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ABSTRACT
We define and study a lending game to model the interbank money

market, in which lending banks strategically allocate their cash

to borrowing banks. The interest rate offered by each borrowing

bank is within the interest rate corridor set by the central bank

and ultimately depends on the demand and the supply of cash in

the interbank market. Lending banks naturally aim to maximise

the income coming from the interest repayments. In its purest

form, this is an infinite-strategy game that we show to be an exact

potential game which has a unique pure strategy Nash equilibrium.

We then define and solve a constrained optimisation problem and

propose a strongly polynomial-time algorithm to compute this

Nash equilibrium. We also study some variants of best-response

dynamics of this lending game, showing that they converge to the

Nash equilibrium in both discrete and continuous-time scenarios.
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1 INTRODUCTION
Bank operations are constrained by their funding liquidity. Banks’

cash inflows and outflows may not be aligned in time, exposing

such banks to default risks, as they cannot repay their due debts,

even though their balance sheets may show that they are solvent. To

avoid liquidity defaults, banks may borrow cash reserves from other

banks. The ensuing interbankmoneymarket serves as a placewhere

banks can borrow from or lend to one another on a short-term basis.

The interbank money market is a typical over-the-counter market

where banks conduct transactions through direct contact or broker

matching. Such an over-the-counter market allows borrowing and
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lending banks the flexibility to customise their loan terms, such as

lending amount, maturity and interest rate.

Interest rates in the interbank money market are usually influ-

enced by the central bank through interest rate policies and open

market operations. For example, the European Central Bank (ECB)

uses the interest rate corridor policy to effectively control the mar-

ket interest rate fluctuations of the interbank money market within

the target range [2]. Specifically, the ECB sets two interest rates,

the deposit facility rate and the marginal lending facility rate [8].
When commercial banks have excess liquidity, they can choose to

deposit the excess liquidity in the overnight deposit facility of the

ECB, and the ECB will provide them with a relatively low deposit

facility rate. On the other hand, if a bank cannot borrow sufficient

liquidity through the interbank money market to fill its liquidity

gap, it must apply for an overnight loan from the ECB to avoid

default; the loan will then come with a relatively high marginal

lending facility rate. Thus, the interest rate in the interbank money

market will not be lower than the deposit facility rate, since oth-

erwise, banks will deposit liquidity into the central bank instead

of lending it out. Moreover, the market interest rate will not be

higher than the lending facility rate, for otherwise, banks would

rather apply for overnight loans from the central bank than borrow

in the interbank money market. Therefore, these two important

interest rates set by the central bank are usually considered the

boundaries of the interest rate corridor, and market interest rates

fluctuate between them. Naturally, interest rates in the interbank

money market are also affected by supply and demand. In general,

the higher the supply of funds in the market, the lower the market

interest rate, and vice versa. In this work, we study the interest rate

corridor policy, where the individual interest rate is determined by

the interest rate corridor and the ratio between the supply available

to the borrowing banks and their demand.

In this context, we focus on bank incentives and strategic de-

cisions in the interbank money market, especially the lending

amounts and interest rates at equilibrium under certain market

conditions. We achieve this goal by employing a game-theoretical

analysis of a strategic game with an infinite strategy space. Our

work may thus contribute to understanding the incentive of inter-

bank lending and to making the interest rate corridor policy. We

model money as a continuous quantity, in that the lending amounts

can be any non-negative real number within the given constraints.

This allows us to capture the nature of the incentives and dynamics

by avoiding the distortions due to the chosen denomination of one

unit of cash and the granularity of exchange rates.
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1.1 Our Contributions
We introduce interbank lending games: a class of non-cooperative
games, which we define to study bank behaviour in the interbank

money market. In Section 2, we formally define our model of the

interbank money market and the lending game, following the afore-

mentioned fundamental market rules. Then, we define a potential

function and show that the lending game is an exact potential game

with the proposed potential function. In Section 3, we first prove

that this lending game has a unique pure Nash equilibrium by show-

ing that the potential function is a strictly concave function that

has a global maximum over the strategy space. Then, we give an

explicit formulation of the unique pure Nash equilibrium by solving

a constrained optimisation problem. In addition, since this solu-

tion is not trivial to compute, we design an algorithm to iteratively

compute the pure Nash equilibrium in strongly polynomial time.

A Nash equilibrium is not necessarily the “final” strategy profile

that the agents attain in a multi-agent system, considering that

players may never reach it from a given initial strategy profile.

Therefore, we are also interested in whether the lending banks

in our model are guaranteed to converge to the Nash equilibrium

through natural iterative dynamics. In Section 4, we define and

analyse some variants of the best-response dynamics of the lending

game in both discrete-time and continuous-time scenarios.We show

that in the discrete-time scenario, the eager best-response dynamics
and the randomised best-response dynamics converge to the pure

Nash equilibrium under asynchronous updates (i.e., where in each

iteration a single agent best-responds). For synchronous updates

(i.e., where all agents simultaneously best-respond to the given

strategy profile), we apply pseudo-gradient dynamics and prove the

convergence of the learning agents to the pure Nash equilibrium.

Finally, we also show the convergence of continuous-time best-

response dynamics by defining a Lyapunov function.

1.2 Related Work
Monderer and Shapley [19] pioneered some definitions of various

potential games, in which a global potential function captures the

incentive of all players to change their strategies. They showed that

any finite potential game (i.e., potential game with a finite number

of players and finite strategy sets) must have at least one pure Nash

equilibrium. From the perspective of the improvement path, the

existence of equilibrium can be explained by the finite improvement

property as the game has a finite number of strategy profiles and

every improvement path is also finite [19]. Nevertheless, for infinite
potential games (i.e., potential games with an infinite number of

players or infinite strategy sets), this property is not guaranteed

[29]. For games with an infinite number of players, the concepts

of large population games [11] and mean-field games [17] were
developed. On the other hand, if each player has a continuum as

their strategy set (as is the case in our lending games), the game will

have an infinite strategy set. In this case, even if it has a potential

function, the existence of equilibria is not a given and relies on

additional properties of the strategy space and potential function.

Monderer and Shapley [19] were the first to explain the relation-

ship between Nash equilibria of potential games and the extreme

values of the potential functions. They proved that each Nash equi-

librium of the potential game corresponds to a local maximiser of

the potential function, and vice versa. This conclusion provides

a new optimisation perspective for equilibrium analysis and has

inspired a series of subsequent studies. Neyman [20] showed that

for a potential game with a compact and convex strategy set, if its

potential function is smooth and concave, correlated equilibria of

the game are mixtures of pure Nash equilibria that maximise the po-

tential function. This result was later strengthened in various ways,

by Ui [28], Christensen [5], Cai et al. [3], and Cao et al. [4]. Based

on this literature, an effective method of finding and characterising

the pure Nash equilibria of a potential game is to find local maxima

of the potential function. This translates the problem of finding

an equilibrium to solving an optimisation problem. In particular,

if the objective function of this associated optimisation problem is

convex (or concave, for maximisation), it can in important cases

be solved in weakly polynomial time through convex quadratic

programming [16, 30]. It turns out that this approach indeed also

applies to our class of lending games.

In terms of the convergence of the best-response dynamics, Hof-

bauer and Sorin [10] studied continuous-time best-response dy-

namics in continuous concave-convex zero-sum games, proving

that its trajectory converges to the set of saddle points of the game.

Barron et al. [1] generalised this conclusion to differential best-

response dynamics in continuous non-concave non-convex games;

however, they found that for three-player non-zero-sum games, the

convergence of the dynamics is not guaranteed. Leslie et al. [18] de-

fined and analysed best-response dynamics in two-player zero-sum

stochastic games and proved convergence to the set of Nash equilib-

rium strategies. Swenson et al. [24] showed that the best-response

dynamics of almost all regular potential games which satisfy the

regularity conditions introduced in [9] always converge to a pure

Nash equilibrium, from almost every initial state. They also es-

tablished that the convergence trajectory for almost every initial

condition is unique, and analysed its convergence rate.

Another related line of research focuses on applying game-

theoretic analysis to systemic risk in financial networks. Building

on the agent-based model in [7], a number of papers study both

computational complexity and game-theoretic questions with the

solvency risk of financial institutions. For example, the extent to

which balance sheet transformations (e.g., forgiving debts) can lead

to better outcomes is considered in [14, 15, 21, 25, 27]. The hardness

of computing risk exposure in the presence of financial deriva-

tives is considered in [12, 13, 23]. The literature on liquidity risk is

somewhat sparser with strategies to balance solvency and liquidity

considered in [6] and analysed in a network context in [31].

2 PRELIMINARIES
In this section, we formally define the interbank money market

and the lending game based on the fundamental market rules and

mechanisms discussed in the introduction.

2.1 Lending Games
An interbank lending game 𝐺 (or simply a lending game) is given by

the tuple (𝑚,𝑛, 𝒄, 𝒅, 𝑟max, 𝑟min), where 𝒄 = (𝑐1, . . . , 𝑐𝑚) ∈ R𝑚
>0

and

𝒅 = (𝑑1, . . . , 𝑑𝑛) ∈ R𝑛
>0
. For such a game, we refer to 𝐿 = {1, . . . ,𝑚}

as the set of lenders and we refer to 𝐵 = {1, . . . , 𝑛} as the set of

borrowers. The set 𝐿 takes the role of the player set. The value 𝑐𝑖
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represents the cash reserves available for lending of lender 𝑖 ∈ 𝐿,

which is called 𝑖’s budget, and 𝑑 𝑗 represents the borrowing demand

of borrower 𝑗 ∈ 𝐵. The values 𝑟min and 𝑟max represent the minimum

and maximum interest rates set by the central bank. We proceed

below to define the strategy sets and the utility functions of each

of the lenders. In the subsequent sections, we use 𝐺 to refer to a

lending game (𝑚,𝑛, 𝒄, 𝒅, 𝑟max, 𝑟min).
Strategies. Each lender 𝑖 ∈ 𝐿 proposes a lending vector 𝑠𝑖 =

(𝑠𝑖1, . . . , 𝑠𝑖𝑛), where 𝑠𝑖 𝑗 represents the budget allocated to the bor-

rower 𝑗 ∈ 𝐵, which can be any non-negative real number within

the feasibility constraints in (1) below. This lending vector is called

𝑖’s strategy. The strategy set of each lender 𝑖 ∈ 𝐿 is defined as

𝑆𝑖 =

{
𝑠𝑖 ∈ R𝑛

≥0

����� ∑︁
𝑗∈𝐵

𝑠𝑖 𝑗 ≤ 𝑐𝑖

}
(1)

which implies that the total lending amount of each lender cannot

exceed its budget. The strategy space of the game 𝐺 , denoted by 𝑺 ,
is given by the joint strategy set of all lenders, i.e.,

𝑺 =
?
𝑖∈𝐿

𝑆𝑖 .

A strategy profile defines a vector in which each lender selects its

own strategy, corresponding to a group of lending amounts (denoted
by 𝑠𝑖 𝑗 ), i.e.,

𝒔 = (𝑠𝑖 )𝑖∈𝐿 = (𝑠𝑖 𝑗 )𝑖∈𝐿,𝑗∈𝐵 ∈ 𝑺 .

For a given lender 𝑖 ∈ 𝐿, let 𝒔−𝑖 denote the strategy profile of all

lenders except 𝑖 , i.e., 𝒔−𝑖 = (𝑠𝑘 )𝑘∈𝐿\{𝑖 } ∈ 𝑺−𝑖 , where the reduced
strategy space is given by 𝑺−𝑖 =

>
𝑘∈𝐿\{𝑖 } 𝑆𝑘 . For a lender 𝑖 ∈ 𝐿,

strategy 𝑠𝑖 ∈ 𝑆𝑖 and strategy profile 𝒔−𝑖 ∈ 𝑺−𝑖 , we use the standard
notation (𝑠𝑖 , 𝒔−𝑖 ) to denote the strategy profile in 𝑺 where lender
𝑖’s strategy is 𝑠𝑖 and the remaining lenders play according to 𝒔−𝑖 .

Utility. Each lender is assumed to strategise so as to maximise

a utility function which is derived from the interest payments of

funded borrowers. For a given strategy profile 𝒔 ∈ 𝑺 , the interest
rate offered by a borrower 𝑗 ∈ 𝐵 is defined by the following linear

function,

𝑟 𝑗 (𝒔) = (𝑟min − 𝑟max)
∑

𝑖∈𝐿 𝑠𝑖 𝑗
𝑑 𝑗

+ 𝑟max (2)

where 𝑟min and 𝑟max are the minimum and maximum interest rates

determined by regulators, respectively, satisfying 0 < 𝑟min < 𝑟max.

In the ECB scenario mentioned in the introduction, 𝑟min is the de-

posit facility rate and 𝑟max is the marginal lending facility rate. This

definition indicates that the interest rate offered by the borrower

𝑗 varies between 𝑟min (when the supply 𝑗 receives is sufficient to

cover its demand) and 𝑟max (when 𝑗 receives no supply), if it is not

oversupplied (i.e.,

∑
𝑖∈𝐿 𝑠𝑖 𝑗 ≤ 𝑑 𝑗 ). If 𝑗 is oversupplied, the interest

rate offered will be lower than 𝑟min. For each lender 𝑖 ∈ 𝐿, the utility
function is the mapping from a strategy profile 𝒔 to R given by

𝑢𝑖 (𝒔) =
∑︁
𝑗∈𝐵

(𝑟 𝑗 (𝒔) − 𝑟min)𝑠𝑖 𝑗 , (3)

representing the sum of profits from interest payments received

by 𝑖 from all borrowers in excess to those from the deposit facility

of the central bank.
1
Importantly, if the interest rate offered by a

particular borrower 𝑗 ∈ 𝐵 is lower than 𝑟min due to oversupply,

lenders will receive a negative utility, and will prefer to deposit the

oversupply in the central bank deposits for a return of 𝑟min. Hence,

lenders will always deviate from strategy profiles that oversupply

any given borrower in the game, and in particular, such strategy

profiles are never Nash equilibria.

2.2 Pure Nash Equilibria and Potential Games
Nash equilibria form a central solution concept in non-cooperative

games: They are strategy profiles where no player can improve its

utility by unilaterally changing its strategy, given that the other

players remain playing their current strategies. Formally, a strategy

profile 𝒔∗ = (𝑠∗𝑖 , 𝒔∗−𝑖 ) ∈ 𝑺 is a pure Nash equilibrium if 𝑢𝑖 (𝑠∗𝑖 , 𝒔∗−𝑖 ) ≥
𝑢𝑖 (𝑠𝑖 , 𝒔∗−𝑖 ) ∀𝒔 ∈ 𝑺, 𝑖 ∈ 𝐿.

An exact potential game is a game for which there exists a func-

tion Φ : 𝑺 → R, called the potential function of the game, for which

it holds that

Φ(𝑠′
𝑘
, 𝒔−𝑘 ) − Φ(𝑠𝑘 , 𝒔−𝑘 ) = 𝑢𝑘 (𝑠′𝑘 , 𝒔−𝑘 ) − 𝑢𝑘 (𝑠𝑘 , 𝒔−𝑘 ) (4)

for each player 𝑘 , any two strategies 𝑠𝑘 , 𝑠
′
𝑘
∈ 𝑆𝑘 and each strategy

profile 𝒔−𝑘 ∈ 𝑺−𝑘 . Potential games are guaranteed to have pure

Nash equilibria under the condition that the potential function has

a maximum: Each pure equilibrium of a potential game corresponds

to a local maximum of its potential function [19].

In this work, we show that lending games are potential games.

To that end, we define the following notation. For a subset [𝑧] =
{1, . . . , 𝑧} of the first 𝑧 lenders in 𝐿, let

𝑟 𝑗 (𝒔, 𝑧) = (𝑟min − 𝑟max)
∑

𝑖∈[𝑧 ] 𝑠𝑖 𝑗

𝑑 𝑗
+ 𝑟max . (5)

Using this notation, for a given strategy profile 𝒔, we then define

the function Φ(𝒔) : 𝑺 → R for 𝐺 as

Φ(𝒔) =
∑︁
𝑗∈𝐵

∑︁
𝑖∈𝐿

(𝑟 𝑗 (𝒔, 𝑖) − 𝑟min)𝑠𝑖 𝑗 . (6)

In the following theorem, we show that this function is a potential

function for 𝐺 , which yields that 𝐺 is an exact potential game.

Theorem 2.1. The game 𝐺 is an exact potential game with the
potential function Φ.

A proof of this theorem is provided in the full version [26].

3 EQUILIBRIUM ANALYSIS
In this section, we investigate whether a lending game𝐺 has a pure

Nash equilibrium, and what this equilibrium looks like. Since by

Theorem 2.1, game 𝐺 is an exact potential game, with potential

function Φ, this task boils down to studying the local maxima of Φ.

3.1 Uniqueness
First of all, in this subsection, we prove that any lending game 𝐺

has a unique pure Nash equilibrium.

1
An alternative natural way to define the utility of a lender 𝑖 would be as the sum

of interest received from the borrowers and central bank combined, i.e., 𝑢𝑖 (𝒔 ) =∑
𝑗 ∈𝐵 𝑟 𝑗 (𝒔 )𝑠𝑖 𝑗 + 𝑟min (𝑐𝑖 −

∑
𝑗 ∈𝐵 𝑠𝑖 𝑗 ) . The latter yields the same strategic behaviour

by the lenders as the latter definition is equivalent to adding the constant term 𝑟min𝑐𝑖
to 𝑖’s utility function.
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Lemma 3.1. The potential function Φ has at least one maximiser
over the strategy space 𝑺 .

Proof. It follows directly from (5) and (6) that Φ is continuous.

In addition, according to the definitions of 𝑆𝑖 (see (1)), the strategy

space 𝑺 (i.e., the domain of Φ) is clearly closed and bounded, and

therefore compact. Thus, the extreme value theorem indicates that

Φ has a maximum and at least one maximiser. □

Lemma 3.2. The potential function Φ is strictly concave over 𝑺 .

A proof of this lemma is provided in the full version [26].

Theorem 3.3. The game 𝐺 has a unique pure Nash equilibrium.

Proof. By Theorem 2.1, the game 𝐺 is an exact potential game

with the potential function Φ. In addition, Φ has at least one max-

imiser by Lemma 3.1, while Lemma 3.2 proves that Φ is strictly

concave, which implies that Φ has at most one maximiser. There-

fore, Φ has a unique maximiser over 𝑺 , corresponding to its global

maximum. Furthermore, since each pure Nash equilibrium corre-

sponds to a maximum of the potential function in potential games

[19], the unique maximiser of Φ is exactly the unique pure Nash

equilibrium of 𝐺 . □

3.2 Characterising the Equilibrium
Since each pure Nash equilibrium corresponds to a local maximum

of the potential function in potential games, given that the game 𝐺

has a unique pure Nash equilibrium, this unique Nash equilibrium

corresponds to the global maximum of the potential function Φ. We

can find this global maximum by solving the following constrained

optimisation problem:

max Φ(𝒔)
s.t.

∑
𝑗∈𝐵 𝑠𝑖 𝑗 ≤ 𝑐𝑖 ∀𝑖 ∈ 𝐿,

𝑠𝑖 𝑗 ≥ 0 ∀𝑖 ∈ 𝐿, 𝑗 ∈ 𝐵.

(7)

Note that the constraints are all linear and simply express that 𝒔 ∈ 𝑺 .
We can characterise the optimal solution through analysing the

Karush-Kuhn-Tucker (KKT) conditions. To that end, we analyse the

following Lagrangian function:

L(𝒔, 𝝁) = Φ(𝒔) +
∑︁
𝑖∈𝐿

𝜇𝑖

(
𝑐𝑖 −

∑︁
𝑗∈𝐵

𝑠𝑖 𝑗

)
+

∑︁
𝑖∈𝐿

∑︁
𝑗∈𝐵

𝜇𝑖 𝑗𝑠𝑖 𝑗

where 𝝁 = (𝜇1, . . . , 𝜇𝑚, 𝜇11, . . . , 𝜇𝑚𝑛) is a vector of multipliers where

all elements are non-negative and there are𝑚 +𝑚𝑛 elements in

total. Then, the KKT conditions can be stated as follows.

(1) Primal feasibility:{∑
𝑗∈𝐵 𝑠𝑖 𝑗 ≤ 𝑐𝑖 ∀𝑖 ∈ 𝐿,

𝑠𝑖 𝑗 ≥ 0 ∀𝑖 ∈ 𝐿, 𝑗 ∈ 𝐵.

(2) Stationarity: For any 𝑖 ∈ 𝐿, 𝑗 ∈ 𝐵,

𝜕L
𝜕𝑠𝑖 𝑗

(𝒔) = (𝑟min − 𝑟max)
(

1

𝑑 𝑗

(
𝑠𝑖 𝑗 +

∑︁
𝑘∈𝐿

𝑠𝑘 𝑗

)
− 1

)
− 𝜇𝑖 + 𝜇𝑖 𝑗 = 0

where we note that the partial derivatives are straightfor-

ward to derive from the following reformulation of Φ, which

can be obtained from (5) and (6) by rearranging the terms in

the expression:

Φ(𝒔) =
∑︁
𝑗∈𝐵

©­«𝑟min − 𝑟max

2𝑑 𝑗

©­«
∑︁
𝑖∈𝐿

𝑠2

𝑖 𝑗 +
(∑︁
𝑖∈𝐿

𝑠𝑖 𝑗

)
2ª®¬ + (𝑟max − 𝑟min)

∑︁
𝑖∈𝐿

𝑠𝑖 𝑗
ª®¬ . (8)

(3) Dual feasibility:{
𝜇𝑖 ≥ 0 ∀𝑖 ∈ 𝐿,

𝜇𝑖 𝑗 ≥ 0 ∀𝑖 ∈ 𝐿, 𝑗 ∈ 𝐵.

(4) Complementary slackness:{
𝜇𝑖 (𝑐𝑖 −

∑
𝑗∈𝐵 𝑠𝑖 𝑗 ) = 0 ∀𝑖 ∈ 𝐿,

𝜇𝑖 𝑗𝑠𝑖 𝑗 = 0 ∀𝑖 ∈ 𝐿, 𝑗 ∈ 𝐵.

Note that the objective function of the optimisation problem (i.e.,

the potential function Φ) is differentiable and strictly concave. And

the inequality constraints in (7) are linear, and therefore differen-

tiable and convex. As a result, a point that satisfies the above KKT

conditions is an optimal solution to (7).

Now we give the solution to the optimisation problem. Assume

without loss of generality that the lenders are ordered increasingly

according to their budget, i.e., 𝑐𝑖 ≤ 𝑐 𝑗 ∀𝑖, 𝑗 ∈ 𝐿, 𝑖 < 𝑗 . Let 𝑐𝑚+1 =∞
and define 𝑚̄ as the least index in [𝑚] ∪ {0} for which it holds that

𝑐𝑚̄+1 >
1

𝑚 − 𝑚̄ + 1

©­«
∑︁
𝑗∈𝐵

𝑑 𝑗 −
∑︁

ℓ∈[𝑚̄]
𝑐ℓ

ª®¬ . (9)

Note that 𝑚̄ is well-defined because we define 𝑐𝑚+1 =∞. That is, 𝑚̄

is the lowest number such that the𝑚 − 𝑚̄ lenders with the highest

budgets have budget that exceeds a 1/(𝑚 − 𝑚̄ + 1) fraction of the

remaining demands of the borrowers, after the 𝑚̄ lenders with the

lowest budgets each allocate their entire budget to the borrowers.

Let 𝐿 = [𝑚̄] (so that |𝐿 | = 𝑚̄). We now define the multipliers 𝝁
and strategy profile 𝑠∗ satisfying all the KKT conditions, where we

make a case distinction between the low-budget lenders (i.e. those

in 𝐿) and the high-budget lenders (i.e., those in 𝐿 \𝐿). It will be clear
from the definition of 𝒔∗ below that the lenders in 𝐿 will spend their

entire budget, whereas the lenders in 𝐿 \ 𝐿 will not. Consider the

following KKT multipliers:

𝜇𝑖 =


(𝑟min − 𝑟max)

(
𝑐𝑖∑

𝑘∈𝐵 𝑑𝑘
− 1

𝑚 − 𝑚̄ + 1

(
1 −

∑
ℓ∈𝐿̄ 𝑐ℓ∑
𝑘∈𝐵 𝑑𝑘

))
if 𝑖 ∈ 𝐿,

0 if 𝑖 ∈ 𝐿 \ 𝐿.
(10)

𝜇𝑖 𝑗 = 0 ∀𝑖 ∈ 𝐿, 𝑗 ∈ 𝐵.

The strategy profile at equilibrium 𝒔∗ is defined as follows. For any

𝑖 ∈ 𝐿, 𝑗 ∈ 𝐵

𝑠∗𝑖 𝑗


𝑐𝑖∑

𝑘∈𝐵 𝑑𝑘
· 𝑑 𝑗 if 𝑖 ∈ 𝐿,

1

𝑚 − 𝑚̄ + 1

(
1 −

∑
ℓ∈𝐿̄ 𝑐ℓ∑
𝑘∈𝐵 𝑑𝑘

)
· 𝑑 𝑗 if 𝑖 ∈ 𝐿 \ 𝐿.

(11)

The above solution is the unique pure Nash equilibrium solution to

the game 𝐺 . Theorem 3.4 verifies its correctness.

Theorem 3.4. The strategy profile 𝒔∗ defined by (11), together
with the Lagrange multipliers 𝝁 defined by (10), satisfy all the KKT
conditions. Therefore, 𝒔∗ is the unique pure Nash equilibrium of the
interbank lending game 𝐺 .

Research Paper Track AAMAS 2026, May 25–29, 2026, Paphos, Cyprus

2100



A proof of this theorem is provided in the full version [26].

Theorem 3.5. The interest rates offered by borrowing banks are
identical at pure Nash equilibrium 𝒔∗.

Proof. According to the definition in (2), for any 𝑗 ∈ 𝐵,

𝑟 𝑗 (𝒔∗) = (𝑟min − 𝑟max)
∑

𝑖∈𝐿 𝑠
∗
𝑖 𝑗

𝑑 𝑗
+ 𝑟max

= (𝑟min − 𝑟max)
∑

ℓ∈𝐿̄ 𝑠
∗
ℓ 𝑗 +

∑
ℎ∈𝐿\𝐿̄ 𝑠

∗
ℎ𝑗

𝑑 𝑗
+ 𝑟max .

Through (11), we then obtain that for any 𝑗 ∈ 𝐵,

𝑟 𝑗 (𝒔∗) =
𝑟min

𝑚 − 𝑚̄ + 1

(
𝑚 − 𝑚̄ +

∑
ℓ∈𝐿̄ 𝑐ℓ∑
𝑘∈𝐵 𝑑𝑘

)
+ 𝑟max

𝑚 − 𝑚̄ + 1

(
1 −

∑
ℓ∈𝐿̄ 𝑐ℓ∑
𝑘∈𝐵 𝑑𝑘

)
.

It is clear that this interest rate is independent of 𝑗 ’s identity, so

it is identical for any 𝑗 ∈ 𝐵, which can be interpreted as a natural

market interest rate in the interbank money market. □

3.3 Algorithm
For computing the unique pure Nash equilibrium of a given lending

game, we first note that the optimisation problem defined in (7) is

an instance of a convex quadratic program, because all constraints

are linear, while the objective function is quadratic (see (8)) and

strictly concave (by Lemma 3.2). Therefore, the optimisation prob-

lem can be reformulated as minimising a convex quadratic objective

function over a polyhedron, which implies that we can use known

weakly polynomial time algorithms (see [16, 30]) to find the optimal

solution.

However, the characterisation in the previous section makes it

easier to construct the pure Nash equilibrium of the lending game

algorithmically. The natural algorithm that follows from the above

characterisation first identifies the least 𝑚̄ for which (9) holds, and

then computes 𝐿, i.e., 𝐿 are the 𝑚̄ lenders with the lowest budgets

in 𝐿. Finally, the algorithm sets and outputs 𝒔∗ according to (11).

In Algorithm 1, we present a more detailed specification of the

above procedure, noting that Line 9 outputs 𝒔∗ permuted back to

the original indexing of 𝐿.

Algorithm 1 Algorithm to find pure Nash equilibrium of 𝐺 .

Input: Lending game 𝐺 = (𝑚,𝑛, 𝒄, 𝒅, 𝑟max, 𝑟min)
Output: Unique pure Nash equilibrium 𝒔∗

1: Without loss of generality, rename the lenders 𝐿 such that 𝑐1 ≤
𝑐2 ≤ · · · ≤ 𝑐𝑚 holds. Let 𝜋 : [𝑚] → [𝑚] be the corresponding
permutation of 𝐿.

2: Let 𝑐𝑚+1 :=∞, 𝑅 :=
∑

𝑗∈𝐵 𝑑 𝑗/(𝑚 + 1), and 𝑖 := 0.

3: while 𝑐𝑖+1 ≤ 𝑅 do
4: Set 𝑅 := (𝑅 · (𝑚 − 𝑖 + 1) − 𝑐𝑖+1)/(𝑚 − 𝑖).
5: Set 𝑖 := 𝑖 + 1.

6: end while
7: Set 𝑚̄ := 𝑖 .

8: Set 𝐿 = [𝑚̄], and using this choice of 𝐿, set 𝒔∗ as in (11).

9: Output 𝒔𝜋 where 𝑠𝜋
𝑖 𝑗
= 𝑠∗

𝜋−1 (𝑖 ) 𝑗 ∀𝑖 ∈ 𝐿, 𝑗 ∈ 𝐵.

Theorem 3.6. Algorithm 1 correctly outputs the unique pure Nash
equilibrium of a given lending game, and has a (strongly polynomial)
running time of O(𝑚𝑛 +𝑚 log𝑚).

Proof. If we assume that 𝑚̄ computed by Algorithm 1 in Line 7

coincides with the definition of 𝑚̄ given by (9), then it follows from

Lines 8 and 9 that the strategy profile defined in (11) is output by

Algorithm 1. Correctness of Algorithm 1 then follows immediately

from Theorem 3.4. Therefore, what remains is to prove that indeed

𝑚̄ is computed correctly: Denote by RHS𝑖 the value on the right-

hand side of (9) if we would substitute 𝑖 in the place of 𝑚̄. We now

see that 𝑅 defined in Line 2 coincides with RHS0. For any 𝑖 > 0, we

observe that RHS𝑖+1 = (RHS𝑖 · (𝑚 − 𝑖 + 1) − 𝑐𝑖+1)/(𝑚 − 𝑖), which
implies that after the 𝑖-th iteration of the while-loop, it holds that

𝑅 = RHS𝑖 . The while-loop terminates at the smallest 𝑖 for which

it holds that 𝑐𝑖+1 > 𝑅 = RHS𝑖 , and subsequently 𝑚̄ is set to 𝑖 , so

that after Line 7, it holds that 𝑐𝑚̄+1 > RHS𝑚̄ . We conclude that 𝑚̄ is

computed correctly, and that hence Algorithm 1 outputs the unique

pure Nash equilibrium correctly.

For the running time, the renaming step (or the computation of

𝜋 ) requires sorting𝑚 values, which can be done in O(𝑚 log𝑚) time.

Finding the correct choice of 𝑚̄ (Lines 2 to 7) requires computing∑
𝑗∈𝐵 𝑑 𝑗 which takes O(𝑛) time, and going through at most𝑚 iter-

ations of the while-loop, where each iteration takes constant time.

Lastly, in Line 8, the values of 𝑠∗𝑖 𝑗 are computed for all 𝑖 ∈ 𝐿, 𝑗 ∈ 𝐵,

according to (11). This can be done efficiently by pre-computing∑
ℓ∈𝐿̄ 𝑐ℓ (in O(𝑚) time) and using the pre-computed value

∑
𝑗∈𝐵 𝑑 𝑗 .

Computing the correct value of 𝑠∗𝑖 𝑗 given by the expression in (11)

then takes constant time for each 𝑖 ∈ 𝐿, 𝑗 ∈ 𝐵. Thus, Line 8 takes

O(𝑚𝑛) time, and therefore, the overall time complexity of Algo-

rithm 1 is O(𝑚𝑛 +𝑚 log𝑚). □

4 DYNAMICS ANALYSIS
A natural approach to modelling players’ decision-making pro-

cess is the best-response dynamics, where players iteratively up-

date their strategies by choosing the best-response to the current

strategy profile. We investigate lender behaviour over time in the

lending game 𝐺 . Given that 𝐺 is an exact potential game with a

strictly concave potential function Φ, we expect that some variants

of the best-response dynamics converge to the pure Nash equilib-

rium computed in the previous section. We proceed by formally

establishing this result in both discrete-time and continuous-time

scenarios.

Best responses. Formally, given a strategy profile 𝒔𝑡 ∈ 𝑺 at time

𝑡 , for each lender 𝑖 ∈ 𝐿, its best-response strategy set is defined as

BR𝑖 (𝒔𝑡 ) = arg max{𝑢𝑖 (𝑧𝑖 , 𝒔𝑡−𝑖 ) : 𝑧𝑖 ∈ 𝑆𝑖 }

where 𝒔𝑡−𝑖 ∈ 𝑺−𝑖 denotes the current strategies of other lenders at
time 𝑡 . In addition, since𝐺 is an exact potential game with potential

function Φ, we can reformulate this best-response strategy set as

BR𝑖 (𝒔𝑡 ) = arg max{Φ(𝑧𝑖 , 𝒔𝑡−𝑖 ) : 𝑧𝑖 ∈ 𝑆𝑖 }.

4.1 Discrete-Time Dynamics
Given a current strategy profile 𝒔𝑡 , to define discrete-time best-

response dynamics, we consider the following strategy update for

a lender 𝑖 ∈ 𝐿,

𝑠𝑡+1

𝑖 = 𝑠𝑡𝑖 + 𝛼𝑡 (𝑠𝑡𝑖 − 𝑠𝑡𝑖 ), 𝑠𝑡𝑖 ∈ BR𝑖 (𝒔𝑡 )

where 𝛼𝑡 ∈ (0, 1] represents the step-size of the update at time 𝑡 .

Note that this generalises the standard definition of best-response
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dynamics that is encountered in most literature, where 𝛼𝑡 = 1 for all

𝑡 ∈ N. This generalisation makes sense to consider in our context,

due to the lending game having a continuous strategy space and the

concavity of the utility functions. In this subsection, we investigate

the discrete-time best-response dynamics of the lending game 𝐺 in

asynchronous and synchronous update patterns, respectively.

4.1.1 Asynchronous Updates. Asynchronous updates allow a lender

at a time to respond. Concretely, the trajectory of the asynchro-
nous best-response dynamics for the lending game 𝐺 is a sequence

(𝒔𝑡 )𝑡 ∈N of strategy profiles, where 𝒔1
is the initial strategy profile,

and for all 𝑡 ∈ N, it holds that there is a lender 𝑖𝑡 ∈ 𝐿 such that

𝒔𝑡+1 = (𝑠𝑡+1

𝑖𝑡
, 𝒔𝑡−𝑖𝑡 ) and 𝑠

𝑡+1

𝑖𝑡
= 𝑠𝑡

𝑖𝑡
+𝛼𝑡 (𝑠𝑡𝑖𝑡 −𝑠

𝑡
𝑖𝑡
) where 𝑠𝑡

𝑖𝑡
∈ BR𝑖𝑡 (𝒔𝑡 ).

We refer to the case where 𝛼𝑡 is set to a uniform value 𝛼 ∈ (0, 1]
for all 𝑡 ∈ N as 𝛼-uniform best-response dynamics. We then consider

the following two variants of 𝛼-uniform best-response dynamics.

• Eager best-response dynamics: In this variant of best-response
dynamics, at every time step 𝑡 , the updating lender 𝑖𝑡 is de-

fined as the one who updates its strategy to achieve the high-

est utility increase among all lenders 𝐿, breaking ties in an

arbitrary deterministic way, i.e., 𝑖𝑡 ∈ arg max𝑖∈𝐿{𝑢𝑖 (𝑠𝑡𝑖 , 𝒔𝑡−𝑖 ) :

𝑠𝑡𝑖 ∈ BR𝑖 (𝒔𝑡 )}. This can be interpreted as the fact that the

lender who is most “eager” to improve its utility updates its

strategy first. Alternatively, this dynamics can be interpreted

from the viewpoint of a centralised coordination which se-

lects the lender 𝑖𝑡 whose best-response can yield the highest

utility increase at each time step 𝑡 .

• Randomised best-response dynamics: In this variant of best-

response dynamics, the updating lender 𝑖𝑡 is chosen at ran-

dom at every time step 𝑡 , according to a given probability

distribution 𝜋𝑡
on the set of lenders 𝐿. This probability dis-

tribution must satisfy that there exists a constant 𝑝min > 0

such that each lender at each time step has a probability of

at least 𝑝min of being selected. For example, taking 𝜋𝑡
to be

the uniform distribution on 𝐿 satisfies this property, and we

would then have 𝑝min = 1/𝑚.

Theorem 4.1. For any lending game 𝐺 , any 𝛼 ∈ (0, 1], and any
initial strategy profile, the eager 𝛼-uniform best-response dynamics
converges to the unique pure Nash equilibrium 𝒔∗.

Proof. Let 𝐺 = (𝑚,𝑛, 𝒄, 𝒅, 𝑟max, 𝑟min) be a lending game with

potential function Φ defined by (6), let 𝒔1
and 𝒔∗ be any initial

strategy profile and the pure Nash equilibrium (i.e., the strategy

profile maximising Φ), respectively, and let 𝛼 be an arbitrary value

in (0, 1]. Consider the eager 𝛼-uniform best-response dynamics

(𝒔𝑡 )𝑡 ∈N defined above. Since 𝐺 is an exact potential game with

potential function Φ, we obtain that for any 𝑡 ∈ N,

𝑢𝑖𝑡 (𝑠𝑡+1

𝑖𝑡
, 𝒔𝑡−𝑖𝑡 ) − 𝑢𝑖𝑡 (𝑠𝑡𝑖𝑡 , 𝒔

𝑡
−𝑖𝑡 ) = Φ(𝑠𝑡+1

𝑖𝑡
, 𝒔𝑡−𝑖𝑡 ) − Φ(𝑠𝑡

𝑖𝑡
, 𝒔𝑡−𝑖𝑡 ) .

If 𝒔𝑡
𝑖𝑡
∉ BR𝑖𝑡 (𝒔𝑡 ), 𝑢𝑖𝑡 (𝒔𝑡+1

𝑖𝑡
, 𝒔𝑡−𝑖𝑡 ) > 𝑢𝑖𝑡 (𝒔𝑡𝑖𝑡 , 𝒔

𝑡
−𝑖𝑡 ), so Φ(𝒔

𝑡+1) > Φ(𝒔𝑡 ).
If 𝒔𝑡

𝑖𝑡
∈ BR𝑖𝑡 (𝒔𝑡 ), Φ(𝒔𝑡+1) = Φ(𝒔𝑡 ). Thus, the sequence (Φ(𝒔𝑡 ))𝑡 ∈N

is non-decreasing. Considering that Φ is bounded from above by

Φ(𝒔∗), (Φ(𝒔𝑡 ))𝑡 ∈N converges. Let 𝐼 be the limit, i.e.,

lim

𝑡→∞
Φ(𝒔𝑡 ) = 𝐼 ≤ Φ(𝒔∗) . (12)

We show that the latter inequality in fact holds with equality, which

will yield our claim.

For proving that 𝐼 = Φ(𝒔∗), we first derive some properties relat-

ing to the gradient and Hessian of Φ. First, we can straightforwardly
derive the first-order and second-order partial derivatives of Φ by

using the form (8) of Φ: In particular, for the first-order derivatives,

(∇Φ(𝒔))𝑖 𝑗 = (𝑟min − 𝑟max)
(

1

𝑑 𝑗

(
𝑠𝑖 𝑗 +

∑︁
𝑘∈𝐿

𝑠𝑘 𝑗

)
− 1

)
for all (𝑖, 𝑗) ∈ 𝐿 × 𝐵, and for the second-order derivatives, we have

(𝑯Φ(𝒔))𝑖 𝑗,𝑘ℓ =


0 if 𝑘 ≠ 𝑖 and ℓ ≠ 𝑗

(𝑟min − 𝑟max)/𝑑 𝑗 if 𝑘 ≠ 𝑖 and ℓ = 𝑗

2(𝑟min − 𝑟max)/𝑑 𝑗 if 𝑘 = 𝑖 and ℓ = 𝑗

for all ((𝑖, 𝑗), (𝑘, ℓ)) ∈ (𝐿 × 𝐵)2
. For convenience, let

𝑎 = 2(𝑟max − 𝑟min)/𝑑 𝑗 .
From the Hessian, it follows that ∇Φ decreases everywhere at a rate

of at most 𝑎. Therefore, if 𝒔 is a point such that (∇Φ(𝒔))𝑖 𝑗 > 0 for

some coordinate (𝑖, 𝑗), then every point 𝒔′ that lies in the ℓ1-ball of

radius Φ(𝒔)/𝑎 around 𝒔 also satisfies that (∇Φ(𝒔′))𝑖 𝑗 > 0. We can

strengthen and generalise the latter insight to better lower bounds,

and arbitrary linear combinations over the entries of ∇Φ, as follows.

Lemma 4.2. Let 𝒗 ∈ R𝑚𝑛 and suppose that 𝒗 · ∇Φ(𝒔) > 0, then
every point 𝒔′ in ℓ1-ball of radius 𝒗 · ∇Φ(𝒔)/(2𝑎 max𝑖, 𝑗 |𝑣𝑖 𝑗 |) around
𝒔 satisfies 𝒗 · ∇Φ(𝒔′) ≥ (1/2)𝒗 · ∇Φ(𝒔).

A proof of this lemma is provided in the full version [26].

The following lemma forms the key to proving our claim by

using Lemma 4.2.

Lemma 4.3. Let 𝒔 be any strategy profile of𝐺 . There exists a lender
𝑖 ∈ 𝐿 who can deviate from 𝑠𝑖 to 𝑠′𝑖 such that 𝑢𝑖 (𝑠′𝑖 , 𝒔−𝑖 ) − 𝑢𝑖 (𝒔) =

Φ(𝑠′𝑖 , 𝒔−𝑖 ) − Φ(𝒔) ≥ (Φ(𝒔∗) − Φ(𝒔))2/(4𝑚4𝑛2𝑎(max𝑘∈𝐿 𝑐𝑘 )2).

Proof. The smoothness of the potential function Φ guarantees

that the directional derivative of Φ exists everywhere, and along

any vector. In particular, consider the directional derivative ∇𝒗Φ(𝒔)
at 𝒔 in the direction of 𝒔∗ (i.e., 𝒗 is a unit vector in the direction

𝒔∗ − 𝒔𝑡 ). By concavity of Φ, ∇𝒗Φ(𝒔) > 0, that is,

∇𝒗Φ(𝒔) = 𝒗 · ∇Φ(𝒔) =
∑︁
𝑖, 𝑗

𝑣𝑖 𝑗 (∇Φ(𝒔))𝑖 𝑗 > 0.

By partitioning the above summation into𝑚 parts, by lender, we

conclude that for at least one lender 𝑖 ∈ 𝐿, it holds that∑︁
𝑗∈𝐵

𝑣𝑖 𝑗 (∇Φ(𝒔))𝑖 𝑗 >
𝒗 · ∇Φ(𝒔)

𝑚
.

Then, define 𝒗′ by

𝑣 ′
𝑘 𝑗

=

{
𝑣𝑖 𝑗 if 𝑘 = 𝑖,

0 if 𝑘 ≠ 𝑖,
∀𝑗 ∈ 𝐵.

Let𝒘 be the unit vector in the direction of 𝒗′ (i.e.,𝒘 is an appropriate

scaling of 𝒗′). As the length of𝒘 exceeds that of 𝒗′, it follows that
𝒘 · ∇Φ(𝒔) > 𝒗 · ∇Φ(𝒔)/𝑚.

Now, consider lender 𝑖’s deviation from 𝑠𝑖 to 𝑠
′
𝑖 , where for 𝑗 ∈ 𝐵,

𝑠′𝑖 𝑗 = 𝑠𝑖 𝑗 + (𝒗 · ∇Φ(𝒔)/(2𝑚𝑎 max𝑖, 𝑗 |𝑤𝑖 𝑗 |))𝑤𝑖 𝑗 , resulting in the point

𝒔′ = (𝑠′𝑖 , 𝒔−𝑖 ) = 𝒔 + 𝒗 · ∇Φ(𝒔)
2𝑚𝑎 max𝑖, 𝑗 |𝑤𝑖 𝑗 |

𝒘 .
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We observe that since ∥𝒘 ∥ = ∑
𝑗∈𝐵 |𝑤𝑖 𝑗 | = 1,

∥𝒔′ − 𝒔∥ = 𝒗 · ∇Φ(𝒔)
2𝑚𝑎 max𝑖, 𝑗 |𝑤𝑖 𝑗 |

∥𝒘 ∥ < 𝒘 · ∇Φ(𝒔)
2𝑎 max𝑖, 𝑗 |𝑤𝑖 𝑗 |

,

so 𝒔′ lies in the ℓ1-ball of radius𝒘 · ∇Φ(𝒔)/(2𝑎 max𝑖, 𝑗 |𝑤𝑖 𝑗 |) around
𝒔, and hence by Lemma 4.2, for every point 𝒔′′ on the line segment

between 𝒔 and 𝒔′, it holds that𝒘 · ∇Φ(𝒔′′) ≥ (1/2)𝒘 · ∇Φ(𝒔). Thus,
by integrating along the line segment from 𝒔, in the direction 𝒘 ,
up to the point 𝒔′, and using the latter lower bound of ∇𝒘Φ(𝒔) on
this line segment, we obtain that the increase Φ(𝒔′) − Φ(𝒔) can be

bounded as follows.

Φ(𝒔′) − Φ(𝒔) ≥ 𝒘 · ∇Φ(𝒔)
2

∥𝒔′ − 𝒔∥

=
𝒘 · ∇Φ(𝒔)

2

· 𝒗 · ∇Φ(𝒔)
2𝑚𝑎 max𝑖, 𝑗 |𝑤𝑖 𝑗 |

∥𝒘 ∥

=
(𝒘 · ∇Φ(𝒔)) (𝒗 · ∇Φ(𝒔))

4𝑚𝑎 max𝑖, 𝑗 |𝑤𝑖 𝑗 |
>

(𝒗 · ∇Φ(𝒔))2

4𝑚2𝑎 max𝑖, 𝑗 |𝑤𝑖 𝑗 |
. (13)

Next, we derive a lower bound of 𝒗 · ∇Φ(𝒔). Consider the line
segment L which has 𝒔 and 𝒔∗ as its start-points and end-points.

The potential function Φ increases from Φ(𝒔) to Φ(𝑠∗) on L, and
the length of L is at most 𝑚𝑛 max𝑘∈𝐿 𝑐𝑘 . By concavity of Φ, the
directional derivative at 𝒔 in the direction of 𝒗 must be at least the

average increase-per-unit of Φ along L, which is at least (Φ(𝒔∗) −
Φ(𝒔))/(𝑚𝑛 max𝑘∈𝐿 𝑐𝑘 ). In other words,

𝒗 · ∇Φ(𝒔) ≥ Φ(𝒔∗) − Φ(𝒔)
𝑚𝑛 max𝑘∈𝐿 𝑐𝑘

.

Plugging this into (13), we obtain that the lender 𝑖 can beneficially

deviate at 𝒔 by changing their strategy to 𝒔′𝑖 and thereby improving

their utility (and thus the potential function Φ) by an amount of

(Φ(𝒔∗) − Φ(𝒔))2

4𝑚4𝑛2𝑎(max𝑖, 𝑗 |𝑤𝑖 𝑗 |) (max𝑘∈𝐿 𝑐𝑘 )2
≥ (Φ(𝒔∗) − Φ(𝒔))2

4𝑚4𝑛2𝑎(max𝑘∈𝐿 𝑐𝑘 )2
.

□

We are now ready to show that (12) holds with equality. Suppose

for contradiction that 𝐼 < Φ(𝒔∗). Let 𝛿 > 0 be a sufficiently small

value such that

𝛿 <
𝛼

2

· (Φ(𝒔∗) − 𝐼 )2

4𝑚4𝑛2𝑎(max𝑘∈𝐿 𝑐𝑘 )2
.

Let 𝑡 be a time step such that Φ(𝒔𝑡 ) > 𝐼 − 𝛿 . By Lemma 4.3, there

exists a lender 𝑖 ∈ 𝐿 for which every best-response 𝑠𝑡𝑖 ∈ BR𝑖 (𝒔𝑡 )
satisfies Φ(𝑠𝑡𝑖 , 𝒔𝑡−𝑖 ) − Φ(𝒔𝑡 ) ≥ 2𝛿/𝛼 . By the definition of eager best-

response dynamics, it must also hold for the updating lender 𝑖𝑡

that Φ(𝑠𝑡
𝑖𝑡
, 𝒔𝑡−𝑖𝑡 ) − Φ(𝒔𝑡 ) ≥ 2𝛿/𝛼 . Let 𝑧𝑖𝑡 ∈ {𝑠𝑡

𝑖𝑡
+ 𝛼 (𝑠𝑡

𝑖𝑡
− 𝑠𝑡

𝑖𝑡
) : 𝑠𝑡

𝑖𝑡
∈

BR𝑖𝑡 (𝒔𝑡 )}, it holds that 𝑧𝑖𝑡 = (1−𝛼)𝑠𝑡
𝑖𝑡
+𝛼𝑠𝑡

𝑖𝑡
for some 𝑠𝑡

𝑖𝑡
∈ BR𝑖𝑡 (𝒔𝑡 ).

By concavity of Φ, we obtain

Φ(𝑧𝑖𝑡 , 𝒔𝑡−𝑖𝑡 ) − Φ(𝒔𝑡 ) = Φ((1 − 𝛼)𝒔𝑡 + 𝛼 (𝑠𝑡
𝑖𝑡
, 𝒔𝑡−𝑖𝑡 )) − Φ(𝒔𝑡 )

≥ 𝛼 (Φ(𝑠𝑡
𝑖𝑡
, 𝒔𝑡−𝑖𝑡 ) − Φ(𝒔𝑡 )) ≥ 2𝛿.

Thus, given that 𝒔𝑡+1

𝑖 ∈ {𝑠𝑡𝑖 +𝛼 (𝑠𝑡𝑖 −𝑠𝑡𝑖 ) : 𝑠𝑡𝑖 ∈ BR𝑖 (𝒔𝑡 )}, we have that
Φ(𝑠𝑡+1) ≥ Φ(𝑠𝑡 ) +2𝛿 ≥ 𝐼 −𝛿 +2𝛿 > 𝐼 , which is a contradiction. This

proves our claim for eager 𝛼-uniform best-response dynamics. □

Theorem 4.4. For any lending game 𝐺 , any 𝛼 ∈ (0, 1], and any
initial strategy profile, the randomised 𝛼-uniform best-response dy-
namics converges to the pure Nash equilibrium 𝒔∗ almost surely.

Proof. For the randomised 𝛼-uniform best-response dynam-

ics, we can take the same approach as in the proof for the eager

𝛼-uniform best-response dynamics (Theorem 4.1); however, we

need to consider the difference that the sequence of strategies 𝒔𝑡 is
random instead of deterministic. Here, we have that the sequence

(Φ(𝒔𝑡 ))𝑡 ∈N is always non-decreasing and bounded from above by

Φ(𝒔∗) so lim𝑡→∞ Φ(𝒔𝑡 ) always exists, and therefore it suffices to

show that 𝑷𝒓 [lim𝑡→∞ Φ(𝒔𝑡 ) = Φ(𝒔∗)] = 1.

For strategy profile 𝒔, let 𝑖∗ (𝒔) ∈ arg max𝑖∈𝐿{Φ(𝑠𝑖 ) : 𝑠𝑖 ∈ BR𝑖 (𝒔)}.
In a randomised best-response dynamics, by definition there exists

𝑝min > 0 such that at every time step, every lender has a probability

of at least 𝑝min of being selected as the updating lender, so the

(random) set {𝑡 ∈ N : 𝑖𝑡 = 𝑖∗ (𝒔𝑡 )} is of infinite size with probability

1. Let (𝒛𝑡 )𝑡 ∈N be any realisation of the randomised best-response

dynamics that belongs to the latter event, i.e., for which 𝑖𝑡 = 𝑖∗ (𝒔∗)
for infinitely many 𝑡 (where 𝑖𝑡 is now with respect to the concrete

sequence 𝒛). Letting lim𝑡→∞ Φ(𝒛𝑡 ) = 𝐼 , we show that 𝐼 = Φ(𝒔∗).
For contradiction, suppose that 𝐼 < Φ(𝒔∗), let 0 < 𝛿 < 𝛼 (Φ(𝒔∗) −
𝐼 )2/(8𝑚4𝑛2𝑎(max𝑘∈𝐿 𝑐𝑘 )2), and let 𝑡 be a time step such that both

Φ(𝒛𝑡 ) > 𝐼 − 𝛿 and 𝑖𝑡 = 𝑖∗ (𝒛𝑡 ). By Lemma 4.3, there exists a lender 𝑖

for which every strategy 𝑧𝑖 ∈ BR𝑖 (𝒛𝑡 ) satisfies Φ(𝑧𝑖 , 𝒛𝑡−𝑖 ) − Φ(𝒛𝑡 ) ≥
2𝛿/𝛼 . By the fact that 𝑖𝑡 = 𝑖∗ (𝒛𝑡 ), it must thus also hold for lender 𝑖𝑡

that Φ(𝑧𝑖𝑡 , 𝒛𝑡−𝑖𝑡 ) −Φ(𝒛𝑡 ) ≥ 2𝛿/𝛼 . Thus, if we let 𝑦𝑖𝑡 ∈ {𝑧𝑡
𝑖𝑡
+𝛼 (𝑧𝑡

𝑖𝑡
−

𝑧𝑡
𝑖𝑡
) : 𝑧𝑡

𝑖𝑡
∈ BR𝑖𝑡 (𝒛𝑡 )}, it holds that 𝑦𝑖𝑡 = (1 − 𝛼)𝑧𝑡

𝑖𝑡
+ 𝛼𝑧𝑡

𝑖𝑡
for some

𝑧𝑡
𝑖𝑡
∈ BR𝑖𝑡 (𝒛𝑡 ). By concavity of Φ, we obtain

Φ(𝑦𝑖𝑡 , 𝒛𝑡−𝑖𝑡 ) − Φ(𝒛𝑡 ) = Φ((1 − 𝛼)𝒛𝑡 + 𝛼 (𝑧𝑡
𝑖𝑡
, 𝒛𝑡−𝑖𝑡 )) − Φ(𝒛𝑡 )

≥ 𝛼 (Φ(𝑧𝑡
𝑖𝑡
, 𝒛𝑡−𝑖𝑡 ) − Φ(𝒛𝑡 )) ≥ 2𝛿.

Thus, given that 𝒛𝑡+1

𝑖 ∈ {𝑧𝑡𝑖 + 𝛼 (𝑧𝑡𝑖 − 𝑧𝑡𝑖 ) : 𝑧𝑡𝑖 ∈ BR𝑖 (𝒛𝑡 )}, we have
that Φ(𝑧𝑡+1) ≥ Φ(𝑧𝑡 ) + 2𝛿 ≥ 𝐼 −𝛿 + 2𝛿 > 𝐼 , which is a contradiction

and shows that any realisation (𝒛𝑡 )𝑡 ∈N of the randomised best-

response dynamics for which it holds that 𝑖𝑡 = 𝑖∗ (𝒛𝑡 ) infinitely of-

ten, satisfies that lim𝑡→∞ Φ(𝒛𝑡 ) = Φ(𝒔∗). Thus, 𝑷𝒓 [lim𝑡→∞ Φ(𝒔𝑡 ) =
Φ(𝒔∗)] ≥ 𝑷𝒓 [𝑖𝑡 = 𝑖∗ (𝒔𝑡 ) inf. often.] = 1, which proves the claim for

randomised 𝛼-uniform best-response dynamics. □

4.1.2 Synchronous Updates. Rosen [22] provides a result on the

convergence of a certain discrete synchronous update dynamics

obtained by discretising a continuous pseudo-gradient dynamics, in
which every player moves continuously into the direction of the

gradient (projected on 𝑺) of their utility function. Convergence to

the pure Nash equilibrium has been shown to hold for this dynamics

in case the game satisfies a property called diagonal strict concavity.
The pseudo-gradient dynamics is related to best-response dynamics

in the sense that players continuously and simultaneously change

their strategy in the best “local” direction, as prescribed by the

gradient of their utility functions. Note that the continuous pseudo-

gradient dynamics differs from what is known as continuous best-
response dynamics, which we consider separately in Section 4.2.

Definition 4.5 (Pseudo-gradient). For a lending game 𝐺 in which

the lenders have utility functions (𝑢1 (𝒔), . . . , 𝑢𝑚 (𝒔)), and a positive
weight vector 𝒓 = (𝑟1, . . . , 𝑟𝑚) ∈ R𝑚

>0
, the 𝒓-pseudo-gradient 𝑔 : 𝑺 →

R𝑚𝑛
is defined as

𝑔(𝒔, 𝒓) := (𝑟1∇1𝑢1 (𝒔), . . . , 𝑟𝑚∇𝑚𝑢𝑚 (𝒔))

where ∇𝑖𝑢𝑖 (𝒔) denotes the gradient of 𝑢𝑖 (𝒔) on 𝑠𝑖 for 𝑖 ∈ 𝐿.
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A discretised pseudo-gradient dynamics is then defined as a dy-

namics (𝒔𝑡 )𝑡 ∈N with any initial strategy profile 𝒔1 ∈ 𝑺 such that

𝒔𝑡+1 = 𝒔𝑡+𝛼𝑡𝑔′ (𝒔𝑡 , 𝒓), where𝑔′ denotes a projection of the 𝒓-pseudo-
gradient (for some 𝒓 ∈ R𝑚

≥0
) such that moving in the direction of

𝑔′ (𝒔𝑡 , 𝒓) is feasible without moving outside the strategy space 𝑺 .
Here, (𝛼𝑡 )𝑡 ∈N are appropriately chosen sufficiently small step-sizes.

Informally, this means that at each step, every player moves a small

𝛼𝑡 step in the direction of steepest ascent of their utility function, re-

stricted to not moving outside 𝑺 . For a precise and formal definition

of the dynamics, we refer the reader to [22].

Theorem 4.6 (Rosen [22], Theorem 10). Let 𝒓 ∈ R𝑚
≥0

and let
∇𝑔(𝒔, 𝒓) denote the Jacobian matrix of the 𝒓-pseudo-gradient 𝑔(𝒔, 𝒓).
If ∇𝑔(𝒔, 𝒓) + (∇𝑔(𝒔, 𝒓))⊤ is negative definite for all 𝒔 ∈ 𝑺 , then there
exists (𝛼𝑡 )𝑡 ∈N for which the discretised pseudo-gradient dynamics
converge to the pure Nash equilibrium from any initial strategy profile.

In particular, when 𝒓 = 1, the 1-pseudo-gradient 𝑔(𝒔, 1) is equiv-
alent to the concatenation of standard gradients of lenders’ utility

functions. For simplicity, let 𝑔(𝒔) := 𝑔(𝒔, 1). More specifically, in

the lending game 𝐺 , the above projection 𝑔′ can be expressed by

𝑔′𝑖 (𝒔𝑡 ) = 𝑔𝑖 (𝒔𝑡 ) − 𝜇𝑖 ∀𝑖 ∈ 𝐿.

We establish that for 𝒓 = 1 the required condition on the Jacobian

holds, so by the above theorem, for appropriate step-sizes (𝛼𝑡 )𝑡 ∈N,
the discretised pseudo-gradient dynamics converges to the unique

Nash equilibrium from any initial strategy profile.

Proposition 4.7. For a lending game𝐺 , let ∇𝑔(𝒔) be the Jacobian
matrix of its 1-pseudo-gradient 𝑔(𝒔) at strategy profile 𝒔. It holds that
∇𝑔(𝒔) + (∇𝑔(𝒔))⊤ is negative definite.

A proof of this proposition is provided in the full version [26].

This proposition establishes that there exist step-sizes for which the

discretised pseudo-gradient dynamics related to the discrete-time

best-response dynamics, using the 1-pseudo-gradient, converges
to the unique pure Nash equilibrium.

4.2 Continuous-Time Dynamics
Now we consider the continuous-time scenario. Given the current

strategy profile 𝒔𝑡 , continuous-time best-response dynamics is de-

fined by the following differential equations [1, 10, 18].

𝑑𝑠𝑡𝑖

𝑑𝑡
∈ 𝑠𝑡𝑖 − 𝑠𝑡𝑖 , 𝑠𝑡𝑖 ∈ BR𝑖 (𝒔𝑡 ) ∀𝑖 ∈ 𝐿.

Note that due to the strict concavity of Φ, BR𝑖 (𝒔) is a singleton for

all 𝒔 ∈ 𝑺 , which implies that the right hand side is a continuous

function. Furthermore, BR𝑖 (𝒔) is in fact only a function of 𝒔−𝑖 , which
implies that the right hand side is continuously differentiable, so

that the dynamics is well-defined.

Theorem 4.8. The continuous-time best-response dynamics con-
verges to the unique pure Nash equilibrium 𝒔∗ from any initial state.

Proof. We apply Lyapunov’s second method to the continuous-

time best-response dynamics. Therefore, we need to show that there

exists a radially unbounded Lyapunov function for the dynamics

for which it holds that its time derivative is negative everywhere

except at the pure Nash equilibrium 𝒔∗. We consider the following

candidate function:

𝑉 (𝒔𝑡 ) = Φ(𝒔∗) − Φ(𝒔𝑡 ).

Clearly, this is a valid Lyapunov function for the dynamics, since

𝑉 (𝒔∗) = 0, and 𝑉 (𝒔𝑡 ) > 0 if 𝒔𝑡 ≠ 𝒔∗ where 𝒔∗ is the unique max-

imiser of the potential function Φ (by Theorem 3.3). As it clearly

holds that 𝑉 (𝒙) → ∞ as ∥𝒙 ∥ → ∞, the function 𝑉 is radially un-

bounded. In addition, let 𝑠𝑡𝑖 be the unique strategy in BR𝑖 (𝒔𝑡 ), and
then the time derivative of 𝑉 (𝒔𝑡 ) is given by

𝑑𝑉 (𝒔𝑡 )
𝑑𝑡

=
∑︁
𝑖∈𝐿

∑︁
𝑗∈𝐵

𝜕𝑉 (𝒔𝑡 )
𝜕𝑠𝑡

𝑖 𝑗

·
𝑑𝑠𝑡𝑖 𝑗

𝑑𝑡
= −

∑︁
𝑖∈𝐿

∑︁
𝑗∈𝐵

𝜕Φ(𝒔𝑡 )
𝜕𝑠𝑡

𝑖 𝑗

(𝑠𝑡𝑖 𝑗 − 𝑠𝑡𝑖 𝑗 ).

(14)

For 𝑖 ∈ 𝐿, we consider the 𝑖-th term of the outer summation of (14),∑︁
𝑗∈𝐵

𝜕Φ(𝒔𝑡 )
𝜕𝑠𝑡

𝑖 𝑗

(𝑠𝑡𝑖 𝑗 − 𝑠𝑡𝑖 𝑗 ). (15)

Then, define 𝒗 by

𝑣𝑘 𝑗 =

{
𝑠𝑡𝑖 𝑗 − 𝑠𝑡𝑖 𝑗 𝑘 = 𝑖,

0 𝑘 ≠ 𝑖,
∀𝑗 ∈ 𝐵

Equation (15) can then be written as 𝒗 · ∇Φ(𝒔𝑡 ). Now observe that

the strategy profile (𝑠𝑡𝑖 , 𝒔𝑡−𝑖 ) can be reached by moving from 𝒔𝑡 in
the direction 𝒗, and Φ(𝑠𝑡𝑖 , 𝒔𝑡−𝑖 ) − Φ(𝒔𝑡 ) = 𝑢𝑖 (𝑠𝑡𝑖 , 𝒔𝑡−𝑖 ) − 𝑢𝑖 (𝒔𝒕 ) ≥ 0,

where the inequality is strict whenever 𝑠𝑡𝑖 ≠ 𝑠𝑡𝑖 . Concavity of Φ
along the line segment between 𝒔 and (𝑠𝑡𝑖 , 𝒔𝑡−𝑖 ) then implies that

𝒗 · ∇Φ(𝒔𝑡 ) is non-negative, and is positive if 𝑠𝑡𝑖 ≠ 𝑠𝑡𝑖 . As this holds

for every term of the outer summation of (14), we can conclude

that 𝑑𝑉 (𝒔𝑡 )/𝑑𝑡 < 0 if 𝑠𝑡𝑖 ∉ BR𝑖 (𝒔𝑡 ) for at least one 𝑖 ∈ 𝐿. Noting

that 𝒔𝑡 ≠ 𝒔∗ if there exists 𝑘 ∈ 𝐿 such that 𝑠𝑡
𝑘
∉ BR𝑘 (𝒔𝑡 ), we find

that for all 𝒔𝑡 ∈ 𝑺 \ {𝒔∗},
𝑑𝑉 (𝒔𝑡 )
𝑑𝑡

< 0.

Thus, according to Lyapunov’s secondmethod, the continuous-time

best-response dynamics is globally asymptotically stable, which

indicates that the dynamics will converge to the unique pure Nash

equilibrium 𝒔∗ from any initial strategy profile. □

5 CONCLUSION
In this paper, we define a non-cooperative lending game in the inter-

bank money market in which lending banks strategically allocate

their budget to borrowing banks. We show that this lending game

is an exact potential game with a unique pure Nash equilibrium.

We then characterise the pure Nash equilibrium of the game and

propose a strongly polynomial-time algorithm to compute the equi-

librium. From an economic perspective, our results indicate that

even if the interbank money market is an over-the-counter mar-

ket, the interest rates offered by borrowing banks are identical at

equilibrium, which implies that information exchange and perfect

competition among banks still guide the market towards a market

interest rate. In addition, we study some variants of best-response

dynamics of the lending game and prove their convergence to the

pure Nash equilibrium in both discrete-time and continuous-time

scenarios, indicating that banks will autonomously reach and re-

main stable at the pure Nash equilibrium under any initial market

conditions. Some of our results on the convergence of best-response

dynamics apply more generally to continuous games with strictly

concave potential functions; therefore, our results on best-response

dynamics may be of independent (and more general) interest.
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