
𝑖=2

𝑦𝑖 · (ℓ𝑖 (𝑓𝑖 ) − ℓ1 (
𝑛∑︁
𝑗=2

(𝑦 𝑗 ) ) )
)

> 0,

(18)

where the first term is nonnegative since the latency functions are

nondecreasing, and the second term is positive by our construction

of the transformed flow 𝑔. □
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The construction in Corollary 4.5 is in fact more general. In

particular, the same argument can be used to show the following

stronger condition for parallel-link networks:

max

𝑃∈P,𝑓𝑃>0
ℓ𝑃 (𝑓𝑃 ) ≤ min

𝑃∈P,𝑓𝑃=0
ℓ𝑃 (0) (19)

for any solution 𝑓 of the CSO problem under any of the three

unfairness measures. This has an important implication on the set

of used paths under any CSO flow as stated in Corollary 4.6
3
.

Corollary 4.6. Consider a parallel-link instance (𝐺, 𝑟, ℓ) with 𝑛
edges. For any 𝛽 ≥ 0, choice of unfairness measure 𝑈 ∈ {𝐴, 𝐿,𝑈𝐸}
and solution 𝑓 ∈ 𝑂𝑃𝑇𝑈 (𝐺, 𝑟, ℓ, 𝛽), there exists an ordering of the
links such that ℓ1 (0) ≤ ℓ2 (0) ≤ ... ≤ ℓ𝑛 (0) for which the set of
utilized paths has the form 𝑃+ (𝑓 ) = [𝑚] for some𝑚 ≤ 𝑛.

Corollary 4.6 extends the characterization in [12] for the set

of utilized paths by the Nash and optimal flows to the CSO flows

under all three unfairness measures and general latency functions

(that are nonnegative, continuous, and nondecreasing). We note

here that when multiple paths have identical zero-flow latencies,

different optimal flows may require different orderings of the paths.

4.2 Numerical Experiments
We conduct numerical experiments on general networks to com-

pare the CSO cost under loaded, average, and UE unfairness. While

strict improvement in the CSO cost under average unfairness, com-

pared to the loaded unfairness, is not guaranteed, our experiments

show that it occurs across many benchmark networks. Further, the

experiments show that the solution under average unfairness does

not uniformly dominate the UE-unfairness solution. This is consis-

tent with Proposition 3.13, which establishes the lack of general

ordering between the two measures in general networks.

To obtain approximate CSO solutions, we use the algorithm

proposed by [11], which solves a sequence of convex programs

whose objective interpolates between the potential function of the

routing game and the total cost function:

𝛼𝐶 (𝑓 ) + (1 − 𝛼)
∑︁
𝑒∈𝐸

∫ 𝑓𝑒

0

ℓ𝑒 (𝑠)𝑑𝑠. (20)

The interpolation parameter 𝛼 ∈ [0, 1] controls the tradeoff be-

tween fairness and efficiency: 𝛼 = 0 yields the Nash flow, while

𝛼 = 1 yields the system optimum.

We vary 𝛼 in increments of 0.01 and compute a flow 𝑓 𝛼 for each

value; this procedure is agnostic to the unfairness measure. For each

resulting flow 𝑓 𝛼 , we compute all unfairness values. This allows

us to trace the Pareto frontier between fairness and total cost for

the three measures. For clarity of presentation, instead of absolute

total cost values, we use the inefficiency ratio 𝜌 (𝑓 ) = 𝐶 (𝑓 𝛼 )/𝐶 (𝑓 ★)
where 𝑓 ★ ∈ 𝑂𝑃𝑇 (𝐺, 𝑟, ℓ). The implementation details follow [11],

except that our unfairness measures depend explicitly on path

assignments (see Remark 2).

The experiments are conducted on four benchmark networks

[18] described in Table 1. We use the Bureau of Public Roads (BPR)

link latency functions [17] 𝑙𝑒 (𝑓𝑒 ) = 𝜉𝑒

(
1 + 𝑎

(
𝑓𝑒
𝜅𝑒

)
4

)
, where 𝜉𝑒 , 𝜅𝑒

3
The construction of𝑔 does not require the CSO problem to be convex, so Assumption 1

is not needed for Corollary 4.6.

Figure 5: Comparison of CSO costs across varying unfairness
levels under loaded (blue), average (red), and UE (green) un-
fairness measures for four benchmark networks.

are properties of the link and 𝑎 = 0.15. The results are summarized

in Fig. 5. The results show that the solutions obtained under the

average and and UE unfairness do not admit a consistent dominance

ordering across networks and unfairness levels. In network (d), the

UE unfairness yields more efficient solutions at all unfairness levels,

whereas in networks (a) and (b), the average unfairness yields

more efficient solutions. In contrast, across all tested networks and

unfairness levels, average unfairness consistently achieves a strictly

lower cost than loaded unfairness, except for a single data point

in network (d). These experiments illustrate the benefit of using

the average unfairness measure as the user constraint in the CSO

problem in real-world networks.

Table 1: Attributes of the used benchmark networks.

Network Name attributes

|𝑉 | |𝐸 | 𝑘

Anaheim 416 914 1406

Sioux Falls 24 76 528

Massachusetts 74 258 1113

Friedrichshain 224 523 506

5 CONCLUSION AND FUTUREWORK
We introduced average unfairness as a new and intuitive measure

in routing games. We derived a tight worst-case bound on the un-

fairness of optimal flows under this new measure, and compared it

to commonly studied unfairness notions. Our analysis has implica-

tions for the constrained system optimum (CSO) problem, showing

that average unfairness can lead to more efficient solutions than

loaded unfairness constraints. An interesting direction for future

work is to study bounds on the value of the CSO problem under av-

erage unfairness constraints, in the spirit of price of stability (POS)

analyses (cf. [5]). Finally, we aim to explore broader applications of

average unfairness in other contexts, like atomic congestion games,

where fairness-efficiency trade-offs arise.
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