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ABSTRACT

Today’s networks consist of many autonomous entities that follow
their own objectives, i.e., smart devices or parts of large Al systems,
that are interconnected. Given the size and complexity of most
communication networks, each entity typically only has a local
view and thus must rely on a local routing protocol for sending and
forwarding packets. A common solution for this is greedy routing,
where packets are locally forwarded to a neighbor in the network
that is closer to the packet’s destination.

In this paper we investigate a game-theoretic model with au-
tonomous agents that aim at forming a network where greedy
routing is enabled. The agents are positioned in a metric space
and each agent tries to establish as few links as possible, while
maintaining that it can reach every other agent via greedy routing.
Thus, this model captures how greedy routing networks are formed
without any assumption on the distribution of the agents or the
specific employed greedy routing protocol. Hence, it distills the
essence that makes greedy routing work.

We study two variants of the model: with directed edges or with
undirected edges. For the former, we show that equilibria exist, have
optimal total cost, and that in Euclidean metrics they can be found
efficiently. However, even for this simple setting computing optimal
strategies is NP-hard. For the much more challenging setting with
undirected edges, we show for the realistic setting with agents in
2D Euclidean space that the price of anarchy is between 1.75 and 1.8
and for higher dimensions it is less than 2. Also, we show that best
response dynamics may cycle, but that in Euclidean space almost
optimal approximate equilibria can be computed in polynomial time.
Moreover, for 2D Euclidean space, these approximate equilibria
outperform the well-known Delaunay triangulation.
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1 INTRODUCTION

Greedy routing is widely used in many applications, because it
enables communication between the nodes of a network without
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requiring complete knowledge of the network’s structure. Given
that our communication networks today are large, complex, and
potentially also dynamically changing, using traditional shortest
path based routing, facilitated via fixed routing tables that must
be distributed and maintained at all important network nodes, will
have to be replaced by local and more adaptive alternatives. One of
the most prominent options for this is greedy routing, also known
as geographic routing or stateless routing [21, 27]. While common
for small ad-hoc peer-to-peer networks of smart devices or sensors,
greedy routing was recently proposed for the whole Internet [8].

The key for greedy routing is that every network node has a
position in some underlying space, typically a metric space like the
Euclidean plane or the hyperbolic disc. These positions allow for
deciding locally which network neighbor to use as the next hop in
packet routing. If at every step of the greedy routing path always
a next hop exists that is strictly closer to the target position than
the current node then greedy routing succeeds. If greedy routing
succeeds between all pairs of nodes, the network is called navigable.
Thus, the challenge is to create a navigable network.

Significant research has been conducted on greedy routing but
mostly with the goal of finding a suitable greedy embedding, i.e., a
mapping of nodes to virtual coordinates in some space to facilitate
routing [6, 13, 40]. For this, a fixed network is given and the coor-
dinates from the embedding guide packets on their way to their
destination. A different approach and equally important, is the set-
ting where there is no predefined network and the nodes have to
construct a network among themselves such that greedy routing is
enabled. One prominent application are first responder networks
in areas where a natural disaster like an earthquake or tsunami
has destroyed the communication infrastructure. The idea is that
communication sensors are dropped in the area that then establish
a communication network that can be used by rescue teams and
disaster relief workers [31, 34]. For such applications it is typically
assumed that the process of setting up the network is coordinated in
the sense that all devices run the same local algorithm. Another ap-
plication is database similarity search where constructing navigable
networks is mentioned as an open problem [2, 16].

While embeddings work with a fixed network and try to find
suitable node positions, shifting the focus away from greedy embed-
dings highlights two important aspects of the problem. First, and
ever more important in the current age of smart devices, it allows
the study of a decentralized setting without a central authority dic-
tating the network structure. Instead, following a game-theoretic
approach [37] and in particular the well-known paradigm of net-
work creation games [3, 19], the nodes themselves make strategic
decisions on which edges to build in order to enable greedy rout-
ing, calling for a game-theoretic analysis. Second, removing the
constraints imposed by a given network reveals the fundamental
mechanisms and structural properties that greedy routing networks
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necessarily require. This understanding is essential for designing
optimal networks that enable greedy routing and that have certain
structural properties, such as minimizing the total cost.

In this paper we set out to investigate the structural properties of
navigable networks that arise from the interaction of selfish agents.
For this, we consider a very basic network formation game, where
agents that correspond to nodes with a fixed position in a metric
space strategically set up links to other nodes to enable greedy
routing paths to all network nodes. This objective aims at greedy
routing reachability, i.e., the most basic property needed for all
agents. With this, we lay the foundation for more complex models
that besides greedy navigability might add more objectives, like
robustness or stretch guarantees. We find that almost stable states
exist and can be efficiently computed. Moreover, these equilibria
have favorable properties since they are guaranteed to be close to
centrally optimized networks in terms of cost, i.e., in terms of the
number of built edges. Smart agents can make independent deci-
sions. We show that such agents do not need central coordination
to create almost optimal navigable networks.

1.1 Model and Preliminaries

We consider n agents corresponding to points P = {ps,...,p,} in
a metric space M = (P, d ), where dq(u,v) denotes the distance
between any two points u, v € P, with dp((u,u) =0 forallu € P,
and where the triangle inequality holds. If clear from the context,
we omit M. The agents, knowing the positions of all points, aim to
create a network that enables greedy routing. For this, each agent
decides on a set of incident edges it wants to establish.

The strategy of agent u € P is Sy, a set of edges with endpoints
in P\ u, i.e, agent u can buy incident edges to any subset of other
agents. For each edge in S,,, we say that agent u owns the edge. We
consider two variants. In the directed case, each edge in S, is of the
form (u,v), representing that agent u buys a directed edge to v. In
the undirected case, each edge in S,, is of the form {u, v}, denoting
that agent u buys an undirected edge to v. Let s = (Sy, ..., S,) be the
strategy-profile, i.e., the vector of strategies of all agents. Also, for
agentu € P let s = (S, s_,), where s_,, is the vector of strategies
of all agents except u. We sometimes use the notation S,(s) to
explicitly refer to the strategy profile which contains strategy S,,.
Any strategy-profile s defines a network G(s) = (P, E(s)), where
E(s) = Uyep Sy in case of directed edges or E(s) = Uyep{{n, v} |
{u,0} € S, V {u,v} € S,} in case of undirected edges. Vertices of
G(s) are called agents, nodes, or points.

Given a network G = (P, E), a greedy routing path from u tov in
G is a sequence (x1, Xy, ...,X;), with x; € P, for 1 < i < j, where
x1 =u,xj =0, and (x;,xi41) € E (or {x;, xi41} € E, for undirected
edges), for 1 < i < j — 1, such that d(x;,v) > d(xi+1,v) holds for
all 1 <i < j— 1. Thus, such a path is a directed (undirected) path
from u to v in G, where along the path the nodes get strictly closer
to the endpoint of the path in terms of their distance. We say that
greedy routing is enabled for an agent u in network G, or that u is
greedy connected, if in G there exists a greedy routing path from u
to every other node. If this holds for every node in G, then we say
that greedy routing is enabled in G. See Figure 1.
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d(s,u) =12

Figure 1: Illustration of greedy routing paths in R%. The pink
and blue s-¢-paths are greedy routing paths, while the purple
s-t-path is not, since 15 = d(s,t) < d(u,t) = V122 + 15%. Greedy
routing is enabled only for node s.

Agents select strategies to minimize their cost within the formed
network. The cost of agent u in network G(s) is defined as

cu(s) = |Sul + o,

where w serves as a penalty term, i.e., it is equal to 0 if greedy
routing is enabled for agent u and oo otherwise. The social cost of
network G(s) is c(s) = X cp cu(s), i.e., the total cost over all agents.
For a set of points P, the network G(s*) = (P, E(s*)) minimizing
the social cost is called the social optimum network (SO) for P.

A strategy S;, is called a best response of agent u in strategy-
profile s = (S,,8-y), if ¢, (S}, s-) < ¢u(S),s—y) for any other
strategy S;, where in the directed case S, C {(w,0) |v € P, v # u},
while in the undirected case S;, C {{u,0} | v € P, v # u}. That
is, a best response strategy minimizes agent u’s cost given that
the other agents’ strategies are fixed. A strategy-profile s is a pure
Nash Equilibrium (NE), or stable for short, if in profile s every
agent already plays a best response. We denote by NE the set of
all strategy profiles that are pure Nash equilibria. For the setting
with directed edges, we have a bijection between strategy-profiles s
and the corresponding networks G(s). In the case of undirected
edges, the same holds if also the edge ownership information is
considered. In both cases, we will say that a network G(s) is in
NE, if the strategy profile s € NE!. Note that in every NE network
greedy routing must be enabled, since every agent could buy direct
edges to every other node to avoid the infinite penalty w.

We also consider weaker versions of stability. A network G(s)
is in f-approximate NE (f-NE or f-stable) if no agent u can change
its strategy such that its cost decreases below %cu(s), i.e, no agent
can reduce its cost to a ff-fraction by any strategy change. Similarly,
G(s) is in y-additive NE (+y-NE or +y-stable) if no agent u can
decrease its cost below ¢, (s) — y. If greedy routing is enabled, then
in a f-stable network, agents buy at most a factor of § too many
edges, while in a +y-stable network they buy at most y extra edges.
Thus, 1-stable and +0-stable networks are in NE.

The Price of Anarchy (PoA) [29] is defined as the worst-case ratio
of the social cost of any NE and the corresponding social optimum.

A best response pathis a sequence sy, sy, . . ., S of strategy-profiles,
such that s; results from some agent switching to a best response
in s;_q, for 1 < i < k. A best response cycle (BRC) is a cyclic best
response path, i.e., sg = sg, and its existence implies that a game
cannot have an ordinal potential function [36]. Hence, it is not a
potential games for which the existence of a NE is guaranteed.

!For undirected edges, in NE no edge can be bought by both endpoints.
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Figure 2: (right) The nearest neighbor graph of 20 points
in R?, (left) The Delaunay triangulation of .

For each point u € P let the set of nearest neighbors of u be
N(u) = argmingep\(uy dm(u,0). Thus, the set N(u) consists of
points in # with minimum distance to u. The Nearest Neighbor
Graph (NNG) on P, denoted by GNNC (P, E) is defined as follows.
In the directed case, the edge setis E = {(u,0) | v € N(u)}, i.e.,
each point has a directed edge to its nearest neighbors, while in
the undirected case, E = {{u,v} | v € N(u) Vu € N(v)}. See
Figure 2 (left) for an example. It is known that the NNG has to be a
subgraph of every graph that supports greedy routing [38].

A Delaunay triangulation (DT ) [15] on a set of points # in the D-
dimensional Euclidean space is a triangulation such that no point in
P is inside the circum-hypersphere of any D-simplex in DT (P) (see
Figure 2 right) for an example. An important structural property
is that the NNG on # is a subgraph of DT (). Moreover, it has
been shown in [9] that Delaunay triangulations in two-dimensional
Euclidean space support greedy routing. For this case, the Delaunay
triangulation is a planar graph, i.e., it has at most 3|#| — 6 edges.

The kissing number in RP, denoted by K(D) is the maximum
number of disjoint unit hyperspheres that can simultaneously touch
a given unit hypersphere in RP. Equivalently [12], K(D) is the
maximum number of points that can be placed on the surface of
a unit sphere in RP so that the angular distance between any two
points is at least 60°. We have K(D) < 2°40'P but exact values of
K(D) are known only for D € {1, 2,3, 4,8, 24}. See Figure 3.

Figure 3: The kissing number in R? is 12.

For an agent u € P embedded in a metric space, we define the
greedy routing set as a set of edges, such that, after connecting
with these edges, agent u has at least one neighbor v satisfying
d(v,w) < d(u,w), forallw € P\ {u}. A minimum greedy routing
set, denoted ®(u), is the smallest such set for an agent u, and its size
¢(u) = |®(u)| is called the greedy routing degree of agent u. In other
words, ¢(u) measures the minimum connectivity effort required
for agent u to locally enable greedy routing. By ¢* (1), we denote
the number of these edges that belong to the NNG. See Figure 4.

1.2 Related Work

In greedy routing [21], each node forwards a packet to the neighbor
that is geographically closest to the destination, using only local
information. However, a packet may get stuck at a local minimum in
the network. Combining greedy forwarding with perimeter routing
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Figure 4: (left) A greedy routing set of agent u, (right) the
minimum greedy routing set with ¢(u) =3 and ¢* (v) = 1.

to recover from such local minima is introduced independently
by Karp and Kung [27] and Bose et al. [10]. Subsequent studies
extended this approach to handle routing voids and to improve
delivery guarantees [14, 20, 30, 33]. Another method for overcoming
voids is assigning virtual coordinates to the nodes, constructing
a greedy embedding [6, 18, 28]. While such embeddings can be
computed efficiently, they introduce limitations and do not express
real distances. Despite the extensive research on greedy routing, not
much is known for the problem of constructing navigable networks.

The Delaunay triangulation (DT) [15] plays a central role in nav-
igable networks as it enables greedy routing in R? [9] and R* [39].
Also, if the destination can be any point in the continuous space
rather than a discrete set of nodes, the DT without degenerate edges
is a subgraph of every graph that supports greedy routing [24].

Navigable networks in higher dimensional spaces have attracted
interest because of their application in distributed similarity search
and high-dimensional data indexing [16, 23]. Structures like hier-
archical navigable small-world networks [35] use greedy routing
principles to perform efficient approximate nearest-neighbor search.
Most of the work on this is focused on empirical studies.

Since navigable networks share many structural properties with
real-world complex networks [7], game theory provides a useful
framework for understanding how such networks form and evolve
over time. Bala and Goyal [3] introduced a non-cooperative network
formation game where agents correspond to network nodes and
buy incident edges to reach every other agent. In contrast to our
model, any path connecting two nodes establishes reachability.
They show that NE exist and can be easily found via suitable game
dynamics. More involved are the network creation games (NCGs)
by Fabrikant et al. [19], where the agents buy incident undirected
edges to minimize the sum of hop distances to all other agents.
They show that NE exist and have a low PoA, but computing a
best response is NP-hard. NCG variants that involve geometry are
proposed by Eidenbenz et al. [17], where agents corresponding to
points in the plane establish undirected edges to ensure reachability,
by Abam et al. [1], where the agents aims for a low maximum stretch
(defined as the ratio of graph distance to metric space distance), and
by Bilo et al. [5] and Friedemann et al. [22], where agents aim to
minimize their sum of shortest path distances to the other agents.

The works most closely to ours, where greedy routing is studied
within the network creation framework, are those of Gulyas et
al. [25] and Berger et al. [4]. In [25] agents aim to reach other agents
via greedy routing in hyperbolic space. They study the directed case
where agents do not influence each other and prove that computing
a minimum greedy routing set is NP-hard. In [4], each connection
has a cost @ > 0, and agents aim to create a directed network in
which greedy routing works, while minimizing connection costs
and the sum of stretches to the other agents. Most results are limited
to 1-2 metrics (where d((u,v) € {1, 2} for any u,v € P) and tree
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metrics, although they prove the existence of a 5-approximate NE
in R?, and an (a + 1)-NE in general metric spaces.

1.3 Our Contribution

Our work establishes the theoretical foundations that bridge game
theory and computational geometry, introducing tools for develop-
ing more complex models for network creation. While most of the
literature focuses on greedy embeddings or on greedy routing in
families of pre-constructed networks with directed edges, we study
the process of creating networks, directed or undirected, that enable
greedy routing. In contrast to existing work, our model captures
how greedy routing networks are formed without assumptions on
the distribution of the agents or the specific greedy routing protocol.
Hence, it distills the essence that makes greedy routing work.

In particular, for agents in 2D Euclidean metrics we give an
algorithm that efficiently constructs a navigable network that is
almost stable from a game-theoretic point of view, while having at
most 80% more edges than the sparsest possible navigable network.
This improves on the approximation factor of 3 achieved by the
well-known Delaunay triangulation. Moreover, this can be seen as
the basic step needed for designing efficient algorithms for creating
networks that incorporate additional aspects like stretch or robust-
ness guarantees. The created networks are useful for applications
such as sensors that are randomly dropped over an area, IoT net-
works, and other situations where a communication network has
to be formed among smart devices. Also, our approach adapts well
to dynamic network topologies, is independent of the employed
routing protocol, and it is more robust, since it only relies on local
communication between immediate neighbors.

While focusing on 2D Euclidean space, we show that our ap-
proach also works in general metrics and higher dimensions, yield-
ing navigable networks with at most twice as many edges as the
optimum. This increase is due to agent selfishness, and we study
this by giving almost tight bounds on the price of anarchy.

All omitted details can be found in the full version [32].

2 PROPERTIES FOR GREEDY ROUTING

We establish some structural properties that will be used in our
analysis of both directed and undirected variants. These properties
are essential for enabling greedy routing.

General Metrics: We start with properties that hold for any
metric space. Thus, these properties are the foundation for greedy
routing in any network.

Lemma 1. Consider two agentsu,v € P connected by an edge (u,v)
(or an undirected edge {u, v} ). If greedy routing is enabled for agent v,
then the agents that can be reached by a greedy routing path from u
via v are independent of agent v’s strategy.

Next, we have another rather obvious property.
Lemma 2. In a NE, an agent u builds at most ¢(u) many edges.

Remark 1. In a NE network, for any agentu € P the value of $* (u)
is independent of the strategy profile, since all edges of the NNG have
to be present in any NE network.

2073

AAMAS 2026, May 25-29, 2026, Paphos, Cyprus

Euclidean Metric: Now we move to properties that hold for
Euclidean metrics. The following two lemmas were proven by Clark-
son [11]. For completeness, we provide the proofs in our context.

Lemma 3. In Euclidean metrics, consider nodes s, u,v € P, where
d(s,u) < d(s,v), and let 0 denote the angle Lusv. If 6 < /3 then the
sequence P = (s,u,v) is a greedy routing path from node s to node v.

Lemma 4. For 2D Euclidean metrics, the greedy routing degree of
any agent can be computed in polynomial time and is at most 6.

Remark 2. For Euclidean metrics in dimension D > 0, the greedy
routing degree of any agent can be computed in polynomial time and
it is at most the kissing number K(D).

The above follows by the definition of the kissing number by
Conway and Sloane [12] and by Lemma 3.

3 GREEDY ROUTING: DIRECTED EDGES

In this section we explore the directed variant of our model begin-
ning with some results that hold in every metric space.

3.1 Nash Equilibria

General Metrics. We start by proving that Nash equilibria al-
ways exist for arbitrary metric spaces.

THEOREM 1. Every NE is a SO and every SO is a NE.
This directly implies the following positive result.
Corollary 1. The price of anarchy in the directed version is 1.

Next, we show that best response cycles cannot exist. This yields
that stable states can be found via natural game dynamics.

Lemma 5. Best response cycles do not exist.

3.2 Computational Complexity

General Metrics. Here, we investigate the computational com-
plexity of computing a best response in general metric spaces, and
computing a NE in Euclidean metrics.

Although computing the greedy routing degree can be done in
polynomial time, computing a best response is a hard problem, even
in one-dimensional metric spaces.

THEOREM 2. For Euclidean metrics (hence also for general metrics)
computing a best response of an agent is NP-hard.

Euclidean Metrics. While computing a best response is hard
for Euclidean metrics, we now prove the contrasting result that in
Euclidean metrics, computing a NE, a social optimum, and deciding
if a given strategy profile is a NE is efficiently computable.

Corollary 2. In Euclidean metrics of dimension D > 0, computing a
social optimum, and thus also a NE, is polynomial time computable.

Since in a NE every agent must buy the edges in its minimum
greedy routing set, and because this can be computed efficiently,
we get the following.

Corollary 3. In Euclidean metrics of dimension D > 0, deciding if a
strategy profile is a NE is polynomial time computable.
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4 GREEDY ROUTING: UNDIRECTED EDGES

In this section we explore the much more challenging undirected
variant of our model. We start with results on two-dimensional
Euclidean metrics. Later, we will generalize some of our findings to
higher dimensions and general metric spaces.

4.1 Price of Anarchy

2D Euclidean Metric. We start with a technical lemma that will
be essential for deriving upper bounds on the price of anarchy.

Lemma 6. Let G(s) be a NE network over a set of points P and let
GNNG(P) be the corresponding NNG. Let C C P such that all nodes
in C belong to the same connected component of Gyng(P). Then,
the total number of edges built by the agents in C in G(s) that do not
appear in GNNG is at most 2 + 3|C|. (See Figure 5.)

Figure 5: ANNG component of two nodes u, v. The maximum
number of edges that have to be built in order for agents u
and v to be greedy routing connected is 8.

We will now use Lemma 6 to prove one of our main results: That
NE networks are close to optimal in terms of density. In the worst
case, selfish behavior only increases the number of edges by 80%.

THEOREM 3. In 2D Euclidean metrics, the PoA is at most 1.8.

OO -©O®
OO ©O®

@O OO

(c)

Figure 6: The (a) SO, (b) NNG, and (c) a NE of a network with
four nodes. Directed arcs show the edge-ownership.

ProoFr. As stated above, any network that supports greedy rout-
ing must contain the NNG as a subgraph. Thus, every social opti-
mum and every NE network also contains the NNG as a subgraph.
See Figure 6 for an example.

The NNG consists of connected components, each containing at
least two nodes. Consider a NE network G(s) defined over a set of
points P, and let Gyng (P) be the corresponding NNG. Partition
# into k disjoint sets Cy, Cy, . . ., Ck, where k is the number of con-
nected components of Gyng (). Each set C; contains the nodes
of the i-th connected component, meaning that any two nodes
u,v € C; are in the same set C; if and only if they belong to the
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same connected component of Gyng(P). Then, the social cost is
equal to:

k k
c(s) = ) D ISu()l =) DS (9 + IS5 (s,

i=1 ueC; i=1 ueC;
where S;f (s) denotes the set of edges built by agent u in G(s) that
also appear in Gyng(P), and S, (s) denotes the edges built by
agent u that do not appear in Gnyng(P). Equivalently, we define
degg(s) (u) to be the number of edges incident to u in G(s) that also
appear in Gyng(P) and degg s (u) the number of edges incident
to u in G(s) that do not appear in Gyng (P).

For every agent u there is a set W,, C P of agents that agent u
can reach via greedy routing paths starting with an edge from
GnNG(P) incdident to agent u. Let ¢’ (u) denote the minimum
number of edges that u needs to be incident to in order to be able to
reach all other agents, i.e., the set £ \ W, via greedy routing paths.

In the worst case, agent u builds all ¢’ (u) many edges by itself.
Furthermore, by Lemma 2 and Remark 1, we know that agent u
will not build more than ¢’(u) non-NNG edges. Therefore,

IS, ()] < ¢’ (w). (1)
Let s* be a strategy profile that achieves the social optimum, and
let G(s*) be the corresponding network. Not counting the edges
from GnnG (P), every agent u in G(s*) must be incident to at least
¢’ (u) edges in order to be greedy routing connected. Thus,

DU W) < Y degg (@) =2 1S, (s")]. )
uep uep uep
Combining (1) and (2) we get:
IRACELDWEARCS]
uep uep
N ACIED WA
uep uep
N ACIED WO DI EACS!
uep uep uep
Y ISEE )
uep

where the last inequality holds since Y ,ep [S; (s*)| = Duep IS ()],
as in both strategy profiles the same number of NNG edges must
be bought. Therefore, for the PoA, we have:

e(9) _ Zuep 1Su(5)
c(s*)  Zuep [Suls)
Using (3) and summing over the connected components we get:
Zuep 1S4 ()] + Duep 152 ()]

3 Zuep 15u ()| + Zuep 15u (5)]

XK B, 179 + 2K Sec, 1S5 (5)]
S Suee 17 (9)] + 2y e, IS5 ()]

The PoA is maximized when Zle Yuec; 1S5 (s)| is as large as

PoA <

PoA < 4

©)

possible and Zle Yuec; 1S; (s)] is as small as possible. Therefore,
using Lemma 6, we have

k k

PIDNACIEDWPINEITE

i=1 ueC; i=1 ueC;
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while
k k

PIDNHOIED DI (CTES)

i=1 ueC; i=1 ueC;
since C; is connected. Therefore, we have:
S (IG +2) + X (1G] - 1)
JZL GG+ + 55 (Gl -1
Sist (4ICi] +1)

JEL GGl +2) + 355, (Gl - 1)
23k 4G +1)

I GBIGi +2) + I, (1G] - 2)

8|P| + 2k

A ©

The maximum number of connected components in the NNG is

Pl o ;
Iz—‘ since every connected component contains at least two nodes.

Therefore,

PoA <

(1+8)|P]
sl
Now we proceed to show that our PoA upper bound is almost

tight. For this, we give an almost matching lower bound, showing
that selfish behavior can increase the number of built edges by 75%.

PoA <

1.8. m|

Lemma 7. In 2D Euclidean metrics the PoA is at least 1.75.

ProorskeTcH. Consider the network in Figure 7(a). Let C denote
the set of connected components of the corresponding NNG of
the instance. Each NNG component C € C consists of two nodes
(connected with a red edge) and is connected to nodes outside of C
via 6 edges, the minimum number of required edges for greedy
connectivity in this instance. This is a SO, since every non-NNG
edge originating from an agent u has equal length and contributes
to the greedy routing connectivity of both endpoints. Thus, the
total number of edges is |C |(% + 1) = 4|C|. In contrast, the network
in Figure 7(b), is a NE, where each non-NNG edge contributes to
the greedy connectivity of only one endpoint. Hence, the number
of the non-NNG edges is doubled compared to the SO, i.e,. it is
|C|(6 + 1) = 7|C|. Therefore, the social cost ratio is % =175. O

Higher Dimensions and General Metrics. We extend our anal-
ysis to obtain upper bounds on the PoA for higher dimensional
Euclidean spaces and for general metrics.

Corollary 4. In Euclidean metrics of dimension D, the PoA is at

most 2 — ﬁ, while in general metric spaces it is less than 2.

4.2 Approximate Nash Equilibria

General Metrics. We first study the simplest way for finding
a Nash equilibrium: best response dynamics. Unfortunately, these
are not guaranteed to converge.

THEOREM 4. Best response cycles exist.

PROOFSKETCH. A best response cycle is shown in Figure 8. O

Next, we introduce some definitions and results that are essential
for proving the existence of approximate NE.
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Figure 7: (a) social optimum (SO), (b) a NE with social cost
1.75 times the cost of SO. Red edges belong to the NNG. All
edges are undirected, the arcs depict edge-ownership.

Figure 8: The best response cycle for Theorem 4.

Definition 1. Consider graph G(P, E) that supports greedy routing.
For an agent u € P with incident edges E,, C E, the critical incident
set H, C E, is a maximal set of incident edges such that removing
any single edge from H,, breaks agent u’s greedy connectivity.

Definition 2. Let G(P, E) be a graph that supports greedy routing
and let Hy, be a critical incident set of agent u. Consider the modified
network G’ = G(P,E \ Hy), where the edge set H,, is removed. The
critical best response strategy is defined as agent u ’s best response
strategy St in G'. If multiple best responses exist, we select the one
that maximizes the overlap with the critical incident set, i.e., the one
for which the quantity |Sest 0 H,| is maximized.
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Next, we define the function a(u), for every agent u € $, which
reflects how the network’s structure influences an agent’s strategy.

Definition 3. Let G(P,E) be a graph that supports greedy routing.
Suppose that exactly k > 0 edges in St are new (not incident to
node u in G(P,E)). Then a(u) = k is defined as the number of those
edges, i.e, a(u) = |Sﬁe“ \ Hy|. (See Example 5.)

@g v : @6 §D
greedy routing
B
d(u) =3 ’/ d(u) =3

afu) =1 a(u) =0

sreedy routing

set B

Figure 9: Illustration of the function a(u).

Example 5. We want to determine the owner of each edge in
Figure 9 assuming that the shown network is part of a NE network.

The sets H,,, S2°5* and parameter a(u) are used as tools to achieve
this goal. In Figure 9 (left), assume that agent u is greedy connected
under greedy routing set A, while H, = {{u,v}, {u, b}, {u,x}}.
Therefore, agent u has no incentive to buy the edges {u, z}, {u, a},
as they do not contribute to its greedy connectivity. Thus, if this
was a NE, these edges must therefore be bought by agents z and a,
respectively. Moreover, assume that agent u would be greedy con-
nected under greedy routing set B if there were an edge to node p.
Since, the critical best response S is defined as the best response
in the network without the H,, edges, and the edges {z, u}, {a, u} are
bought by z and a, respectively, we have that S2° = {{u, 0}, {u, p}}.
As node v is already incident to u, we have a(u) = 1. We can deter-
mine which edges agent u is willing to buy in this instance. First,
agent u has an incentive to buy the edge {u, v} because it belongs to
both greedy routing sets, i.e., to Sze” NH,. Additionally, agent u can
buy at most one edge from H,, \ $2°%*, because a(u) = 1. Otherwise,
agent u could drop the edges {u, b} and {u, x} and instead buy an
edge to node p, reducing its overall cost, since the edges {u, z} and
{u, a} are bought by z and a, respectively. Note that while the edges
{u, a} and {u, z} do not contribute to the greedy connectivity of
agent u, they still affect the value of a(u).

In Figure 9 (right) the greedy degree of agent u is 3 and agent u is
simultaneously greedy connected by two different greedy routing
sets, while H, = {{u,0}}. Thus, $2* = {{u,0}}, ie, a(u) = 0.
Therefore, agent u has an incentive to buy only the edge {u,v}. <

Lemma 8. Let G = (P, E) be a graph that supports greedy routing,
and letu € P be an agent. In any Nash equilibrium of G, agent u is
willing to buy only the edges in S2°* N H,,, along with exactly a(u)
many edges from H,, \ S2¢5.

Proor. Given a graph G(P, E) that supports greedy routing,
suppose there exists an ownership assignment such that G is in
a NE. Our goal is to determine which incident edges an agent is
willing to buy in order for G to remain in a NE.
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In a NE every agent u buys a subset S,(s) C E, of its incident
edges, while the other edges E, \ S, must be bought by its neighbors.

First, we show that in a NE, an agent u does not buy any edges
in E,, \ Hy. Suppose that there is no set W C (E, \ H,) such that
while the removal of any single edge of them does not affect the
greedy connectivity of u, the removal of all the edges in W does. In
this case, agent u has no incentive to buy any edge in E,, \ H, since
they don’t contribute to its greedy connectivity. In the case that
such a set W exists, agent u must be greedy routing connected in
G by more than one strategy. Otherwise, the removal of any single
edge in W would affect the greedy connectivity of agent u, which
would imply W, € H,, (see Example 5). Suppose that agent u buys a
set of edges in E,, \ H, that belong only to one strategy that enables
greedy routing for agent u. Since the rest of the edges are bought
by its neighbors, along with them will be the edges that belong
to another strategy that enables greedy routing for agent u. Thus,
agent u would be greedy connected by more than one strategy and
could reduce its cost by dropping all of its edges. Alternatively,
suppose that agent u buys a set of edges in E,, \ H, that belong to
more than one greedy routing strategy. Since all the incident edges
are bought by some agent, agent u could reduce its cost by keeping
only the edges of one strategy and dropping the rest. Thus, in every
case agent u will not buy any edge in E, \ H, when G is in NE.

On the other hand, agent u would be willing to buy some of the
edges in H, in order to remain greedy routing connected. In any
NE, agent u is willing to buy all the edges from $2¢* N H,,, since
these edges are part of the best response. In addition, agent u is
willing to buy up to a(u) many edges from the remaining edges in
H,, ie., from H, \ Sﬁe“. Otherwise, agent u could reduce its cost
by removing the edges in H,, that do not appear in $2¢ N H,, and
instead buying these k edges. This completes the proof. O

In a NE graph G(s) every edge contributes to the greedy con-
nectivity of at least of one of its endpoints. We distinguish between
two edge types, single-edges and double-edges defined as follows:

Definition 4. In a NE graph G(s) the strategy of an agentu € P
can be partitioned into two sets: the set of single-edges S;, and the
set of double-edges S¢. An edge {u,v} € S’ is called single-edge if it
contributes to the greedy connectivity of only agent u, while an edge
{u,v} € S¢ is called double if it contributes to the greedy connectivity
of both endpoints u and v.

Note that although a single-edge {u, v} contributes to the greedy
connectivity of only u it may affect the value of a(v) of agent v.
This can happen when a single-edge {u, v} bought by agent u is
required to be present in a best response of v. (See Example 5.)

Another tool that will be useful is Hakimi’s theorem [26]:

THEOREM 6. (Hakimi’s Theorem) Let G(V,E) be an undirected
graph and let § be an integer-valued function on V. Then G admits
an orientation such that the in-degree of each vertexu € V is exactly
&(u), if and only if for every subset U C V holds Y,y 6(u) = |E(U)],
where E(U) denotes the set of edges in G with both endpoints in U.

We proceed by proving that every social optimum is a 2-NE.

THEOREM 7. In general metric spaces, every SO is a 2-NE.

Proor. The proof is structured as follows. We begin with a SO
graph G = (P, E), where no ownership is assigned to its edges. Our
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goal is to prove that there is a valid ownership assignment such
that G in an approximate NE.

To achieve this, we first construct the auxiliary graph G(P, E).
For each agent u € P, the graph G(P, E) includes all the single-
edges of agent u as well as the edges that belong to its critical best
response S ie E = U cp (S5 U SEest). By the definition of a
critical best response, and since all the single-edges are present,
this graph supports greedy routing.

Since G is a SO, G has to have at least as many edges as G.
Therefore we have:

|E| > |E|
D (st u s 2 ||

uep
D7 ISEE\ Hyl + IS5t 0 Hy |+ 15571) > |EL
uep

where S;~ denotes the set of single-edges associated with agent u
that are not in (52 N H,,). Since a(u) = [S2%* \ H,,|, we have:

D" (alw) + 1S5 0 Hy| + 1S571) > |EL.
uep

™)

Now that we obtained this inequality, we go back to the SO graph G.
By Lemma 8, in any NE of  agent u is willing to buy all the edges
in St¢st N H,, and exactly a(u) many edges from H, \ S2¢5¢.

First, we assign all the edges in S2°* N H,, to agent u. If an edge
belongs to the critical best response of both endpoints we choose
one arbitrarily. Then, observe that the number of the remaining
single-edges contributing to the greedy connectivity of an agent
u € P cannot be more than a(u), because otherwise we could
replace the edges in S;,” in G(P, E) with a(u) many edges from
Sbest \ H, without affecting the greedy connectivity of the other
agents, creating a graph with less edges than the social optimum,
a contradiction. Next, we assign the S5~ edges (which are at most
a(u) many) to agent u, for every u € P.

Let G'(P,E’) be the subgraph of G containing all remaining
unassigned edges E’ = E \ ((52* N H,)) U $37). Therefore we have:

7 ((u) + IS5 A Hy| +18371) > Bl
uep
D) = |El= Y (S5 0 H |+ 1557])
uep uep
Z a(u) > |E'|.
uep
Every edge in (u,v) € E’ contributes to the greedy connectivity of
both agents u and v, so both of them have an incentive to buy it as
soon as their remaining a-value permits.
Suppose towards a contradiction, that there exists a subset U C
P such that Y,y a(u) < |E’(U)|, where E’(U) denotes the set of
edges in G” with both endpoints in U. In this case, we could replace
the edges in E’(U) with the corresponding a(u) many edges in
Sbest \ H, for each agent u, and then add the assigned edges in
E \ E’ having as a result a graph that supports greedy routing and
has fewer edges than the social optimum, a contradiction.
Hence, Hakimi’s theorem (Theorem 6) applies to G’ (P, E’). Let
indegg’ (u) denote the in-degree of a node u € P in graph G’. By
Hakimi’s theorem, the graph G’ can be oriented such that for each
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u € P, we have indegs’ (u) < a(u). Interpreting the orientation as
edge ownership, there exists an ownership assignment in G’ such
that agent u buys at most «(u) many edges. Using this assignment
in the edges E N E’ in G, we end up with an ownership assignment
where every agent u builds [S2¢%* N H,,| + 2a(u) many edges, while
in a NE it would have built [S2* N H,| + a(u) many. Therefore,
the social optimum network G is in 2-NE. O

2D Euclidean Metrics. We now focus on 2D Euclidean metrics
and compared to Theorem 7, we prove the stronger result that every
social optimum is a +2-NE.

THEOREM 8. In 2D Euclidean metrics, every SO is a +2-NE.

4.3 Computational Complexity

General Metrics. We now show that computing a best response
is NP-hard, while an approximate NE can be computed in polyno-
mial time in Euclidean metrics.

THEOREM 9. Computing a best response is NP-hard.

Euclidean Metrics. Here, we prove that an approximate NE
with at most 1.8 times the optimal number of edges in 2D Euclidean
metrics, and 2 — 1/K(D) times the optimal number of edges in
D-dimensional Euclidean metrics can be computed in polynomial
time. Note that this bound improves on the approximation ratio of
3 achieved by the Delaunay triangulation in 2D Euclidean metrics.

THEOREM 10. A 2-NE in Euclidean metrics of dimension D > 0,
and a +2-NE in 2D Euclidean metric that has at most 1.8 times the op-
timal number of edges in 2D Euclidean metrics, and 2 —1/K(D) times
the optimal number of edges in D-dimensional Euclidean metrics, can
be computed in polynomial time.

Corollary 5. In Euclidean metric of dimension D > 0, deciding if a
strategy profile is a NE is polynomial time computable.

ProoF. Since, as shown above, the set of the edges that are
bought by each agent u in any NE can be computed in polynomial
time, we check that the corresponding edges are assigned to each
agent u. For the other edges, we check if the remaining a-value is
at most the number of edges assigned to each agent u. O

5 CONCLUSION

We study decentralized network creation to enable greedy routing.
We uncover that for the case with directed edges equilibria exist and
are optimal, while the setting with undirected edges is much more
challenging. For the latter, we give an algorithm that constructs
approximate equilibria with only slightly more edges compared
to the social optimum. Moreover, we give an almost tight bound
on the price of anarchy, which shows that this increase in the
number of edges due to the selfishness of the agents cannot be
avoided. However, we emphasize that our constructed networks still
significantly outperform the well-known Delaunay triangulation.

Future work can build on our basis that combines network cre-
ation games with computational geometry. In particular, enhancing
the construction so that additional features like stretch or robust-
ness guarantees can be achieved. Moreover, proving that exact
equilibria exist is an exciting open problem. We believe that our
construction might already yield Nash equilibria, but proving this
is challenging and requires additional structural insights.
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