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ABSTRACT

Hedonic games are an archetypal problem in coalition formation,
where a set of selfish agents want to partition themselves into stable
coalitions. In this work, we focus on two natural constraints on the
possible outcomes. First, we require that exactly k coalitions are
created. Then, loosely following the model of Bilo et al. (AAAT 2022),
we assume that each of the k coalitions is additionally associated
with a lower and upper bound on its size. The notion of stability
that we study is that of individual rationality (IR), which requires
that no agent strictly prefers to be alone compared to being in his
or her coalition.

Although IR is trivially satisfiable even in the most general mod-
els of hedonic games, the complexity picture of deciding whether an
IR allocation exists, considering the above constraints, is unexpect-
edly rich. We reveal that tractable fragments of this computational
problem require surprisingly nontrivial arguments, even if we re-
strict ourselves to additively separable and fractional hedonic games.
Our tractability results, achieved by exploiting the structure of the
underlying preference graph, are also complemented by their in-
tractability counterparts, painting a fairly complete picture of the
tractability landscape of this problem.
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1 INTRODUCTION

Organizing a seating arrangement for a banquet may seem straight-
forward, but it quickly becomes complex when interpersonal re-
lationships are considered. For example, placing Janine from HR
at the same table as Sheldon from the Physics Department could
result in a very unpleasant evening—not just for them, but likely
for all the attendees. And it is not only about animosities; seating
Sheldon at the table only with strangers can be a similarly explosive
choice. In addition, there may be certain restrictions on seating,
including the number of available tables and their capacity.

The situation introduced above appears naturally in various
domains and falls in the area of coalition formation. More formally,
the goal here is to partition a set of agents into several groups, called
coalitions, so that no agent is motivated to deviate from its coalition
to improve their utility. In more game-theoretical terms, we are
interested in stable partitions. The prevailing model in this area is
that of hedonic games [6, 33], where agents care only about other
agents in their own coalition and not about how the additional
coalitions are formed.

Traditionally, arbitrarily constructed coalition structures are ac-
ceptable as long as they meet certain stability criteria. However, in
many real-life scenarios, such as the one at the beginning of this
section, we have an additional restriction on the outcome. First, as
argued by Sless et al. [62], in certain situations, it may be necessary
to form an exact number of coalitions; see also [8, 64]. We call
this model k-hedonic games (k-HG). A different restriction, moti-
vated by the recently proposed model of Bilo et al. [9] (see also
[1, 29, 52]), asks for exactly k coalitions, each of size between a
given lower and upper bound. We call this model hedonic games
with size-constrained coalitions (HG-SCC). Several of these works
study the computational aspects of finding stable outcomes under
these two restrictions. However, they are mostly interested in Nash,
individual, or core stability, which are all very demanding, rarely
satisfiable, and the associated computational problems are often
intractable. In our work, we return to the foundational stability
notion of individual rationality (IR) [3, 30, 58, 60], which is strictly
weaker than the notions mentioned above (see, e.g., [6, Figure 15.1]).
Intuitively, a coalition structure is individually rational if each agent
weakly prefers to be in its current coalition than to deviate to a
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Table 1: Summary of our contributions. We use vc(G) to denote the vertex cover number of G, and tw(G) for its treewidth.

Problem Restrictions Complexity Reference
Both k-ASHGs  for every k > 2, symmetric valuations, G is a split graph NP-complete Theorem 3.2
and ASHG-SCC ~ with O (k?) negative edges and vc(G) = 2k
for every k > 2, symmetric valuations, G is a clique, and NP-complete Theorem 3.3
the valuations use six different unary encoded values
symmetric, unary encoded valuations, parameterized by the number of coalitions k, W[1]-hard  Theorem 4.2
the number of negative edges, and vc(G)
unary encoded valuations, parameterized by vc(G) XP Theorem 4.1
for k = 2, symmetric and binary valuations, W[ 1]-hard Theorem 5.1
parameterized by the treedepth of G
Only k-ASHGs  parameterized by ve(G) and the maximum weight wmayx FPT Theorem 4.3
binary valuations, parameterized by tw(G) XP Theorem 5.2

singleton coalition. It is a well-known fact that every hedonic game
admits a trivial IR solution; just place each agent in a coalition on
its own. Due to this, individual rationality is completely overlooked
in the relevant literature. However, as we show, our restrictions
turn IR into an unexpectedly interesting solution concept with a
very colorful complexity picture.

1.1 Our Contribution

The main contribution of our work is a detailed algorithmic land-
scape of the two restrictions of coalition formation introduced
above assuming two prominent subclasses of hedonic games. As
classical complexity renders the problem very soon intractable, we
turn to the finer-grained framework of parameterized complexity.!

Intuitively, under this paradigm, we study the complexity of a
computational problem not only with respect to the input size, but
also assuming some parameter p that further restricts the input
instance. The ultimate goal of parameterized algorithms is to find
(or prove that it is not possible by showing that the problem is
W/[1]-hard) an algorithm whose running time is exponential only
in the parameter, its time dependence on the input size is only
polynomial, and the degree of the polynomial is independent of the
parameter. Such algorithms are called FPT. Slightly worse, but still
positive, are XP algorithms whose running time is also polynomial
in input size, but the degree of this polynomial depends on the
parameter. One can conditionally rule out the existence of an XP
algorithm by showing that a problem is NP-hard already for a
constant value of p.

The two classes of hedonic games we study are additively sep-
arable hedonic games (ASHGs) [14] and fractional hedonic games
(FHGs) [4]. In these games, each agent i has a specific value v; () for
every other agent j. The utility of an agent i in a coalition C, i € C,
is then simply the sum of the individual values that agent i has for
all other agents in C (divided by the size of C in case of FHGs). We

1A formal introduction to parameterized complexity is provided in Section 2.
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can succinctly encode such preferences using a weighted digraph G
over the set of agents containing an arc (i, j) of weight v;(j) for
every pair of distinct agents i, j (and we can remove all zero-weight
arcs to reduce the size of the encoding).

First, we observe that if the desired stability notion is individual
rationality, these two classes coincide; therefore, it suffices to study
only ASHGs. Then, we investigate the complexity of ASHGs with
respect to two natural restrictions: the structure of the preference
graph G and the maximum value (arc weight) we have in the in-
stance. As we reveal, these two dimensions of the problem interplay
in a non-trivial way. Our results are summarized in Table 1.

Specifically, if the weights can be general, both variants of ASHGs
are NP-complete, even if the graph G is a split graph of constant
vertex cover number. If the weights are polynomially bounded by
the number of agents, then there is an XP algorithm with respect
to the vertex cover number of G. For FPT tractability, we need to
additionally parameterize by the maximum weight, as without this
both problems are W[1]-hard already for the combined parameter
of the number of coalitions and the vertex cover of G. Next, we
show that the XP (or FPT) algorithm for the vertex cover number
parameterization cannot be extended to more general graph classes,
as we show that both problems are W[1]-hard when parameterized
by treedepth, even if k = 2 and the valuations are binary. Treedepth
is a structural parameter that lies between the vertex cover number
and the celebrated treewidth. The complexity picture is completed
by an XP algorithm for parameterization by treewidth and binary
valuations, and we also show that the problem is highly intractable
in dense graphs by showing NP-hardness of both variants even if the
underlying graph is a clique. Our algorithms use various techniques,
notably including the N-fold ILP formulation—a technique which
is completely novel in the area of coalition formation. In addition,
all our hardness results hold for symmetric preferences, while our
algorithms work also for non-symmetric ones. This draws our
results even stronger.
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1.2 Related Work

Additively separable hedonic games (ASHGs) [14] and fractional
hedonic games (FHGs) [4] are probably the most studied subclass of
hedonic games, as is clear from the number of papers investigating
them [5, 15, 22, 35-37, 42, 43, 55-57, 63]. However, all of these
works focus on more general notions of stability than IR, as IR is
trivially satisfiable without any further restriction of the game, and
usually do not consider any restriction on the sizes of the coalitions.
An exception is the recent independent paper [21], in which global
lower bounds are considered; however, it also does not study IR.

There are also other subclasses of hedonic games, such as anony-
mous [7, 14], diversity [13, 17, 38], social distance [16, 38], friends
and enemies games [27, 50, 54, 61], B games [24, 26], or ‘W
games [25, 26]. However, in these classes of games, either no coali-
tion is worse than the singleton, and therefore, IR is always achiev-
able even under our constraints, or individual rationality was not
explored. The only exception is the recent paper of Deligkas et al.
[30], who studied individual rationality in topological distance games
(TDGs) [23]. However, the model of TDGs is much more general
compared to ours, and therefore none of their (mostly negative)
results carry over to our setting.

Next, k-hedonic games and hedonic games with fixed size coali-
tions are not the only restrictions studied in the literature. For
example, Wright and Vorobeychik [65] introduced hedonic games
with restricted maximum coalition size, a variant studied also in
several subsequent works [36, 38, 39, 51]. However, even under this
restriction, individual rationality is easy as we can form an arbitrary
number of coalitions of size one. It is also worth mentioning the
model of constrained coalition formation [59], where the coalition
game comes with certain constraints on the outcome encoded using
propositional logic formulas.

Finally, N-fold integer programming [44, 53] is an important
technique in the design of parameterized algorithms. It has been
used successfully in multiple relevant areas such as scheduling [46,
49], voting theory [10, 47], and fair division [18-20], to name at
least a few related to computational social choice, algorithmic game
theory, and collective decision making. Nevertheless, we are not
aware of any work using this technique in hedonic games.

2 PRELIMINARIES

Leti < j € N. We use [, j]| to denote the closed interval {i,..., j},
and we set [i] ={1,...,i} and [i]o = [i] U {0}. Additionally, for a
set S, we use 25 to denote the power set of S.

Let N be a finite set of n agents. A nonempty subset C C N is
called a coalition. When |C| = n, we say that C is the grand coalition,
while if |C| = 1, we call C a singleton. A coalition structure r is
a partition of agents into coalitions, and by 7 (i) we denote the
coalition agent i € N is assigned.

Each agent i € N provides its subjective valuation func-
tion v;: 2N — Z, which assigns to each coalition C a numeri-
cal value expressing i’s satisfaction when being part of C. As is
usual in hedonic games, we assume that v; is defined only for coali-
tions that contain the agent i. Slightly abusing the notation, we
extend the valuations from coalitions to coalition structures by set-
ting v; () = v; (7 (i)) and we say that v; () is the utility the agent i
gets in the coalition structure 7.
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In this work, we investigate two different restrictions of hedo-
nic games. In the first variant, we are interested only in coalition
structures consisting of exactly k € N non-empty coalitions. For-
mally, a k-hedonic game T is a triple (N, (v;)ien, k), where N is
a set of agents, v; is a valuation function for every agent i € N,
and k is the desired number of coalitions. In the second variant, not
only the number of coalitions, but also their sizes are prescribed.
A hedonic game with size-constrained coalitions (HG-SCC) I is a 5-
tuple (N, (v;)ien,k,1b,ub), where lb: [k] — N, ub: [k] — N,
and Ib(j) < ub(j) for every j € [k]. The goal in HG-SCC is to
decide whether a coalition structure 7 = (ry,..., ;) exists such
that Ib(j) < |7j| < ub(j) for every j € [k]. Without loss of gener-
ality, we assume that function ub satisfies ub(1) > ub(2) > --- >
ub(k).

Throughout the paper, we are interested in finding coalition
structures where no agent can improve its utility by deviating from
the given coalition structure 7. If no beneficial deviation is possible,
we say that a coalition structure 7 is stable. Specifically, we adopt
the notion of individual rationality, which, as argued by Aziz and
Savani [6], is a minimal requirement for a solution to be considered
stable and is defined as follows.

Definition 2.1. A coalition structure 7 is said to be individually
rational (IR) if v; () > v;({i}) for every agent i € N.

Intuitively, individual rationality requires that no agent prefers to
deviate from the current partition and form a coalition alone. Note
that the deviation of agent i to a singleton coalition can formally
violate our condition on having exactly k coalitions. Therefore, we
interpret such deviations so that the deviating agent completely
leaves the game instead of actually forming a singleton coalition.

In general, the encoding of the valuation functions may require
space exponential in the number of agents—we need to store a value
for every agent and every possible coalition. Therefore, we study
various restrictions of hedonic games that come with a succinct
representation of valuations.

Additively Separable Hedonic Games. In additively separable he-
donic games (ASHGs), an agent i € N has a value v;(j) for each
agent j € N. We require v;(i) = 0. Then, the utility of the agent i
in a coalition structure 7 is simply 3 ;c ;) vi(J). If 0;(j) = v;(i)
for all i, j € N, we say that the valuations are symmetric, and
if 0;(j) € {-1,0,1} for every i,j € N, we call the valuations
binary. The valuations in ASHGs can be represented using a
weighted digraph G = (N, E, ) that contains an edge (i, j) of
weight w((i, j)) = v;(j) if and only if v;(j) # 0. When the valua-
tions are symmetric, the graph G is undirected.

Fractional Hedonic Games. In fractional hedonic games (FHGs),
similarly to ASHGs, every agent i € N has a valuation function v;
assigning some value to every agent j € N. These valuations are
then extended to coalitions as follows. Let C € N be a coalition
such that i € C. Then, we have v;(C) = (¥ jecvi(4))/IC|. Again,
we can capture the valuations using a similar weighted digraph as
in the case of ASHGs.

Parameterized Complexity. This is a domain of algorithm design
in which a finer analysis of computational complexity is proposed,
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compared to the classic approach. This is done by considering addi-
tional measures of complexity, referred to as parameters. In short,
this field proposes a multidimensional time-complexity analysis,
where each parameter defines its own dimension. Formally, a pa-
rameterized problem is a set of instances (x, k) € £* X N; k is the
parameter. In this paradigm, an algorithm is considered efficient
if it runs in time f(k)|x|°" time for any arbitrary computable
function f: N — N. Such algorithms are known as fixed-parameter
tractable (FPT).If such an algorithm exists for a problem, we say that
this problem is in FPT. On the opposite side of the FPT class, we have
the class of W[1]-hard problems, and it is widely accepted that if a
problem is W[1]-hard then there exists no FPT algorithm to solve
it. Finally, the middle ground between these notions is captured by
the class XP, which contains all parameterized problems that can
be solved in time |x|F ) for some computable function f. We refer
the interested reader to classical monographs in the field [28, 32].

Structural Parameters. Let G = (V,E) be a graph. AsetU C V is
a vertex cover of G if for every edge e € E it holds that U Ne # 0.
The vertex cover number of G, denoted vc(G), is the minimum size
of a vertex cover of G.

Definition 2.2. A tree-decomposition of G is a pair (T, 8), where T
is a tree, B is a family of sets assigning to each node t of T its
bag B; C V, and the following conditions hold:

o for every edge uv € E(G), there is a node t € V(T) such
that u,0 € B; and

o for every vertex v € V, the set of nodes t with v € B; induces
a connected subtree of T.

The width of a tree-decomposition (T,8) is defined
as max;ev(7) |B:| — 1, and the treewidth tw(G) of a graph G is the
minimum width of a tree-decomposition of G.

It is well known that computing a tree-decomposition of mini-
mum width is in FPT w.r.t. the treewidth [11, 45]. Recently there
are even more efficient algorithms that have been proposed for
obtaining near-optimal tree-decompositions [48].

For algorithmic purposes, we use a slight variation of the above
definition of the tree-decomposition which is more suitable for a
dynamic programming approach.

Definition 2.3. A tree-decomposition (T, B) is nice if every
node ¢ € V(T) is exactly of one of the following four types:

Leaf Node: tisaleaf of T and |B;| = 0.

Introduce Node: t has a unique child ¢ and there existsv € V
such that B; = B, U {v}.

Forget Node: t has a unique child ¢ and there exists v € V
such that B, = B; U {v}.

Join Node: t has exactly two children c¢;, ¢; and B; = B,
Be,.

It is known that every graph G = (V,E) admits a nice tree-
decomposition that has width equal to tw(G) and such a decompo-
sition can be found efficiently [12].

The tree-depth of G can be defined recursively: if |[V| = 1 then G
has tree-depth 1. Then, G has tree-depth k if there exists a vertex v €
V such that every connected component of G[V \ {v}] has tree-
depth at most k — 1.
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N-fold ILP. The goal here is to minimize a linear objective f over
a set of structured constraints. Formally, let r,D € Nand s;,¢; € N
for every i € [D]. An N-fold ILP contains d = };c[p) t; variables
partitioned into D bricks. Let x(!) denote the i-th brick. Then, the
constraints of an N-fold ILP have the following form

Elx(l) + - +EDX(D) :;0 (1)
Vi e [D] AxD = b, @)
Vi e [D] 7 <x® < 3)

where E; € Z™%%i | A; € 757 I;o ez, l;i € 7%, and £, 4; € 7 for
every i € [D]. We call constraints of type (1) global, constraints of
type (2) local, and constraints of type (3) box. Observe that r is the
total number of global constraints and we use s = max;¢[p] S; to
denote the maximum number of occurrences of a single variable in
local constraints. In our algorithms, we use the following result of
Eisenbrand et al. [34].

THEOREM 2.4 (EISENBRAND ET AL. [34]). An instance of N-fold ILP
can be solved in ao(’zﬁrsz) -d -log(d) - L, where L is the maximum
feasible value of the objective and a = max;e[p1{2, ||Eil|co, ||Ailloo }.

3 INDIVIDUAL RATIONALITY CAN BE HARD

Before we start our algorithmic journey, we observe that both
classes with graph-restricted preference we assume in this work
coincide, if we are interested in IR solutions. Indeed, the only dif-
ference between ASHGs and FHGs is that in the latter class, the
additive utility of an agent is normalized with respect to the coali-
tion size. This, however, has no effect on the non-negativity of the
utility, and therefore, we obtain the following.

LEMMA 3.1. A fractional hedonic gameT = (N, (v;)ien, k) admits
an IR coalition structure if and only if an additively separable hedonic
gameT’ = (N, (v;)ieN, k) admits an IR coalition structure.

PRroOF. Let 7 be an individually rational coalition structure for I'.
Then, since no coalition is of negative size, for every i € N, we
have 3 jc, vi(j) = 0. Therefore, 7 is also individually rational for
the game I'. By analogous argumentation, any solution for I" is
also a solution for T'. O

Therefore, the complexity picture for FHGs is the same as that
for ASHGs. For the rest of this paper, we assume only the case of
additively separable hedonic games, but the results directly carry
over to the setting of FHGs.

First, we show that if we do not have any restriction on valua-
tion functions, deciding whether an individually rational coalition
structure exists is computationally highly intractable.

THEOREM 3.2. Foreveryk > 2, it is NP-complete to decide whether
a given k-ASHG or ASHG-SCC T admits an individually rational
coalition structure, even if the valuations are symmetric and G is a
split graph with O (k?) negative edges and of vertex cover number 2k.

Proor. We show NP-hardness by a reduction from the Equi-
TABLE PARTITION problem. In this problem, we are given a multi-
set A = {ay,...,az} of integers such that )4 a = 2t, and the
goal is to decide whether S C [2¢], |S| = ¢, exists so that };c5 a;
2ic[2¢e]\s @ = t. The problem is known to be (weakly) NP-hard
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even if each subset X C A of size at most £ — 1 sums up to at
most t — 1 [31].

Let I be an instance of the EQUITABLE PARTITION problem. We
construct an equivalent instance J = (N, (v;)ien., k) as follows.
We describe the construction using the underlying graph. First,
we create a clique with four set agents xs, ys, x—s, and y-s. The
edges xsys and x_sy-gs are of weight —t, and all other edges are of
weight —3t. Next, for every a; € A, we introduce an item agent v;
and connect it with an edge of weight g; to all set agents. Finally,
we set k = 2. It is easy to see that the graph G is a split graph with 4
negative edges and the vertex cover number 4.

For correctness, let 7 be a YEs-instance and S be a sought solution.
We set 11 = {xs,ys} U{v; | i € S} and m, = N \ . Since the
item agents have only positive edges, any coalition structure is
individually rational for them. For x5, we have vy (1) = w(xsys) +
Dies 0(xs,0;) = —t + Yjesai = —t +t = 0. The same argument
holds for all the remaining set agents. That is, 7 = (71, 72) is an
individually rational coalition structure.

In the opposite direction, let J be a YEs-instance and 7 be an
individually rational coalition structure. First, we observe that xg is
not in the same coalition as x_s and y—s and, symmetrically, x_s is
not in the same coalition as xs and ys. If this were the case, then the
utility of any set agent in its coalition would be at most —3t+2t = —t,
which contradicts that 7 is individually rational. Hence, without
loss of generality, {xs, ys} C 71 and {x_s, y—s} C . First, we show
that || = || = £ + 2. For the sake of contradiction, assume that
it is not the case. Then, without loss of generality, |7;| < £ + 1 and
consequently, 77; contains at most £ —1 item agents. Thus, the utility
of xsis —t + Xy en @i = —t +1 — € < 0, where the —e part follows
by our assumption that the sum of elements of every subset of A of
size at most £—1 is less than ¢. This contradicts that 7 is individually
rational, so it must hold that || = 12| = £+ 2. We set S = {i €
[2€] | v; € 71} and claim that S is a solution for 7. Indeed, the size
of S is exactly . It remains to show that };cga; =t.If X};cg a; < t,
then 3, », w(xsv;) < t, meaning that 7 is not individually rational
for xs. Thus, ¥;cga; 2 t. If ¥jega; > t, then ¥, o, ©(W-s0;) =
2t = Yyem ©(xs0;) <t — 1, which implies that 7 is not IR for x-s.
Therefore, it has to be the case that ;.5 a; = t, which shows that S
is indeed a solution for 7.

For ASHGs-SCC, we use the same reduction and set 1Ib(j) =
ub(j) = ¢+ 2 for every j € [k]. It is easy to see that the arguments
remain identical, as coalition structures with these sizes are the
only possible solution for . This finishes the proof. O

Our next result again shows intractability of deciding whether
an instance admits an individually rational outcome. However, this
time, we focus on instances where agents have complete prefer-
ences, i.e., each agent has non-zero utility from any other agent.

THEOREM 3.3. Foreveryk > 2, it is NP-complete to decide whether
a k-ASHG or ASHG-SCCT admits an individually rational coalition
structure, even if the valuations are symmetric, the underlying graph
is a clique, and the valuations use six different unary encoded values.

Proor SKETCH. We will provide a reduction from the ¢-CLIQUE
problem, where given an instance (H, t), where H is a graph and ¢ €
N, the goal is to decide if H contains a clique on ¢ vertices. This
problem is well known to be NP-complete [40].
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Figure 1: An illustration of the construction used to prove
Theorem 3.3.

Construction. See Figure 1 for an illustration. Let n = |V (H)|. We
construct a complete graph G with V(G) = V(H) U {a, b, ¢, d}.
Moreover, for u,o € V(H), if uv € E(H) then w(uv) = 2,
else w(uv) = 1. For each u € V(H), w(av) = -2t, w(bv) = 2,
o(cv) = o(dv) = 1. Next, we set w(ab) = 2t%, w(cd) =t — p,
and w(ac) = w(ad) = w(bc) = w(bd) = —2n. We remark here that
we can safely assume t — < 0, as otherwise we can solve our
instance of t-CLIQUE in polynomial time. Finally, we have k = 2.
This completes our reduction.

Correctness. In one direction, we prove that if H has a clique
on t vertices, then G admits an IR coalition structure 7 = (11, 12).
Let U c V(H) induce a clique on ¢ vertices. Then, 7; = U U {a, b}
and 7, = V(G) \ . First, we show that for each u € 1, v, () > 0.
In particular, v,(m;) = 0, vp(m;) = 2t2 + 2t, and for each u €
m;\{a, b}, v, (1) = 0.Second, to see that for each u € 7,0, (1) >0
observe that for each vertex w € m, \ {c, d}, only positive edges are
incident to w in G| 2] and v, (72) = vg(72) = 0. Thus, 7 = (711, 12)
is individually rational.

In the opposite direction, let & = (71, 72) be an IR solution for T'.
Without loss of generality let us assume that a € ;. We begin by
observing some necessary conditions on 7 in the following claims.

Cram 1. b € my andc,d € my. Also, |mp| > n—t + 2.

Now consider ;. Due to Claim 1, |m;| < t + 2. Let U = m; \
{a,b}. We establish in the following that |U| = k and U induces
a clique in H to complete our proof. Clearly |U| < t. Now, for
any vertex u € U, we have that v, (1) = v,(a) + v,(b) + v, (U \
{u}) = =2t +2+0,(U \ {u}). Since r is individual rational, we have
that 0, (U \ {u}) > 2t — 2. Since each vertex in U \ {u} is coming
from H, for any edge uw, where w € U \ {u}, w(uw) < 2, we have
that |[U \ {u}| = ¢t — 1 and each w is adjacent to u in H (as only
then w(uw) < 2). Thus |U| =t and U induces a clique in H. This
completes the proof for the hardness of ASHG for cliques, even
if the valuations are symmetric, k = 2, and the valuations use six
different unary encoded values.

Finally, observe that in any individually rational outcome 7 =
(71, m2) we have that || =t + 2 and 7, = n — t + 2. Hence, the
same reduction imply the hardness for ASHGs-SCC, since we can
setIb(1) =ub(1) =t +2andb(2) =ub(2) =np -t +2. O
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4 SMALL VERTEX COVER

The proof of Theorem 3.2 relies on valuations that are exponential
in the number of agents. If we restrict the valuations to be polynomi-
ally bounded by the number of agents, we obtain a polynomial-time
algorithm for every graph with constant size vertex cover. The al-
gorithm is based on dynamic programming over the agents outside
of the vertex cover.

THEOREM 4.1. If the weights are encoded in unary, there is an
algorithm running in n°¢(®) time, where vc(G) is the vertex cover
number of G, that decides whether a k-ASHG or ASHG-SCCT admits
an IR coalition structure.

Proor. Let C be a vertex cover of G, I =V(G) \ C,and & = |C|.
First, assume that k < §. In this case, we first guess (by guessing we
mean exhaustively trying all possible solutions) a partitioning 7
of the vertices of C in a hypothetical solution. Then, we verify that
our guess is correct. To do so, we use a dynamic-programming sub-
procedure. Specifically, we fix an arbitrary ordering vy, ...,0,_g of
vertices of I and create a dynamic-programming table DP[i, 5, ],
where i € [n— 8o, 8 = (51, ..., 5) is the number of agents in each
coalition, and 4 = (uy, ..., uy) is a vector representing the current
utility of each agent in the vertex cover. The table stores true if it is
possible to extend the partition ¢ with vertices vy, . . ., v; such that
the resulting partition 7558 is (a) IR for every agentvy, ..., v;, (b) the
l,S,u) =

size of every coalition ﬁ;’g’ﬁ in 7550 js exactly s;, and (c) v, (7
u;j for every w; € C. Otherwise, DP stores false.

The computation is then defined as follows. For i = 0, which
represents an auxiliary basic step when no vertex of I is used, we

have
DP[0,5,1i] = true <= §= (|77 ])je[r Al = (03, (19))ie[0]-

It is easy to see that for i = 0, only one cell is set to true; namely,
the one corresponding to the guessed partition of vertex cover
agents €.

For every i > 1, the computation is then defined as follows.
By (x,$_;) we mean a vector created from § by replacing its ith

element with the value x.

DP[i,3,d] = \/ Z 0, (W) = 0 A

Jjelk] WEIT]C
DP [i—1,(s; — 1,5-;), (up — 0y, (0;) - [|we € ﬂf|])fe[3]] ,

where [|w, € 7er|

to 0 otherwise.
We prove the correctness using the following two claims. First,

we show that whenever DP[i,s, 1] is set to true, there exists a

corresponding partial partition 7 50

] evaluates to 1 if the condition is satisfied and

is,u

Cram 2. Let (i,s,u) be a triple such that DP[i,s,u] = true.
Then, there exists a partial partition st of CU {vy,...,0;} such
that JT]-C C 77> for every j € [k] and satisfying properties (a)-(c).

In the opposite direction, we show that whenever for some
triple (i,5,1) an extension of z€ satisfying properties (a)-(c) ex-
ists, our dynamic programming table stores in DP[i, s, u] value
true.

2853

AAMAS 2026, May 25-29, 2026, Paphos, Cyprus

Cramm 3. Let (i,3,u) be a triple such that there exists an exten-
sion 55U of 1€ such that it satisfies all properties (a)-(c). Then, we
have DP[i,s,1] = true.

Once the dynamic programming table DP is computed, we just
check whether there exists a pair (5, d) withs; > 1for every j € [k]
(8 = n in the case of ASHGs-SCC) and u; > 0 for every i € [J]
such that DP[n — 9,5,1] = true. In other words, whether we can
extend the initial partial partition 7€ with agents of I such that the
resulting partition 7 (a) is IR for all agents in I (by the definition
of #"~98) and, by our choice of 4, also for all agents in C and (b)
by our choice of 3, all coalitions are of the correct size (non-empty
in case of ASHGs and n in case of ASHGs-SCC). Also, observe
that, apart from the unary encoding, we have no assumption on
the valuations, so our algorithm works even in the case of non-
symmetric valuations.

For the running time, there are O (n) - n* - (A -vy0) ©?) different
cells of DP. Since k < 9, A € O (n), and vmay € n?1), the number of
cells can be upper-bounded by n?(?), As every cell can be computed
in O (n) time, the overall running time is n°(?, which is clearly in
XP.

If k > 9, then we distinguish two cases. First, in the case of
ASHGs, we observe that if k > §, then 7 is always a YEs-instance.
Specifically, for every v € C, we create a coalition {v}. By this, we
obtain ¢ coalitions that are clearly individually rational. Then, we
arbitrarily partition the vertices of I into k — ¢ coalitions. Since I is
an independent set of G, the utility of every v € I is zero, which is
the same as being in the singleton coalition. Thus, all constructed
coalitions are individually rational.

It remains to show how to deal with the case of ASHGs-SCC.
For this setting, we use the same dynamic programming as in the
case of k < &. Again, we guess a partial partitioning 7€ of C.
There are k99 e n9® different such partitions zc. Then, we
adjust the dynamic programming from the case of k < & as fol-
lows. Instead of having a vector s = (sy,...,sx), we have a vec-
tors = (sq,..., Sk, Sk’ +1), where k’ < & is the number of coalitions
that are non-empty according to z€. Let id: [k] — [k’ + 1] be
a function such that for every Jr].c that is nonempty, it returns
an unique number from the interval [1,k’], and for every n].c
that is empty, it returns k” + 1. The semantics of § is that for ev-
ery i € [k’], s; is the number of agents in coalition m41;) (i.e., in
coalitions containing at least one vertex cover agent), and s/
contains the number of agents that are in coalitions only with
other agents of I. The crucial observation here is that we can split
the agents which are not in a coalition with vertex cover agents
arbitrarily. Now, we run the same dynamic programming algo-
rithm as in the case of k < &. Finally, we ask whether there ex-
iStS = (Myg-1(qys s Myt (gr)s = Zf;l Ng-1y) and 8 = (u, ..., ug)
with u; > 0 for every i € [§] such that DP[n — 9,1,1] = true.
Again, there are O (n) - n9?) - (A 0ay)2? € n9P) cells and each
can be computed in polynomial time, which leads the promised
running time. The correctness of this approach is then analogous
to the correctness of the case with k < J. O

The algorithm from the previous result shows that our problems
are in XP when parameterized by the vertex cover number of G. In
the following, we show that the algorithm is tight, in the sense that,
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under the standard theoretical assumptions, it cannot be turned
into an FPT one.

THEOREM 4.2. It is W[1]-hard when parameterized by the number
of coalitions k, the number of negative edges, and the vertex cover
of G, combined, to decide whether a k-ASHG or ASHG-SCCT admits
an individually rational coalition structure, even if the valuations are
symmetric, encoded in unary, and G is a split graph.

Proor SKETCH. We show the result by a parameterized reduc-
tion from the BALANCED BIN PACKING problem. Here, we are given
a multiset A = {ay, ..., a,} of integers, the number of bins B, and
the capacity C of every bin. The goal is to decide whether an as-
signment a: A — [B] exists so that for every bin j € [B] we
have 3 ,cp-1(jy@ < C and la~1(j)| = p/B. It is known that BAL-
ANCED BIN PACKING is W([1]-hard when parameterized by the num-
ber of bins B, even if we assume that ), 4 a = B- C and all integers
are encoded in unary [49]. Without loss of generality, we can as-
sume that y is divisible by B, as otherwise, the instance of BALANCED
BIN PACKING is trivially a No-instance.

Given an instance 7 = (A, B, C) of the BALANCED BIN PACKING
problem, we construct an equivalent instance J = (N, (v;);en, k) of
the ASHGs as follows. First, we create 2B bag agents b}, b% .. ., by, b2,
For every j € [B], we set o (b?) = Ub?.(b}) = —C, and for every
other pair, we set the value to —(B - C + 1). Observe that the bag
agents induce a complete graph. Next, for every item a; € A, we
create a corresponding item agent v;. Every item agent v; has a
nonzero value only for bag agents. Specifically, we set vy, (b;f) =
Oyt (v;) = a; for every j € [B] and ¢ € [2]. That is, the item agents
induce an independent set of G. To finalize the construction, we
set k = B.

To wrap up, observe that we used k = B, there are 2B bag agents
who form a vertex cover of G, and all negative edges are inside
the clique on bag agents—that is, there are (1;) negative edges. The
presented reduction can be clearly done in polynomial time, so the
theorem follows. For ASHGs-SCC, we create an instance with an
identical graph, identical valuations, and identical k, and set Ib(j) =
ub(j) = p/B for every j € [k]. O

It turns out that for fixed-parameter tractability, we have to
restrict the valuations even more. In particular, there is an FPT
algorithm for the parameterization by the vertex cover number
of G and maximum value in the valuation functions. The algorithm
utilize N-fold ILP as its sub-procedure.

THEOREM 4.3. It can be decided in FPT time with respect to the
vertex cover number of G and wmax whether an instance of k-ASHGs
admits an individually rational coalition structure.

Proor SKETCH. For the sake of exposition, assume that k < §.
Our algorithm is based on a guess of a partitioning of the ver-
tex cover agents combined with an ILP formulation that verifies
whether the guess can be extended with agents outside C in an
individually rational way. Specifically, we model the extension sub-
procedure as an N-fold ILP.

More formally, let 7€ be one of k99 e 20(%lg? pogsible
partitionings of the vertex cover agents into k coalitions. For ev-
ery vertex v € V(G) \ C, we compute the set I, = {i € [k] |
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Zue”ic w(v,u) > 0}, i.e., I, is the set of coalitions such that if we
add v to 7l'l-c , it is individually rational for v. Observe that this can
be decided only on the basis of the vertex cover vertices in ﬂic ,
as V(G) \ C is an independent set.

In our N-fold ILP, we have a binary variable x,; for every v €
V(G) \ C and every coalition i € I,,. The constraints of the ILP are
as follows. First, we have a single local constraint for every v €
V(G) \ C, which ensures that each agent outside the vertex cover is
assigned to exactly one coalition. Formally, the local constraint is

D ixai=1. (4)

i€l,

Vo e V(G)\ C

Next, we add a set of global constraints that ensure that (a) the
coalition structure is individually rational for every vertex cover
agent u € C and (b) none of the k coalitions is empty. The first
condition can be encoded as

0 (7€) + va,nc(u) -w(u,0) >0,
0eV(G)\C
nc(u)elv

YueC (5)

while the second condition can be enforced by introducing the
following set of constraints

Vi € [k] (6)

|z + va,i >0.

0eV(G)\C
i€l
For the running time, observe that each variable participates in ex-
actly one local constraint, there are $+k € O (J) global constraints,
and the maximum coefficient of a variable is wp,y. Therefore, the N-
fold ILP can be solved in time (wmax)0(32) -n9%W which is clearly
in FPT. As we need to run the ILP for every possible z€, the overall
running time of the algorithm is 20(9logd) . (wmax)o(,92) -n9W ¢
29" log(wmax) . nO(1) Also, observe that we do not have any require-
ment on the symmetry of valuations. O

5 TREE-LIKE PREFERENCE GRAPH

In this section we focus on graphs that are sparse (from a graph-
theoretical perspective). This is a reasonable approach in view
of Theorem 3.3: both variants of our problem become intractable
already if the underlying graph G is a complete graph—arguably
the “easiest” structure between dense graphs.

We explore two different dimensions. First, the following hard-
ness proves that the algorithm of Theorem 4.3 cannot be strength-
ened to more general graph families, as both variants of ASHGs are
W([1]-hard when parameterized by the treedepth of G, even if the
valuations are binary. Moreover, the reduction asks for partitioning
into two coalitions. This strengthen hardness from Theorem 3.2 and
shows that even if the number of coalitions is constant, polynomial-
time algorithm cannot exist regardless of how restricted the pref-
erences are. Additionally, the result is tight, as if k = 1, the only
possible solution is the grand coalition, and we can check whether
it is IR in polynomial time. The reduction is from the GENERAL Fac-
TORS problem [41], where we are given a bipartite graph H = (X, Y),
along with a list function L: V(H) — 221 and the goal is to
decide if there exists a subset S C E(H) such that dy_s(u) € L(u)
forallu € V(H).
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THEOREM 5.1. When parameterized by the treedepth of G, it is
W(1]-hard to decide if a k-ASHG or ASHG-SCCT admits an individu-
ally rational coalition structure, even if the valuations are symmetric,
binary, and k = 2.

To finalize the complexity picture, in our next result we show
that when the valuations are binary, there is an XP algorithm for
the parameterization by the celebrated treewidth. As is common
for such result, we employ dynamic programming over a nice tree-
decomposition of our graph. However, before we can do so, we
settle a relation between a chromatic number of G and our problem,
which allow us to significantly restrict the instance.

THEOREM 5.2. When the valuations are binary and the problem is
parameterized by the treewidth tw of G, it is in XP to decide whether k-
ASHGT admits an individually rational coalition structure.

ProoF SKETCH. If k > tw +1, then we can employ the following.

CrLamM 4. Given a graph G and a proper coloring of G = (V,E)
with ¢ colors, we can compute, in polynomial time, a coalition structure
with k > c coalitions that is individually rational.

ProoF. Observe first that k < |V| as otherwise a coalition struc-
ture that contains all vertices of V' as singletons is trivially IR. We
will transform the proper c-coloring of G into a proper k-coloring
by employing the following procedure. First, we find a color i € [c]
such that there exist at least two vertices u, v in G colored i. This
color exists since ¢ < k and k < |V|. We then recolor u by using a
new color, and update ¢ accordingly. We repeat this procedure un-
til ¢ = k. At this stage we have a proper k-coloring of G. We define
the coalition structure s so that ; contains the vertices colored i.
As each color induces an independent set, r is IR. <

Thus, if k > tw+1, then (G, k) is a YEs-instance of ASHGs.
Furthermore, we can compute an individually rational coalition
structure with k coalitions in FPT time w.r.t. tw by computing the
chromatic number of G [2] and employing the previous claim. To
do this it suffices to compute the chromatic number of G. This can
be done in FPT time w.r.t. tw using a known algorithm [2].

So we may assume that k < tw. We solve this case through
a bottom-up dynamic programming algorithm on the nice tree-
decomposition 7~ of the graph G rooted at a node r. For a node t
of 7, we denote by B, the bag of this node and by B} the set of
vertices of the graph that appears in the bags of the nodes of the
subtree with t as a root. Observe that B; C Bi.

On a high level, we build a set of partial solutions for each node ¢
of the tree-decomposition. We then extend these partial solutions so
that they are also partial solutions of the parent of ¢. In particular, we
keep coalition structures that may not necessarily be individually
rational, but have the potential to be in the future. We will also show
that it suffices to keep at most (tw - max{|X,|, |Xy,|})"" representa-
tives of these coalition structures, where X, = max{2,,(¢)~0 w(e) |
e € E} and X,, = max{~ 3, (e)<o W(e) | € € E}.

Let B; be a bag of T. We denote by C; = (Cj);e[k] the projection
of a coalition structure of G on B,l, and we say that C; is a partial
coalition structure of G. Also, for any u € B;, we denote by id(u)
the index i € [k] such that u € C; according to C;. The information
we keep for each node t of the tree-decomposition is as follows.
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For each bag B; of the tree-decomposition and partial coalition
structure C; we store:

e atable I; such that I;[i] = C; N By, for each i € [k], and
e and a table W; such that W;[u] = ZveN(u)ﬁCid[u] w(uv), for
each u € B;.

Then, (G, k) is a Yes-instance of ASHGs if and only if there
is a “partial” coalition structure of B, whose table W, contains
only non-negative values. Also, observe that two partial coalition
structures that agree on the vertices of By, for any ¢, will behave in
the same way regarding the final coalition structures of G. Therefore
it suffices to consider only one of such partial coalition structures.
In total, we need to keep at most (tw - max{Xp,X,,})O(’W) partial
coalition structures per node ¢.

As for the running time, it suffices to consider the join nodes,
as they are the most computationally demanding types of nodes.
For any pair of tables (I;;,W;) we consider all pairs of ta-
bles (I, W,) such that I, = I,. Thus, for any of the (tw -
max{Xp,Xn})O(tw) partial coalition structures of #;, we consider
at most (2 - max{X,, X,})"**! partial coalition structures of #,. In
total, this takes (tw - maX{Xp,Xn})O(’W) time. O

It is not hard to see that, when the valuations are binary, if
we additionally parameterize by the maximum degree of G, the
previous algorithm becomes fixed-parameter tractable.

COROLLARY 5.3. When the valuations are binary and the problem
is parameterized by the treewidth of G and A, it is in FPT to decide
whether a k-ASHGs T' admits an IR coalition structure.

6 CONCLUSIONS

In our work, we study two natural restrictions of hedonic games,
namely k-hedonic games, where we are asked to form exactly k
stable coalitions, and hedonic games with size-constrained coali-
tions, where the goal is to construct k coalitions whose sizes are
between the given lower and upper bound. We provide a fairly com-
plete algorithmic landscape from the perspective of both classical
and parameterized complexity for individual rationality and two
restricted variants of hedonic games where valuations are encoded
using an underlying preference graph.

However, we believe that our contribution is much broader. First,
we bring to light that individual rationality, a traditionally neglected
stability notion in coalition formation, can be surprisingly interest-
ing. For example, in the case of k-ASHGs, the complexity picture of
our problem is identical to the core stability verification problem
in (unrestricted) ASHGs [43], even though the techniques used are
very different. We believe it is worth revisiting how traditional
stability notions interplay. Moreover, to the best of our knowledge,
we are the first using the N-fold ILP technique in the area of coali-
tion formation, which turned out to be a very powerful tool in the
design of a tractable algorithm for this domain.

An immediate open question left after our work is the complex-
ity classification of ASHGs with fixed size coalitions under binary
preferences and bounded treewidth preference graph. Specifically,
the algorithm provided in Theorem 5.2 relies on a connection be-
tween ASHGs and the chromatic number of bounded treewidth
graphs, which can no longer be easily exploited if we are in the
setting of size-constrained coalitions.
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