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ABSTRACT 1 INTRODUCTION
In intelligent decision-making systems, how policy is represented How to obtain the optimal policy is the ultimate problem in decision-
and optimized is a fundamental problem. The root challenge stems making systems, such as Game Playing [15], Robotics Manipula-
from the large scale and the high complexity of policy space. To- tion [26], Natural Language Processing [20]. To address the prob-
wards a desirable surrogate policy space, recent policy representa- lem, a lot of work carry out studies on policy with different focal
tions in a low-dimensional latent space has revealed its potential points, e.g., how policy can be well represented [14, 30], how to
in improving both evaluation and optimization of policy. The key optimize policy [11, 25] and how to analyze and understand agents’
question to answer in this line of research is by what criterion the behaviors [9, 31].
policy space should be abstracted for favorable compression and The root challenge to the studies on policy is the large scale
generalization. However, both the theory of policy abstraction and and the high complexity of policy space, especially in real-world
the method of policy representation learning are under-studied. In scenarios where the difficulty of policy learning is escalated se-
this work, we first make efforts to fill the vacancy. First, we propose verely [16]. Intuitively, the challenge can be addressed if we have
a unified policy abstraction theory, containing three types of pol- an ideal surrogate policy space, which is compact in scale while
icy abstraction and explaining their partial ordering relationship. keeping crucial features of the policy space. Related to this idea,
Then, we generalize policy abstractions to three policy metrics some recent works study low-dimensional latent representations of
that quantify the distance between policies. Further, we propose a policies, which plays a significant role in Reinforcement Learning
policy representation learning approach and policy optimization (RL) [28], Opponent Modeling [8], Policy Adaptation [22, 24], and
algorithm based on deep metric learning. Our study highlights the Policy Search [19], etc. In these works, most of policy representa-
importance of policy abstraction theory and representation method, tions [4, 10, 16, 19, 28] extract the information of policy by encoding
demonstrating their effectiveness in compressing policy space, char- policy’s state-action pairs (or trajectories) and optimizing a policy
acterizing policy differences, and conveying policy generalization. recovery objective [8, 22, 28]. Rather than policy distribution, some
other works learn policy embedding using the state visitation dis-

KEYWORDS tribution induced by the policy or policy network parameters [13].

Despite notable progress in these studies, the key question of
by what criterion the policy space should be abstracted for favorable
compression and generalization remains essentially unaddressed. In
other words, existing research has not yet established a systematic
theoretical framework for policy abstraction, leaving researchers
without effective guidance when selecting an appropriate policy
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To this end, our work makes pioneering explorations in both the-
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Table 1: Properties of different policy abstractions, including the additional ones introduced in Appendix A.1. We use (+) and

(-) to denote the higher or lower degree at the same level.

Abstraction Abstraction Criterion (for 7y, 5, Vs, 5", a € §? X A) Fineness  Task Relevance

fo Policy Parameter Equivalence (0; = 0,) Highest None

fx Action Distribution Equivalence (r;(a | s) = 7j(a | s)) High Low

fpr Dynamics Influence Equivalence (P (s'|s) = P™i (s'|s)) Middle (+) Middle (-)
faz Dynamics Influence Equivalence (] (s") = 4 (s)) Middle Middle

far Dynamics Influence Equivalence (d" (s) = d”/ (s)) Middle (-) Middle (+)
fur Value Function Equivalence (V7 (s) = Vi (s)) Low High

fi= Value Function Equivalence (Egy~p, [V™ (50)] = Egy~p [V (s0)])  Low (=) High (+)

fo Triviality (taking all policies as the same) Lowest None

corresponding policy equivalence relations. Further, we generalize
the exact equivalence relations to policy metrics, allowing quanti-
tatively measuring the distance (i.e., similarity) between policies.
Finally, we introduce a policy representation learning approach
based on policy metrics. We propose the alignment loss as a unified
objective function of policy representation learning. It encourages
policy representation to render specific abstraction criteria by min-
imizing the difference between the distance of policy embeddings
and the quantity measured by the policy metrics. In addition, we
conduct various experiments to better elucidate the effects of differ-
ent policy abstractions, metrics, and representations. First, we make
use of multiple representative finite MDPs to demonstrate how the
original policy space is compressed differently by our proposed
abstractions. Then, we perform a quantitative policy comparison
with our derived policy metrics. Finally, we experimentally validate
that integrating the proposed policy representation into the typical
RL algorithm PPO [25] can significantly improve its performance.

Our systematic experimental investigations provide profound in-
sights into the critical role of policy abstraction in RL: (1) equivalent
or approximately equivalent reductions on policy sets or spaces
can be achieved; (2) qualitative and quantitative comparisons of
pairwise policies can be achieved; (3) the construction of policy
latent space representations enables the approximation and gener-
alization of policy-conditioned objective functions and improves
policy optimization and search processes. Our contributions can be
summarized as follows:

e We are the first to propose a unified theory of policy ab-
straction, upon which we further develop a novel policy
representation learning method.

e We perform systematic experiments to demonstrate the ef-
fects of different policy abstractions, metrics, and represen-
tations.

o We pave the way for leveraging policy abstractions to reduce
the difficulty of policy learning in large-scale and highly
complex policy spaces.

2 BACKGROUND

Reinforcement Learning. We consider a Markov Decision Pro-
cess (MDP) [21] typically defined by a five-tuple (S, A, P, R, y), with
the state space S, the action space A, the transition probability P :
Sx A — A(S), the reward function R : S X A — R and the discount
factor y € [0,1). A(X) denotes the probability distribution over X.
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A stationary policy 7 : S — A(A) defines how the agent behaves
under specific states. An agent interacts with the MDP at discrete
timesteps by its policy 7, generating trajectories with s ~ po(-),
ar ~ 7(-|s¢), st+1 ~ P (- | st,a;) and r; = R (84, ar), where py is the
initial state distribution. We use P7(s"|s) = Eqr(.|s)P(s]s,a) to
denote the distribution of next state s’ when performing policy  at
state s. For a policy 7, the return G, = Y2, y'r; is the random vari-
able for the sum of discounted rewards while following 7z, whose
distribution is denoted by Z”. The value function of policy 7 defines
the expected return for state s, i.e., V7(s) = E;[G; | so = s]. The
goal of an RL agent is to learn an optimal policy 7* that maximizes
J(m) = Eso~po(-) [V (s0)].

Metric Learning. A metric d is used to quantify the distance be-
tween two data elements in a general sense. We recall the standard
definitions of both metric and pseudo-metric in Appendix B'. In this
paper, we will use metric to stand for pseudo-metric for brevity. Typ-
ically metric learning aims to reduce the distance between similar
data and increase the distance between dissimilar data. With non-
linear transformation offered by deep neural networks, Deep Metric
Learning allows us to find such optimal metrics by optimizing a
latent representation space of raw data.

The position of our work. For RL tasks, [28] utilizes action dis-
tribution reconstruction and contrast learning principles to learn
policy representation. [4], [10] adopts policy fingerprints as dif-
ferentiable policy representations obtained by concatenating the
action distribution of the policy in a set of key states. [5] directly
compresses the policy parameters into a vector, regarding it as a
form of policy representation. For policy adaptation, [22, 24] utilizes
action distribution reconstruction to learn policy representation. In
a multi-agent system, [8] converts opponent modeling into an op-
ponent policy representation learning problem and attempts to dis-
tinguish opponents by their policy representations. In addition, [16]
investigates policy space compression by formulating a Set Cover-
ing problem with Rényi Divergence of the discounted state-action
distribution of policies as a metric. [19] defines a trajectories-based
Behavioral Embedding Map (BEM) to measure the similarity among
policies for guiding policy optimization. While existing works have
demonstrated the application value of policy representation in
downstream tasks such as RL and policy adaptation, they have
not yet established a systematic theoretical framework for policy
abstraction. Our work fills this gap and provides effective guidance

!https://github.com/TJU-ZM/UPAT
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Table 2: A overview of policy representation-related work: original and promising policy abstraction criteria for corresponding

downstream tasks based on our policy abstraction theory.

Tasks Prior Policy Representation

Original Abstraction Criterion

Promising Abstraction Criterion

Vectorized Network Parameters [5]
Contrastive OPR/SPR [28]
Policy Recovery OPR/SPR [28]
Network Fingerprint [4, 10]
Policy Recovery [22, 24]
Generative Representation [8]
Discriminative Representation [8]
a-compression [16]
Behavior Embedding [19]

Reinforcement Learning

Policy Adaptation
Opponent Modeling

Policy Space Compression
Policy Search

Policy Parameter Equivalence fur
Policy Instance Contrast for
Action Distribution Equivalence for
Action Distribution Equivalence for
Action Distribution Equivalence fpr. for
Action Distribution Equivalence fpr. for
Policy Instance Contrast fpr fur
Action Distribution Equivalence fpr fyr
Trajectory Similarity frsfor fun

for selecting appropriate policy abstraction for specific downstream
tasks.

3 POLICY ABSTRACTION THEORY

In this section, we propose a unified policy abstraction theory. First,
we formally define policy abstraction and then propose three types
of policy abstraction. Finally, we analyze the core properties of
policy abstraction.

3.1 Policy Abstraction

Following the classic definition of an abstraction [6], we first pro-
pose a general definition of policy abstraction as follows:

Definition 1 (Policy Abstraction). A policy abstraction f : II — X,
is a mapping from ground policy space II to an abstract space
X. f(r) € X represents the abstract policy corresponding to a
ground policy 7 € II. The inverse image of f~!(y) with y € X is
defined as the set of all ground policies corresponding to y under
the abstraction function f.

It is apparent that there are many such abstractions since we may
have many possible ways to partition the policy space. However,
we are only interested in some useful ones among them that follow
specific abstraction criteria to preserve the essential features related
to decision-making. In this paper, we propose the following three
types of policy abstraction:

Definition 2. Given an MDP and a ground policy space II, for any
two policies ;, 7; € II, we define three types of policy abstraction
as follows:
1. A distribution-irrelevance abstraction (f;) is such that for all
s€S,a€A, fr(m) = fr(n;) implies that 7;(a | s) = 7;(a |
s).

2. An influence-irrelevance abstraction (fpr) is such that for
all s,s" € S, fpr(m) = fpr(nj) implies that P7i(s'|s) =
P7i(s"]s).

3. Avalue-irrelevance abstraction (fy =) is such that for all s € S,
fv=(m;) = fyr (;) implies that V™ (s) = V7 (s).

These abstractions aggregate policies based on the correspond-
ing equivalence relations with respective concerns on different
features of policy. Intuitively, f; preserves the action distribution of
the policy; fpr preserves the state transition distribution induced
by the policy, i.e., the influence caused by the policy on the envi-
ronment; and fy= preserves the value function of the policy. In
addition to the policy abstractions introduced in Definition 2, we

1675

provide some other ones in Appendix A.1. Refer to Tab. 1 for the
complete criterion which outlines that fpr,fgr, and fy= belong to
the influence-irrelevance abstraction type, while fi~ and fj~ belong
to the value-irrelevance abstraction type.

3.2 Properties of Policy Abstraction

Superficially, the three abstractions proposed preserve features that
are progressively more relevant to decision-making in the learning
task (called task relevance), but essentially, what is the relationship
between the three abstractions? To investigate the problem, we
define the fineness of policy abstractions to prove how the three
abstractions are related.

Definition 3 (Abstraction Fineness). Let F; denote the set of ab-
stractions on ground policy space II. Suppose fi, fo € Fi1. We say f
is finer than f, denoted fi = f, if f ¥V m1, mp € 11, fi(m1) = fi(m2)
implies f,(m) = fo(m). If, fi # fo, then f; is strictly finer than f;,
denoted f; > f;. In contrast, we may also say f; is (strictly) coarser

than fi, denoted f 2 fi (2 < fi)-

The relation - is a partial ordering since it satisfies self-reflexivity,
antisymmetry, and transitivity. Consider the set of possible policy
abstractions, while the coarsest abstraction (fy) is the trivial rep-
resentation where all policies are treated as the same; while the
finest abstraction is the identity representation, e.g., fo(7p) = 0
for a policy neural network parameterized with § € ©. With the
partial ordering =, we further derive the following theory.

Theorem 1 (Partial Ordering (x)). Under the Definition 2 and
3, if the reward function R depends only on state s € S, we have

(fo £)fx = for = fyr (= fo)-

Proor. We prove the partial ordering () of the Theorem 1 one
by one in the following.
O f, > fpr. Given an MDP M, two policies 7;, 7; € II. We define
P as the transition probability and use P"(s’|s) = Eq-x(.|s)P(s’[s, a)
to denote the distribution of next state s’ when performing policy
7 at state s, respectively. Then, we have
PT(s|s) = Ea~m(<|s)P(s’|s) a),
P (s"[s) = Bgun,(-15)P(s"ls, a).
If f7(m;) = fz(xj), with the Definition 2, we have Vs € S,Va € A,
mi(als) = m;(als). Combined with Eq. 1, we derive,
Vs,s" € S, P7i(s"|s) = P (s']s).
Recall the definition of fpr, we can obtain f; = fpr.

1)

@)
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® fpx = fy=. Given an MDP M, two policies ;, 77; € II, a reward
function R. Start with the definition of the value function V7 (+),
we consider the two cases:
Case 1. The reward function R depends only on state s € S, we
derive the value function:

Vs €S,V (s) =R (s)+ ) P (s | ) V" (). 3)

S

If fpr (7;) = fp= (rj), with the Definition 2, we have Vs, s € S, P™i(s'[s) =

P7i(s’|s). When the Eq. 3 holds, we have:
Vs € S,V™i(s) = V™ (s). (4)

Recall the definition of fy=, we can obtain fpz = fyx.
Case 2. The reward function R depends on both state s € S and
action a € A, we derive the value function:

V”(s)zZﬂ(a|s) R(s,a)+ZP(s’|s,a)V”(s’) . )

If fpr (7;) = fp= (7rj), with the Definition 2, we have Vs, s € S, P7i (5" |
s) = P%i(s’ | s). Unlike the Eq.3, 7; may not be equivalent to 7;
regarding the abstraction criterion of value irrelevance. Therefore,
the partial ordering (fp= = fy~) is not obtained under Case 2. Nev-
ertheless, Case 1 is fairly standard across a broad set of real-world
RL problems.

Remark 1 (More discussions on R(s, a) and R(s) ): For Case 2 dis-
cussed in the proof of Theorem 1, i.e., the reward function R de-
pends on both state s € S and action a € A, we can further separate
it into two categories according to our knowledge on real-world
decision-making problems:

o In our first category, the dependence of R on state and ac-
tion is due to the consequence of s, a in leading the deci-
sion system into the specific new state s’, i.e., R(s,a) =
> P(s’|s,a)U(s") where U(s’) is the utility of s” (we adopt
the expectation form for the convenience of discussion).
In the cases that fall into this category, it can be easy to
re-define the reward function by the utility function, i.e.,
R(s,a) = U(s) for any a € A. With such a conversion, we
can also obtain fpr > fy= in these cases.

e Our second category covers the exclusive case of the first
category. For example, consider an environment, where two
actions ay, a; lead to the same new state s’ from state s but
gain different rewards. In such a case, the reward is indepen-
dent of the dynamics caused by s, a. We consider that such a
case is minority in the ones of interest.

]

The theorem declares how the three policy abstractions are re-
lated to each other in the sense of abstraction fineness with the two
extreme cases (fo, fy) for reference. The coarser the abstraction is,
the more the original policy space is abstracted. In Tab. 1, we summa-
rize the properties of different abstractions, regarding abstraction
criteria, fineness, and task relevance. The primary conclusion is
that there is an inverse relation between abstraction fineness and
task relevance. Except for the two extreme cases (fo, fy) that are
totally task-independent, the policy abstraction becomes more task-
relevant as the abstraction criterion concerns more policy features
related to the learning task. f; concerns the policy behavior in the
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learning task. f; is coarser than fg since the same policy behavior
can be realized by non-unique policy parameters. Taking one step
closer to the task, fpr cares about the state transition dynamics
induced by policy behavior. fpr is coarser than f; as different be-
haviors may induce the same transition distribution. fy~ further
involves the rewards of long-term dynamics, thus is the most task-
relevant and coarsest among the three types of policy abstraction. In
Tab. 2, we summarize the original abstraction criteria used in vari-
ous downstream tasks (Third Column) and provide more promising
policy abstraction options for corresponding downstream tasks
based on our policy abstraction theory (Fourth Column).

4 POLICY METRIC

The policy abstractions allow us to aggregate policies through an
equivalence relation. Nevertheless, exact equivalence is rarely en-
countered in continuous policy space (e.g., the usual case with
neural policies), thus useful abstraction can be challenging to ob-
tain. Moreover, the equivalence relation offers only qualitative (i.e.,
binary) outcomes and is incapable of measuring the similarity be-
tween policies, which is significant to policy representation learn-
ing. To this end, we generalize the policy abstractions to policy
metrics which quantitatively measure the distance between two
policies.

4.1 Theoretical Formulation

Corresponding to the three types of policy abstraction, we define
the following three policy metrics:

Definition 4. Given an MDP, a ground policy space II, a state
distribution p(s) and a distribution (pseudo-)metric D(-, -), for any
two policies 7;, 77; € II, we define three policy metrics as follows:
1. A distribution-irrelevance metric:
dn (7l'i, ﬂj) = ESNP(S) [D (ﬂi((l | s),nj(a | S))]
2. An influence-irrelevance metric:
dpr (i, 7)) = Egop(s) [D (PT(s" | 5), P (s | 9)].
3. A value-irrelevance metric:
dyr (71, 7)) = Esep(s) [D (Z7(5), 27 (s))].

These metrics adhere to the same abstraction criteria as in Defi-
nition 2, i.e., the irrelevance regarding action distribution, influence,
and value, measuring the similarity of policies by the distance at
respective levels. Unlike the binary outcomes of equivalence re-
lations (i.e., diq(m, 7j) = 0if fr(m;) = fr(7), and 1 otherwise),
the metrics are continuous and offer more detailed information
for policy comparison and low-dimensional policy representation
learning following specific policy abstractions.

4.2 Estimating Policy Metrics via Maximum
Mean Discrepancy

Given a tractable metric D and a state distribution p, the policy
metrics (i.e., dr, dpr, dy=) can be calculated exactly if the proba-
bility distributions (i.e., 7z, P*, Z”) are available. However, this is
usually infeasible in practice; instead, in more regular cases, only
finite samples of policy interaction are available. Although the
empirical distributions can be estimated in simple MDPs where
the state-action space is finite (as in Appendix B), unfortunately,
approximating these distributions and computing these metrics
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are non-trivial, especially with high-dimensional continuous state-
action space.

Therefore, we estimate the policy metrics directly from the sam-
ples, bypassing estimating the empirical distributions (ie., 7, P”,
zr ). In particular, we adopt MMD (7, 18] as the distribution metric,
i.e.,let D be Dyvp. MMD measures the maximum value of the mean
discrepancy of two distributions regarding all possible functions
in a predefined family. Conventionally, let the class of functions
h : X — R be a unit ball in a Reproducing Kernel Hilbert Space
(RKHS) H associated with a continuous kernel k(-, -) on X. Let p, q
be two distributions defined on X, and let x,x" and y,y’ be i.i.d.

samples from p and q respectively. The Dymp is defined as:

Dump (P s H) = sup  (Bxep [A(x)] = BEyeq [ ()])
heH:hllg <1

= llpp = Hgllae ©

= (Bxxr [k(e,x" )] +Eyy [k(y. y')] = 2Exy [k(x, y)] )%,
where y, = /X k(x,-)p(dx) is the mean embedding of p into H[27].
Thus, Dyyp can be empirically estimated with samples {xi}fi L~ P
and {y}¥, ~ ¢
Do ((xih {0}k = 3 K x) + 75 3 k(wiw)
) Y Y @)
- N ;jkm uy)-

According to Eq. 7, we can estimate the policy metrics d,, dpr, dy~
empirically from the samples {a;}, {s;}, {G;} of different policies re-
spectively, under the sampled states {s;} for the expectation E, ).
However, it is often impractical to obtain multiple samples un-
der the same state. Thus, we resort to estimating the surrogates,
eg., dpr (mi, mj) = D (P™i(s,s"),P™ (s,s")) for dpr, where the joint
distributions rather than the state-conditioned distributions are
measured. By default, we use the Gaussian Kernel for computation.

5 POLICY REPRESENTATION LEARNING
APPROACH

The next question concerned in practice is: how can we learn the
representation of RL policies (usually modeled by NNs) in a general
way? Based on the policy metrics introduced above, we propose a
policy representation learning approach by following the principle
of Deep Metric Learning.

5.1 Learning Policy Representation by
Embedding Alignment

The previously proposed policy metrics quantify the relationship
between policies based on different policy abstraction criteria. To
enable a unified policy representation learning function for differ-
ent policy metrics, we propose the alignment loss. It minimizes the
difference between the distances of two policies in the representa-
tion space and in the policy metric space. Specifically, the alignment
loss formalizes with a policy representation function fy.

L) =Eppen [(Hﬁ/x(ﬂ) ~fy ), nd ()) ] @

where we consider d.. € {d,, dpr,dy~} and p is the weight for scal-
ing. La1, () consists of two metrics, i.e., the L, distance function
(IIIl;) and the policy metric (d.(-, -)). Intuitively, minimizing the
alignment loss is to align the two metrics by optimizing the policy
representation function f. Thus, different policy representation
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Algorithm 1 Proximal Policy Optimization with Policy Represen-
tations (the differences to classic PPO are highlighted in blue)

1: Initialize policy g, PeVFA Vg, policy representation function f, and
experience buffer D

: Set rollout trajectory number n and update interval U

: for iteration ¢t =0,1,... do

# Store policy and interaction experiences

[ NSO )

Rollout policy 7g, in the environment and store policy and experi-

ences (7g,, Dy, ) in buffer D where trajectories Dy, = {7;}]2,

6: # PeVFA training policy representation training
7: if t % U = 0 then
8: Update PeVFA parameter f§ with previous policy data { D, } !}
9: Ly () = Lo, ep EsaGs~on, [(Gs = Va(s, xx;))?]
10: Update policy representation function parameter  with policy
data D (Eq.8)
11: end if
12: # PPO updates for 7; based on policy representation
13: Update PeVFA parameter S with current policy data D,

Ly(B) =Esa6s-Dr, [(Gs = V(s xn))?]

Update policy parameter 6, according to proximal policy improve-
ment objective, and obtain the new policy g, ,
end for

14:

15:

functions which map = € I to y, = fy () € X preserve features
corresponding to abstraction criteria reflected by the policy metric.
With the empirical policy metrics provided in the previous section,
the training of policy representation is straightforward with a dif-
ferentiable function f; by optimizing the alignment loss. Thus, a
key problem is the implementation of the policy representation
function fy, which is detailed in the next subsection.

5.2 Realizing the Policy Representation
Function

Intuitively, the realization of the policy representation function
concerns two aspects: 1) the choice of policy data and 2) the con-
struction of f (i.e., how policy data is encoded).

For the first aspect, we focus on parameterized policy 7y (typi-
cally by a neural network) and use policy parameter 6 as the policy
data. One may recall that 0 itself can be viewed as the finest rep-
resentation obtained by policy abstraction fg in Tab. 1. Such an
original representation (i.e., 0) is high-dimensional and highly non-
linear, offering no help in the compression and generalization of
policy space. In addition, we are aware that in some cases the policy
parameters may be not available, and thus the interaction experi-
ences generated by the policy can be alternative policy data, as used
in [8, 28]. Our policy representation learning approach is compatible
with such alternatives with the need of possible slight modifications.
For the second aspect, inspired by the works [17, 28, 32] on char-
acterizing the parameters of deep networks, we adopt Layer-wise
Permutation-invariant Encoder (LPE) as the implementation choice
of fy. To be specific, for the parameter 6 = {W;, b,-}fzo of policy 7,
i.e., the weights and biases of k-layer MLP, the weight W; € Rli*k+
and bias b; € R+ (J; is the unit number of the i-layer; Iy and
Iy are for the input and output layers) are concatenated (&) and
transposed, followed by an MLP (f;,;) and a mean-reduce operation
(MR), resulting in a layer embedding z;. Thereafter, the policy em-
bedding is obtained by concatenating the embedding of each layer.
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(a) Nchain

(b) Upworld (c) Random

Figure 1: The illustration of three example MDPs. (a) Nchain; (b) Upworld; (c) Random.
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Figure 2: The illustration of different policy abstractions in three example MDPs. (a) Nchain; (b) Upworld; (c) Random. For each
MDP, the x-axis shows 50 policies in the ground policy space, and the y-axis shows the corresponding abstract policy in the
abstract policy space for each policy in the ground policy space based on different policy abstractions.

Formally,

Li+1

D i (W@ bi17);0)

Jj=1

1

zi =MR (fy.: (Wi @ b;]7)) = 31

)

k

Xorg = F3(0) =Pz

i=0

Each row of [W; @ b;]7, indexing by the subscript j, -, describes a
transformation of the i-layer into the next layer. All the rows are
fed into fy; separately and are then averaged into z;. In a conse-
quence, the policy embedding serves as the compact representation
of the policy network by summarizing the transformations made
by the each layer of it. Significantly, LPE provides structure-aware
representation, i.e., both the intra-layer and inter-layer structures
are explicitly considered. It alleviates the difficulty of learning rep-
resentation from the policy network parameters. Other advanced
encoder structures are beyond the scope of this work and we leave
them as future work.

Until now, we can update the parameters of LPE §/ = {y/;}
by optimizing Eq. 8 with the policy samples from some given set
of policies and the empirical policy metrics estimated accordingly.
Depending on the specific choice of policy metric, the policy rep-
resentation is learned to reflect the policy abstraction in Tab. 1,
starting from fg and going downwards to the corresponding level.
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Table 3: Comparison of policy space size based on differ-
ent policy abstractions across MDPs. {(II) and {(f,) denote
original policy space size and abstract policy space size cor-
responding to three types of policy abstraction.

Domain Policy Space

qmm  {(f) {(fer)  {(fvn)
Nchain 19683 19683 81| 63|
Upworld 19683 19683 8748 | 161
Random 243 243 108 | 82 |

6 EXPERIMENTS

To demonstrate the effectiveness and practical application value of
the policy abstraction theory and representation learning method
proposed in this work, we perform three sets of comparative experi-
ments, aiming to systematically answer the following key questions:

1. Can the proposed policy abstractions effectively compress the
policy space and satisfy the partial ordering relationship proven in
this work?

2. Can the proposed policy metrics effectively measure the similar-
ity between policies based on specific policy abstractions?

3. Can the proposed policy metric-based representation learning
method effectively improve the performance of RL algorithms?
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Figure 3: Policy comparison with different policy metrics in Gridworld. Top Panel: The illustration of three Gridworld MDPs
and two deterministic policies (blue and green). Bottom Panel: The distance curves of the two policies measured by d, dp=, dy~
(y-axis), against the stochasticity of the environment (x-axis). dp~ is able to distinguish the two policies across all the settings.

Effectiveness Validation of Policy Abstraction Theory. To
answer the first question, we apply three policy abstractions in
three finite MDPs - Nchain, Upworld, and Random - to illustrate
their properties [1, 3]. As shown in Fig. 1, each MDP consists of a
set of states (denoted by numbers) and actions (denoted by letters),
where the arrows between states indicate state transitions. Due to
space limitations, we defer the detailed description of each MDP
to Appendix C.1. Specifically, for each deterministic MDP, we can
obtain its original policy space as well as the compressed policy
space based on different policy abstractions.

From Tab. 3, it is clear that the distribution-irrelevance abstrac-
tion f; perfectly captures the ground policy space of the non-
parametric policies for the three MDPs, i.e., {(IT) = {(f;). How-
ever, the coarser abstractions, i.e., influence-irrelevance fpr and
value-irrelevance fyz, aggregate policies based on the equivalence
with respective concerns on the influence on the environment and
value function induced by the policy. As a result, these abstrac-
tions yield a much smaller abstract policy space than the original
policy space, ie., {(fpr) < {(I), {(fy=) < ¢(II). From Tab. 3,
we observe that {(fy=) < {(fpr) < {(fx), which shows that the
coarser the abstraction is, the more the original policy space is com-
pressed. To further illustrate the partial ordering (f; = fpr = fy=),
we present the aggregation of the policy space for each MDP in
Fig. 2. Specifically, considering that the original policy space is
too extensive ({(IT) = 19683 for Nchain and Upworld), we ran-
domly select 50 policies for each MDP as the policy subspace II to
present the aggregation of policies. From Fig. 2, we observe that
Vhi, fo € {for for, fon b, i fi = fo, Vi, mp € 1, fi(m) = fi(mp) im-
plies f2(m1) = fo(7,). More results can be found in Appendix C.1,
and the above conclusions are applicable to the entire policy space.
These results indicate that the proposed policy abstractions can
achieve multi-level compression of the policy space while retaining
critical policy features, thereby addressing the theoretical gap in
current research on policy space compression.

Effectiveness Validation of Policy Metric. To answer the
second question, we demonstrate how the distances of two policies
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measured by the corresponding policy metrics differ in several Grid-
world MDPs. We use Distinct Policies, Doorway from [13] and design
a new task, Key Action for prototypes of tasks with different fea-
tures. Moreover, we increase the stochasticity of the environment
for robustness evaluation. In particular, Es(s)D(-, -) is calculated
by averaging the absolute differences over all states. The illustra-
tions and results are shown in Fig. 3, while more results can be
found in Appendix C.2.

As shown in Fig. 3, the three policy metrics produce distinct
results for any given pair of policies. Specifically, d, can measure
the difference in action distributions between policies, indepen-
dent of their dynamics and outcomes (e.g., Doorway policies), and
remain unaffected by increasing environmental stochasticity. Sim-
ilarly, dp~ and dy~ focus on the differences in dynamics and out-
comes between policies, respectively. Unlike d,; , as environmental
stochasticity increases, dp~ and dy~ gradually degrade. These re-
sults demonstrate that the proposed policy metrics can effectively
measure the similarity between policies based on specific policy
abstractions, providing a solid foundation for policy comparison
and policy representation learning.

Effectiveness Validation of Policy Representation Learn-
ing Method. To answer the third question, we propose to improve
the classical PPO [25] algorithm through policy representations.
Specifically, we draw on the core ideas of the PPO-PeVFA [28]
and extend the traditional value function approximator (V(s) —
V(s, xr)) using policy representations y,, thereby improving the
approximation and generalization of the value function approxi-
mator. Among them, policy representation is a core component of
this framework, and its learning quality directly impacts algorithm
performance. However, PPO-PeVFA [28] has obvious limitations
in its policy representation learning mechanism: due to the lack of
available policy abstraction theory, it primarily adopts End-to-End
(E2E) way and self-supervised learning principles (e.g., Contrastive
Learning (CL) and Policy Recovery (RC)), which makes it difficult to
ensure the relevance of the learned representation to the task goal.
This work fills this research gap and provides an interpretable the-
oretical basis for policy representation learning. Here, considering
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Table 4: Max Average Return over 10 trials of 2M time steps (4M for Ant). The maximum value for each task is bolded. +
corresponds to half a std over trials. Conclusion: Our proposed algorithms perform the best on most tasks.

‘ Original Algorithms ‘ Verification Baselines ‘ Ours
Environments
| PPO | PPO-PeVFA (E2E) | PPO-PeVFA (CL) | PPO-PeVFA (RC) | PPO-PeVFA (dy) | PPO-PeVFA (dpr) | PPO-PeVFA (dyr)
HalfCheetah 2621 + 204.05 3171 + 427.63 3725 + 348.55 3175 £517.52 | 3341+ 12530 3750 + 256.25 3935 + 230.15
Hopper 1639 + 247.15 2085 + 310.91 2351 + 231.11 2214 £360.78 | 2220 +220.35 2315 + 151.80 2450 + 152.31
Walker2d 1505 + 261.88 1856 + 305.51 2038 + 315.51 2044 +31632 | 2160 + 162.35 2180 + 166.45 2213 + 186.54
Ant 2835 + 116.67 3581 + 185.43 4019 + 162.47 3784 +268.99 | 3835+ 26535 3868 + 286.36 3980 + 112.22
InvDouPend 9344 + 11.02 9357 +0.29 9355 + 0.64 9355 + 0.68 9358 + 1.14 9358 + 2.12 9420 + 2.24
LunarLander 219 %533 238 + 3.37 239 + 3.70 234 + 347 236 + 232 239 +3.20 241 +2.54
that the core role of policy representation in the PPO-PeVFA [28]
is to improve the generalization of the value function across policy
—— PPO

spaces, we propose replacing the original self-supervised learning
principles with the value-irrelevance abstraction principle. The
algorithm pseudocode is detailed in Algorithm 1.

To demonstrate the effectiveness of our proposed method, we
rigorously adhere to the experimental setup of PPO-PeVFA [28] and
conduct systematic validation on OpenAl Gym [2] continuous con-
trol tasks. For all the baselines and variants used in this subsection,
we utilize a normal-scale policy network with 2 layers and 64 units
per layer. For PPO [25], the conventional value network V(s) is a
2-layer 128-unit ReLU-activated MLP with state as input and value
as output. For PPO-PeVFA [28], the PeVFA network V (s, ) takes
as input state and policy representation, and the dimensionality of
policy representation is set to 64. More experimental details and
full learning curves can be found in Appendix C.3.

The experimental results in Tab. 4 show that PPO-PeVFA signifi-
cantly outperforms its original counterpart (PPO[25]). This demon-
strates the superiority and research value of the proposed policy
representation method. Moreover, our proposed PPO-PeVFA(dy )
exhibits superior performance compared to the E2E, CL, and RC
baseline algorithms across most environments, demonstrating the
effectiveness of our policy representation learning method. Addi-
tionally, dy~ outperforms both d, and dp~, which further confirms
the significance of policy abstraction theory in guiding policy rep-
resentation learning: value-irrelevance abstraction (fi~) can effec-
tively preserve the policy’s value information, leading to improved
performance on value function approximation and generalization
tasks. For a closer look, we report the aggregated results on all
tasks except InvDouPend and LunarLander (since most algorithms
obtain near-optimal performance on them) in Fig.4. Specifically, we
observe that RC performs similarly to PPO-PeVFA (d,), mainly be-
cause both focus on policy distribution. PPO-PeVFA(dp~) demon-
strates intermediate performance, and PPO-PeVFA(dy~) outper-
forms all comparative methods in both learning efficiency and final
convergence performance. These results demonstrate the critical
role of policy abstraction theory in policy representation learning.

In this work, we focus on the task of value function approxi-
mation and generalization, validating the practical value of pol-
icy abstraction theory and representation methods in this task.
It is worth noting that, as mentioned in the introduction, policy
representation has potential applications in tasks such as Policy
Adaptation [22, 24], Opponent Modeling [8], Policy Space Com-
pression [16], and Policy Search [19], etc. However, these extended
studies are far beyond the scope of this work, and we will further
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Figure 4: Aggregated averaged returns over four MuJoCo
tasks. The returns are normalized based on the results of
PPO in Tab.4.

explore the application potential of policy representation in various
downstream tasks in future research.

7 CONCLUSION & LIMITATIONS

This study proposes a unified policy abstraction theory, systemati-
cally encompassing its definition, criteria, properties, and partial
ordering relations. Further, we generalize policy abstractions to
policy metrics and propose a unified optimization objective for pol-
icy representation, as well as an efficient implementation method
tailored to various abstraction criteria. Systematic experimental
verification demonstrates the great potential of policy abstraction
in compressing policy space, characterizing policy differences, and
conveying policy generalization, which is of great significance for
the development and application of RL algorithms. Although this
study has made significant progress in the field of policy abstrac-
tion, the proposed unified theory and method represent only an
initial exploration in this field. In future work, we will further re-
fine the theoretical system of policy abstraction and explore other
promising representation learning principles.
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