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ABSTRACT

Fair division provides a simple yet powerful framework for model-
ing fairness in resource allocation. While existing literature typi-
cally assumes complete information about preferences, many prac-
tical scenarios involve incomplete preferences, posing challenges
in computing fair allocations. In this paper, we propose mechanism-
informed preference learning, a framework that integrates neu-
ral networks with differentiable approximations of classical fair
division mechanisms—adjusted winner, round-robin, and moving-
knife—to estimate fair allocations from incomplete preferences.
Experiments on real-world household chore preference data show
that our mechanism-informed framework achieves fairer alloca-
tions, compared to methods without mechanism information.
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1 INTRODUCTION

Fair division of indivisible resources is a fundamental problem.
Fairness notions include envy-freeness (EF) [8], proportionality
(PROP) [13], and their relaxations EF1 [2, 4] and PROP1 [7], which
are guaranteed by mechanisms such as the adjusted winner (AW) [2,
3], the round-robin (RR) [6], and the moving-knife (MK) [1, 2]. While
theoretical methods assume that agents have complete preferences
over all items, practical applications often involve incomplete pref-
erences due to time limits, cognitive constraints, or the difficulty of
evaluating numerous alternatives [5, 12].

In this paper, we study the problem of computing fair allocations
of indivisible items from incomplete preferences. Given a dataset
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of complete preferences, we propose a mechanism-informed pref-
erence learning (MIPL), a framework that minimizes violations of
fairness on the complete preference of the allocations computed
from estimated preferences. MIPL uses self-supervised learning [9]
to generate incomplete preferences and trains a preference esti-
mator that minimizes fairness violations through differentiable
approximations of fair-division mechanisms.

We validate MIPL using a new real-world dataset for household
chore preferences from 2,000 participants in Japan. We simulate
incomplete preferences by multiple missing methods, and show
that MIPL yields fairer allocations from incomplete preferences.

2 PROBLEM SETTING

Fair Division. We study the fair division of indivisible chores
among agents N = [n] and chores M = [m]. Each agent i has
a non-negative disutility vector v; = (v;1,...,0im) € R’Z”O, and
a profile is the matrix V € RZG™ containing all v;’s. A profile is
normalized if },;v;; = 1 for all i. An (fractional) allocation is a
matrix X € [0,1]™*™ with }; x;; = 1 for all j, and is integral if
xij € {0,1}. Agent i’s disutility is v; (x;) = Zj v;,jx;i,j. An allocation
X is envy-free (EF) if v;(x;) < v;(xy) for all i,i’. As EF may not
exist for indivisible chores, we use EFI: for every i, i’ with x; # 0,
there exists j € x; such that v;(x; \ {j}) < vj(xy). Similarly, X is
proportional (PROP) if v; (x;) < %vi(M) for all i, and PROP1 if the
inequality holds after removing one chore from x;. A mechanism
M maps a normalized profile to an allocation. We consider AW and
RR, which guarantee EF1, and MK, which guarantees PROP1.

Learning Problem. We aim to compute fair allocations from
incomplete preferences. During training, we are given a small offline
dataset of complete preference vectors {v,vs, ... }, obtained (e.g.,
via surveys) from a population disjoint from the inference-time
agents. Given this dataset, our goal is to construct a procedure
that, at inference time, takes an incomplete profile V and outputs
an allocation that is fair with respect to the unobserved complete
profile V. We assume that incomplete reports at inference follow
the same generative model as those in the training data.

3 OUR LEARNING FRAMEWORK

We develop learning-based methods for computing fair allocations
from incomplete preferences. We consider (i) direct preference learn-
ing, which imputes missing entries and then applies a mechanism,
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Table 1: The EF loss of allocations on the Agent-wise setting (n = 2).

n=2,p=07 n=2p=09
S| = 100 S| = 1000 S| = 10000 S| = 100 S| = 1000 S| = 10000

AW (Random)  0.094 + 0.091 0.094 % 0.091 0.094 + 0.091 AW (Random)  0.097 + 0.087 0.097+0.087  0.097 % 0.087

AW (Mean) 0.025 + 0.048 0.025 + 0.048 0.025 + 0.048 AW (Mean) 0.069 + 0.078 0.069+0.078  0.069 % 0.078

MK (Random) 0.2 +0.15 0.2+0.15 0.2+0.15 MK (Random)  0.18 +0.13 0.18 £0.13 0.18 £0.13

MK (Mean) 0.085 + 0.084 0.085 % 0.084 0.085 + 0.084 MK (Mean) 0.1 %0.099 0.1 +0.099 0.1 %0.099

RR (Random)  0.06 % 0.067 0.06 + 0.067 0.06 + 0.067 RR (Random)  0.073 + 0.073 0.073 +0.073 0.073 + 0.073

RR (Mean) 0.026 + 0.045 0.026 % 0.045 0.026 + 0.045 RR (Mean) 0.053 + 0.061 0.053 % 0.061 0.053 + 0.061

EEFINN 0.081 + 0.079 0.11+0.1 0.15+0.13 EEFINN 0.1+ 0.091 02+0.15 0.56 +0.18

EEFINN (MIPL) 0.074 + 0.079 0.069 % 0.077 0.094 +0.11 EEFINN (MIPL) 0.094 + 0.087 0.1+0.093 0.18 +0.14

AW (Direct) 0.013 +0.033 0.011 + 0.029 0.011 +0.03 AW (Direct) 0.052 + 0.07 0.04 + 0.058 0.042 + 0.061

AW (MIPL) 0.0091 = 0.0255%%  0.0083 + 002557 0.0081 + 0.024:** AW (MIPL) 0.037 +0.0515%%  0.035 = 0.0525**  0.037 = 0.052**

MK (Direct) 0.066 + 0.076 0.062 % 0.07 0.059 % 0.067 MK (Direct) 0.078+£0.084  0.072 % 0.081 0.072 + 0.079

MK (MIPL) 0.05+0.0640x  0.05+0.064  0.049 £ 0064, MK (MIPL) 0.064 + 0.0764c 0.063 % 0.07640s  0.062 % 0,074

RR (Direct) 0.019 + 0.037 0.017 +0.038 0.017 + 0.039 RR (Direct) 0.046 + 0.057 0.04 +0.052 0.041 + 0.056

RR (MIPL) 0.017 +0.0365™ 0015+ 0.033***  0.017 £0.035***  RR (MIPL) 0.041 +0.052°*  0.04 +0.051*  0.037 + 0.051***

and (ii) mechanism-informed preference learning (MIPL), which ex-
plicitly incorporates fairness of the resulting allocation.

Direct Preference Learning. We create self-supervised train-
ing instances (Vs, Vs) by masking entries in complete profiles Vs
sampled from the offline dataset. We consider a profile loss

Losspro(6) = > llga (V) - Vsll3,
seS
where gg is a preference estimator and || - || r is the Frobenius norm.
At inference, the imputed profile gé(V) is fed into a mechanism
M. However, this loss does not take account of the fairness of the
resulting allocation under the true preferences.

Mechanism-Informed Preference Learning. To address this,

we define a fairness violation function Lossg,;,

Lossgir m(60) = D 6(M(g0(V)); Vs),
seS

where we consider ¢ as an EF loss fgf:

fer(X; V) = max {max{o; (X;) - 0;(Xy).0}}, (1)

or a PROP loss prop:
fprop (X V) = rél[a;(] {max{o;(X;) — 1/n,0}} . (2)
1

We minimize the hybrid objective with a hyper-parameter A € [0, 1]
Loss p((60) = A - Lossgair p((0) + (1= 1) - Losspro(0),  (3)

Since mechanisms such as AW, RR, and MK contain discrete steps
and are not differentiable, optimizing the objective (3) is difficult.
We therefore introduce a differentiable surrogate M:'i' that smoothly
approximates M as 7 — 0, e.g., by replacing sorting used in AW
with softsort [11]. We optimize the surrogate hybrid loss

LossMg (0)=41 LOSSfair’Mg @)+ (1-2) Losspm(e).

and use the original M at inference to obtain integral allocations.

4 EXPERIMENTS

Dataset. We collected preference data for 33 household chores
from 2,000 Japanese participants, and released the dataset!. Each
participant rated chores by preference (1-3) and required time (1-
14); disutilities were computed as the product and normalized. To

Ihttps://github.com/MandR1215/HouseholdChorePreference_Dataset

create self-supervised instances, we split participants into train-
ing/validation/test sets and generated complete profiles by sampling
n € {2,5} agents to obtain |S| € {100, 1000, 10000} training pro-
files and 1,000 each for validation and testing. Incomplete profiles
were generated by: (i) Agent-wise: randomly removing a proportion
p € {0.7,0.9} of chores independently for each agent, (ii) Chore-
wise: randomly removing the same chores for all agents in a profile,
and (iii) Top-t: keeping the t € {5, 10} highest-valued chores.

Models and Baselines. We evaluated direct preference learning
(Direct) and MIPL with the EF loss (1) or PROP loss (2). We imple-
mented the preference estimator gg by multi-layer perceptrons. We
selected the hyper-parameters 7 and A using the validation set. We
used the following baselines: (i) Random: Missing disutilities were
sampled uniformly at random, (ii) Mean: Missing disutilities were
imputed by the average of observed disutilities for each agent, and
(iii) EEFINN: A neural network that predicts an allocation from a
complete preference [10]. We employed EEFINN (MIPL) that addi-
tionally minimizes the profile loss. Preferences imputed by Random
or Mean baselines were fed into the mechanisms.

Results. Due to page limit, we report the EF loss for two agents in
the Table 1. All values in these tables represent means and standard
deviations on the test set, scaled by a factor of 10. For each column,
the lowest mean is in bold, and the second-lowest is underlined.
Superscript (*) and subscript (x) asterisks represent the Wilcoxon
signed-rank test results comparing MIPL with the best baseline and
its Direct variant, respectively (*p < 0.05, **p < 0.01, ***p < 0.001).
We confirmed that MIPL computes fairer allocations than baseline
methods in most scenarios. While AW (Mean) or RR (Mean) were
the best of baselines, AW (MIPL) achieved the EF loss that is 32-70%
of the baselines, and also significantly outperformed AW (Direct).

5 CONCLUSION

We proposed mechanism-informed preference learning that inte-
grates neural networks with differentiable approximations of fair
division mechanisms to compute fair allocations from incomplete
preferences. Experiments show improved fairness over baselines.
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