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ABSTRACT
We introduce a new class of network allocation games called graph-
ical distance preservation games. Here, we are given a graph, called a

topology, and a set of agents that need to be allocated to its vertices.

Moreover, every agent has an ideal (and possibly different) distance

in which to be from some of the other agents. Given an allocation

of agents, each one of them suffers a cost that is the sum of the dif-

ferences from the ideal distance for each agent in their subset. The

goal is to decide whether there is a stable allocation of the agents,

i.e., no agent would like to deviate from their location. Specifically,

we consider three different stability notions: envy-freeness, swap

stability, and jump stability. We perform a comprehensive study of

the (parameterized) complexity of the problem in three different

dimensions: the topology of the graph, the number of agents, and

the structure of preferences of the agents.
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1 INTRODUCTION
It is the time of year to organize the annual banquet of your or-

ganization, and your task is to allocate the seats for the attendees.

Of course, you could choose the seats in an arbitrary way, but you

know that this is not the smartest idea. You are aware that a) partic-

ular people should ideally be seated at specific distances – not too

close, but not too far either, so they can keep an eye on each other –

and b) the allocation should be “stable”, e.g., chatty-Bob cannot find
an empty seat close to grumpy-Joe, or complaining-Jack will not

envy cool-Bill for his seat, or adventurous-Alice and poetical-Ada

This work is licensed under a Creative Commons Attribution Inter-

national 4.0 License.
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will not both benefit from swapping their seats, as they like their

current seats more.

Situations like the above occur in many scenarios, ranging from

office and house allocations to the positioning of supervisors and

employees on assembly lines. In each one of these scenarios, there

is an underlying network whose nodes correspond to available po-

sitions, and a set of agents, each with their own preferred distance

for the subset of agents they are interested in. For example, a su-

pervisor wants to be able to reach each of their supervisees within

at most three minutes, while each supervisee wants to be next to

their friends, but at a distance of fifty meters from their supervisor.

The goal, as argued in our initial example, is to place the agents on

the nodes of the graph such that the allocation is stable.

Motivated by similar problems, very recently, Aziz et al. [2]

introduced an elegant model, called distance preservation games,
in order to formally study them. In their model, there was a set

of agents, each of whom had an ideal distance for a subset of the

remaining agents. The goal was to place the agents on the real

unit-interval such that an objective associated with the costs of the

agents was met; the cost of an agent is the sum of the differences

from their ideal distance for every agent in their subset. They have

studied social cost, i.e., the sum of agents’ costs, and jump stable
placements, i.e., no agent would like to jump to a different position

of the interval. Nevertheless, there exist many scenarios, like some

of the ones above, that cannot be captured by this model, due to its

domain: we can have a more complex space than the interval, or

it may not be physically possible to place an agent anywhere we

want.

1.1 Our Contribution
Our contribution is threefold. First, we introduce graphical distance
preservation games by augmenting the model of Aziz et al. [2]. Now,

instead of the line segment, we have a topology, i.e., a graph, where
we have to allocate the agents on its vertices. Then, we perform a

comprehensive study of the (parameterized) complexity of finding

envy-free allocations on this type of game. Finally, we initiate the

study of jump stable and swap stable allocations.

Under envy-free allocations, we first observe that while they

are guaranteed to exist when there are only two agents (Prop. 3.1),

this is no longer true for three agents or more (Prop. 3.2). In fact,

we prove that the problem is NP-complete even when the agents

have symmetric preferences, i.e., for every pair of agents 𝑖, 𝑗 , the
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ideal distance of 𝑖 from 𝑗 matches the ideal distance of 𝑗 from 𝑖 , and

furthermore every ideal distance is equal to 1 (Thm. 3.4). Hence, in

order to hope for tractability we have to impose some constraints on

the instances. We do this in three different dimensions. Additionally,

we observe that there exist games that admit swap stable solutions,

but no envy-free ones (Prop. 3.3).

The first restriction we consider is on the structure of the topol-

ogy, 𝐺 . We begin by proving that the problem can be solved in

polynomial time when the underlying graph is a clique or a star

(Thm. 3.5). Unfortunately, this is possibly the best we can hope for

under this restriction – at least for “standard” structural param-

eters – as we prove that the problem becomes NP-complete if 𝐺

has vertex cover number 2 (Thm. 3.6), or if 𝐺 is a tree of depth 2

and agents have symmetric preferences (Thm. 3.7), or if it is a path

(Thm. 3.8). These results strongly indicate that we need a different

restriction in order to get tractability.

Our second dimension of restriction is on the number of agents.

First, we prove that the problem remains NP-complete even when

the size of the graph is significantly larger than the number of

agents (Thm. 3.9) and we complement this negative result with an

XP algorithm parameterized by the number of agents (Thm. 3.10).

Hence, the problem is efficiently-solvable for any constant number

of agents. Whether this XP algorithm can be improved to FPT or

there is a complementary W[1]-hardness remains open. On the

positive side though, if we consider as parameters the number of

agents and structural parameters of the topology,𝐺 , we can design

a number of fixed parameter algorithms. These structural param-

eters include: the vertex cover number of 𝐺 (Thm. 3.11), which

complements the negative result of Theorem 3.6; the neighborhood
diversity of𝐺 (Thm. 3.12); themodular width of𝐺 (Thm. 3.14), which

to the best of our knowledge is the first time that it is used within

computational social choice; the diameter of𝐺 (Thm. 3.16), which

complements Theorem 3.7 that proves hardness for topologies with

diameter 4; the distance to clique (Cor. 3.13).

The third dimension restricts the preferences of the agents. We

view the preferences as a directed graph 𝐷pref , where an arc from 𝑖

to 𝑗 denotes that agent 𝑖 is interested in their distance from agent 𝑗 .

We prove that the problem is polynomial-time solvable if 𝐷pref is

either an in-star (Thm. 3.17), or an out-star (Thm. 3.18). Interestingly,

the in-star case – which at first glance seems like an “easy” case –

requires a technical, tedious algorithm that is based on dynamic

programming. Our last result for this dimension considers the case

where only few agents (out of the many) have preferences, i.e.,

there are only a few vertices in 𝐷pref with non-zero degree. Then,

we prove that the problem is W[1]-hard parameterized by non-

zero degree vertices and we complement this by an XP algorithm

(Thm. 3.19).

Our last set of results considers jump and swap stability. First,

we prove that stable allocations fail to exist even on paths with

two agents for jump stability (Prop. 4.1), and three agents for swap

stability (Prop. 4.2). We complement this by showing two positive

results. Under symmetric preferences, both jump and swap stable

allocations do always exist and, in addition, they can be computed

in polynomial time (Thm. 4.3). We note here that Aziz et al. [2],

using similar arguments, proved in their setting that although jump

stable allocations exist for the unit interval, it is PLS-complete to

find one; it is the graph structure that allows for tractability. Finally,

if 𝐷pref is acyclic, then again both jump and swap stable allocations

always exist and can be computed in polynomial time (Thm. 4.4).

This result follows the same lines as Aziz et al. [2], who proved a

similar result for jump stable allocations in their setting.

1.2 Related Work
In recent years, finding stable and fair allocations of agents to a

topology has emerged as an important research direction in algo-

rithmic game theory and computational social choice literature,

capturing various real-life problems.

One of the best-known models in this line of research is the

so-called Schelling games on graphs [1, 10, 11, 16, 18, 20, 27, 37, 41],
which turned out to be an important tool in the study of segregation.

Here, we are given a topology and a set of agents partitioned into 𝑘

colors, and the goal is to allocate these agents to the topology in a

stable way. Similarly to our work, the notions of stability studied

are swap and jump stability. The crucial difference from our model

is that the preferences are inherent and the agents are interested

only in the number of agents of their own color in their direct

neighborhood (resp. in the diversity [46] or variety [45] of their

neighborhood).

In the seat arrangement problems [4, 9, 13, 17, 52], we are given a

social network over the set of agent and the so-called seating graph,

and the goal is to allocate the agents to vertices of the seating

graph so that the allocation satisfies some desirable stability no-

tion; importantly, envy-freeness, swap stability, and jump stability.

However, similarly to Schelling games, agents are only interested

in their friends (according to the social network) allocated to their

direct neighborhood in the seating graph.

In the refugee housing problem [38, 43, 47, 48], we have a topol-

ogy, a set of inhabitants, and a set of refugees. The inhabitants are

already occupying some vertices (or houses) of the topology, and

the goal is to allocate the refugees to the empty houses so that the

preferences of both the inhabitants and the refugees are respected.

Importantly, the preferences in refugee housing are not based on

the distances; the agents are interested only in the agents (of the

opposite type) allocated to their direct neighborhood, and positions

of some agents (the inhabitants) are already fixed in the topology.

In all three previously discussed models, agents were only inter-

ested in agents allocated to their direct neighborhoods. This is not

the case in the topological distance games (TDGs) [15, 22], where we
are also given a topology and a set of agents that must be allocated

to the topology. In the allocation, the utility of an agent depends on

both the agent’s inherent utilities for other agents and its distance

from them on the topology. That is, in TDGs, agents are interested

in the whole allocation, not only their neighbors. However, they

cannot express ideal distances to other agents as in our model.

Finally, preferences based on distances between agents also ap-

pear in other contexts in collective decision making. One such

example is social distance games [7, 8, 14, 29, 36], a class of hedonic
games, where we are given a social network over a set of agents,

and the goal is to partition these agents into groups called coali-

tions. The utility of agents is computed as a (weighted) distance

to all other agents in the same coalition, and the stability require-

ments usually arise from coalition formation literature and are very

different from ours.
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2 THE MODEL
We use N to denote the set of all positive integers. For any 𝑖 ∈ N,
we denote [𝑖] := {1, . . . , 𝑖} and set [𝑖]0 = [𝑖] ∪ {0}.

A distance preservation game1 (DPG) is a quadruplet Γ =

(𝐴, (𝑀𝑎)𝑎∈𝐴, (d𝑎)𝑎∈𝐴,𝐺), where 𝐴 is a set of agents,𝑀𝑎 ⊆ 𝐴 \ {𝑎}
is a (possibly empty) relationship set containing all “interesting

agents” from the perspective of agent 𝑎 ∈ 𝐴, d𝑎 : 𝑀𝑎 → N is a dis-
tance function assigning to each 𝑏 ∈ 𝑀𝑎 the ideal distance agent 𝑎

wants to be from 𝑏, and 𝐺 is a simple, undirected, and connected

graph called topology with |𝑉 | ≥ |𝐴|. Based on agents’ relation-

ship sets, we define a preference graph 𝐷pref , which is a directed

graph over 𝐴 with an arc (𝑎, 𝑏), 𝑎, 𝑏 ∈ 𝐴, if and only if 𝑏 ∈ 𝑀𝑎 . If

for every pair of agents 𝑎, 𝑏 ∈ 𝐴 such that 𝑏 ∈ 𝑀𝑎 it holds that

also 𝑎 ∈ 𝑀𝑏 and d𝑎 (𝑏) = d𝑏 (𝑎), we say that the preferences are

symmetric. Moreover, if𝑀𝑎 = ∅ for some agent 𝑎 ∈ 𝐴, we say that 𝑎

is indifferent.
The ultimate goal is to find an allocation 𝜋 : 𝐴 → 𝑉 , which is an

injective mapping between the set of agents and the set of vertices

of the topology. We use 𝑉 𝜋
to denote the set of all vertices used by

the allocation 𝜋 , and we say that a vertex 𝑣 ∈ 𝑉 is empty if 𝑣 ∉ 𝑉 𝜋

and occupied otherwise. Let 𝜋 be an allocation and 𝑎, 𝑏 ∈ 𝐴 be a

pair of distinct agents. A vertex 𝑣 ∈ 𝑉 𝜋
such that 𝜋 (𝑎) = 𝑣 is called

a location of agent 𝑎. We use 𝜋𝑎↔𝑏
to denote the allocation in which

agents 𝑎 and 𝑏 swapped their positions, and all other agents remain

allocated to the same vertices. Similarly, for an agent 𝑎 ∈ 𝐴 and

an empty vertex 𝑣 ∈ 𝑉 \𝑉 𝜋
, we use 𝜋𝑎 ↦→𝑣

to denote the allocation

where the agent 𝑎 is allocated to the vertex 𝑣 and the positions of

all other agents remain the same.

Naturally, not all allocations are equally good with respect to

agents’ relationship sets and distance functions. Therefore, we de-

fine and study several axioms capturing conditions under which,

if met, the agents consider an allocation acceptable. Let 𝑎 ∈ 𝐴 be

an agent and 𝜋 be an allocation. Then, the cost for agent 𝑎 in the

allocation 𝜋 , denoted cost(𝑎, 𝜋), is defined as

cost(𝑎, 𝜋) =
∑︁
𝑏∈𝑀𝑎

��� d𝑎 (𝑏) − dist𝐺 (𝜋 (𝑎), 𝜋 (𝑏))
��� ,

where dist𝐺 (𝑢, 𝑣) is the length of a shortest path between the ver-

tices 𝑢 and 𝑣 in the topology 𝐺 . Intuitively, the cost agent 𝑎 suffers

from agent 𝑏 is equal to the difference between the distance pre-

scribed by the distance function and the actual distance of these

two agents with respect to the allocation 𝜋 .

First, we are interested in fair allocations, where the agents are
not envious of the positions of other agents. Specifically, we adapt

the well-known notion of envy-freeness [26] from the fair division

literature to our setting. Formally, envy-freeness in our context is

defined as follows.

Definition 2.1. An allocation 𝜋 is called envy-free (EF) if there is
no pair of agents 𝑎, 𝑏 ∈ 𝐴 such that

cost(𝑎, 𝜋) > cost(𝑎, 𝜋𝑎↔𝑏 ) .
If cost(𝑎, 𝜋) > cost(𝑎, 𝜋𝑎↔𝑏 ), then we say that 𝑎 envies 𝑏.

In other words, envy-freeness requires that no agent can bene-

fit from swapping positions with another agent. Note that in the

1
From now on, we drop ‘graphical’ from the name of our model, as it is shorter and

there is no possibility of confusion.

definition of EF, we could also compare cost(𝑎, 𝜋) with the cost

of a in 𝜋𝑎 ↦→𝜋 (𝑏 )
, assuming that we removed 𝑏 from the instance.

However, since the position of 𝑏 affects the cost of 𝑎, and therefore 𝑏

can be seen as externality for 𝑎, we define EF with respect to swaps

to be in line with similar models [5, 23, 49].

If an agent 𝑎 envies an agent 𝑏, then the corresponding allocation

is not considered acceptable regardless of the impact of the swap

on the cost of agent 𝑏. In certain scenarios, agents are altruistic and
care about the costs for other agents. Therefore, we define a weaker

notion of stability based on the swapping of two agents.

Definition 2.2. An allocation 𝜋 is called swap stable if there is no
pair of distinct agents 𝑎, 𝑏 ∈ 𝐴 such that

cost(𝑎, 𝜋) > cost(𝑎, 𝜋𝑎↔𝑏 ) and cost(𝑏, 𝜋) > cost(𝑏, 𝜋𝑏↔𝑎) .
If a pair of agents 𝑎, 𝑏 can improve their cost by swapping positions,

we say that 𝑎 and 𝑏 admit swap deviation.

Not surprisingly, there is a certain relation between envy-

freeness and swap stability.

Proposition 2.3. If an allocation 𝜋 is envy-free, then it is also
swap stable.

Proof. Let 𝜋 be an envy-free allocation. For the sake of con-

tradiction, let 𝑎, 𝑏 ∈ 𝐴 be a pair of distinct agents that admit

a swap deviation, that is, we have cost(𝑎, 𝜋) > cost(𝑎, 𝜋𝑎↔𝑏 )
and cost(𝑏, 𝜋) > cost(𝑏, 𝜋𝑏↔𝑎). Clearly, agent 𝑎 envies 𝑏 and vice

versa, which contradicts that 𝜋 is envy-free. □

In the opposite direction, not all swap stable allocations are envy-

free. We give a formal argument for this claim later in Theorem 3.3.

Observe that in EF (or swap stable) allocations, agents are envi-

ous of the positions of other agents. In particular, an allocation is

considered fair even though there is an agent 𝑎 ∈ 𝐴 and an empty
vertex 𝑣 ∈ 𝑉 such that cost(𝑎, 𝜋) > cost(𝑎, 𝜋𝑎 ↦→𝑣). One can argue

that even though such an allocation is formally fair, selfish agents

would still have an incentive to move to a better location. Motivated

by this, we define jump stability.

Definition 2.4. An allocation 𝜋 is called jump stable if there is no
agent 𝑎 ∈ 𝐴 and an empty vertex 𝑣 ∈ 𝑉 such that

cost(𝑎, 𝜋) > cost(𝑎, 𝜋𝑎 ↦→𝑣) .
If an agent 𝑎 can improve its cost by jumping to an empty vertex,

then we say that 𝑎 admits a jump deviation.

Naturally, we can combine envy-freeness with jump stability.

However, as we show in the following proposition, then the problem

reduces to a simple decision of the existence of envy-free allocations

for a carefully constructed instance with no empty vertex.

Proposition 2.5. A distance preservation game Γ =

(𝐴, (𝑀𝑎)𝑎∈𝐴, (d𝑎)𝑎∈𝐴,𝐺) admits an envy-free and jump stable
allocation 𝜋 if and only if the distance preservation game Γ′ =

(𝐴′, (𝑀 ′
𝑎)𝑎∈𝐴′ , (d′𝑎)𝑎∈𝐴′ ,𝐺), where 𝐴′ = 𝐴 ∪ {𝑥𝑖 | 𝑖 ∈ [|𝑉 | − |𝐴|]}

and 𝑀 ′
𝑎 = 𝑀𝑎 and d

′
𝑎 = d𝑎 whenever 𝑎 ∈ 𝐴 and 𝑀 ′

𝑎 = d
′
𝑎 = ∅,

otherwise, admits an envy-free allocation 𝜋 ′.

To illustrate our model and the studied stability notions, we

conclude this section with a running example.
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Figure 1: An example of a topology with allocated agents
(on the left) and a preference graph (on the right). Observe
that 𝑴𝒂 = {𝒃, 𝒄}, 𝑴𝒃 = {𝒂}, and 𝑴𝒄 = ∅, that is, agent 𝒄 is in-
different. The preferences are clearly not symmetric.

Example 2.6. Let us have an instance with three agents 𝑎, 𝑏,

and 𝑐 , and let the topology 𝐺 , the preference graph 𝐷pref , and the

allocation 𝜋 be as depicted on Figure 1. The cost of agent 𝑏 is zero,

as 𝑏 requires to be at distance two from 𝑎 and this is satisfied. The

cost for agent 𝑐 is always zero, since he is indifferent. The cost of

agent 𝑎, on the other hand, is two, as she requires to be at distance

one from both remaining agents, but her distance from both of

them is two.

Regarding stability of 𝜋 , clearly no agent 𝑏 or 𝑐 can participate in

a swap, as they are already on their best position. Hence, 𝜋 is swap

stable. Similarly, agent 𝑎 is not envious of the position of any of the

other two agents, as if she swaps with one of them, the distances

are preserved. Finally, allocation 𝜋 is not jump stable, as agent 𝑎

can jump to the common neighbor 𝑣 of 𝑏 and 𝑐 and decrease her

cost to zero. In response, agent 𝑏 will jump so she is distance 2 from

agent 𝑎. It is easy to see that 𝜋 ′
is jump stable.

3 ENVY-FREENESS
As we showed in the previous section, envy-freeness is closely

related to all other stability notions assumed in this work. Thus,

we begin our investigation with this stability notion.

First, we study the conditions under which envy-free allocations

are guaranteed to exist. It is easy to see that if there are two agents,

any allocation is EF, as if the agents swap their positions, their

distance remains the same.

Proposition 3.1. If |𝐴| = 2, an envy-free allocation is guaranteed
to exist and can be found in constant time.

Proof. Let 𝐺 be a topology and 𝜋 be an arbitrary alloca-

tion of our agents. Since the graph is undirected, we have

that dist𝐺 (𝜋 (𝑎1), 𝜋 (𝑎2)) is the same as dist𝐺 (𝜋 (𝑎2), 𝜋 (𝑎1)). There-
fore, if the agents swap their positions, their utility remains the

same. Consequently, 𝜋 is envy-free. □

However, as we show in our next result, already with three

agents, envy-free allocation may not exist.

Proposition 3.2. For every |𝐴| ≥ 3, an envy-free allocation is not
guaranteed to exist.

Proof sketch. Let |𝐴| = 3 and let the topology 𝐺 be a cycle

with four vertices. Each agent 𝑎𝑖 , 𝑖 ∈ [|𝐴|], has𝑀𝑖 = {𝑎 (𝑖 mod |𝐴 | )+1}
and requires this agent at distance two. For the sake of con-

tradiction, assume that there is an envy-free allocation 𝜋 . First,

let dist𝐺 (𝜋 (𝑎1), 𝜋 (𝑎2)) = 1. If 𝑎3 is at distance two from 𝑎2, then 𝑎1
is envious of 𝑎3’s position. Hence, 𝑎3 is at a distance exactly one

from 𝑎2. However, in this case, 𝑎3 is simultaneously at distance

two from 𝑎1, which means that 𝑎2 is envious of 𝑎1’s position. Thus,

it must be the case that dist(𝜋 (𝑎1), 𝜋 (𝑎2)) = 2. Regardless of the

position of 𝑎3, she is always at distance one from 𝑎1 and envies

agent 𝑎2. That is, no envy-free allocation exists. □

With the previous no-instance in hand, we finally give a formal

proof that there are games admitting swap stable but not envy-free

allocations, as promised in Section 2.

Proposition 3.3. There is a distance preservation game Γ that
admits a swap stable allocation but no envy-free allocation.

Proof. Recall the instance from Theorem 3.2 with |𝐴| = 3. It

was shown that such a game does not admit envy-free alloca-

tion. However, assume an allocation with 𝜋 (𝑎1) = 𝑣1, 𝜋 (𝑎3) = 𝑣2,

and 𝜋 (𝑎2) = 𝑣3 (we suppose that 𝑣1, . . . , 𝑣5 is a DFS order if we

start with the vertex 𝑣1). Then, the cost for the agent 𝑎1 is zero,

and the costs for both 𝑎2 and 𝑎3 are one. Therefore, 𝑎1 participates

in no swap deviation. Although the cost for 𝑎3 in 𝜋𝑎3↔𝑎2
is zero,

that is, decreased, the agent 𝑎2 is in 𝜋𝑎3↔𝑎2
still at distance one

from 𝑎3, meaning that the swap is not beneficial to him. That is,

the allocation 𝜋 is swap stable. □

Since there are instances with no envy-free allocation, it is nat-

ural to ask, given a distance preservation game Γ, how hard it is

to decide whether Γ admits an EF allocation. In our first hardness

result, we show that this problem is NP-complete, even if the pref-

erences of our agents are symmetric, i.e., if an agent 𝑎 requires

agent 𝑏 to be at distance 𝛿 , then also agent 𝑏 requires agent 𝑎 to be

at the same distance.

Theorem 3.4. It is NP-complete to decide whether a distance
preservation game Γ admits an envy-free allocation, even if the pref-
erences are symmetric and the domain of each d𝑎 , 𝑎 ∈ 𝐴, is {1}.

Proof sketch. We reduce from the 3-Partition problem. In

this problem, we are given a multi-set 𝑆 = {𝑠1, . . . , 𝑠3𝑁 } of integers
such that

∑
𝑖∈[3𝑁 ] 𝑠𝑖 = 𝑁 · 𝐵, and the goal is to decide whether a

set X of 𝑁 pairwise disjoint 3-sized subsets of 𝑆 exists so that the

elements of every𝑋 ∈ X sum up to exactly𝐵. The problem is known

to be NP-complete even if 𝐵/4 < 𝑠 < 𝐵/2 for every 𝑠 ∈ 𝑆 [30].

Given an instance 𝑆 of 3-Partition, we construct an equivalent

distance preservation game Γ as follows. The topology 𝐺 consists

of a disjoint union of 𝑁 cliques 𝐶1, . . . ,𝐶𝑁 , each of size exactly 𝐵,

and one apex vertex 𝑣𝑔 connected to all other vertices. The set of

agents contains exactly 𝑠𝑖 item agents 𝑎1𝑖 , . . . , 𝑎
𝑠𝑖
𝑖
for every 𝑠𝑖 ∈ 𝑆 ,

and one guard agent 𝑔. For every item agent 𝑎
𝑗

𝑖
, we have 𝑀

𝑎
𝑗
𝑖

=

{𝑎1𝑖 , . . . , 𝑎
𝑠𝑖
𝑖
} \ {𝑎 𝑗

𝑖
}. For the guard agent, the set𝑀𝑔 contains all the

other agents. Each agent requires to be at distance one from all

other agents he cares about. □

3.1 Restricted Topology
The first restriction we study is the restriction of the underlying

topology to which we allocate. It is reasonable to assume that if

the topology is well-structured, then the problem should become

easier. And indeed, in our first result, we support this intuition with

AAAI Track  AAMAS 2026, May 25–29, 2026, Paphos, Cyprus

3798



𝑐1 𝑐2
.
.
.

.

.

.

𝑀

.

.

.

Figure 2: An illustration of the topology used in the proof
of Theorem 3.6. Each set of vertices with yellow (light gray)
background is of size 𝑩 = 3𝑵−𝒌

2 and the set 𝑴 with green
(dark gray) background is of size 𝒌. Clearly, the vertices 𝒄1
and 𝒄2 form a vertex cover of this graph of size two.

two polynomial-time solvable cases. Specifically, if the topology is

a star graph or a clique, efficient algorithms are possible.

Theorem 3.5. If the topology 𝐺 is a star or a clique, the existence
of an envy-free allocation can be decided in polynomial time.

Proof. If the topology is a clique, then all distances are the same.

Hence, an arbitrary allocation is envy-free.

When the topology is a star, we have |𝐴| + 1 possibilities

for 𝜋−1 (𝑐), where 𝑐 is the center of 𝐺 : either some agent 𝑎 ∈ 𝐴

is allocated to 𝑐 or it is empty. As the leaves are symmetric with

respect to the distances to other vertices, we can arbitrarily allocate

the remaining agents to the leaves for every choice of 𝜋−1 (𝑐) and
check whether at least one of these allocations is envy-free. □

However, as we demonstrate in the remainder of this subsection,

the tractability boundary cannot be pushed much further. Observe

that stars are the only family of connected graphs with the vertex

cover number one. In the following, we show that on topologies

with the vertex cover number two, deciding the existence of an

envy-free allocation becomes computationally intractable.

Theorem 3.6. It is NP-complete to decide whether a distance
preservation game Γ admits an envy-free allocation, even if the topol-
ogy 𝐺 is of the vertex cover number 2.

Proof Sketch. We give a polynomial reduction from the Cubic

Bisection problem. Here, we are given a cubic graph 𝐻 with 2𝑁

vertices and an integer 𝑘 ∈ N, and the goal is to decide whether

a partition (𝑋,𝑌 ) of 𝑉 (𝐻 ) exists such that |𝑋 | = |𝑌 | = 𝑁 and

there are at most 𝑘 edges with one endpoint in 𝑋 and one endpoint

in 𝑌 . The problem is NP-complete even if there is no partition

of𝑉 (𝐻 ) to two equal parts with less than 𝑘 edges between𝑋 and 𝑌 ,

and 𝑁 > 𝑘 > 4 [23, Theorem 3]. Also note that since 𝐻 is 3-regular,

then in every partition (𝑋,𝑌 ) with exactly 𝑘 edges between 𝑋

and 𝑌 we have exactly 𝐵 = 3𝑁−𝑘
2

edges with both endpoints in the

same part. Consequently, we can assume that
3𝑁−𝑘

2
is an integer, as

otherwise the Cubic Bisection instance is trivially a No-instance.

Let I = (𝐻,𝑘) be an instance of the Cubic Bisection problem.

We construct an equivalent distance preservation game Γ as follows.
The topology 𝐺 consists of two stars 𝑆1 and 𝑆2 with exactly 𝐵

leaves each. Let 𝑐1 and 𝑐2 be centers of 𝑆1 and 𝑆2, respectively. We

additionally add 𝑘 parallel edges connecting 𝑐1 and 𝑐2 and subdivide

each such edge once. We set 𝑀 to be the set of vertices resulting

from the subdivision. See Figure 2 for an illustration of the topology.

The set of agents 𝐴 contains one edge agent 𝑎𝑢,𝑣 for every pair

of 𝑢, 𝑣 ∈ 𝑉 (𝐻 ) such that {𝑢, 𝑣} ∈ 𝐸 (𝐻 ); i.e., there is one agent

for each edge of 𝐻 . Additionally, we have two guard agents 𝑔1
and 𝑔2. Observe that the number of agents is equal to the number

of vertices of 𝐺 . The preferences of our agents are as follows. For

each agent 𝑎𝑢,𝑣 , we have 𝑀𝑎𝑢,𝑣 = {𝑎𝑤,𝑤′ | |{𝑢, 𝑣} ∩ {𝑤,𝑤 ′}| > 0};
that is, each agent cares about agents representing adjacent edges.

For every guard agent 𝑔𝑖 we set 𝑀𝑔𝑖 = 𝐴 \ {𝑔1, 𝑔2}. The distance
edge agents require is always two, while the distance required by

the guard agents is always one. □

We can also try to generalize stars to general trees, which are

not ruled out by the previous hardness result. Nevertheless, this is

not possible, as we show in the next construction. Observe that the

trees used in this construction are of depth two, and, at the same

time, stars (rooted in their centers) are the only family of graphs of

depth one, so the result is again tight. Moreover, the preferences

are again symmetric.

Theorem 3.7. It is NP-complete to decide whether a distance
preservation game admits an envy-free allocation, even if the prefer-
ences are symmetric and the topology is a tree of depth 2.

Arguably, one of the structurally simplest graphs is a path. Sur-

prisingly, we show that even on such trivial topologies, our problem

remains NP-complete.

Theorem 3.8. It is NP-complete to decide whether a distance
preservation game Γ admits an envy-free allocation, even if the topol-
ogy is a path.

Proof sketch. We reduce from the 3-Partition problem. In

this problem, we are given a multi-set 𝑆 = {𝑠1, . . . , 𝑠3𝑁 } of integers
such that

∑
𝑖∈[3𝑁 ] 𝑠𝑖 = 𝑁 · 𝐵, and the goal is to decide whether a

setX of 𝑁 pairwise disjoint 3-sized subsets of 𝑆 exists so that the el-

ements of every 𝑋 ∈ X sum up to exactly 𝐵. Let 𝑆 be a 3-Partition

instance. We construct an equivalent distance preservation game Γ
as follows. The topology 𝐺 is a path with 𝑁 · 𝐵 + 𝑁 + 1 vertices.

The set of agents 𝐴 contains 𝑁 + 1 boundary agents 𝑏1, . . . , 𝑏𝑁+1
and 𝑠𝑖 -many element agents 𝑎1𝑖 , . . . , 𝑎

𝑠𝑖
𝑖
for every 𝑠𝑖 ∈ 𝑆 . Every bound-

ary agent 𝑏𝑖 , 𝑖 ∈ [2, 𝑁 + 1], requires the boundary agent 𝑏𝑖−1 at
distance 𝐵 + 1 and 𝑏1 requires 𝑏2 at distance 𝐵 + 1. Similarly, for

every 𝑖 ∈ [3𝑁 ], each agent of the element 𝑎
𝑗

𝑖
, 𝑗 ∈ [2, 𝑠𝑖 ], must be

at distance one from 𝑎
𝑗−1
𝑖

, and 𝑎1𝑖 must be at distance one from 𝑎2𝑖 .

Observe that the number of agents and the number of vertices of

the graph are the same, so whenever an agent’s preferences are not

met by some allocation 𝜋 , this allocation is not envy-free. □

3.2 Bounded Number of Agents
So far, all our hardness proofs have heavily relied on the fact that

the number of agents in the instance is equal to the number of

vertices of the topology. Due to this, agents were allowed to envy

their ideal location. Hence, it is natural to ask whether the hardness

of our problem is preserved if some vertices remain empty in every

allocation.
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Figure 3: An illustration of the construction used to prove
Theorem 3.8. An arrow from an agent 𝒂 to an agent 𝒃 repre-
sents that 𝒃 ∈ 𝑴𝒂 .

In the first result of this subsection, we show that it is the case.

Specifically, we show that the problem remains NP-complete, even

if the number of agents is significantly smaller compared to the

number of vertices of the topology 𝐺 .

Theorem 3.9. It is NP-complete to decide whether a dis-
tance preservation game Γ admits an envy-free allocation, even
if |𝐴| ≤ 3

5
|𝑉 (𝐺) | + 1.

On a more positive note, if we parameterize by the number of

agents, the problem is in complexity class XP. That is, whenever
the number of agents is a fixed constant, the problem is polynomial-

time solvable.

Theorem 3.10. There is an algorithm running in |𝑉 (𝐺) |O( |𝐴 | )

time that decides whether a distance preservation game Γ admits an
envy-free allocation.

Even with considerable effort, we were not able to complement

the previous algorithm with a matching complexity lower-bound.

Hence, our work leaves an important open question whether, under

this parameterization, the previous algorithm is optimal or an FPT
is possible.

Open Problem 1. When parameterized by the number of
agents |𝐴|, is it fixed-parameter tractable or W[1]-hard to decide
whether a distance preservation game Γ admits an envy-free alloca-
tion?

We conjecture that the correct answer to the previous question is

negative, i.e. the problem is W[1]-hard with respect to the number

of agents |𝐴|.
Since we are not able to affirmatively resolve parameterization

by the number of agents, in the remainder of this subsection, we

combine parameterization by the number of agents with different

restrictions of the topology.

We start with the vertex cover number, which has been success-

fully used in the design of efficient algorithms in various areas of

artificial intelligence research; see, e.g., [12, 19, 21, 40] for a few

examples. The algorithm is based on the so-called kernelization
technique, which means that we, in polynomial time, preprocess

the instance of our problem by dropping non-essential parts of the

input and obtain the so-called kernel—a smaller instance, which is

equivalent to the original instance and whose size is upper-bounded

by some function of our parameter. Thanks to its bounded size, we

can brute-force all possible solutions in FPT time.

Theorem 3.11. When parameterized by the number of agents |𝐴|
and the vertex cover number vc(𝐺), combined, there is an FPT algo-
rithm deciding whether a distance preservation game Γ admits an
envy-free allocation.

Proof sketch. Let Γ be a distance preservation game, and𝐶 be

a vertex cover of the topology𝐺 of optimal size vc(𝐺) = 𝜗 . Without

loss of generality, we can assume that 𝐶 is a part of the input, as

otherwise, we can compute it in 1.25284O(𝜗 ) ·𝑛O(1)
time by a known

algorithm [33].

As a first step, we partition the vertices of 𝐼 =𝑉 (𝐺) \𝐶 into 2
𝜗

(possibly empty) types according to their neighborhood in 𝐶 . Let

the partitioning be T = (𝑇1, . . . ,𝑇2𝜗 ). The core of our algorithm is

the following reduction rule, which we apply exhaustively.

Reduction Rule 1. Let there exist 𝑗 ∈ [2𝜗 ] such that |𝑇𝑗 | > |𝐴|
and let 𝑇𝑗 = {𝑣1𝑗 , . . . , 𝑣

|𝑇𝑗 |
𝑗

}. Set 𝐺 ′ =𝐺 \ {𝑣𝑖𝑗 | 𝑖 > |𝐴|} and continue
with Γ′ = (𝐺 ′, 𝐴, (𝑀𝑎)𝑎∈𝐴, (𝑑𝑎)𝑎∈𝐴).

Clearly, the previous reduction rule can be applied in polynomial

time. Once the rule cannot be applied anymore, we end up with a

topology with |𝑉 (𝐺) | ≤ 𝜗 + 2
O(𝜗 ) · |𝐴| vertices. That is, the size

of𝐺 is bounded by our parameters, and we can brute-force over all

possible allocations as we did in Theorem 3.10. The running time of

such approach is (𝜗 +2
O(𝜗 ) · |𝐴|)O( |𝐴 | )

, which is clearly in FPT. □

The next parameter we study is called neighborhood diversity [42].
It is a generalization of the vertex cover number. Intuitively, a

graph 𝐺 is of neighborhood diversity 𝛿 , if its vertices can be par-

titioned into 𝛿 types 𝑇1, . . . ,𝑇𝛿 such that a) each type induces an

independent set or a clique and b) if there is an edge between ver-

tex 𝑣 ∈ 𝑇𝑖 and 𝑢 ∈ 𝑇𝑗 , then there is a complete bipartite graph

between all vertices of 𝑇𝑖 and 𝑇𝑗 . Neighborhood diversity is an im-

portant parameter in various areas, including kidney exchange [34],

information diffusion [39], social networks analysis [3, 31, 32], or

coalition formation games [25]. This time, the algorithm exploits

the partitioning of vertices of the topology 𝐺 .

Theorem 3.12. When parameterized by the number of agents |𝐴|
and the neighborhood diversity nd(𝐺), combined, there is an FPT
algorithm deciding whether a distance preservation game Γ admits
an envy-free allocation.

Note that neighborhood diversity is also a more general parame-

ter than the distance to clique, so the previous algorithm also yields

the following, complementing Theorem 3.5.

Corollary 3.13. When parameterized by the number of
agents |𝐴| and the distance to clique 𝑐 , combined, there is an FPT
algorithm deciding whether a distance preservation game Γ admits
an envy-free allocation.

We can further strengthen the previous results to a more gen-

eral class of graphs. Specifically, we study topologies of bounded

modular-width [28]. This parameter, which is small for dense graphs

and is more restrictive than clique-width, comes with a convenient

graph decomposition that can be used in the design of dynamic

programming algorithms, similarly to standard algorithms over

the nice tree decomposition related to the celebrated treewidth. To

the best of our knowledge, we are the first to study this parameter

in the area of algorithmic game theory and computational social

choice.

Theorem 3.14. When parameterized by the number of agents |𝐴|
and the modular-width mw(𝐺), combined, there is an FPT algorithm
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deciding whether a distance preservation game Γ admits an envy-free
allocation.

It remains unclear howmuch further we can push the tractability

boundary. That is, it would be interesting to provide the complexity

classification of the problem with respect to, e.g., tree-width or

clique-width of the topology.

We conclude this subsection with one more positive result. This

time, we combine the number of agents with the diameter of the

topology. Note that small-world property (and, therefore, bounded

diameter) has been observed, both theoretically and empirically, in

many real-world networks [50, 51].

The algorithm is again based on kernelization. However, this

time, we use a surprising connection between our problem and a

famous theorem of Ramsey, which is very well-known from combi-

natorics.

Lemma 3.15 (Ramsey’s Theorem (see [6, 24]). Let𝐺 be a complete
graph, whose edges are colored with 𝑞 different colors, and 𝑘 ∈ N.
If |𝑉 (𝐺) | ≥ 𝑞𝑞𝑘 , then there exists 𝑆 ⊆ 𝑉 (𝐺) such that |𝑆 | ≥ 𝑘 and all
edges between the vertices in 𝑆 have the same color.

Informally speaking, Ramsey’s theorem states that for every

integer 𝑘 , each large enough edge-colored graph 𝐺 contains a

monochromatic clique of size 𝑘 . We use this as follows. If our graph

is large enough with respect to our parameters, using the previous

lemma on an auxiliary graph, we find a set of vertices of size |𝐴|
such that the vertices are equidistant. Then, any allocation of the

agents on such locations is an envy-free solution. Otherwise, the

size of our graph is bounded with respect to the parameters, and

we can again brute-force over all possible allocations.

Theorem 3.16. When parameterized by the number of agents |𝐴|
and the diameter of the topology diam(𝐺), combined, there is an FPT
algorithm deciding whether a distance preservation game Γ admits
an envy-free allocation.

3.3 Restricted Preferences
The last dimension of the problem we can exploit in order to obtain

tractable algorithms are agent’s preferences. One natural restriction

could be a bound on the size of relationship sets. And indeed, if each

relationship set is empty, an arbitrary allocation is a solution. How-

ever, even though it was not stated formally, the construction used

in the proof of Theorem 3.8 is so that the size of each relationship

set is at most one. Therefore, this direction is not promising.

Consequently, we focus on even more structured preference

graphs. In particular, in our first result, we assume that 𝐷pref is an

in-star. This means that there is one “super-star” agent 𝑎∗ and for

each agent 𝑏 ∈ 𝐴 we have 𝑀𝑏 = {𝑎∗} or 𝑀𝑏 = ∅. The algorithm
is, relatively to the restriction, surprisingly non-trivial dynamic

programming.

Theorem 3.17. If 𝐷pref is an in-star, there is a polynomial time
algorithm deciding whether a distance preservation game Γ admits
an envy-free allocation

In the previous result, we assumed that there is exactly one

agent the other agents care about. Next, we turn our attention to

a similarly restricted case. In particular, we show that if there is

Algorithm 1 An algorithm finding an EF allocation if the prefer-

ence graph 𝐷pref is an out-star.

1: Fix an arbitrary allocation 𝜋

2: while ∃𝑏 ∈ 𝐴 \ {𝑎} s. t. cost𝑎 (𝜋) > cost𝑎 (𝜋𝑎↔𝑏 ) do
3: 𝑐 = argmax𝑏∈𝐴 (cost𝑎 (𝜋) − cost𝑎 (𝜋𝑎↔𝑏 ))
4: 𝜋 = 𝜋𝑎↔𝑐

5: end while
6: return Envy-free allocation 𝜋

exactly one agent which is not indifferent, then a polynomial time

algorithm is possible.

Theorem 3.18. If 𝐷pref is an out-star, there is a polynomial time
algorithm deciding whether a distance preservation game Γ admits
an envy-free allocation.

Proof. The algorithm is a simple swap dynamics that starts

with an arbitrary allocation 𝜋 and, through a sequence of swaps

improving agent’s 𝑎 cost, it reaches an envy-free allocation; see

Algorithm 1 for a formal description.

For correctness, it is easy to see that the algorithm always returns

an envy-free allocation, since it terminates only if the condition on

line 2, which checks for envy-freeness for agent 𝑎, is not satisfied.

For running time, after each execution of the loop in line 2, the

cost of agent 𝑎 is reduced by at least one (and all other agents are

indifferent, so their cost is constant zero). Moreover, the initial cost

is at most diam(𝐺) · |𝐴| ∈ O
(
𝑛2
)
, and the cost cannot be less than

zero. That is, after at most a quadratic number of improving steps,

the algorithm returns an envy-free allocation. □

We conclude with one more intractability result. Specifically, we

show that even if the number of agents with a non-empty relation-

ship set is our parameter, the problem isW[1]-hard. This result is
complemented by an XP algorithm similar to that of Theorem 3.10,

but requires additional steps to ensure that the important agents

do not envy any of the indifferent agents.

Theorem 3.19. When parameterized by the number of agents with
non-zero degree in 𝐷pref , it isW[1]-hard and in XP to decide whether
a distance preservation game Γ admits an envy-free allocation.

Note that parameterization by the number of indifferent agents

cannot lead to a tractability result, as we have NP-completeness

already for instances with no such agent (cf. Theorem 3.4).

4 JUMP AND SWAP STABILITY
In the remainder of the paper, we briefly explore the stability notions

of jump and swap stability. First, we show that these notions are

also not always satisfiable. We start with jump stability and show

that, already with two agents, stable allocations may fail to exist.

Proposition 4.1. A jump stable allocation is not guaranteed to
exist, even if |𝐴| = 2 and the topology is a path.

Proof. Assume that the topology is a path on at least four

vertices, we have two agents 𝑎1 and 𝑎2 interested in each other,

and d𝑎1 (𝑎2) = 1 and d𝑎2 (𝑎1) = 2. For the sake of contradiction,

assume that there is an envy-free allocation. If 𝑎2 is at distance

one from 𝑎1, then 𝑎2 prefers to jump to a location at distance
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two from 𝜋 (𝑎1), and such a vertex always exists, as the path is

of length at least four. Similarly, if 𝑎1 is not at the distance exactly

one from 𝑎2, 𝑎1 prefers to jump to a location at distance one from 𝑎2,

which again always exists and is empty. These are the only possible

allocations, so the proposition holds. □

For swap stability, instances with two agents always admit a

swap-stable solution, as such instances always admit an envy-

free solution. Hence, we need at least three agents to show non-

existence.

Proposition 4.2. A swap stable allocation is not guaranteed to
exist, even if |𝐴| = 3 and the topology is a path.

Proof sketch. We provide just the construction. Let 𝐴 =

{𝑎1, 𝑎2, 𝑎3} and the topology be a path with three vertices 𝑣1, 𝑣2, 𝑣3.

For every agent 𝑎 ∈ 𝐴, we set𝑀𝑎 = 𝐴 \ {𝑎}. The distance functions
are then as follows: d𝑎1 (𝑎2) = 1, d𝑎1 (𝑎3) = 2, d𝑎2 (𝑎1) = 2, d𝑎2 (𝑎3) =
1, d𝑎3 (𝑎1) = 1, and d𝑎3 (𝑎2) = 2. That is, each agent wants one agent

at the distance one and the other at distance two, but these relations

are not symmetric. □

If the assumed stability notion is envy-freeness, it isNP-complete

to decide the existence even if the preferences are symmetric. As

we show in our first algorithmic result, the situation with jump and

swap stability is much more positive. Specifically, by a potential

argument, a simple best-response dynamic converges in polynomial

time.

Theorem 4.3. If the preferences are symmetric, a jump stable and
a swap stable allocation always exist and can be found in polynomial
time.

Proof. We prove the theorem by showing the existence of a

polynomially bounded potential, and so a simple best-response

dynamic converges in polynomial time. For an allocation 𝜋 , we

let 𝑃 (𝜋) =
∑

𝑎∈𝐴 (cost(𝑎, 𝜋) −
∑

𝑏∈𝑀𝑎
max{0, d𝑎 (𝑏) − |𝑉 (𝐺) |}) be

the sum of costs of all agents, where we normalize all distance

functions to be at most |𝑉 (𝐺) | by letting d𝑎 (𝑏) = |𝑉 (𝐺) | when-
ever d𝑎 (𝑏) > |𝑉 (𝐺) |.It follows that 0 ≤ 𝑃 (𝜋) ≤ |𝐴|2 · |𝑉 (𝐺) |. Now,
let us compute how the value of 𝑃 (𝜋) changes in the case of a single
jump or a single swap. First, note that

∑
𝑎∈𝐴

∑
𝑏∈𝑀𝑎

max{0, d𝑎 (𝑏) −
|𝑉 (𝐺) |} does not depend on 𝜋 , so we only need to consider

how the sum of costs changes. Let us first consider the jump

of an agent 𝑎 to a vertex 𝑣 . Since only 𝑎 and the agents 𝑏

with 𝑎 ∈ 𝑀𝑏 are affected and since 𝑎 ∈ 𝑀𝑏 if and only

if 𝑏 ∈ 𝑀𝑎 in a symmetric instance, we get 𝑃 (𝜋) − 𝑃 (𝜋𝑎 ↦→𝑣) =

cost(𝑎, 𝜋) − cost(𝑎, 𝜋𝑎 ↦→𝑣) + ∑
𝑏∈𝑀𝑎

( | d𝑏 (𝑎) − dist(𝜋 (𝑎), 𝜋 (𝑏)) | −
| d𝑏 (𝑎) − dist(𝜋𝑎 ↦→𝑣 (𝑎), 𝜋𝑎 ↦→𝑣 (𝑏)) |). Note that d𝑏 (𝑎) = d𝑎 (𝑏),
because the preferences are symmetric. So

∑
𝑏∈𝑀𝑎

| d𝑏 (𝑎) −
dist(𝜋 (𝑎), 𝜋 (𝑏)) | = | d𝑎 (𝑏) − dist(𝜋 (𝑎), 𝜋 (𝑏)) | = cost(𝑎, 𝜋) and

similarly,

∑
𝑏∈𝑀𝑎

| d𝑏 (𝑎)−dist(𝜋𝑎 ↦→𝑣 (𝑎), 𝜋𝑎 ↦→𝑣 (𝑏)) | = cost(𝑎, 𝜋𝑎 ↦→𝑣).
Therefore, 𝑃 (𝜋) − 𝑃 (𝜋𝑎 ↦→𝑣) = 2(cost(𝑎, 𝜋) − cost(𝑎, 𝜋𝑎 ↦→𝑣)). It fol-
lows that indeed 𝑃 is a polynomially bounded potential. Hence,

we start from an arbitrary allocation 𝜋 and follow a simple best

response dynamic, where 1) we check for every agent whether

they can improve their cost by jumping to an empty vertex, 2) if

so, let the agent jump there and repeat. By the above argument,

in every jump, the value of 𝑃 (𝜋) decreases by two times the im-

provement of the cost of the agent that jumped. Hence, after at

most |𝐴|2 |𝑉 (𝐺) | many jumps, we reach a jump stable allocation. By

an analogous argument, we get that if 𝑎 and 𝑏 swap, then 𝑃 (𝜋) −
𝑃 (𝜋𝑎↔𝑏 ) = 2(cost(𝑎, 𝜋)−cost(𝑎, 𝜋𝑎↔𝑏 )+cost(𝑏, 𝜋)−cost(𝑏, 𝜋𝑎↔𝑏 ))
and starting from arbitrary allocation and letting agents swap if

they both prefer the swap converges to a swap stable allocation in

polynomially-many swaps. □

Our last result settles the polynomial-time solvability of the prob-

lem for jump and swap stability in the case where the preferences

are acyclic. The core idea of the algorithm is to find a topological

ordering according to agents’ preferences and let them pick their

best location in the opposite of this ordering. The proof is similar to

that of Aziz et al. [2] for an analogous setting in the original DPGs.

Theorem 4.4. If the preference graph 𝐷pref is acyclic, a jump
stable and a swap stable allocation always exist and can be found in
polynomial time.

5 DISCUSSION
Our paper provides an almost complete landscape of the complexity

of envy-free allocations in graphical distance preservation games.

Our results illustrate that restrictions in the input instances are

required to reach tractability. We believe that Open Problem 1 is

the most important question that remains open on this front, which

deserves further study. Additionally, we highlight a fewmore future

directions more fundamentally varying the model.

“At most” and “at least” distances. Two very natural classes of

ideal distances are what we term “at least” and “at most” distances.
These are two-step functions where one of the steps is zero, and the

other one is linear. There, if agent 𝑖 wants their distance from 𝑗 to be

at least (resp. at most) 𝑑 , then the cost is zero if under the allocation

the condition is satisfied, and defined as normal otherwise. Observe

that when an agent has ideal distance at most 1, then it is equivalent

to having ideal distance exactly 1, hence the NP-completeness for

envy-free allocations from Theorem 3.4 holds for this case. How-

ever, the problem remains open when agents have “at least” ideal

distances, which is arguably a very natural class. Does our problem

become easier under these distance functions?

Jump and Swap Stability. Our initial results for jump and stable

allocations leave ample space for further study. Of course, there are

the directions of studying the complexity of the problem, for which

we conjecture it is NP-complete in general, under the same lens as

envy-free allocations. Study how it behaves when we constrain the

topology, or the graph, or agent’s preferences. One less obvious

direction that we would like to highlight is the existence of jump

and swap stable allocations on paths under “at least” and “at most”

distance functions. Despite our efforts to resolve the question, in

both directions, the problem remained hard to crack.

Maximize Social Welfare. An orthogonal research direction is

to study the maximization of social-welfare in graphical distance

games; this objective was extensively studied in the model of Aziz

et al. [4]. Observe that this is a very interesting problem, since it is

at least as hard as Subgraph Isomorphism, an important problem

for various AI subfields [35, 44]; this is when𝐷pref is symmetric and

the ideal distance for every agent is 1. What are the graph classes

that allow for efficient algorithms for this problem?
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