Research Paper Track

AAMAS 2026, May 25-29, 2026, Paphos, Cyprus

The Facility Location Problem with Aleatory Agents

Gennaro Auricchio
University of Padua
Padua, Italy
gennaro.auricchio@unipd.it

ABSTRACT

In this paper, we introduce and study the Facility Location Problem
with Aleatory Agents (FLPAA), where the facility can accommodate
anumber of agents, denoted as n, which is larger than the number of
agents reporting their preferences, denoted as n,. The spare capacity
is used by n, := n — n, aleatory agents distributed according to p.
The goal of FLPAA is to find a location y that minimises the ex-ante
social cost, defined as the expected cost of the n, agents sampled
from p plus the classic social cost incurred by the agents reporting
their position. We investigate the mechanism design aspects of
the FLPAA under the assumption that the mechanism designer
lacks knowledge of the distribution y but can query k quantiles
of . We explore the trade-off between acquiring more insights
into the probability distribution and designing a better-performing
mechanism, which we describe through the strong approximation
ratio (SAR). The SAR of a mechanism measures the highest ratio
between the cost of the mechanism and the cost of the optimal
solution on the worst-case input X and worst-case distribution p,
offering a stringent metric that does not depend on p. In most
cases, the lower bound matches the upper bound, proving that our
mechanisms are tight, thus no truthful mechanism can achieve a
lower SAR. Lastly, we extend our study to the case in which we
must locate two facilities.
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1 INTRODUCTION

The Facility Location Problem (FLP) is a classic problem in combi-
natorial optimisation whose objective is to determine the optimal
placement of facilities to minimise transportation costs associated
with servicing customers [27]. Ever since its introduction, the FLP
has become a key subproblem in several social choice-related topics,
such as disaster relief [9], supply chain management [31], healthcare
[1], clustering [26], and public facilities accessibility [10]. Due to its
practical significance, the facility location problems has garnered
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attention across diverse fields as operations research, theoretical
computer science, economics, and computational game theory [14].

In economics and computational game theory, the study of the
FLP has a distinct perspective. Instead of finding an algorithm to
compute a solution, the interest is in defining a routine that elicits
the position of a facility from the information reported by strate-
gic agents. Since every agent needs to access a facility, they will
misrepresent their information if this leads the routine to place the
facilities in a preferred position, adding a layer of complexity to
the FLP. Indeed, optimising an objective relying on the reported
agents’ preferences leads to undesirable manipulation fuelled by
the agents’ selfishness. Hence, a characteristic that mechanisms
must possess is truthfulness, which ensures that no agent benefits
by misrepresenting their private information. Committing to truth-
ful routines, however, leads to suboptimal solutions. The standard
value to quantify the trade-off between achieving the optimal objec-
tive and implementing a truthful mechanism is the approximation
ratio — the worst-case ratio between the objective achieved by the
mechanism and the optimal objective attainable [34]. Since a higher
approximation ratio indicates a greater deviation from the optimal
solution, the defining challenge in Algorithmic Mechanism Design
is then to define truthful routines with a small approximation ratio.

Motivation of our model. In the classic FLP problem, the fa-
cility location is decided only based on the agents’ reports. This
assumption is limiting, as facilities such as hospitals or bus stops
are open to everyone, not just the agents engaged in the eliciting
procedure. Therefore, optimising solely on the reports of interested
agents without considering external participants does not locate the
facility at the best possible place. In fact, consider the case where
a chain of coffee shops wants to open a new branch on a street.
Some of the people living in the street are already customers of
the said chain of coffee shops, thus they engage in the process of
eliciting the position of the new branch by reporting their pref-
erences on where the new shop should be placed. However, the
number of agents that have already been customers of the shop is
smaller than the total number of agents the shop can serve. In this
case, it is necessary to keep in mind that new customers living in
the street will use the facility after its opening. Denoting with p
the population density of the street, the mechanism designer has
to define a routine that minimises the cost of the agents report-
ing their position while considering that new customers drawn
from p will access the facility as well. Similarly, those advocating
for a new bus stop or a new hospital may reflect only a specific
subset of the population—such as individuals already aware of the
proposal-rather than the population as a whole.

As these examples showecase, eliciting the location of a facility
based solely on agents’ reports is limiting, as there is no guarantee
that the set of reporting agents accurately represents the underlying
population density p. Furthermore, the mechanism designer may be
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unable to access complete information about the population density
due to privacy constraints, limited data availability, or insufficient
insight. This motivates the design of mechanisms that operate with
minimal information about y, such as knowledge of only the median
or key quantiles of y. To address these challenges, we introduce
the Facility Location Problem with Aleatory Agents (FLPAA) and
investigate its algorithmic and mechanism design aspects.

Our Contribution and Technique Overview. In this paper, we de-
velop a novel framework for the Facility Location Problem (FLP)
where the number of agents the facility can accommodate, namely
n, is larger than the number of agents reporting their preferences,
namely n,. We assume that the spare capacity of the facility, namely
ny :=n — n,, is used by external agents modelled as independent
and identically distributed (i.i.d.) samples of a probability distribu-
tion p € P(R), where P(R) denotes the set of probability measures
over R. To evaluate the quality of a facility location y, we introduce
the ex-ante social cost, which measures the expected cost of n, i.i.d.
agents distributed according to p added to the social cost of the
agents reporting their position

nr

ESC(Rys ) = ) |xi =

i=1

yl+ > BxllXi—yll. @
Jj=1

Givenn € N, X € R™ where n, < nand p € P(R), the Facility
Location Problem with Aleatory Agents (FLPAA) consists in finding
y € R that minimises the objective in (1).

First, we fully characterise the set of optimal solutions of the
FLPAA for any given u and X. We show that to retrieve the optimal
solution, it is not necessary to have access to a full description of
1, but rather to n, carefully chosen quantiles of the distribution.
We then study the mechanism design aspects of the FLPAA. Please
notice that, while the first set of n, agents report their preferences
to a mechanism, the remaining n, agents do not submit their pref-
erences to the mechanism. Therefore, the mechanisms need to be
truthful only with respect to the reports of the n, agents, while
the total cost has to be computed with respect to all the n, + n,
agents. We consider the case in which the mechanism designer
does not know g, but they can query any k € N quantiles of p. This
allows us to outline the trade-off between gathering more insight
on y and defining a better-performing truthful mechanism. We
introduce the notion of strong approximation ratio (SAR), which
evaluates the mechanism on the worst-case input X and the worst-
case distribution y, i.e. SAR(M) := SUpP,,cp(R) SUPzeRAr %
where E8Cp(X; p) := ESC(X, M(X); p) denotes the ex-ante social
cost achieved by a truthful mechanism M and E8C,p, (X;p) :=
minycg ESC(X, y; p) is the optimal ex-ante social cost. Notice that
the SAR is a stricter metric than the classic approximation ratio, as it
provides efficiency guarantees that do not depend on p. Throughout
our study, we focus our attention on the set of Phantom Quantile
Mechanisms (PQM), a family of truthful mechanisms that take as
input the agents’ reports and, depending on the quantiles available
to the mechanism designer, return a location. We study the SAR
guarantees of the PQM depending on the number of quantiles that
the mechanism designer can query. We divide our investigation into
four information settings determined by the value of k: (i) the zero
information case, in which the mechanism designer cannot query
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any quantile of y; (ii) the median case, in which the mechanism
designer has access only to the median of y; (iii) the k-quantiles
case, in which the mechanism designer has access to k quantiles
with k = 2,..., ny; and (iv) the n,-quantiles information case, where
the mechanism designer can query for at least n,, quantiles of y. For
each information setting, we provide an upper and lower bound
on the SAR attainable by truthful mechanisms and characterise
the PQM attaining the minimal SAR. In Table 1, we summarise our
results in terms of upper and lower bounds. Notice that the lower
and upper bounds coincide when k = 0, k = 1 and the ratio between
the number of agents reporting their positions is smaller than 1/3
and when k is larger than n,,. Lastly, we extend our framework to
the case in which we must locate two facilities capable of accommo-
dating c agents. In each scenario, we define a truthful mechanism
with bounded SAR or demonstrate that no truthful mechanism has
bounded SAR. Due to space limits, the full version of the proofs is
reported in the appendix.

Related Works. The study of the mechanism design aspects of
the FLP was introduced in [34, 37]. Following that, a range of mech-
anisms with constant approximation ratios for placing one or two
facilities on trees [22], circles [28], general graphs [2], and met-
ric spaces [30] were introduced. Moreover, different works tried
to generalise the problem by considering different agents’ prefer-
ences [17, 23, 29], different types of facilities [20, 29], different costs
[21], and additional constraints [42]. The m-Capacitated Facility
Location Problem (m-CFLP) is a variant of the m-FLP where each
facility can accommodate a finite number of agents [12, 35]. Con-
sidering facilities with capacity constraints is a natural approach
for modelling scenarios where facilities offer limited resources, as it
happens in distribution planning [36] and telecommunication net-
work design [11, 15]. Within this framework, it was proven that no
mechanism with a finite approximation ratio can place more than
two capacitated facilities while adhering to truthfulness, anonymity,
and Pareto optimality [39]. Recently, this impossibility result has
been overcome by dropping Pareto optimality [4, 5]. Lastly, in [3, 8]
the authors studied the m-CFLP under the assumption that the total
capacity of the facility is not sufficient to accommodate all agents.

To some extent, our framework is similar to Bayesian Mecha-
nism design, where agents’ preferences are distributed according
to p. Under these assumptions, the designer has access to more
information and thus it is able to refine its approximation guaran-
tees. Bayesian Mechanism Design has been applied to investigate
routing games [24], facility location problems [6, 41], and auction
mechanism design [16, 19, 25, 40]. Our framework distinguishes
itself from Bayesian mechanism design for two reasons: (i) In our
case, the mechanism designer does not know the probability dis-
tribution p, but only some qualitative information of y, e.g. the
quantiles. (ii) In Bayesian mechanism design, the performances of
the mechanisms are measured as the ratio of the expectations [25]
or as the expectation of the ratio [18]. In our case, the SAR is de-
fined as a worst-case ratio. Finally, some work proposed models for
the FLP which involve a degree of uncertainty. In [13], the authors
explored the FLP when agents’ locations are i.i.d. samples drawn
from an unknown distribution. A different approach is presented
in [32], where each agent is associated with an interval on the line
that represents all its possible locations.
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Lower Bound Upper Bound
_ 2 2
k=0 1 1 3~ 1
. 2 . 1
ko1 max{ﬁ,Z}—l if /12% max{)t 1,2}—1 1f125
1+ 72 otherwise 1+ & otherwise
2(1-No 20-NH(oc-1)
1 k + 14—
D 1+ g+ (1Mo ne—(1=A)(o-1)
k > ny 1 1

Table 1: A table containing the upper and lower bounds on the Strong Approximation Ratio for all four frameworks of the
one facility case we considered. The value n represents the number of agents the facility can serve, n, the number of agents
reporting their position, and n, := n — n,. The value 1 = °* is the fraction of agents reporting their position. For the sake of
simplicity, in the case 1 < k < n,, we assume that k divides n,, that is n, = 0 k where ¢ € N. Moreover, the lower bound we
reported is restricted to the case in which k is even and the quantiles are induced by a vector § € [0, 1] whose entries are

2j-1

equi-distanced, that is q; = =5

2 SETTING STATEMENT

In what follows, we assume that agents and the facility are placed
on a line. Let n denote the capacity of the facility, n, denote the
number of agents reporting their position, and n, = n — n, denote
the spare capacity of the facility used by agents belonging to the
population p. We name deterministic agents the agents reporting
their position, while the other agents are called aleatory agents.
Given the position of the n, deterministic agents, our goal is
to place a facility in a position that minimises the combined costs
of the n, deterministic agents and the expected costs of n, ii.d.
aleatory agents distributed according to p € P(R). In our frame-
work, we assume that the designer does not have access to the
whole distribution, but it can query a fixed number of quantiles.
The quantity of quantiles to query is fix, but the mechanism de-
signer decides which quantiles to query for. The quantiles that
are queried are public information, thus the agents have access to
them. Given a position y € R, a deterministic agent located at x;
incurs a cost of ¢;(x;,y) = |x; — y| to access the facility, while an
aleatory agent sampled from X ~ y incurs in an ex-ante cost equal

to c(y, p) = Ex~p[IX —yl].

PROBLEM 1. Letn = n, +ny be the capacity of a facility, p € P(R),
and X € R™ . The point y* € R is a solution to the Facility Location
Problem with Aleatory Agents (FLPAA) induced by X and p if it
minimises the ex-ante social cost function, namely ESC, that is

y — ESCE Y ) = ) i =yl + nyBx[1X — yl].

i=1

@

Basic Assumptions. In what follows, we tacitly assume that the
underlying distribution p satisfies the two following properties:
(i) ¢ € P(R) has finite first moment, i.e. ﬁR |x|dy < +o0. This con-
dition is essential, as otherwise the expected ex-ante cost of the
aleatory agents is not finite. (ii) The measure p is absolutely con-
tinuous. We denote with p,, its probability density function, with
F, its cumulative distribution function (c.d.f.), and with F}E_ll its
pseudo-inverse function. This assumption simplifies the analysis,
and it is not stringent since any probability measure can be ap-
proximated by an absolutely continuous one [38], a result that we
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repeatedly use in our discussion. We say that a sequence of proba-
bility measures iy concentrates the probability at one or more points
a € A cRast — ooif g, converges in distribution to a discrete
probability measure supported over A. An example is given by
the sequence pp = 20U, Lasl]s which converges to a probability
measure that assigns probability 1 to x € R, thus the sequence p,
concentrates all the probability at x. In Figure 1, we give a graphical

description of what concentrating the probability means.

2.1 The Optimal Solution of the FLPAA

In this section, we study the optimal solution to Problem 1. Given a
vector X = (x1, ..., Xn, ), the empirical cumulative distribution func-
tion (ecdf) associated with X is defined as Fz(t) = n—lr o T<y (1),
where Iy, </} (t) is the indicator function of the set {x; < t}, which
is equal to 1 if x; < t and 0 otherwise. Given ”—n’ =1¢€ [0,1], we set
Fypz(t) = AFz (1) + (1 - D) Fu (1), ®3)
where F), is the c.d.f. of . Since F, ,, ; is the convex combination of
two c.df, Fy 5 is a c.d.f. as well. We start our discussion by char-
acterising the set containing the optimal solutions to the FLPAA.

LEmMA 1. Given X € R™ and p € P(R), every median of F) ,,
is a solution, thusy* =inf {y € R, s.t. Fyuz(t) > %} is a solution.
Moreover, givenx € R™ and u € P(R),y € R is a solution to Problem
1ifand only ify € [a, b] where a = sup{t € R, s.t. 9,E8C(t) < 0}
and b = inf{t € R, s.t. 9,E8C(t) > 0}.

From Lemma 1 we infer that the FLPAA has at least a solution.
Moreover, there exists a discrete set that contains at least one solu-
tion to the FLPAA that is characterisable as follows.

THEOREM 1. Given n,n,,n, and p, let us denote with &,, =
{fi}jetn) where f; = FY™' (322 ifn is odd and f; = Fy (L) if
n is even. Then, for any given X € R, at least one element of the set
X U3J,, is an optimal solution to Problem 1, where X = {xi}ic[n,]-
In particular, given §,,,,, Problem 1 is solvable in polynomial time.

Notice that the values defining J,,, do not depend on p. Indeed,
fi € Ty, is the quantile associated to the value ZZJT;I regardless of
. By refining the proof of Theorem 1, it is possible to restrict the
set containing the possible optimal solutions whenever n, < n,,.
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Figure 1: A sequence of probability distributions that concen-
trates the probability at x; and x;. In the limit, the sequence
converges to a probability measure supported on x; and x,.

n+l

witha = "= —n, and § = n, —«a contains at least an optimal solution.

We define the set of relevant quantiles R(n,, n,) as the set of
indexes j € [ny] for which there exists ¥ € R" and y € P(R)

such that the optimal solution to Problem 1 is Fll,_ll (ZZJT:) More
formally, when n is odd, we have

R(ny,ny) := {j €[n,] st 3x € R™,

[-1] (21' - 1)
F _
d 2ny,

(4)
€ arirlgin {FA%;C(t) > %}}

Similarly, we define R(n,, n,,) for n even, in both cases, the cardinal-
ity of R(n,, n,) is finite. As we will see, the set R(n,, n,) contains
all the information needed by the mechanism designer to define an
optimal and truthful mechanism.

2.2 Mechanism Design Aspects of the FLPAA

A mechanism is a function M : R” — R that takes in input
the reports of the n, deterministic agents X € R" and outputs
a facility position y = M(X¥) € R. A mechanism M is said to be
truthful (or strategy-proof) if the cost of a deterministic agent is
minimised when it reports its true position. That is, ¢; (x;, M(X)) <
¢i(xi, M(X_;, x])) for any misreport x; € R, where ¥_; is the vector ¥
without its i-th component. Again, we stress that the mechanism has
to be truthful with respect to the set of n, deterministic agents, as
they are the ones reporting the information before the facility gets
located. The remaining n,, agents do not submit their preferences to
the mechanism and cannot manipulate the outcome of the process.

Given a truthful mechanism M and g € P(R), the approximation

ratio of M with respect to the E8C s ary, (M) := supgzcpn, ESEm i)

Notice that the approximation ratio of M depends on the probability
measure y1. We are interested in defining routines whose perfor-
mance is not dependent on g, but that work well across all possible
probability distributions. For this reason, we introduce the notion
of strong approximation ratio (SAR), which measures the ratio of
the cost attained by a mechanism and the optimal cost over every

ESCope Bpt) "
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possible input X and over every possible distribution g, that is

ESC (s 1)

SAR(M) = sup ar,,(M) = sup m
opt (X;

neP(R)

sup (5)

peP(R) ¥eRnr
Notice that the SAR is a stricter metric than the classic approxima-
tion ratio since ary, (M) < SAR(M). In our study, we assume that the
mechanism designer does not know g, but it can gather insight into
u by querying k quantiles of y. These quantiles are set before the
mechanism designer receives the agents’ reports and thus are not
manipulable by the agents. The challenge is then to define the best
truthful mechanism M in terms of SAR based on the information
on y that the mechanism designer can gather. To this extent, we
consider the class of Phantom Quantile Mechanism (PQM).

DEFINITION 1. Given n, € N, let ¢ € [0,1]" be such that
qi < qi+1. Denoted with F,E_ll the pseudo-inverse function of F,,
the Phantom Quantile Mechanism (PQM) associated with q is defined
as PQM5(X) = med (X, j?) where fi, = Fll,_ll(qk) for every k € [n,].

For any given ¢, PQOM is truthful and anonymous, as they are
instances of the Phantom Peak Mechanisms, introduced in [33].

THEOREM 2. For every 4 € [0,1]™ and every u € P(R), the
mechanism PQMy is truthful and anonymous.

Notice that the PQM defines a class of mechanisms that depends
on the quantiles ¢. In what follows, we showcase how to select
the best quantile vector g to query for any given number of agents
reporting their own positions.

3 TAILOR-MAKING A MECHANISM TO
DIFFERENT LEVELS OF INFORMATION

In what follows, we assume that the mechanism designer can query
k quantiles from p to tune the PQM. The k quantiles are queried
before the mechanism designer receives the agents’ reports, hence
the agents cannot manipulate the way the designer selects the
quantiles. We divide our study as follows: (i) in the zero information
case, in which k is equal to 0; (ii) the median information case,
in which the mechanism designer has access to the median of
i, ie. k = 1, (iii) the k-quantile information case, in which the
mechanism designer has access to any 1 < k < n,, quantiles of y,
and (iv) the n,-quantile information case, in which k > n,,. Due to
space limitations, we present only a sketch of the arguments for
the most relevant theorems, to highlight the main techniques.

3.1 Zero Information case

In this case, the mechanism designer does not have access to any
information on g, thus the mechanism elicits the position of the
facility based solely upon the agents’ self-reported positions X €
R" . In this case, placing the facility at the median of X defines a
truthful mechanism that achieves bounded SAR.

THEOREM 3. The mechanism M : X — med(X) is truthful. More-
over, we have that

-1
aX{Znu+nr—1’1} =max{2 A ",1}

ny+1
2ny+ny _ 2-A
ny -

SAR(M) = if nyis odd,

if n.is even.
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SKETCH OF THE ProOF. If n, = n, the result follows trivially,
we then consider the case n, < n. Let X € R™ be the vector of
agents’ reports, increasingly ordered with distinct values. Denote
by y = M(X) the facility location selected by the median mechanism
and by y* the optimal location minimising (2). Without loss of
generality, assume that y* = 0 and y < 0.

Step 1: Upper bound. Using the triangle inequality, we bound
the ex-ante social cost of the median mechanism as follows

ESCM(F, 1) < ) Ixi =yl + nu (BIIXI] + [y]).

i=1
Since y* = 0, we have E8Cop; (¥, 1) = 217, |x:] + ny E[1X]], so the
approximation ratio satisfies

ESCu(E ) _ ZiZi xi —yl + nulyl

E8Copt (X, 1) ~ il
Maximising this ratio by placing half the agents at y and the rest at
0 yields "7

esCy@Em [ 5= J+ny
E8Copr(Xy) = 2Lt

Step 2: Tightness. Define a sequence of probability measures y,
with densities ¢ p,(£x) so that E,, [|X|] — 0and E,,, [|X - y|] —

ny+1
2

ly| as £ — oo. Consider the instance in which | | agents are

: E8CM(Xpe) _
located at y and the rest at 0, we then have lim,—, ESCope (ipit) =
L25 J+ny

Ry

. Hence, the bound is tight and the result follows. O

We complement Theorem 3 with an example showcasing how
the approximation ratio of a mechanism M for a fixed measure y is
smaller than the SAR of the mechanism.

ExaMPLE 1. Letusfixn = 5,n, =3, andn, = 2. Owing to Theorem
3, mechanism M : X — med (%) has a SAR equal to 3. Consider the
case in which y is the uniform distribution on the interval [1, 2], that
is p = U([1,2]). Following the proof of Theorem 3, we infer that the
worst case instance is X = (0,0,1.25), since F,E_l] (i) =1.25.Bya
simple computation, we have E8C,p; (X) = 1745, while E8Cp(X) = %,
hence ary([1,2]) (M) = % ~1.13< %

To conclude the discussion on the Zero Information case, we
show that the bound in Theorem 3 is tight. In particular, the me-
dian mechanism is the best possible truthful mechanism for this
framework hence no truthful mechanism can achieve a lower SAR.

THEOREM 4. No truthful mechanism attains an SAR lower than
2-2-1
A+1
mechanism is the best mechanism for the Zero Information case.

max{ , 1} if n, is odd or 2%‘ if n, is even. Hence the median

SKETCH OF THE Proor. Consider the instance X with x; = —1
ifi < "’;1 and x; = 0 otherwise. Let M be a truthful mechanism
returning y = M(X); without loss of generality, assume y € {—1,0}
since otherwise (i) if y < —1 or y > 0, the SAR attained on the
instance would be larger than SAR attained in the case y € [-1,0],
and (ii) if -1 < y < 0, we exploit the truthfulness of M to reduce
the analysis to the cases where, up to a constant, y = —1 or y = 0.

Casey = —1. Let gy = EU[_%%] be a sequence of uniform
distributions. The optimal facility location yj lies in the support of
y¢ and converges to y* = 0 as £ — oco. Moreover,

By [1X = y"11 < By [IXI] + By [ly"[1 < § — 0.

712

AAMAS 2026, May 25-29, 2026, Paphos, Cyprus

Hence,
1

E8CM(X; 2=]+n
lim m % 1) _L 2n,J+1 -

B ESCope (o) |1
Case y = 0. Using the translated distributions pp = t’u[717 ERERH
20
the same argument yields an equal or larger ratio than in the previ-
ous case, which concludes the proof. O

3.2 Median Information Case

We now consider the case in which the mechanism designer has
only access to the median of the measure p, which we denote
with m. In this case, we consider the PQM induced by the vector
g =(05,...,0.5) € [0,1]", that is PQM5(X) = med(X, m), where
m = (m,...,m) € R™ This mechanism is truthful and has bounded
SAR, however, its SAR is always larger than 1 when 1 < n, <n-1.

THEOREM 5. Let g = (0.5,...,0.5). Then, the mechanism PQMj is
optimal if and only if n,, € {0, 1, n}. In all other cases, we have

2 . 1

max{—l,Z}—l if A>3

) — A+a 2
SAR(PQMq) {1 24 otherwise
1-1 .

In particular, SAR(PQMz) < 3.

To conclude this section, we prove a lower bound on the SAR
for any truthful mechanism that has access to the median of .

THEOREM 6. Let M be a truthful mechanism that has access to the
median of u, then

4 . 1
SAR(M) > max {35,2} - 1 if A>3
- % +1 otherwise.

In particular, if A > ”T_l, the lower bound is 1 and is matched by PQMz
where g = (0.5,...,0.5).

3.3 k-Quantile Information Case

We now consider the case in which the mechanism designer has
access to 1 < k < n,, quantiles. In particular, given § € [0, 1], we
characterise the PQM that achieves the lowest SAR while having
access to the quantiles associated with §. We then characterise the
optimal § € [0, 1]¥. Notice that the PQM are defined for § € [0, 1]™,
whereas in this framework we are able to query only for k quantiles.
To overcome this issue, we introduce the lift operator, which returns
a n, dimensional vector starting from a k dimensional vector.

DEFINITION 2. Given ny, n,, and k, we define the lift operator
L:[0,1]% — [0,1]™ as follows

L:G—L(q)=(qu-- 1 quq2 G2 > Qs - - G)s
[ R ——
t-times ty-times ti-times

where t; is the number of elements of R(n,, n,) whose closest entry
of G is q; (break ties arbitrarily).

The lift operator allows us to retrieve a n, dimensional vector
from a k dimensional one, thus, given ¢, the mechanism PQML@
is well defined. In the following Lemma, we compute the SAR of
PQM; () and show that it is the best PQM induced by a vector that
has the same entries as §.
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LEMMA 2. Given §, the mechanism PQM ) is well-defined. More-
over, we have that

4(1 - A)Anhnu (L(q))
1- 2(1 - A)Anr,nu (L(E])),
where Ay, n, : [0,1]™ — R is defined as

SAR(PQM,5)) =1+ (6)

2j—1|
2n,

Ap, n, (W) =  max |wj—

JjeR(nr.ny)
and R(ny, n,) is the set of relevant quantiles defined in (4). Finally,
L(q) induces the POM with the lowest SAR amid the class of POM
induced by vectors whose entries are the same as the entries of §, that
is SAR(PQML(5)) < SAR(PQMy,), for every w € [0, 1]™ such that, for
everyi € [n,] there exists a j € [k] such that w; = q;.

SKETCH OF THE PROOF. Given j € R(n,, n,), let X and y be such

that the optimal solution is y* = F’E_l] (%) and PQM 5 (X) =y =

F![,_ll (g;). Without loss of generality, we assume that y < y* and
set Ag = |q = 221;;1 | We then apply a sequence of modifications to
the instance in order to maximise the ratio between the mechanism
cost and the optimal cost. In particular, (i) we move all the determin-
istic agents on the left of y to y. Since we are decreasing the optimal
and mechanism cost by the same quantity the ratio increases. Simi-
larly, we increase the ratio by considering a sequence of probability
measures that concentrate the probability that y assigns to the left
of y on a small interval close to y. (i) We repeat the process in (i)
to the agents and probability on the right of y*. (iii) We move all
the agents whose position is between y and y* to y*. Finally, we
concentrate all the probability that p assigns to (y, y*) to y*. Notice
that all these modifications do not affect the position of the optimal
solution nor the output of PQM5). Lastly, we compute the optimal
and the mechanism cost. With a slight abuse of notation, we denote
with ¥ and p the agents’ reports and the probability measure we
obtained after modifying the instance according to points (i), (ii),
and (iii). By Lemma 1, we have that Fj , 3 (y*) > % By construction,
Fuzy) = % — (1 = Ay, therefore the ratio between the mech-
20D _ L 40-D)A

1-2(1-1)Aq 1—2(1-D)Ag’
which concludes the proof. O

anism cost and the optimal cost is

We stress that Lemma 2 gives us a formula to retrieve the best
PQM for any given quantile vector § € [0, 1]¥. We leverage this
result to characterise the vector ¢ that minimises the SAR of PQMy 5
for any given k, n,, and n,.

THEOREM 7. Given k, n,, and n,, let 0,7 € N be the unique pair
of natural values such that n,, = ok + 7. If R(n,, n,,) = {%_ul}je[nu]’
the best POM mechanism is PQML ) where q
26-D(oc+1)+0+1

2ny,
20— (c+1)+2(s—-t—-1)o+o0o
2ny,

if s<o,

S

qs = if s>o0.

Owing to Theorem 7, when k divides n, and n, > n,, the best
PQM is induced by the vector ¢ = (ﬁ, %, e 2’;;1) and its SAR
is1+ % where o € N is such that n,, = ok. Lastly, we
provide a lower bound on the SAR of any truthful mechanism that
places the facility while having access to the k quantiles induced

- 1.3 2k-1
by q = (355 36> S5 )
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THEOREM 8. Given k,o € N such that n, = ok, let § € [0,1]* be
the vector containing k equi-distanced values, that is q; = % Any
truthful mechanism M that has access only to the quantiles induced
by q is such that

2n
14 ——4 if k is even,
SAR(M) > k(n+ny,) - 2n,
- 6ny .
otherwise.

1+ —2
k(n+ny,) —5n,

SKETCH OF THE PROOF. Let M be a truthful mechanism. For the
sake of argument, let us assume that k and n, are even. By definition
ofq,wehavethatq% =1-x andq%+1 =1+ Letpbea
probability measure such that F;[,_ll(q%) =0, F!E_” (q§+1) =1,

(g e (—e0)if j < & and F ' (g) e (L1+e)ifj > £+ 1,
where € is a small positive constant. Let X € R"" be a vector such
that x; = 0if i < % and x; = 1 otherwise. Finally, let y denote
the output of M for this instance, which we can assume to be in
[0,1], as otherwise the SAR of the mechanism is higher. Notice
that we cannot restrict y to be either 0 or 1, as the truthfulness of
M applies only to the agents’ reports and not to the quantiles of
4. Indeed, to maximise the ratio between the mechanism cost and
the optimal cost, we either (i) move all the agents located at 0 to
y and concentrate all the probability that p assigns to (0,1) at 1;
or (ii) move all the agents located at 1 to y and concentrate all the
probability that y assigns to (0,1) at 0. Whether we modify the
instance following (i) or (ii), depends on which modification leads
to the highest ratio. The lower bound is then retrieved by selecting
y € [0, 1] that minimises the maximum ratio attainable by applying
(i) or (ii). Owing to the symmetry of the instance, we infer that this
happens when y = % The full computation of the lower bounds is
deferred to the Appendix. O

3.4 ny-Quantile Information Case

When k > ny, it is possible to define an optimal and truthful mech-
anism. Moreover, the routine of the optimal mechanism does not
depend on the value of n,. Indeed, given n,,, the PQM induced by

the vector g = (i % el 2"#;1) is truthful and optimal.

THEOREM 9. The mechanism PQM; where qi = % for every
k € [ny] is truthful and optimal regardless of p, that is SAR(M) = 1.

In particular, if the mechanism designer has access to the full
distribution g, they can design a truthful and optimal mechanism.

4 EXTENSION TO TWO FACILITIES

We extend our analysis to the setting with two capacitated facilities.
Unlike the single-facility case, this scenario introduces additional
complexity due to the fact that the mechanism must assign the
agents to the facilities in such a way that the capacity limit is not
violated. Moreover, impossibility results and optimality criteria for
one facility do not directly generalise. In this section, we formally
state the problem, address the issues arising in this setting, and
derive mechanisms with bounded SAR when possible.

4.1 Setting Statement

We now consider the case where we have two facilities with capacity
c to place, thus the total number of agents that the facilities can serve
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is n = 2c. We denote by n, < n = 2c the number of agents reporting
their position to the mechanism. Since we have two facilities with
a capacity limit, the mechanism must elicit the positions of the
facilities and then coordinate the agents by determining an agent-
to-facility matching [7]. This ensures that no facility is overloaded.

Given the agent report X, let y; and y, be the positions of the fa-

cilities and y be the agent-to-facility matching. We denote with nl(,l)

(2)

and n,;”’ the spare capacity of the facility at y; and the spare capacity

of the facility at y,, that is n,(,j) =c—#{i € [n] suchthat (i j) €y}
To coordinate the aleatory agents, we need to determine a function
fy : R = {y1,y2} that maps the realisation of X ~ p into the two
facilities. Since y; has a spare capacity of n,(ll) and the facility at y,

has a spare capacity of n,(tz), we define

fy:x—>{y1
Y2

(1)
if x< B

otherwise

™

Notice that f; is well and uniquely defined by ¥, §j = (y1,12), v,
and p. Finally, given the agents’ reports X we define the expected
ex-ante social cost associated with the tuple (7, y, u) as

ESCEG Y M) = ), 1= yilyij + mEx—u[IX = OO0, )
(i.j)ey

Given a vector X containing the deterministic agents’ positions,
the optimal 2-FLPAA is the tuple (yi,y,y) that minimises ESC.
We then denote with E8C,; (¥; 1) the minimum ESC attainable on
instance ¥, that is £€8C,,; (X; 1) = ming, ESC(X; 7, y, p). Similarly,
we denote with ESC(X; ) the ESC attained by the mechanism M,
that is E8Cpy(¥; ) = ESC(X; M(X), 1), where M(X) = (4, y).

THEOREM 10. Given ij = (y1,y2) andy, the function f,, defined as
in (7), has the following properties:
(i) If we take n,, samples of X, the expected number of agents that

fy assignstoy; is n,(,l) . Similarly, the expected number of agents

that f, assigns toy, is n,&z), that is n,Ex~, [Idf(x)=y;] = n,(,j)

for j =1, 2. Therefore the expected number of agents assigned
to each facility is equal to the capacity of the facility.

(ii) Among the functions g satisfying property (i), f, minimises the
expected ex-ante social cost of the allocation, that is E[|X —
FOOI <E[IX - g(X)|] for every g satisfying property (i).

(iii) The function f, allows us to split i into two measures with
disjoint support, that is yp = F,(z) < + (1= Fy(2)) 1>, where

_ (1)
z= F;E 1 (%), Then, the expected ex-ante social cost is
nu

ESCE Gy = D I =yl + ni By e [1X0 = 1]
(i.j)ey

+ 1 Bty [1X2 = y2l].

Given a facility location g and an agent-to-facility matching y,
the cost of a reporting agent is ¢; (x;, §) = |x; —y;|, where (i, j) is the
unique edge in y adjacent to agent i. The ex-ante cost of an aleatory
agent is ¢;(y1, y2) = Ex-u[|X — f,(X)|], where f, is defined as in
(7). As per the one facility case, the optimal solution to the 2-FLPAA
has a closed form.

THEOREM 11. Given two facilities with capacity ¢ and the agents’
reports X, let F), z be defined as in (3). If there exists z € R such
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np<c n,>c

k=0 N/A 3(c—-1)
1<k<ny, 3(c—1) 3(c—1)
k>ny 3 3(c-1)

Table 2: SAR guarantees attainable for the 2-FLPAA depend-
ing on the number of deterministic agents of the problem.
In the Table, N/A stands for Not Applicable, meaning that no
truthful mechanism attains bounded SAR. The value c repre-
sents the number of agents that each facility can serve, n, the
number of agents reporting their position, and n, = n — n,.
For the sake of simplicity, in the case 1 < k < n,, we assume
that k divides n,, that is n, = o k where o € N. Moreover, the
lower bound we reported is restricted to the case in which k
is even and the quantiles are induced by a vector G € [0, 1]*

whose entries are equi-distanced, that is q; = %

that z = FAl:Il;CJ. (0.5), the optimal solution to the 2-FLPAA is the tu-
ple (y1,y2,y) where (i) y = F, 1(0.25), y» = F}_11(0.75); and
(i) y = {(i, j)} is defined as (i, j) € y if and only if x; < F)[L;g(O.S)
and j =1orx; > F;;l;(O.S) and j = 2. If there is no point z € R such
that F) ,3(z) = 0.5, y assigns every agent whose position is strictly
to the left of z = F/%;l; (0.5) to y; and the agents whose position is
strictly to the right of z to y;. The agents at z are assigned to either
Yy ory, depending on which allocation induces the lowest cost.

As for the case of one facility, given y, n,, and c, the optimal
position for the facilities belongs to a discrete set.

COROLLARY 2. The optimal locations y; and y, belong to the fol-

2j—-1
one ) bielnal-

lowing discrete set {x;}ic[n,] U {F;E_l] (

4.2 Mechanism Design for the 2-FLPAA

We now study the 2-FLPAA from a mechanism design perspective.
As per the one facility case, we divide the presentation into sections
depending on how many quantiles the mechanism designer can
query. Due to the nature of the problem, depending on the number
and values that the mechanism designer queries, it might be im-
possible to define a truthful mechanism that attains bounded SAR.
When this happens, we prove that there are no truthful mechanisms
with bounded SAR. We summarise our findings in Table 2.

4.2.1
not query any quantile, it might be impossible to define a truthful
mechanism with bounded SAR. Indeed, if n, < ¢, no truthful mech-
anism has bounded SAR.

Zero Information Case. When the mechanism designer can-

THEOREM 12. Let M be a truthful mechanism, if n, < c, then
SAR(M) = +c0.

Proor. Let M be a truthful mechanism and let us consider the
instance ¥ = (1,1,...,1) € R™ . Let us denote with § = (y1,y2) =
M(%). Without loss of generality we can assume that y,y; # 0.

Let p be the uniform distribution over the interval [-1,1], so
that p,(t) = % ift € [-1,1] and p,(t) = 0 otherwise. We define



Research Paper Track

a; as the probability distribution whose density is £p,(¢£x) and
Be as the density whose probability distribution is £p, (f(x - 1)).
We then define py = % "’;;k
to prove Theorem 3, we have lim;_, E8Cop; (X; p1r) = 0, however
limy—c0 E8Ca1(X; pt¢) = |y1], which concludes the proof. O

ap + Pe. By the same argument used

When n, > c, the InnerGap Mechanism, introduced in [39], is
truthful, does not overload any facility, and attains bounded SAR.

MEcHANISM 1. Given X € R™ with n, > c, the InnerGap Mecha-
nism (IGM) returns y; = Xn—_¢, Y2 = Xc+1, and assigns every agents to
the facility that is closer to the position they reported.

THEOREM 13. The IGM is truthful and SAR(IGM) < 3(c — 1).

4.2.2  ny-quantiles Case. We now consider the case in which the
mechanism designer has access to n, quantiles of p. Owing to
Corollary 2, we focus our attention to the case in which the quan-
tiles to query are the ones induced by § = (5, %, e 2”#;1).
Unfortunately, in this case, the optimal mechanism is not truthful.

EXAMPLE 2. Let us consider ¢ = 5, so that the total capacity of
the facilities is 10, let us set n, = 8. Let u be the uniform distribution
on the interval [0,1]. Let ¥ = (0,1,1,2,9,9,9,9) € R® be the vector
containing the agents’ position. The optimal solution places y, at 0.75,
Yo at 9 and assigns the agents located at 0 and 1 to y,, and all the
others at y,. The agent at 2 can manipulate. Indeed, if it manipulates
by reporting 0.75 rather than 2, the mechanism still places y, at 0.75
and y, at 9, however, in this case the manipulative agent is assigned
to yy, thus its cost decreases from 7 to 1.25.

MECHANISM 2. Foreveryc € N andn, < c, let

7 (pt-u(1 (-1] (2 — 1
= (B () B ).
f ( B \2n, K 2n,
Given X in input, the Pseudo Optimal Mechanism (POM) places the
facilities at Z|en ) and Zn-| )5 where Z is the vector obtained by

ordering in increasing order the vector (X, f). Then POM assigns
every agent to the facility that is closer to the position they report.

THEOREM 14. The POM is truthful and SAR(POM) = 3.

Notice that when n, > ¢, the POM is no longer well-defined; we
thus introduce a different mechanism to handle this case.

MECHANISM 3. Let n, > c and let f be the quantiles associated

with § = (5, ..., 2421, Given %, let Z be the vector obtained
2ny 2ny

by reordering the entries of (J?,f) increasingly. Then, the output
of the Amended Quartiles Mechanism (AQM) on X is defined as
follows (i) we define § = (y1,y2) where y; = max{x,,—c, z[%]}
and y; = min{xcs1,2,-|¢|}; and (i) y as (i, j) € y if and only
if lxi —y;] = min{|x; — 1|, [x; — y2|}; that is every agent is assigned
to the facility that is closer to their report.

It is easy to see that the AQM does not overload any facility.
Moreover, it is truthful and attains bounded SAR.

THEOREM 15. The AQM is truthful and SAR(AQM) < 3(c —1).
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4.2.3 k-quantile Case. To conclude, we study the case in which we
have access to k quantiles of y, where k € {1,2,...,n, — 1}. Notice
that this framework includes the one quantile case. First, we notice
that, depending on the quantiles queried, there might be no truthful
mechanism that has bounded SAR.

EXAMPLE 3. Let us fixc = 3, so that n = 6. We fix n, = 2, thus
ny = 4. Assume that we query for3 quantiles. If we query the quantiles
associated with q; = 0.05, g2 = 0.1, and q3 = 0.15, any truthful
mechanism has unbounded SAR. Indeed, let us consider the following
instances indexed by ¢ € N. The report of the agents are x; = x; = 0
for every £, while i, = EU(_%HO) + %u(T_%,T), whereT is a parameter
to fix. Given a truthful mechanism M, let i, be the position at which
it places the facilities on the instance. If we set T # yi,y2, we have
that the optimal cost of the instance converges to zero, while the cost
of the mechanism is always larger than 0.

Despite the negative result in Example 3, querying the right quan-
2k-1
it is possible to design a truthful routine with bounded SAR.

tiles overcomes this impossibility result: for ¢ = i % .

MEcCHANISM 4. Let § = (ﬁzg—;l) andf be such that fi =
Fﬁfl](L(ﬁ)k). Forany X € R", letZ € R" be the vector obtained by

reordering (X, f) The Capped EndPoint Mechanism (CEM) is defined
as follows. If n, < c, then CEM(X) = (z1,2y). If n, > ¢, CEM(X) =
(max{x,—c, zre) }, min{xc1, Zn-| ¢ | }). Every agent is then assigned
to the facility closer to the position they reported.

Since there are at most c agents on the right of y; and c agents
on the left of y,, CEM is well-defined and it does not overload any
facility, moreover it is truthful and attains bounded SAR.

THEOREM 16. The CEM is truthful and SAR(CEM) < 3(c — 1).

5 CONCLUSION AND FUTURE WORK

In this paper, we introduced the Facility Location Problem with
Aleatory Agents (FLPAA), where the facility accommodates agents
whose position is known, along with agents whose position is
aleatory. After characterising the optimal solution to the FLPAA for
any given instance X and distribution y, we studied the mechanism
design aspects of the FLPAA. We considered the problem of design-
ing truthful mechanisms that perform well when the mechanism
designer does not have access to y, but to k quantiles that the mech-
anism designer can query for. We introduced the notion of strong
approximation ratio (SAR), which measures the ratio between the
mechanism cost and the optimal cost on the worst-case input X and
distribution p. We studied the upper and lower bounds for every
value of k and provided truthful routines with bounded SAR. In
several cases, the upper bound matches the lower bound. Lastly, we
extended our study to the case where we must locate two facilities
with capacity c. For future works, we aim to improve the lower
bound for the case in which 1 < k < ny, to extend our study of the
FLPAA to higher dimensional spaces, and to a more generic class
of costs, such as the Maximum or £, Costs [21].
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