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ABSTRACT
We propose a framework for the fair democratic governance of fed-

erated digital communities that form and evolve dynamically, where

small groups self-govern and larger groups are represented by as-

semblies selected via sortition. Prior work addressed static fairness

conditions; here, we formalize a dynamic setting where federations

evolve over time through communities forming, joining, and split-

ting, in all directions—bottom-up, top-down, and middle-out—and

adapt the fairness guarantees. The main technical challenge is rec-

onciling integral seat allocations with dynamic, overlapping fed-

erations, so that child communities always meet their persistent

floors while long-run averages converge to proportional fairness.

Overcoming these challenges, we introduce a protocol that ensures

fair participation and representation both persistently (at all times)

and eventually (in the limit after stabilization), extending the static

fairness properties to handle structural changes.

Prior work shows that grassroots federations can be specified

via atomic transactions among assembly members, and that Con-

stitutional Consensus can realize both these transactions and the

democratic processes leading to them. Together, the four works

form a complete design for an egalitarian, fairly governed, large-

scale decentralized sovereign digital community platform.
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1 INTRODUCTION
Social networks have demonstrated that digital communities can

scale to billions of members, but under centralized, autocratic con-

trol [20, 21]. Decentralized Autonomous Organizations (DAOs) [8]

have shown that digital communities can self-govern, but plutocrat-

ically, with governance power proportional to token holdings [5],

while surrendering sovereignty to the operators of the underlying

blockchain [14, 19]. The challenge is the formation and democratic

governance of large-scale sovereign digital communities—where

members’ control does not depend on external authorities/capital.
1

1
A particular acute context is that of blockchain governance; indeed, blockchains face a

governance scalability problem: proposals arrive continuously, while human attention
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This paper addresses this challenge through a framework for fair

democratic governance of communities that form and evolve dy-

namically. At the heart of our approach is the concept of grassroots
federation, which enables democratic governance at scale—from

local to global communities the size of today’s social networks and

potentially all of humanity. The starting point of the grassroots

process is the independent formation of small communities—in vil-

lages, neighborhoods, professional groups—that govern themselves

directly. When communities grow beyond a manageable size for

direct governance (say, 100 members), they select a small rotat-

ing assembly through sortition to govern on their behalf. These

communities can then federate: A village’s dog lovers community

joins both the general village federation and the regional dog lovers

federation. Villages federate with neighboring villages, professional

networks with related guilds. This naturally creates acyclic laminar

structures [11]—from city to state to national assemblies—where

communities form based on geography, profession, interests, or

identity, with individuals potentially belonging to multiple over-

lapping communities and communities belonging to more than

one parent community. Federations with disjoint populations can

coalesce when a person or a community from one joins another,

effectively merging the two structures.
2

Structurally, each community—from a single person to a large

collective—is a node in the federation graph, and membership of

one community in another is a directed edge in the graph. Each

federation is a connected directed acyclic component, and the pro-

tocol maintains any number of federations, which may coalesce

when a community (including a singleton) from one becomes a

child of a community in another. Communities join parent feder-

ations through mutual consent and can leave unilaterally. Each

community maintains its own assembly, with parent assemblies

drawn from the populations of their children. The key challenge
is to maintain fairness—ensuring each child community has
proportional representation in parent assemblies and all in-
dividuals equitable chances of selection over time.3

is scarce—leading to cognitive load and voter fatigue. Existing approaches mitigate

this via delegation and representative layers; our framework is complementary, using

federated sortition to keep participation lightweight while retaining legitimacy and

diversity. This suggests a concrete design space for on-chain governance: how to

sample higher-level assemblies from local ones so that representation remains fair

despite hierarchy, overlap, and integer seat constraints.

2
This capability—for federations to coalesce voluntarily while retaining their inter-

nal structures—enables bottom-up organization without central coordination. Such

federations need not converge to a single apex: a city federation and a professional

federation may remain independent, or sovereign communities may coordinate while

maintaining separate top-level assemblies. This polycentric architecture—multiple

coexisting hierarchies without forced unification—reinforces the grassroots nature of

the system, preserving autonomy while enabling coordination.

3
This follows the long-standing political-theory rationale for sortition and other

lotteries in collective decision-making [18].
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Ourwork extendsHalpern et al.’s foundational work on federated

assemblies [11], which introduced algorithms for fairly selecting

assemblies in a static federation structure. They defined three key

fairness properties: individual representation (equal probability of

selection for all members), ex ante child representation (expected

seats proportional to population), and ex post child representation

(actual seats meeting proportional thresholds).
4

To extend fairness to dynamic settings, we must reconsider what

fairness means when structures continuously evolve. In static set-

tings, fairness is measured at a single point: Does each individual

have equal probability of selection? Does each child community

receive its proportional share of seats? [11] In dynamic settings,

these become temporal properties. To capture this, we distinguish

two kinds of fairness: persistent fairness, requiring that certain prop-

erties hold at all times—a child community must always have at

least its proportional representation (rounded down) in its parent’s

assembly; and eventual fairness, requiring properties to hold in the

limit—over time each individual’s actual selection frequency should

converge to their fair share, and each child community’s average

representation should converge to its proportional share.
5

The central technical challenge of ensuring both kinds of fair-

ness simultaneously is to guarantee fairness under dynamic, over-

lapping federations with integral assemblies. Seat entitlements are

fractional and change as communities join, leave, or overlap, yet as-

semblies must always satisfy integer constraints. Naïve strategies—

such as simple rounding or uniform rotation—fail: they can violate

persistent lower bounds for children or prevent long-run averages

from converging to proportional shares. The difficulty is to rec-

oncile these conflicting requirements—persistent floors at every

instant and eventual proportionality for both communities and

individuals—within one consistent protocol.

Our contribution. We make the following contributions: (1) We

formalize a dynamic model of federation formation, where agents

can form overlapping communities that grow and federate over

time, governed by sortition-based assemblies; (2) We define fair-
ness and representativeness conditions adapted to the dynamic

setting—persistent properties, to hold at all times, and eventual

properties, to hold in the limit; (3) We design an efficient protocol

for maintaining assemblies across dynamically-evolving communi-

ties, proving that it satisfies all fairness guarantees.

Architectural context. This work provides a building block for

realizing the grassroots vision of replacing autocratic and pluto-

cratic global platforms with egalitarian and democratic grassroots

platforms [16, 17]. To serve as viable alternatives used by billions,

4
While Halpern et al.’s model requires parent assembly members to be selected from

child assemblies (upward mobility) [11], we relax this, allowing parent assemblies to be

drawn from the general populations of child communities, enabling fairness guarantees

for broader federation structures. In practice, preference for seasoned members can

still be incorporated without compromising fairness.

5
These eventual fairness properties are defined for the scenario in which the fed-

eration structure eventually stabilizes, analogous to the Global Stabilization Time,

GST, assumption in distributed systems [7], where protocols are designed to achieve

the desired state eventually, once the system stabilizes. In both cases, this is a the-

oretical construction, since in practice systems never stabilize forever. Still, it is a

well-established practice in theoretical computer science: systems proven to behave

well in infinity can then be shown experimentally to exhibit good behaviour in finite

horizons in practice.

grassroots platforms must support democratic governance at com-

parable scales. Since they consist of multiple, independent instances

rather than a single global one, federation is essential for large-

scale governance [16]. Alongside prior work on static fairness [11],

atomic transactions [17], and constitutional consensus [12], this

work completes the architecture needed for democratic governance

of grassroots sovereign digital communities—at scale. It ensures

fairness properties persist and converge as federations grow.

Technically, this work forms the top layer of a three-layer archi-

tecture for democratic governance of grassroots digital communi-

ties. At the lowest, consensus layer, the Constitutional Consensus
protocol [12] ensures that community members’ personal devices

(e.g., smartphones) reach agreement on shared state updates, even

as membership changes over time. Above it, the atomic transac-
tions layer [17] specifies how such state changes are structured and

executed: each community’s rules—its “digital social contract”—are

represented as atomic transactions among its members, ensuring

every valid community update is agreed upon and applied consis-

tently by all participants. At the top, the federation layer—the
focus of the present paper—governs how communities relate to

one another: how assemblies are formed, how representation is

maintained, and how fairness persists as communities evolve. Imple-

mented together, these layers yield a fully decentralized, grassroots
system in the technical sense [16, 17]: one where communities op-

erate and interconnect directly on their members’ devices, without

dependence on external authorities or centralized infrastructure.

This work completes the architecture by providing the fairness

guarantees required for democratic governance at scale.
6

Paper structure. After discussing related work (Section 2), Sec-

tion 3 provides a model overview with intuitive examples. Sec-

tion 4 presents static federations, defining validity conditions and

assemblies. Section 5 introduces grassroots federations as a timed

transition system, specifying how federations evolve through com-

munities and individuals joining, leaving, and reorganizing. Sec-

tion 6 adapts fairness requirements from the static to dynamic

setting, defining persistent and eventual fairness properties. Sec-

tion 7 presents the Greedy Fair Protocol (GFP). Section 8 proves

that GFP satisfies all fairness objectives. Section 9 discusses future

directions and impact on global digital democracy.

Due to space constraints, some details are left to the full version.

2 RELATEDWORK
Our work lies at the intersection of large-scale democratic design,

apportionment, sortition, and temporal fairness. The main novelty

is in supporting dynamic, overlapping federated assemblies while
maintaining both persistent guarantees and eventual proportional

fairness. Prior work typically addresses one of these aspects in isola-

tion: apportionment in static settings, sortition for single draws, or

temporal fairness without indivisible seats. We bring these threads

together to scale democracy in grassroots federations.

6
Note that the intended scope is not merely abstract: it covers (i) human collectives,

(ii) fully autonomous multi-agent systems, and (iii) hybrid environments in which

AI agents act as constrained proxies for individuals. In all three, the mechanism can

be read as a decentralized coordination layer that composes many local decisions

into a coherent outcome while keeping participation and communication demands

bounded; in mixed settings, this interpretation naturally foregrounds issues of mandate

specification and auditability of proxy behavior.
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Apportionment and Federated Assemblies. The classical apportion-
ment literature studies the allocation of indivisible seats propor-

tionally in static settings [3]. Halpern et al. recently introduced a

model of static federated assemblies, selecting parent representa-

tives from child populations while satisfying fairness constraints

[11]. We generalize this setting to dynamic processes with turnover

and overlapping memberships.

Sortition and Randomized Committee Selection. Sortition has been

revisited in social choice. Flanigan et al. propose a transparent

sortition method that achieves fairness under quotas [10]. Baharav

and Flanigan extend this with manipulation-robust transparent

sortition [2]. We adopt sortition as our base mechanism but embed

it into long-lived rotating assemblies under evolving membership.

Temporal and Dynamic Social Choice.Work on temporal social

choice studies how decisions evolve over time [13, 15]. These mod-

els examine changing preferences and outcomes, but not propor-

tional representation across assemblies. In contrast, we focus on the

dynamics of seat allocation and fairness guarantees in federations.

Overlapping Communities and Multiwinner Representation. Re-
search on multiwinner voting and proportional representation (e.g.,

justified representation, proportional justified representation [1])

assumes disjoint electorates. In our setting, populations may over-

lap across communities, requiring new mechanisms (colored seats)

to handle weight-splitting and avoid double-counting.

Stabilization and Convergence. Our notion of eventual fairness

after stabilization is inspired by concepts from distributed systems,

particularly Global Stabilization Time (GST) [7]. As in eventual

synchrony, our guarantees hold once the system stops changing,

though the application here is democratic seat allocation.

Democracy at Scale. Efforts to scale democracy include liquid

democracy [4], DAOs, and digital platforms, typically based on

delegation or token voting. Grassroots federation is a new paradigm:

egalitarian, sortition-based, with provable fairness guarantees.

3 MODEL OVERVIEW
We first sketch the setting informally, to make the core objects

and terminology concrete; the following sections (Sections 4 and 5)

will then make them fully precise. The central model entity is a

federation: a network of communities that is typically a directed

acyclic graph (DAG). Each community governs itself through an

assembly, a small group of members chosen and rotated by sortition,
meaning members are randomly drawn from the community, where

a person can be in several communities and in several assemblies.

Crucially, federations are dynamic: communities can join under

a new parent community, which has its own assembly, drawn from

the populations of its children. Communities can also leave and

individual people can join or depart communities. Moreover, mem-

bers do not serve indefinitely in the assemblies: each member of an

assembly is selected for a fixed term 𝜏 (say, one year), after which

their seat is re-assigned. Term limits ensure regular turnover, giving

more members of the community an opportunity to participate,

and preventing long-term concentration of influence in the hands

of a few. This also relates to the following three intuitive fairness

goals we aim to capture (note that the first two goals consider child

communities, while the last goal considers individual persons):

• Persistent fairness: At every moment, each child commu-

nity should hold at least its guaranteed minimum number

of seats in the parent assembly, proportional to its popu-

lation share. E.g., a child holding two-thirds of a parent’s

population of 100 is entitled to 2/3 · 100 = 66.66 . . . seats,

guaranteeing at least 66.

• Eventual fairness: Over the long run, as seats rotate due to
term limits, each child community’s time-averaged share of

seats should be at least its proportional population share. In

the same example, the community should hold, on average,

at least 66.666 . . . seats (the exact real number, not its floor).

• Equitable participation: Over the long run, each person
in a community should serve in its assembly for a similar

fraction of time. This ensures no individual is persistently

overlooked while others over-participate.

These fairness properties interact: persistent fairness prevents

sharp drops in representation, while eventual fairness and equitable

participation ensure that the system converges to proportional

representation for communities and individuals in the long term.

Consider Figure 1. The rest of this section builds the formal model

needed to capture such structures, their evolution over time, and

the fairness properties we want to enforce.

4 STATIC FEDERATIONS
First, we provide some definitions for the static case. Let Π denote

a (potentially infinite) universe of people. Fix an integer 𝑛 ≥ 1 as

the target assembly size for every community.

Definition 4.1 (Communities and federation graph). A federation
graph is a directed acyclic graph 𝐺 = (𝑉 , 𝐸) whose nodes 𝑉 are

communities. The graph may consist of multiple connected compo-

nents, each being a federation. For 𝑣 ∈ 𝑉 , let children (𝑣) := {𝑢 ∈
𝑉 : (𝑣 → 𝑢) ∈ 𝐸 } denote the set of (immediate) children of 𝑣 . A

node is a leaf if children (𝑣) = ∅.
Definition 4.2 (Population). The population of a community 𝑣 ,

denoted 𝑃𝑣 , is the set of all people who belong to leaves in the

subtree rooted at 𝑣 (which is 𝑣 itself if it is a leaf).

Each community 𝑣 ∈ 𝑉 is governed through an assembly denoted
𝐴𝑣 . The assembly consists of 𝑛 members of the population of 𝑣 , or

all of them if it’s size is ≤ 𝑛.

Definition 4.3 (Valid federation). A federation with communi-

ties 𝑉 and assemblies {𝐴𝑣 : 𝑣 ∈ 𝑉 } is valid if:

(1) Leaf disjointness: For distinct leaves 𝑢 and 𝑣 , 𝑃𝑢 ∩ 𝑃𝑣 = ∅.
(2) Assemblymembership and size: For every 𝑣 ∈ 𝑉 ,𝐴𝑣 ⊆ 𝑃𝑣

and |𝐴𝑣 | = min( |𝑃𝑣 |, 𝑛).
A federation graph is valid if each of its federations is valid.

We note that in a grassroots setting, the due diligence communi-

ties perform on each other before deciding to form an edge among

them may include verifying that each other’s federation is valid, in

case they belong to different federations.

Example 4.4 (Valid federation from Figure 1). Consider the feder-
ation in panel (b) of Figure 1, with target assembly size 𝑛 = 2.

• The leaves are communities 𝐴, 𝐵, and 𝐶 , with populations

𝑃𝐴 = {Alice}, 𝑃𝐵 = {Bob}, and 𝑃𝐶 = {Carol}, which are

pairwise disjoint.
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Community A
(Alice)

Community B
(Bob)

Community X
(Alice and Bob)

Assembly of X

(a) Alice & Bob federate into X.

Community X
(Alice and Bob)

Assembly of X

Community C
(Carol)

Community Y
(Alice, Bob, Carol)

Assembly of Y

Community A
(Alice)

Community B
(Bob)

(b) X (built from A and B) federates with Carol into Y.

Figure 1: Running example of federating communities with a fixed assembly size 𝑛 = 2. (a) Communities 𝐴 (containing Alice)
and 𝐵 (containing Bob) federate into a parent community 𝑋 . Each child community has the same size, so 𝑋 ’s two assembly seats
are split evenly. (b) The previously formed community 𝑋 (population 2) federates with 𝐶 (containing Carol, population 1) into
parent community 𝑌 . Fairness considerations imply that: (1) persistently, each receives at least one seat; and (2) over time, 𝑋
gets ≈ 1.33 seats and 𝐶 ≈ 0.66 seats.

• Internal community 𝑋 has population 𝑃𝑋 = {Alice, Bob},
and its assembly𝐴𝑋 contains𝑛 = 2 distinctmembers from 𝑃𝑋 .

• Parent community𝑌 has population 𝑃𝑌 = {Alice, Bob,Carol},
with assembly𝐴𝑌 containing𝑛 = 2 distinctmembers from 𝑃𝑌 .

Validity holds: (i) leaf populations are disjoint, and (ii) each as-

sembly contains min( |𝑃𝑣 |, 𝑛) distinct members from its population.

5 GRASSROOTS FEDERATIONS
The static model above captures a single snapshot of a federation

graph: its communities, their populations, and the current assem-

blies. As our focus is on the grassroots formation of federations, we

consider how federations evolve:

(1) a person may participate in a federation by first forming

a singleton community, and join a parent community as a

child;

(2) communities can federate by creating parent communities,

join existing parents through mutual consent, or leave;

(3) federation graphs evolve as these operations compound over

time, potentially resulting in complex DAG structures; and

(4) assemblies continuously evolve to fairly reflect communities

joining and leaving, with members rotating via term limits

to maintain fair representation over time.

We provide a formal model of such dynamics, by formulating

a timed transition system whose states are valid federations and

whose transitions correspond to the federation events: participation,

federation, joining, leaving, and assembly maintenance.

5.0.1 Timed Transition Systems. Concretely, to model changes over

time, we build on a standard abstraction from concurrency theory.

Definition 5.1 (Timed Transition System). A timed transition sys-
tem is a tuple T = (𝑆, 𝑠0,𝑇 ) where: (1) 𝑆 is the set of possible

states; (2) 𝑠0 ∈ 𝑆 is the initial state; (3) 𝑇 ⊆ 𝑆 × 𝑆 is the set of valid
transitions.

A timed run of T is a sequence (𝑠0, 𝑡0) → (𝑠1, 𝑡1) → (𝑠2, 𝑡2) →
· · · such that:

(1) (𝑠𝑖 , 𝑠𝑖+1) ∈ 𝑇 for all 𝑖 (valid transition).

(2) 𝑡0 = 0 and 𝑡𝑖+1 ≥ 𝑡𝑖 for all 𝑖 (non-decreasing global clock).

Here 𝑡𝑖 is the absolute time at which state 𝑠𝑖 is current.

5.1 Federation Transition System
We now tailor the abstract timed transition system from above to

the federation setting. In what follows, we specify the states and

event types for this specialized system, which together form our

dynamic model of federations.

Definition 5.2 (Federation Transition System). A federation transi-
tion system is a timed transition system F = (G,𝐺0,𝑇 ) where:

• G is the set of all valid federation graphs (as per Defini-

tion 4.3).

• 𝐺0 = (∅, ∅) is the empty federation (no people, no nodes).

• To specify𝑇 ⊆ G×G, it is useful to first classify the possible

transitions/events into the following types:

(1) Participate (𝑝): Add a new leaf 𝑣 with 𝑃𝑣 = {𝑝} and

𝐴𝑣 = {𝑝}, provided 𝑝 is not in any existing leaf population.

(2) Federate (𝑣): Add new node 𝑓 , set𝐴𝑓 := 𝐴𝑣 , and add edge

𝑓 → 𝑣 . (This event creates a federation “placeholder” as a

parent of 𝑣 , having 𝑣 as its sole child, ready to be joined

with other children.)

(3) Join (𝑓 → 𝑣): Add edge 𝑓 → 𝑣 if 𝑓 , 𝑣 ∈ 𝑉 and the result

is acyclic. (I.e., this adds a new child, 𝑣 , to 𝑓 .)

(4) Leave (𝑓 → 𝑣): Remove edge 𝑓 → 𝑣 . Remove from 𝐴𝑓

only those members 𝑝 who no longer belong to any re-

maining child of 𝑓 , i.e., 𝑝 ∉
⋃
𝑢∈children𝑡 (𝑓 ) 𝑃𝑢 . (With the

colored-seat formalism introduced later, this corresponds

to removing the seats colored by 𝑣 .)

(5) Remove Member (𝑝, 𝑓 ): Remove 𝑝 from 𝐴𝑓 . (This corre-

sponds to the end of term for member 𝑝 in 𝐴𝑓 .)

(6) AddMember (𝑝, 𝑓 ): If 𝑝 ∈ 𝑃𝑓 \𝐴𝑓 and |𝐴𝑓 | < min( |𝑃𝑓 |, 𝑛),
add 𝑝 to 𝐴𝑓 .

(7) Garbage Collect (𝑣): If 𝑣 is a leaf with 𝐴𝑣 = ∅, remove 𝑣

and all incident edges; update parent assemblies accord-

ingly.

Given these event types, (𝐺,𝐺 ′) ∈ 𝑇 iff either: 𝐺 ′
is cre-

ated from 𝐺 following an event of type 6 (Add Member) or
7 (Garbage Collect), or no event of type 6 or 7 is applicable

to 𝐺 , and 𝐺 ′
is obtained from 𝐺 by applying a transition of

some other type.
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In other words, events of type 6 and 7 have priority: if at least one
such event is applicable in 𝐺 , then the only outgoing transitions

from 𝐺 in 𝑇 are those events. Furthermore, we require that, in

a valid run of our transition system, any event of type (6) or (7)

occurs without advancing time; that is, if (𝐺𝑖 , 𝑡𝑖 ) → (𝐺𝑖+1, 𝑡𝑖+1)
and this corresponds to transition of type (6) or (7), then 𝑡𝑖+1 = 𝑡𝑖 .

Such maintenance events must be applied exhaustively—repeatedly,

at the same timestamp—until no further type (6) or (7) event is

applicable before any other event type may occur.

5.2 Validity of the Federation Transition System
Our first goal (a sanity check) is to show that the federation tran-

sition system produces only valid federations. Yet not all states in

a run persist: some exist only instantaneously as part of system

maintenance. Thus, we distinguish two kinds of states:

• Non-fleeting states: states that persist for a positive dura-
tion, i.e., 𝑡𝑖 > 𝑡𝑖−1 or the initial state 𝑖 = 0.

• Fleeting states: arise only for zero time, i.e., 𝑡𝑖 = 𝑡𝑖−1.

Only the non-fleeting states correspond to federations that per-

sist “in the real world”. The following proposition states that all

such non-fleeting states are indeed valid.

Proposition 5.3 (Validity of non-fleeting states). In any
admissible timed run (𝐺0, 𝑡0) → (𝐺1, 𝑡1) → · · · of the federation
transition system, every non-fleeting state 𝐺𝑖 is a valid federation
graph: 𝐺𝑖 ∈ G.

5.3 Time-Indexed Notation
Following the definitions above, we also introduce time-indexed

notation, to be able to speak about the state of the federation at some

time 𝑡 . Formally, fix an admissible timed run (𝐺0, 𝑡0) → (𝐺1, 𝑡1) →
(𝐺2, 𝑡2) → · · · as in Section 5.1, with 𝑡0 = 0 and 𝑡𝑖+1 ≥ 𝑡𝑖 . For

absolute time 𝑡 ≥ 0, let 𝑖 (𝑡) := max{ 𝑖 | 𝑡𝑖 ≤ 𝑡 } and 𝐺𝑡 := 𝐺 𝑖 (𝑡 ) be
the state that is current at time 𝑡 (right-continuous selection; also,
recall that maintenance events (types 6 and 7) do not advance time,

so, following Proposition 5.3, every 𝐺𝑡 is a valid federation).

For any community 𝑓 present in 𝐺𝑡 , we write:

• 𝑃𝑡,𝑓 for the population of 𝑓 in 𝐺𝑡 (at time 𝑡 ),

• 𝑀𝑡,𝑓 for the members of the assembly of 𝑓 in 𝐺𝑡 (at time 𝑡 ),

• children𝑡 (𝑓 ) for the set of children of 𝑓 in 𝐺𝑡 (at time 𝑡 ).

5.4 The Running Example (Dynamic)
Consider the following example, illustrating how the valid federa-

tion of Figure 1 could have emerged dynamically.

Example 5.4 (Building the running example via events). Fix 𝑛 = 2.

We start from 𝐺0 = (∅, ∅) and perform the following admissible

run. We write (M) for zero-time maintenance (events 6/7) that may

occur immediately after an event.

𝑡 = 1 Participate(Alice). Create leaf 𝐴 with 𝑃𝐴 = {Alice} and
𝐴𝐴 = {Alice}. (No maintenance needed.)

𝑡 = 2 Participate(Bob). Create leaf 𝐵 with 𝑃𝐵 = {Bob} and 𝐴𝐵 =

{Bob}. (No maintenance.)

𝑡 = 3 Federate(𝐴). Create parent 𝑋 with edge 𝑋 → 𝐴 and set

𝐴𝑋 := 𝐴𝐴 = {Alice}. Here 𝑃𝑋 = 𝑃𝐴 = {Alice}, so |𝐴𝑋 | =
min( |𝑃𝑋 |, 2) = 1. (No maintenance.)

𝑡 = 4 Join(𝑋 → 𝐵). Add edge𝑋 → 𝐵, so 𝑃𝑋 becomes {Alice, Bob}
while 𝐴𝑋 is still {Alice}. (M) Event (6) AddMember fills 𝐴𝑋

up to min( |𝑃𝑋 |, 2) = 2, adding Bob at the same timestamp:

𝐴𝑋 = {Alice, Bob}.
𝑡 = 5 Participate(Carol). Create leaf 𝐶 with 𝑃𝐶 = {Carol} and

𝐴𝐶 = {Carol}. (No maintenance.)

𝑡 = 6 Federate(𝑋 ). Create parent 𝑌 with edge 𝑌 → 𝑋 and set

𝐴𝑌 := 𝐴𝑋 = {Alice, Bob}. Now 𝑃𝑌 = 𝑃𝑋 = {Alice, Bob}, so
|𝐴𝑌 | = min( |𝑃𝑌 |, 2) = 2. (No maintenance.)

𝑡 = 7 Join(𝑌 → 𝐶). Add edge𝑌 → 𝐶 , so 𝑃𝑌 becomes {Alice, Bob,Carol}
while𝐴𝑌 remains {Alice, Bob}. min( |𝑃𝑌 |, 2) = 2, so nomain-

tenance is needed.

At 𝑡 = 7 the graph matches Figure 1(b): 𝑌 is parent of 𝑋 and

𝐶 , with 𝑃𝑋 = {Alice, Bob}, 𝑃𝐶 = {Carol}, 𝑃𝑌 = {Alice, Bob,Carol},
and both 𝐴𝑋 and 𝐴𝑌 contain two distinct members from their

populations.

6 FAIRNESS OBJECTIVES
In the previous section we showed that every observable state

in a federation transition system, after maintenance steps, is a

valid federation graph. Validity, however, only guarantees structural
soundness. We now turn to the question of fairness—whether com-

munities are proportionally represented and individuals participate

equitably as the federation evolves.

6.1 Static vs. Dynamic Fairness
In the static setting, as studied in [11], the structure of the federation

is fixed, and the task is to populate each assembly so that three

natural fairness objectives hold:

• Ex post: (1) The actual representation of each child commu-

nity in its parent assembly is at least its proportional share,

rounded down to the nearest seat.

• Ex ante: (2) The expected representation of each child com-

munity equals its proportional share; and (3) all members of

a community have the same probability of being selected.

The challenge stems from the integrality constraint, and the fact

that the static model corresponds to a one-time setting: assembly

members are whole individuals, not divisible fractions, making the

problem akin to classical apportionment [9].

In the dynamic setting, we adapt these notions as follows: the

ex post constraint is required to hold throughout the run, while
the ex ante constraints are relaxed to an eventual requirement—

allowing certain, temporary imbalances in representation or partic-

ipation, provided they are corrected over time. Formally, as defined

below, eventual fairness is required only once the federation struc-

ture has stabilized, paralleling the eventual synchrony model in

distributed computing, where correctness is ensured after an un-

bounded but finite stabilization period.
7

Before formalizing these fairness requirements, we introduce

quantitative measures of representation and participation—both

for communities within their parent assemblies and for individuals

within their communities. These serve as the basis for the defini-

tions of persistent and eventual fairness in the dynamic setting.

7
For simplicity, we assume that the federation specifies a fixed term length 𝜏 (e.g.,

one year) for all assembly members, unless they are removed earlier due to structural

changes—in particular, the departure of a child community they represent.
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6.2 Measures of Representation/Participation
To capture fairness formally, we first define measures for: (1) the

representation of a child community within the assembly of its

parent; and (2) the participation of an individual within the assembly

of their community. These measures apply at any given time 𝑡 in a

run of the federation transition system.

Weight. At time 𝑡 , theweight of a person 𝑝 in a child community 𝑣

with respect to a parent 𝑓 is:

weight𝑡 (𝑝, 𝑣, 𝑓 ) =
{

1

| {𝑢∈children𝑡 (𝑓 ) :𝑝∈𝑃𝑡,𝑢 } | if 𝑝 ∈ 𝑃𝑡,𝑣,

0 otherwise.

In words, if 𝑝 belongs to 𝑣 (and hence to 𝑓 ) at time 𝑡 , we divide their

unit “voting power” equally among all child communities of 𝑓 they

belong to at time 𝑡 . If 𝑝 is not in 𝑣 , their weight in 𝑣 is zero.

Remark 1. Note that this implies the following: if a person 𝑝

belongs to multiple children of 𝑓 , then we split 𝑝’s unit weight evenly
across those children via weight𝑡 (𝑝, 𝑣, 𝑓 ). This ensures that it holds
that

∑
𝑣∈children𝑡 (𝑓 ) weight𝑡 (𝑝, 𝑣, 𝑓 ) = 1.

The weight of a child community 𝑣 in 𝑓 at time 𝑡 is the sum of

the weights of its members:

weight𝑡 (𝑣, 𝑓 ) :=
∑︁

𝑝∈𝑃𝑡,𝑣
weight𝑡 (𝑝, 𝑣, 𝑓 ).

Share. The share of a community 𝑣 in 𝑓 at time 𝑡 is:

share𝑡 (𝑣, 𝑓 ) := 𝑛 ·
weight𝑡 (𝑣, 𝑓 )

|𝑃𝑡,𝑓 |
,

interpreted as the fractional number of seats that 𝑣 deserves in 𝑓 at

time 𝑡 . Similarly, the share of a person 𝑝 in 𝑓 at time 𝑡 is:

share𝑡 (𝑝, 𝑓 ) := min(𝑛/|𝑃𝑡,𝑓 |, 1) .

Seats. At time 𝑡 , the seats of a person 𝑝 in 𝑓 are:

seats𝑡 (𝑝, 𝑓 ) :=
{
1 if 𝑝 ∈ 𝑀𝑡,𝑓 ,

0 otherwise.

That is, seats𝑡 (𝑝, 𝑓 ) is an indicator for whether 𝑝 is a member of

the assembly of 𝑓 at time 𝑡 . The seats of a community 𝑣 in 𝑓 (at

time 𝑡 ) are the number of persons from 𝑣 who are members of the

assembly of 𝑓 at time 𝑡 :

seats𝑡 (𝑣, 𝑓 ) := |𝑀𝑡,𝑓 ∩ 𝑃𝑡,𝑣 | =
∑︁

𝑝∈𝑃𝑡,𝑣
seats𝑡 (𝑝, 𝑓 ) .

Averages. For any quantity 𝑋𝑡 measured over time, we define its

average value over the time interval [0,𝑇 ] as:

avg𝑇 (𝑋 ) := 1

𝑇

∫ 𝑇

0

𝑋𝑡 𝑑𝑡 .

6.3 Persistent and Eventual Fairness
Given this additional notation and following the intuitive discus-

sion of Section 6.1, next we distinguish two categories of fairness

requirements for a community 𝑓 during a run:

• Persistent fairness: corresponds to static ex post guaran-

tees, holding at every moment in time.

• Eventual fairness: corresponds to static ex ante guarantees,
holding only in the limit once the structure has stabilized.

6.3.1 Persistent fairness objective. We have one persistent fairness

objective, which we formulate below.

Definition 6.1 (Persistently-Fair Representation (PFR)). A run sat-

isfies persistently-fair representation (PFR) for 𝑓 if, for every 𝑡 ≥ 0

and every child 𝑣 ∈ children𝑡 (𝑓 ), seats𝑡 (𝑣, 𝑓 ) ≥ ⌊share𝑡 (𝑣, 𝑓 )⌋ .

6.3.2 Eventual fairness objectives. We have two eventual fairness

objectives, which we formulate below. Eventually-fair representation
requires that, in the long run, each child community’s average

number of seats in its parent assembly is at least its average fair

share (and not just lower bounded by the rounding down of its fair

share); and Eventually-equitable participation requires that, in the

long run, all individuals in a community participate in its assembly

equally often, matching the ideal uniform rotation rate.

Definition 6.2 (Eventually-Fair Representation (EFR)). A run sat-

isfies eventually-fair representation (EFR) for 𝑓 if, for every 𝑣 that

is a child of 𝑓 in the long run (i.e., there exists 𝑇0 such that 𝑣 ∈
children𝑡 (𝑓 ) for all 𝑡 ≥ 𝑇0), it holds that lim𝑡→∞ avg𝑡

(
seats𝑡 (𝑣, 𝑓 )

)
≥

lim𝑡→∞ avg𝑡

(
share𝑡 (𝑣, 𝑓 )

)
, whenever these limits exist.

Definition 6.3 (Eventually-Equitable Participation (EEP)). A run

satisfies eventually-equitable participation (EEP) for 𝑓 if, for every

person 𝑝 in 𝑓 in the long run (such that there exists𝑇0 with 𝑝 ∈ 𝑃𝑡,𝑓
for all 𝑡 ≥ 𝑇0),

lim

𝑡→∞
avg𝑡

(
seats𝑡 (𝑝, 𝑓 )

)
= min

{
lim

𝑡→∞
𝑛

|𝑃𝑡,𝑓 |
, 1

}
.

6.4 Eventually-Fair Protocols
The eventual fairness objectives above are meaningful only once

the federation structure stops changing: indeed, if communities

and edges are added or removed arbitrarily over time, then long-

run averages of representation and participation may never con-

verge. Thus, as in the Global Stabilization Time (GST) model from

distributed computing—where a system is guaranteed to become

synchronous after some unknown finite time—we introduce the

notion of federation stabilization time (FST), marking the point after

which the federation’s structure is fixed (and, as described below,

require eventual fairness only when assuming such an FST).

Definition 6.4 (Federation Stabilization Time). Given a run of a

federation transition system, the federation stabilization time (FST)
is the smallest time 𝑇FST ≥ 0 (if it exists) such that for all 𝑡 ≥ 𝑇FST
(writing 𝐺𝑡 = (𝑉𝑡 , 𝐸𝑡 )): (1) the set of communities 𝑉𝑡 is fixed; and

(2) the edge set 𝐸𝑡 is fixed. If such time exists for a run, we say that

the run eventually stabilizes.

We are interested in protocols that guarantee all three fairness ob-

jectives defined above: i.e., once the structure stabilizes, the protocol

must guarantee that any imbalance in representation or participa-

tion is corrected over time, while always preserving the persistent

fairness requirement.

Definition 6.5 (Eventually-Fair Protocol). A protocol is eventually
fair if, for every community 𝑓 , in every run, (1) persistently-fair

representation for 𝑓 holds at all times; and, for every run that

eventually stabilizes, (2) eventually-fair representation for 𝑓 and

(3) eventually-equitable participation for 𝑓 holds in the limit.
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7 THE GREEDY FAIR PROTOCOL
We now turn to the specification of our own protocol—a concrete,

operational recipe for maintaining assemblies as the federation

changes, which we denote as the Greedy Fair Protocol (GFP).
Indeed, later we show that GFP meets all fairness objectives.

7.1 Motivational Result
Before specifying our protocol, we prove a general implication

that motivates our design: if fairness is achieved at the personal
level (equal participation), then proportional fairness follows at the
community level (fair representation). The proof’s essence is that
EEP equalizes individual participation rates in the long run; and,

since each person’s unit weight is divided among the children

they belong to and these weights sum to one, aggregating equal-

ized participation across a child yields its proportional long-run

share—establishing EFR.

Theorem 7.1 (EEP ⇒ EFR). Consider any eventually-stabilizing
run and fix a community 𝑓 that persists after the federation stabi-
lization time. If 𝑓 satisfies Eventually-Equitable Participation (EEP),
then 𝑓 also satisfies Eventually-Fair Representation (EFR).

The result essentially implies that, to obtain proportional fairness

across communities (EFR), it suffices to design a protocol that en-

forces equalized long-run personal participation (EEP). This guides

our protocol choice: next, we describe a greedy rule that always

fixes the largest personal under/over-participation gap, prove that

it satisfies EEP and, thus, EFR.

7.2 Informal Overview
The Greedy Fair Protocol (GFP) is a simple, reactive procedure for

keeping assemblies fair as the federation evolves. Intuitively, when-

ever a change in the federation graph (e.g., a community joins,

leaves, or a term ends) creates an imbalance, GFP immediately fixes

themost severe injustice first. Here, “injustice” means either: under-
representation of a child community in its parent’s assembly; or,

under-participation of a person in their community’s assembly.

The protocol’s “greedy” nature comes from this choice: when

a seat opens, we give it to the most under-represented child com-

munity or the most under-participating individual eligible for it.

This local, one-step-at-a-time approach turns out to have powerful

global consequences: even though GFP never plans ahead, the re-

peated preference for the “most disadvantaged” side ensures that,

once the federation graph stops changing, all eventual fairness

objectives are reached (see Definition 6.5).

7.3 Protocol Preliminaries
To support the protocol’s greedy behavior, we need a concise way

to measure how well (or poorly) a community or an individual is

doing in terms of representation or participation.

For a run 𝑟 , a community 𝑓 occurring in 𝑟 , and an entity 𝑥 (where

𝑥 is either a person in 𝑃𝑡,𝑓 or a child community in children𝑡 (𝑓 )),
we define the fairness ratio at time 𝑡 as:

ratio𝑡 (𝑥, 𝑓 ) :=
avg𝑡

(
seats𝑡 (𝑥, 𝑓 )

)
avg𝑡

(
share𝑡 (𝑥, 𝑓 )

) .

So, ratio𝑡 (𝑥, 𝑓 ) is the average number of seats held by 𝑥 in 𝑓

from time 0 until 𝑡 (i.e., what 𝑥 actually received) divided by the

average fair share of seats that 𝑥 was entitled to in that period. The

interpretation is as follows:

• ratio𝑡 (𝑥, 𝑓 ) = 1: perfect fairness so far,

• ratio𝑡 (𝑥, 𝑓 ) < 1: 𝑥 has been under-represented/participated,
• ratio𝑡 (𝑥, 𝑓 ) > 1: 𝑥 has been over-represented/participated.

These ratios give the protocol a principled way to identify, at any

moment, the most disadvantaged or the most advantaged entities,

and to always correct the most severe current imbalance first.

Additionally, for GFP to work as wewish, and to be able to reason

about its behavior, we augment the model by coloring seats in an

assembly: each seat is either colored by a specific child community

or by a special symbol ⊥ indicating that the seat is uncolored (i.e.,

not colored by any child). Formally, at time 𝑡 , the colored assembly

of a community 𝑓 is:𝐴𝑡,𝑓 ⊆ 𝑃𝑡,𝑓 ×
(
children𝑡 (𝑓 ) ∪ {⊥}

)
, where, if

𝑦 = 𝑣 for some 𝑣 ∈ children𝑡 (𝑓 ), then the seat is colored by child 𝑣 ;

otherwise (if 𝑦 = ⊥), then the seat is uncolored. Intuitively:
• Colored seat: counts toward the bound ⌊share𝑡 (𝑣, 𝑓 )⌋ for 𝑣 .
• Uncolored seat: can go to any eligible person in 𝑃𝑡,𝑓 .

For convenience, for 𝑣 ∈ children𝑡 (𝑓 ) ∪ {⊥} we write 𝐴𝑓 (𝑣) :=
{ (𝑝, 𝑣) ∈ 𝐴𝑡,𝑓 }; thus, 𝐴𝑓 (𝑣) is the set of colored seats by child 𝑣 ,

and 𝐴𝑓 (⊥) is the set of uncolored seats in 𝑓 .8

The protocol continuously maintains these colors so that they

remain consistent with the federation’s current structure.

7.4 Protocol Rules
We are ready to specify the Greedy Fair Protocol (GFP). It is a

restriction of the federation transition system (see Definition 5.2): it

permits only a subset of the original transitions, namely those that

follow its greedy selection rules. Operationally, GFP is a protocol

(i.e., an algorithm): given the current colored state of the federation,

it deterministically chooses the next admissible update to correct

the most severe current imbalance. Particularly, the restriction

applies only to the (5) Remove Member and (6) Add Member
events. Also, in what follows, ties are broken lexicographically by

a fixed ordering of people. Next we describe the restrictions:

(5) Removing a member from 𝐴𝑡,𝑓 :
R1. Excess colored seat: If some child 𝑣 ∈ children𝑡 (𝑓 ) has

|𝐴𝑓 (𝑣) | > ⌊share𝑡 (𝑣, 𝑓 )⌋, then remove from𝐴𝑓 (𝑣) the mem-

ber (𝑝, 𝑣) with maximum ratio𝑡 (𝑝, 𝑓 ).
R2. Excess uncolored seat: Else, if |𝐴𝑡,𝑓 | > 𝑛, then remove

from 𝐴𝑓 (⊥) the member (𝑝,⊥) with maximum ratio𝑡 (𝑝, 𝑓 ).
R3. Rotation: Else, if some (𝑝,𝑦) ∈ 𝐴𝑡,𝑓 has served continuously

for at least the term length 𝜏 , remove (𝑝,𝑦).
(6) Adding a member to 𝐴𝑡,𝑓 :
A1. Fill a colored seat: If some child 𝑣 ∈ children𝑡 (𝑓 ) has

|𝐴𝑓 (𝑣) | < ⌊share𝑡 (𝑣, 𝑓 )⌋, then add (𝑝, 𝑣) with 𝑝 ∈ 𝑃𝑡,𝑣 \𝑀𝑡,𝑓

that minimizes ratio𝑡 (𝑝, 𝑓 ).
A2. Fill an uncolored seat: Else, if |𝐴𝑡,𝑓 | < 𝑛, then add (𝑝,⊥)

with 𝑝 ∈ 𝑃𝑡,𝑓 \𝑀𝑡,𝑓 that minimizes ratio𝑡 (𝑝, 𝑓 ).
8
Why is this needed? With overlapping child communities, counting seats by mem-

bership alone can double-count people. Colors ensure each seat is assigned to exactly

one child (or left uncolored), allowing precise enforcement of child quotas and using

uncolored seats as flexible slack for balancing participation.
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Remark 2. Some intuition before delving into the fairness proof:
note that rules R1–R3 (removals) and A1–A2 (additions) are executed
with zero-time priority; thus, any transient imbalance created by a
removal is immediately repaired at the same timestamp:

• If R3 (rotation) or a structural change drops a child below its
floor, A1 fires until its colored quota is restored.

• If R1 or R2 overshoot while trimming, the opposite rule (A1 for
colored quotas, A2 for uncolored slack) immediately re-fills.

Consequently, every observable state𝐺𝑡 already satisfies the per-child
floors, and any remaining slack lives only in uncolored seats, which
GFP uses to equalize individual participation.

Example 7.2 (Two children, 𝑛 = 3). Let a parent community 𝑓

have two children 𝑣1, 𝑣2 with disjoint populations |𝑃𝑡,𝑣1 | = 3 and

|𝑃𝑡,𝑣2 | = 3 at some 𝑡 ≥ 0, and target assembly size 𝑛 = 3. Thus

|𝑃𝑡,𝑓 | = 6, so share𝑡 (𝑣1, 𝑓 ) = share𝑡 (𝑣2, 𝑓 ) = 3 · 3

6
= 1.5 , thus,

⌊share𝑡 (𝑣1, 𝑓 )⌋ = ⌊share𝑡 (𝑣2, 𝑓 )⌋ = 1. Assuming an empty colored

assembly 𝐴𝑡,𝑓 = ∅, GFP proceeds:

(1) A1 (fill colored for 𝑣1): Since |𝐴𝑓 (𝑣1) | = 0 < ⌊share𝑡 (𝑣1, 𝑓 )⌋ =
1, add (𝑝1, 𝑣1) with 𝑝1 ∈ 𝑃𝑡,𝑣1 minimizing ratio𝑡 (𝑝1, 𝑓 ).

(2) A1 (fill colored for 𝑣2): Since |𝐴𝑓 (𝑣2) | = 0 < ⌊share𝑡 (𝑣2, 𝑓 )⌋ =
1, add (𝑞1, 𝑣2) with 𝑞1 ∈ 𝑃𝑡,𝑣2 minimizing ratio𝑡 (𝑞1, 𝑓 ).

(3) A2 (fill uncolored): Now |𝐴𝑡,𝑓 | = 2 < 𝑛, the coloring lower

bounds are met, and GFP adds an uncolored seat (𝑟1,⊥) with
𝑟1 ∈ 𝑃𝑡,𝑓 \ {𝑝1, 𝑞1} minimizing ratio𝑡 (𝑟1, 𝑓 ).

At this pointwe have exactly the coloring lower bounds (|𝐴𝑓 (𝑣1) | =
|𝐴𝑓 (𝑣2) | = 1) and one uncolored seat (|𝐴𝑓 (⊥)| = 1), so persistent

fairness holds. After one term length 𝜏 , when (𝑟1,⊥)’s term expires,

suppose (𝑟1,⊥) is the most over-participating member, having the

largest ratio𝑡+𝜏 (𝑝, 𝑓 ) among current members. Then GFP applies:

(1) R3 (rotation): removes (𝑟1,⊥).
(2) A2 (re-fill uncolored): adds a newuncoloredmember (𝑟2,⊥)

with minimal ratio𝑡 (𝑟2, 𝑓 ) among eligible people, improving

individual balance while keeping coloring guarantees intact.

8 FAIRNESS ANALYSIS OF GFP
To show that GFP is an eventually fair protocol, we prove that GFP:
always satisfies Persistently-Fair Representation (Proposition 8.1);

ensures Eventually-Equitable Participation (Proposition 8.2); and

implies Eventually-Fair Representation (Corollary 8.3).
9

Proposition 8.1 (Persistently-Fair Representation). In any
admissible timed run of GFP, for every time 𝑡 , every community 𝑓

in𝐺𝑡 , and every child 𝑣 ∈ children𝑡 (𝑓 ), seats𝑡 (𝑣, 𝑓 ) ≥
⌊
share𝑡 (𝑣, 𝑓 )

⌋
.

Proposition 8.2 (Eventually-Eqitable Participation). Con-
sider any admissible timed run of the Greedy Fair Protocol (GFP) that
eventually stabilizes (i.e., an FST exists). Then, for every community 𝑓

present in 𝐺𝑡 for all sufficiently large 𝑡 , and every person 𝑝 ∈ 𝑃𝑡,𝑓 ,

lim

𝑡→∞
avg𝑡

(
seats𝑡 (𝑝, 𝑓 )

)
= min

{
lim

𝑡→∞
𝑛

|𝑃𝑡,𝑓 |
, 1

}
.

9
For the analysis, we make the technical restriction that the population of any non-leaf

child community is at least 𝑛 + 1. I.e., a community must grow to size 𝑛 + 1 before

joining another as a child, and must leave its parent if its population drops below 𝑛 + 1.
This guarantees that when a child is entitled to additional seats, there is always at

least one eligible person available to fill them. The restriction can be “baked into” the

definition of GFP; we assume it here and discuss relaxing it in Section 9.

The next corollary follows Theorem 7.1.

Corollary 8.3 (GFP is EFR). In any admissible, eventually-stabilizing
run of GFP, every community 𝑓 satisfies Eventually-Fair Representa-
tion: for every child 𝑣 that persists after the federation stabilization
time, lim𝑡→∞ avg𝑡

(
seats𝑡 (𝑣, 𝑓 )

)
≥ lim𝑡→∞ avg𝑡

(
share𝑡 (𝑣, 𝑓 )

)
,

whenever the limits exist.

The next theorem is implied by the results above, combined.

Theorem 8.4 (GFP is Eventually Fair). In any admissible timed
run of the Greedy Fair Protocol (GFP) that eventually stabilizes, every
community satisfies all three fairness objectives: (1) Persistently-Fair
Representation (PFR); (2) Eventually-Equitable Participation (EEP);
and (3) Eventually-Fair Representation (EFR).

Remark 3 (Convergence Time of GFP). Our formal analysis
establishes eventual fairness but leaves the study of convergence rates
to future work. Intuitively, convergence occurs through regular seat
turnover: each term expiration creates an opportunity to rotate in
under-served individuals and adjust slack seats across communities.
The speed of convergence thus depends on the term length 𝜏 (shorter
terms allow faster correction) and federation stability (frequent joins
and leaves can reset progress). At a high level, the time to equalize
participation within a community scales with the ratio of population
to assembly size, while aligning fractional community shares scales
inversely with the number of available slack seats. These observations
suggest convergence should be reasonably fast in practice.

9 OUTLOOK
We have presented a framework for grassroots federations together

with a protocol that satisfies natural fairness requirements. This

provides the means for decentralized communities to organize and

govern themselves, at scale. Future research directions include:

• Simulations: While our results show that fairness holds

in the limit, simulations can shed further light on actual

convergence speeds. We plan to quantify convergence under

different federation structures and event dynamics.

• Limitations: We have made several simplifying assump-

tions, such as bounding the number of children per federa-

tion. Removing these is a natural direction; some are immedi-

ate (e.g., uniform assembly sizes, added only for simplicity—

in practice, each federation could adopt its own constitution

with its own assembly size). Another direction is to study

fairness from an online perspective: our current analysis

reasons about eventual outcomes once the federation stabi-

lizes, whereas an online view would assess fairness at finite

horizons and compare GFP to an offline benchmark with full

foresight.

• Sybil-resilient grassroots federation: As digital communi-

ties are often vulnerable to Sybil attacks [6], our framework

could in principle be extended with mechanisms providing

protection against such attacks, and then applied to grass-

roots federations.
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