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ABSTRACT

This paper introduces TEDI (Truthful, Expressive, and Dimension-
Insensitive approach), the first discretization-free algorithm to learn
truthful mechanisms. Existing learning-based algorithms rely on
discretization of outcome spaces to ensure truthfulness, which suf-
fers from inefficiency as problem size increases. To address this
limitation, we formalize the concept of pricing rules, defined as func-
tions that map outcomes to prices. We then parameterize pricing
rules using Partial GroupMax Network, a novel network architec-
ture designed to universally approximate partial convex functions.
To enable optimization, we develop two training techniques: co-
variance trick and continuous sampling, to derive unbiased gradi-
ent estimators compatible with first-order optimization. Together,
these design choices ensure the truthfulness, expressiveness and
dimension-insensitivity of TEDI, and our experiments show that it
consistently outperforms state-of-the-art methods in medium-to-
large scale problems. !

KEYWORDS

Automated Mechanism Design; Differentiable Economics; Deep
Learning; First-Order Algorithm

ACM Reference Format:

Yunxuan Ma, Steven (Sigiang) Wang, Zhijian Duan, Yukun Cheng®, and Xi-
aotie Deng”. 2026. Learning Truthful Mechanisms without Discretization. In
Proc. of the 25th International Conference on Autonomous Agents and Multia-
gent Systems (AAMAS 2026), Paphos, Cyprus, May 25 — 29, 2026, IFAAMAS,
9 pages. https://doi.org/10.65109/JTXL5273

1 INTRODUCTION

Mechanism design is a crucial topic with broad applications in
multi-agent systems and microeconomics. It examines how one

1Full version and codes can be found at Ma et al. [33].
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mechanism designer can incentivize participants truthfully report-
ing their private information, while achieving better resources
allocations. Mechanism design problems have been widely stud-
ied in variable contexts, including multiple goods monopolists
[11, 21, 34, 39, 52], digital goods auctions [8, 22, 23], mechanism
design for LLMs [16, 45, 46] and many other applications.

Meanwhile, differentiable economics—a technical paradigm de-
veloped recently [10, 19, 32, 49]—employs differentiable functions
(e.g., neural networks) and gradient-based optimization to represent
and to learn economic solutions. Within this framework, notable
progress has been made in various mechanism design problems,
including unit-supply auctions [9, 19, 47, 50], facility location [24],
social choice [38], and stable matching [41].

However, all existing approaches guaranteeing truthfulness of
learned mechanisms (e.g., MenuNet [44], Lottery-AMA [9], GemNet
[50], OD-VVCA [15]) are typically discretization-based, leading
inefficiency as the problem size (e.g., number of goods) increases, a
phenomenon often termed the “curse of dimensionality” [3, 4].

Example 1.1 (Curse of Dimensionality). Consider that a seller
wants to sell m goods to one buyer. The valuation of buyer is additive

among goods, and her value for good i is vitiBernoulli(p =0.5)%
It’s straight-forward that selling each good with price p; = 1,i € [m]
can maximize the revenue of seller.

Conventional approaches discretize the outcome space ([0, 1]™)
withK candidates {x1, ..., xx} C [0, 1]™ and prices to each candidates,
{p1,..-px}. The j’th element in k’th candidate, xy;, represents the
probability to trade good j. There are 2™ deterministic outcomes
({(a1, ....am) = a; = 0 or1}) in this problem, and all outcomes are
indispensable to recover the optimal mechanism. Yet the optimal
mechanism itself has a precise description, which can be poly(m).

Example 1.1 motivates our novel concept of pricing rules, as
illustrated in Definition 1.2.

Definition 1.2 (Pricing Rule (Informal)). A pricing rule is a func-
tion f : X — R that assigns a price to each possible outcome. If
the buyer selects the outcome x € X, then she shall pay f(x).

Example 1.3. Let X = [0, 1]™ be the outcome space in Example 1.1.
Given the pricing rule f, the rational buyer with valuationv € R™

2A Bernoulli random variable with p = 0.5 can be 0 or 1 with equal probability.
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Figure 1: (a): A visualization of the optimal mechanism (OPT)
and the mechanism learned by TEDI and MenuNet[44], in
the n = 1 buyer, m = 10 goods setting with independent
Bernoulli(p = 0.5) valuation. The horizontal axis, (x,y), repre-
sents that the buyer’s 10-dimensional valuation has the ex-
pression (x,x,x,%, %, 4,1,y y,y) € {0,1}1% The {x;}1<i<10 (resp.
p) in the vertical axis represents the probability of good i sold
(resp. the price charged) to the buyer. (b): A visualization of
the mechanisms given by TEDI, MenuNet, and OPT. Each
point (x, y) represents one realized outcome (ay, ..., ajo) with
the mapping x = % Qi<icsaiand y = % 26<i<10 4i- The height
value represents the price corresponding to each outcome.
(Overall): TEDI exhibits > 98% optimal revenue, a contrast
with 81.1% for MenuNet.

will choose the bundle x € X that maximizes her utility ((v, x)— f(x)).
In Example 1.1, optimal pricing rule has the expression f(x) = (1,x),
which naturally has an O(m) representation.

1.1 Our Contributions

The main technical contribution of this paper is to establish an algo-
rithm named TEDI (Truthful, Expressive, and Dimension-Insensitive
approach, detailed in Section 3) with a suite of innovative tech-
niques to learn (multi-player) optimal pricing rules. The core idea

is to parameterize pricing rules using neural networks that possess

universal approximation properties w.r.t. a “properly defined” func-
tion class. We also develop two novel techniques, namely covariance

trick and continuous sampling, to efficiently sample an unbiased

gradient estimator, which enables the learning process tractable

by combining first-order algorithms (e.g., Adam). TEDI exhibits

several ideal properties established in Section 3.4: Truthfulness: Any

mechanism learned by TEDI is truthful; Full-Expressiveness: TEDI

can approximate the optimal mechanism with arbitrary precision;

and Dimension-Insensitivity: TEDI maintains good performance as

computational resources grow polynomially with the problem size.
The dimension-insensitivity is further demonstrated through exper-
iments in Section 4. Figure 1 illustrates a performance comparison

among TEDI, optimal mechanisms, and existing approaches with

setting described in Example 1.1, which showcases the superior

performance of TEDI over discretization-based approaches.
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2 PRELIMINARY

Consider a mechanism design model consisting of n participants
(e.g., bidders in an auction), one principal (e.g., auctioneer or mech-
anism designer) and m kinds of goods which have potentially un-
limited supply (e.g., goods can be reproduced with certain costs).
Each participant i € [n] owns a private type t; € 77 = [0, 1]™,
where 7; is the type space of participant i and t;; is the valuation
of good j to participant i. Denote 7~ = X;c[]7; as the space of type
proﬁle and t = (tl, ey tn) eT,t; = (tl’ ceo ety Big 1y vens tn) € T.;
as the type profiles w/o participant i’s type, respectively. Due to
the private nature of individual types, the principal only knows
the joint distribution over type profiles, denoted as ¥ € A(7).
The principal aims to design a direct mechanism that uses the par-
ticipants’ reported types ¢’ = (¢/) € 7 as input and outputs an
outcome x € X = [0, 1]™™ as well as a monetary transfer vector
p = (p1,...,pn) € R™ Here, X is the outcome space, x;; is the
probability of allocating one-unit good j to participant i, and p; is
the monetary transfer from participant i to the principal. Specially,
each participant receives her local outcome x; € X; = [0,1]™, and
x = (x1,....x,) € X is referred to as a global outcome. The utility
of participant i, u;(x;, pi;t;) : Xi X R X 77 — R, when her local
outcome is x;, the monetary transfer is p;, and her type is t;, is
assumed to be quasi-linear, risk-neutral and additive among goods
as considered in [9, 19, 50], and thus uniquely represented by the
form: u;(x;, pi; t;) = (x;, t;) — pi. Additionally, we use uy(x, p;t) :
X xR" X7 — R to denote the utility of the principal, relying on
outcome x, price vector p and type profile . We impose no special
restrictions on ug (x, p; t) and leave the specific form to experiments.
Meanwhile, we require that the principal is risk-neutral towards
participants’ type profile distribution ¥ thus would like to maxi-
mize her expected utility, which is standard in micro-economics
[35]. Given all above, a mechanism design problem M is uniquely
determined by a 4-tuple MD = (n, m, uy, F).

Remark 2.1. It is important to note that we do not impose the unit-
supply constraint 3;cn Xij < 1, j € [m] on outcome space X as in
[9, 19, 50]. This is because in our model goods have potentially unlim-
ited supply. Consequently, any solution of the form (xi, ..., x,),X; €
[0, 1]™ constitutes a feasible outcome.

The main task of this work is to design an algorithm to output a
truthful (IC or strategy-proof) and individual rational (IR) direct
mechanism that maximizes the principal’s expected utility given
an instance M D as input.

Definition 2.2 (Direct Mechanisms). A direct mechanism M? =
(x4, p?)3 consists of an allocation rule x? : 7~ — X and a payment
rule p? : 7~ — R™. Given a reported type profile ¢/, a direct mecha-
nism M¢ implements the global outcome x(¢') € X and monetary
transfer p?(¢') € R™. For each participant i with true type t;, she
realizes the local outcome xf(t’) and the monetary transfer pf(t’),
thus yielding utility ui(xf(t’),p;i(t’); t).

Definition 2.3 (Truthful and IR Direct Mechanisms). A direct
mechanism M? = (x9, p?) is truthful, if reporting true type is a
dominant strategy for each participant, regardless of other partici-
pants’ reported types ¢’ ;. Mechanism M? is IR, if each participant

3The superscript d represents its role in “direct mechanism”.
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is happier to participate in the mechanism instead of realizing the
outside option (x; = 0, p; = 0, meaning receives nothing without
payment) at any case. The properties of truthfulness and IR can
be mathematically expressed by following two conditions for all
i € [n], participant i’s type t; € 7; and participant —i’s reported
typest’, € 7_;:

ui(x8(ti,8,), pl (1, t7)3 1) >0,

d d d d
wi (! (i, 82), pf (1 t73)5 1) 2w (- (2], 82,), pf (8, 8,): 1)
Vit € T;

(IR)

(IC)

From now on, we refer truthful and IR direct mechanisms as
truthful mechanisms for simplicity when the context allows. We
denote M as the set of all direct mechanisms. Formally, the goal
w.r.t. a mechanism design problem M®D can be stated as solving
the Program (1).

EUM?) =By [uo (x4 (), p?(£);8)] . s.t.(IC), (IR) (1)

max
Mademd
In Section 3, we will introduce the algorithm, referred to as TEDI,
that solves Program (1).

2.1 Characterization Results

Prior to elaborating on TEDI, we begin with introducing fundamen-
tal concepts related to pricing rules and a pivotal characterization
result, both of which are essential for understanding TEDIL

Definition 2.4 (Pricing Rule). Fix a problem instance MD, a
pricing rule wr.t. participant i is a function p™ : X; x 7_; —» R.*

Pricing rules admit following economic interpretation: Fix the
type profile of the other participants, ¢_;. If participant i chooses
a local outcome x;, she shall pay pi”(x;;t-;) to the principal. Note
that pricing rules differ from payment rules in direct mechanisms
on their respective domain (X v.s. 7;).

Definition 2.5 (Menu Mechanisms). A menu mechanism M™ con-
sists of n pricing rules, i.e, M™ = {p!"}ic[n], Where pI* : X;xT_; —
R is the pricing rule wr.t. participant i.

Given a type profile ¢, the menu mechanism M™ determines the
optimal local outcome x; € X; for each participant i that maximizes
her utility, i.e., x; € argmaxxl_exiu,»(xi,p? (xi,t_;); t;)°. The corre-
sponding monetary transfer p; € R for participant i is then defined
as the price associated with x}: p; = p*(x];t_;). The resulting
global outcome and monetary transfers are respectively given by,
x* = (x],...x;) and p* = (p], ... py)-

Unlike conventional menu mechanisms (as in Example 1.1) that
enumerate a set of candidates to represent the outcome space, the
menu mechanisms here are represented by pricing rules, making
them discretization-free. This approach allows us to express menu
mechanisms more efficiently and to analyze them from a functional
perspective, as shown in Theorem 2.9. Before that, we introduce
some definitions first.

Definition 2.6 (Equivalence Between Mechanisms). Let M™ =

{p™}ie[n) and M9 = (x¢, p?) be a menu mechanism and a direct

“The superscript m represents its role in “menu mechanism”.
SWhen there might be multiple maximum points, any tie-breaking rule is feasible.

664

AAMAS 2026, May 25-29, 2026, Paphos, Cyprus

mechanism, respectively. We say M™ and M? are equivalent if
following holds for all type profiles t € 77,

x{(t) eargmax, oy ui (xi, P (xist-3)s 1), pE(8) =l (x (£):;).

Note that in Definition 2.6, if M9 is equivalent with M™, then
given the same type profile ¢, the outcome as well as the monetary
transfer of M? are exactly those of menu mechanism M™. We next
define two conditions for constructing the equivalence between
menu mechanisms and truthful direct mechanisms.

Definition 2.7 (No-buy-no-pay). M™ = {p["};c[n] satisfies no-
buy-no-pay, if Vi € [n],t_; € 7_;, we have p;"(O, t_;) <0.

Definition 2.8 (Partial-convexity). M™ = {p["};c[n] satisfies par-
tial convexity, if Vi € [n],t-; € 7-;, p]" (x;;t-;) is convex on x;.

The definition partial convexity comes from that the convexity
of p*(x;, t—;) is required on partial inputs (x;). Partial convexity
has multiple consequences: one is establishing the expressiveness
power of pricing rules (Theorem 2.9), the other is guaranteeing
the concavity of participants’ utilities, consequently making in-
ference of menu mechanism tractable through convex program
(Equation (4)). Following theorem characterizes the equivalence
between menu mechanisms and truthful direct mechanisms. The
proof of Theorem 2.9 (as well as other theorems) can be found in
full version.

Theorem 2.9. (Equivalence Between Mechanism Classes)
Let M%* be the class of all truthful direct mechanisms and M™#"

be the class of all menu mechanisms satisfying partial convexity

and no-buy-no-pay. Then, M%* and M™P" are equivalent in the

following sense:

e For any truthful direct mechanism M® € M®%!, there is a menu

mechanism M™ € M™P" such that M™ is equivalent with M®.

e For any menu mechanism M™ € M"™P", and for any direct mecha-

nism M? € M that is equivalent with M™, it holds that M* € M%!

(ie., M4 is truthful).

3 DESIGN OF TEDI

This section introduces the design of TEDI, organized around three
components—parameterization, inference, and training (see Section
3.1 to 3.3). The whole procedure is illustrated in Figure 2. Pseu-
docodes for the training procedure are provided and explained at
the end of Section 3.

Prior to delving into the technical details of TEDI, we first outline
the key challenges in its designing and our high-level ideas to
address them.

Challenge 1: Parameterizing Pricing Rules. Theoretical equiv-
alence (Theorem 2.9) motivates us to parameterize pricing rules
using neural networks, explicitly encoding partial convexity and
no-buy-no-pay constraints through architectural design. A critical
challenge is that the network should be a universal approximator of
partial convex functions in order to capture the optimal mechanism.
However, such a network-based universal approximator of partial
convex functions is unknown to our knowledge.

Challenge 2: Optimization on Pricing Rules. Unlike previous
works, the inference of menu mechanism here necessitates comput-
ing argmax points in continuous space (X;), rather than discrete
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Figure 2: An illustration of procedure of TEDI. Best viewed
in color (same for the remaining figures).

space. This shift leads to conventional "softmax" relaxation methods
[9, 44, 50] intractable in optimization of network parameters.

Our solution leverages the insight that parameter updates do not
necessitate direct computation of the objective function. Instead,
we only require an unbiased gradient estimator and a stream of sam-
ples from the underlying distribution. To achieve this purpose, we
develop two innovative techniques—covariance trick and continuous
sampling—which together effectively address this challenge.

3.1 Parameterization

Let f; (x;, t_;; 0) denote a neural network (specifically, Partial Group-
Max Network) represented by parameters 6, taking (x;, _;) as input
and output f;(x;, t_;; 0). The network parameter is shared among
all participants i € [n]. The pricing rule for participant i, pI", is
represented in the following expression,

p;"(x,-;t,i,e) :f,-(x,-, t,i;e) —f,-(O, tLi;G). (2)

Note that no-buy-no-pay is satisfied from Equation (2) automat-
ically. To ensure the partial convexity of pricing rules, it suffices
to enforce partial convexity of f;(x;;¢—;, 0) solely on x;. We subse-
quently design Partial GroupMax Network, a universal approximator
of partial convex functions, to parameterize f; (x;, £_;; 0). The design
of Partial GroupMax Network is inspired by GroupMax Network
[51], PMA [29] and PICNN [2]. Before formalizing Partial Group-
Max Network, we introduce two foundational sub-components:
GroupMax activation and Parameterized Affine Network (PAN).

Definition 3.1 (GroupMax Activation). The GroupMax activation
function has the expression:

GroupMax : RO*F — RC 3)

The intuition behind Equation (3) is below: The GroupMax acti-
vation function equally distributes the G - E elements into G groups,
with each group containing E elements. It then outputs a vector that
collects the largest element from each group. Figure 3-(a) illustrates
the GroupMax activation function.

GroupMax(x); = max x; ;.
1<j<E

Definition 3.2 (Parameterized Affine Network). A Parameterized
Affine Network is an MLP (Multi-Layer Perceptron) that parameter-

. . t i t
izes functions W : R% — RI°“'%d"™ and b : R — RI* where
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(b) A k-layer Parameterized Affine Network

(a) GroupMax Activation
G=3,E=2h, =6

Outputs

P
S o
S o
Inputs (c) A k- Iayer Partial GroupMax Network
—_, :Affine Transformation | R& ! RS E ]RG Dulputs
—5 : Positive Affine Transformation l”.—j—> == 5> hi
—» : GroupMax Activation

Figure 3: The architecture of a k-layer Partial GroupMax
Network and its sub-components.

dy is the input dimension of Parameterized Affine Network, d" and
d°“! are the dimensions of input vectors and output vectors of an
affine transformation.

Given an input y, a Parameterized Affine Network produces
parameters W (y) € RI™xd™ and b(y) € R which can perform
an affine transformation on a vector z € R%" as: W(y) - z + b(y).
Sometimes W (y) is required to be positive, then we implement
an element-wise softplus function® to ensure the positivity. The
architecture of a k-layer Parameterized Affine Network is illustrated
in Figure 3-(b). Next, let us define Partial GroupMax Network based
on the above components.

Definition 3.3 (Partial GroupMax Network). A Partial GroupMax
Network parameterizes a function f : R% x R% — R, such that
f(x,y) is convex on x and continuous on (x, y) given inputs x €
R,y € R%.

Compared with an MLP, Partial GroupMax Network has two
key differences: (1) all activation functions are replaced by Group-
Max activation, which is no longer element-wise; and (2) all affine
transformations in Partial GroupMax Network are generated by a
series of Parameterized Affine Networks that take y as input.

Specifically, a K-layer Partial GroupMax Network first gener-
ates all affine transformations {Wi (v), bx (y) }I]fzo with hardcoded
constraints Wi (y) > 0,Vk > 1, which are output by Parameter-
ized Affine Network on input y. Given these affine transformations,
the remaining computation process on x is following: Ay (x,y) =
Wie-1(y)xic-1(x, y) + br—1(y) and xx(x,y) = GroupMax(hi(x,y))
for k =1,2,...,K, where x¢(x,y) = x. Partial GroupMax Network
finally outputs z(x,y) = Wk (y)xx (x,y) + bg(y).” An illustration
of a k-layer Partial GroupMax Network is provided in Figure 3-(c).

We highlight the following key property of Partial GroupMax
Network, which plays a crucial role in TEDIL

Proposition 3.4. Partial GroupMax Network is a universal approxi-
mator of all functions f(x,y), which are convex on x and continuous

on (x,y).

®A softplus function has the expression: softplus(x) = log(1 + exp(x)). It maps a
real number to a positive number.

"We allow residual connections in Partial GroupMax Network but omit here for
simplicity.
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Proposition 3.4 has a twofold meaning: On one hand, any in-
stance of Partial GroupMax Network, denoted as f(x,y), is guar-
anteed to be convex on x and continuous on (x,y). On the other
hand, any function that is convex on x and continuous on (x, y)
can be arbitrarily approximated by Partial GroupMax Network.

3.2 Inference

The task of inference component of TED]I, is to compute the outcome

= (x},- -+, x,) and monetary transfer p* given type profile t and
parameter 0. Specifically, each local outcome x} is derived by max-
imizing participant i’s utility w.r.t. pricing rule p/” (x;;t_;, 0), and
p; is determined by p; = pI"(x];t_;, 0). The utility-maximization
problem for participant i is formalized as follows:

max
x;eX;

ul(xl’pl (xlat—zse) tl) = <t1:x1> pi (xbt—l)e)

4)
=(t;, x;) — fi(xi;t-;,0) + f;(0;t_;,0).

Note that the first term, (t;, x;), is linear on x;; the second term,
—fi(xi;t_;, 0), is concave on x;; and the third term, f;(0;¢_;, 0), is
constant w.r.t. x;. Overall, the objective function in (4) is concave
on x;. Finding the maximum point x} of a concave function with
convex constraints x; € Xj is tractable through convex optimization
[6], and the corresponding p; can be derived naturally.

3.3 Training

Training is the key component of TEDI, and this subsection pro-
vides a detailed introduction to it at length. For simplicity, we use
ug(x,0;t) and u;(x;;t,0) to represent ug(x, {p; (xi;t-i, 0) }ic[n]: 1)
and u; (x;, pi(x;;t_;, 0); t;), as the utilities of principal and partici-
pants depend on outcome x, type profile t and menu mechanism
parameterized by 0. (Note that the prices {p;(xi;t_;, 0)}ic[n] are
then uniquely determined by 6, x, and ¢.)

Denote x(t) as the outcome induced by type profile ¢. Fix 0,
the corresponding local outcome x;(#) must be subject to the par-
ticipants’ utility maximization constraints, i.e., Vi € [n], x;() €
argmax,, ¢ x,4i(a;;t, 0). The principal’s utility is then determined
by uo(x(t), 6;t). Because the type profiles are drawn from ¥, the
principal would like to maximize the expected utility, shown as (5):

max B¢ [ug(x(8),0;1)]
0,x(t) (5)

st xi(t) € argmax, ¢ y,ui(a;;t.0) Vi€ [n],Vt €T

In the remainder of Section 3.3, we will explain how TEDI solves
Program (5) step-by-step.

3.3.1 Simplifying the Program. The first difficulty is that Program
(5) consists of infinite constraints and the objective function has
an expectation form. To address this issue, we begin by sampling
M ii.d. type profiles from the distribution 7, denoted as 7™ =
{t', .., tM}. Thus, we can simplify the objective and constraints by
using a sample-average approximation. Here, Program (5) becomes

max

k)
— ug(x o;t
0% ke m) M;

Xk
s.t. x; €a

(©)

argmax, ey, ui(a;; t5,0), Vi€ [n],Vk € [M]

As M — oo, Program (6) approaches the original program (5).
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3.3.2  Softening the Constraints. The second difficulty is that the
computation process of the argmax operator in Program (6) is non-
differentiable. To resolve this difficulty, we relax the argmax opera-
tor as a “softmax-like” distribution. Specifically, we construct the

(energy-based) distribution x; ~ qf; i(;t,0), where
exp (f - u;(a;;t,60))
ZP (1,0

ZP (1,0) =/ exp (B - ui(a; t,60)) day,
ajeX;

¢’ (ait,0) = )

®)

B > 0 is the temperature and ZlfB (t,0) is the normalizing con-
stant. It’s clear to see that q? (+;t,0) is indeed a distribution since
/X- qﬁ.g(ai; t,0)da; = 1. Program (6) then becomes

max OBJ#(9) = 9)

M
1 k g 4k
— E ; ) uy(x™,0;t .
MkZ:; A Gl ek 0) [ )
By & we mean the variables are independently distributed. Note
that when f; — oo, the distribution qiﬁ “(+;t,0) approximates the
point mass at {x; : x; € argmax,,  y,ui(a;;t,0)}. Therefore, Pro-
gram (9) approaches Program (6) as all §; — oo.

3.3.3 Differentiating over 6 with Covariance Trick. From now on,
we focus on the latest Program (9), which takes the form of an
unconstrained optimization program on 6 with objective function
OBJ# (6). Following conventions in optimization and machine learn-
ing [5], our next step is to find an unbiased estimator of V4OBJ# (6),
namely the first-order gradient of the objective. Given this estima-
tor, O can be optimized by the downstream first-order algorithm.
One might think V,OBJ#(0) is intractable, since 6 appears not
only in the utility function u, but also under the expectation opera-

tor (E kil id. /31( ko) [-]), making Vy and E[:] non-interchangeable.

Surprlsmgly, following identity in Proposition 3.5 holds universally,
enabling the interchange of V4 with the expectation operator.

Proposition 3.5. (Covariance Trick) Following identity holds
universally.

VQEX,' [UO (xs 6, t)] = EXi [VHUO (x, 9: t)]

10
+Covy, [uo (x,0;t), VoASWP (x,t; 9)] , (10)

where the expectation is taken on x,~ql i(;t,0), ASWF(a,1;0) =
Yie[n] Biti(ai, t; 0) is the affine social welfare of participants under
outcome a € X, weighted by . Cov[X,Y]| = E[XY] — E[X]E[Y] is
the covariance of random variables (X,Y).

We then replace covariance Cov[-] with expectation E[-] and
consequently transform the RHS of Equation (10) to following form:

1
VoEx; [uo(x,0:6)] = SE(y;z)c 1) [Vo (0(y. 0:8) +uo(2,0:1))

+ (o3, 050) = o (2,0:1)) - Vo (ASWP (y:1,0) - ASWP (z:1,0) ),
(11)
where the expectation is taken on {y;, zi}li'qi i(5t,0).

3.3.4 Deriving the Loss Function. To obtain the gradient in Equa-

tion (11), we construct following real-valued loss function:

LP(6:1) = 3B [(un(y.0:1) + o (2.051)
(12)
+ (o (9, 051) — o (2,0:)) (ASWP (3 £,0) - ASWF (2:1,0)) |
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where @, indicates that this term does not participate in gradi-
ent computation. It can be implemented by ‘“.detach()’ module in
PyTorch on the term uy(y, 0;t) — uo(z, 6;t).

Until now, the only task left for obtaining an unbiased estimator
of VoOBJA(0) is to draw y;‘, zf ~ g (s tk, 0) for each sample index
k € [M], participant index i € [n] and time-contingent parameter
0. One would imagine drawing samples after each network iteration
using existing techniques [20, 28, 30, 36]. However, re-drawing sam-
ples from scratch for every iteration is costly. The next paragraph
introduces how we utilize the “continuous sampling” technique to
draw these samples efficiently during full training period.

3.3.5 Continuous Sampling of y; ~ qfi(-;t, 0) for time-contingent
0. Without loss of generality, we focus on continuous sampling of
yi ~ qiﬂ " (+;t,0) for single participant i and one type profile . Denote
0"t and ™" as the last-iteration and current network parame-
ters, respectively. Assume that we already have an approximate
sample yf““ from q? 1(-;t,0'%). We construct a Euler—-Maruyama

. . . . . . o ey . O _ l t
discretization of Langevin dynamic [42] with initial point y; = ;%
and iteration time T to output yiT as follows:

Yl =y Vi (yf T 07 + \/2’71‘/31'7161?) EfiE‘N(O’ 1, 13)

where 1; > 0 is the step size or learning rate. Notice that the distri-

bution of yf‘m is close to ;" (+; 2, 0™") (since 0¥ is close to glast),

and the distribution qf (+;t,0"") is log-concave. Thus, by nature
of Langevin dynamics, the distribution of {y!} converges quickly

to qiﬁ !(+;t,6mW) [42] and it’s natural to take yiT as an approximate

sample from q?i (-8, 0mY).

3.3.6 Training Procedure. Algorithm 1 presents the pseudo-codes
of our training procedure. The training procedure begins with
sampling M i.i.d. type profiles ({t*}xcar]) as well as initializing
auxiliary variables ({g/*, 2%} ce [m]) w.r.t. type profiles. In the training
process, the algorithm alternates between (a) optimizing mechanism
parameter 0 with samples {yk,zk}kE[M] (from line 5-7) and (b)
continuous sampling of {y*, z¢ Yre[m] as 6 varies (from line 8-14).

To be specific, (a) In line 5-7, we regard y* and z¥ as approxi-
mate samples from qiﬂ (e tk, 0). If these samples are exactly drawn
from qfi (-;t*, 0), then the expectation of VoL(0; %) in line 6 is ex-
actly the true gradient. Therefore, we can regard VyL(6; t*) taken
on samples {y¥, 2~ }ke[Mm] as an approximate unbiased-gradient of
the objective function in Equation (9). (b) In line 8-14, since we
require the distribution of yf and zi.‘ close to qiﬂ 1(;t5,0), yet 0 is
continuously updated in step (a). Therefore, we also need to update
{v, zk}ke[ ) after each iteration of 6, to guarantee our require-
ments throughout the full training process.

3.4 Theoretical Justifications of TEDI

TEDI preserves several ideal properties, respectively: truthfulness,
full expressiveness, and dimension-insensitivity. Specially, truth-
fulness of TEDI is a direct corollary of Theorem 2.9, as stated in
Corollary 3.6.

Corollary 3.6. (TEDI is Truthful) For any menu mechanism M™
that can be expressed by TEDI, and any direct mechanism M? that is
equivalent with M™, it holds that M@ is truthful.
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Algorithm 1: Training of TEDI

Input: MD = (n,m,up, ¥): a mechanism design problem
Output: 0: parameter of menu mechanisms
1 parameter: M: number of samples, S: iteration in Langevin
dynamics, T: total training iteration, ff: initial
temperature, 7o: initial step size in Langevin dynamics, 1g:
initial learning rate for 0
2 Sample M type profiles {t* Yree[Mm] if'i{'T(T), initialize
{y*, 2 e v ),
3 Initialize f; < o, ni < 1o, Vi, and learning rate 7p;
/* Training Loop
4 fort=1,2,...T do
/* a) Updating mechanism 6 by an approximate
unbiased-estimator of true gradient */
5 Compute LP(8;t¥) in Equation (12) for all k € [M], with
y, z in (12) replaced by y*, z*;
6 L(0) « —Al—/[ ZkelM] LB(6;1%);
7 Compute VyoL(6) by “backward()’ and optimize 0
/* b) Resampling {yk,zk}ke[M] by Langevin

*/

Dynamic */
8 fork=12,.,Mi=12,..ndo
k,0 k kO k.
o Vi <Y z5m <&
10 fors=1,2..Sdo
k, k,s—1 k,s—1 / 1k,
1 Ut =y e Vi (Y8 0) + 2mi B 1~£i §
where ef’sl'}\'é'N (0,1), do the same on zf’s.
12 end
13 ylk — yf’s, zi.‘ — zf’s;

1 end

15 Increase {fi}icn] as well as decrease {7;};c[] and 7o

when appropriate;
16 end

17 return: Learned menu mechanism 0;

Given the results established in Theorem 2.9 and Proposition 3.4,
the insight of full-expressiveness then becomes clear: On one hand,
truthful mechanisms are equivalent to menu mechanisms with par-
tial convex pricing rules. Subsequently, partial convex pricing rules
can be arbitrarily approximated by Partial GroupMax Network. Fol-
lowing above insight, we (informally) state the full-expressiveness in
Proposition 3.7. Readers can find a formal statement in full version.

Proposition 3.7 (TEDI is Full-Expressive (Informal)). Fix a problem
instance MD. Denote SEU* (SEUTEDY) as the principal’s supreme
expected utility over all truthful mechanisms (mechanisms expressed
by TEDI) w.rt. MD, then, SEU* = SEUTEP!,

Lastly, we provide a dimension-insensitivity justification. Fol-
lowing the machine learning convention, it’s widely believed that
neural networks are ideal approaches to overcome the “curse of
dimensionality”, because network architecture has the potential
to discover simple structures [25, §6.4]. As TEDI utilizes network
structure to parameterize pricing rules, we believe that TEDI is
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more dimension-insensitive than discretization-based approach to
learn optimal pricing rules.

4 EXPERIMENTS

In this section, we conduct thorough experiments to show the
competitive performance of TEDI .

4.1 Experimental Settings

In our experiments, the problem M® is economically interpreted
as reproducible goods auctions [1, 8, 27], where principal com-
mits to produce goods with one-time production cost ¢” € R,
and duplication cost per-unit ¢¢ € R, to satisfy participants’ de-
mand. Principal’s utility is uo(x, p,t) = Xje[n) pi — co(x), where
co(x) = Xjcpm) (c" - maX;e[n) xij +c? - icln] xij) is the cost of
implementing the outcome x by production.

co(x) has following explanations: For each good j, since par-
ticipant i buys the good j with probability x;;, good j should
be produced with probability at least x;;. This argument is uni-
versal for i, thus good j should be produced with probability at
least max;c[n] x;;. Also note that producing good j with probabil-
ity max;e[n] xij is feasible to implement global outcome x. There-
fore, the principal would like to produce good j with probability

max;e[n] Xij, With expected one-time production cost ¢ -max;e[n] Xi;.

Similarly, to implement x, good j should be duplicated with a mini-
mum of };c [, xi; times in expectation, thus c?- 2ie[n] Xij is the
expected duplication cost for good j.

We refer F,le),;f as the problem with n participants, m goods, pro-
duction cost c? and duplication cost ¢? for each good, and type distri-
bution F. We select type distribution from F € {U, B, C}, represent-
ing that the type distribution is i.i.d. from U([0, 1]), Ber(p = 0.5),
or correlated, respectively. For correlated distribution, we first
generate tjlg'U([0.25,0,75]) for each good j and then generate

t,-ji'j\'é'U( [tj —0.25,t; + 0.25]) for each participant i.

4.2 Baselines

4.2.1 Learning-Based Approaches. We choose the representative
approach from the differentiable economics literature as baselines,
respectively: RegretNet [18], Lottery-AMA [9] and GemNet [50].
These approaches were originally designated for unit-supply auc-
tions, and we minimally modify these approaches to fit our setting
and denote them as MD-RegretNet, MD-LotteryAMA, and MD-
GemNet?, respectively.
o MD-RegretNet [19]: Parameterize the allocation rule and payment
rule directly with neural networks. The measure of untruthfulness
is penalized during training.
o MD-LotteryAMA [9]: Learn an AMA mechanism with the dis-
cretization of global outcome space and boosting values.
o MD-GemNet [50]: Learn a discrete menu for each participant,
where each menu is output by a neural network taking others’ types
as input.

For these baselines, we align the hyper-parameters with TEDI
to make a fair comparison, including batch size, network iterations,
temperature, etc. We note that when there is a single participant,

8MD stands for “Mechanism Design”.
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GemNet and Lottery-AMA reduce to MenuNet [44] and RochetNet
[19]. Therefore, we merge them as MD-MenuNet when n = 1.

4.2.2 Traditional Approaches. We consider three traditional base-
lines as follows.

® VCG [48]: The most classical mechanism with strong versatility.
© Bundle-OPT: Bundling all goods together at a parameterized re-
serve price, which is optimized through grid search. This baseline
is also used in LotteryAMA [9].

o Separable-OPT: Drawing upon but different from a widely-used
baseline, Item-wise Myerson [9, 18, 50]. Separable-OPT runs opti-
mal mechanism on each good separately, where all optimal mecha-
nisms for 1-good settings are derived by hands.

4.2.3 Ablation Studies. We conduct four ablation studies to show
how each component in TEDI will affect its performance. The first
operates on learning algorithm and the remaining operates on
network architectures.

o TEDI-Discrete: Discretize the local outcome space as MD-GemNet
does. The payments are output by Partial GroupMax Network, with
local outcomes as inputs.

o TEDI-PICNN: Replace Partial GroupMax Network with PICNN
(Partial Input Convex Neural Network) [2]. PICNN also parameter-
izes partial convex functions, but it has no universal approximation
guarantee.

o TEDI-PMA: Replace Partial GroupMax Network with PMA (Pa-
rameterized Max-Affine) [29]. PMA parameterizes partial convex
functions, but it has incomplete network architecture.

o TEDI-MLP: Replace Partial GroupMax Network with an MLP.
MLP has no convexity guarantee on its inputs.

4.3 Experimental Results and Analysis

Table 1 presents all experimental results with up to n = 10 partici-
pants and m = 30 goods, respectively. The optimal values among all
approaches under comparison are highlighted in bold. The optimal
values among all truthful, learning-based approaches are underlined
(this excludes MD-RegretNet from comparison). The superscript (*)
represents the optimal value known for each setting.

4.3.1 Comparison between TEDI and Baselines. For these experi-
ments, TEDI performs optimally 9 out of 12 times among all truthful
approaches and 10 out of 12 times among all truthful, learning-
based approaches. Figure 1 in Section 1 presents an illustration of
TEDI and MD-MenuNet in the setting of Bj ;9, showing that while
TEDI successfully learns the optimal scheme of selling goods inde-
pendently, MD-MenuNet fails. Another notable comparison is the
settings of U;’,?l, where MD-GemNet outperforms TEDI in m = 2
but TEDI outi)erforms MD-GemNet (as well as other algorithms)
as m increases. These comparisons demonstrate that while existing
algorithms suffer from curse-of-dimensionality, TEDI can result in
strong performance when the problem size becomes large. Other
experiments demonstrate that TEDI consistently results in good
performance in diverse settings, with reasonable computational
costs and varying problem contexts.

We also point out some (seemingly surprising) phenomena about
baselines: 1) MD-LotteryAMA performs extremely worse in some

settings (U;), ’1065, Cg:(l)'OS) and even worse than Separable-OPT in the
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Table 1: Experimental results with diverse approaches (including ablations studies) and diverse settings. ‘=0’ (<0’) represents the

value is exactly 0 (smaller than 0); ‘-’ represents that the approach (row) does not apply to the setting (column).

(£3]

represents the

optimal value known for each setting. The GPU Time and TFLOPS results are measured when the model has n = 3 players and
m € {10,30} goods. The first (second) value represents the result for m = 10 (m = 30) respectively. All approaches have consistent
hyper-parameters and random seeds in different settings except for MD-GemNet and MD-RegretNet, where hyper-parameters
and random seeds are fine-tuned and the best-performed one is selected.

. 0,0 0,0 1,0 1,0 1,0 1,0 0,0.5 0,0.5 0,0.5 1,0 1,0 0,0.5 0,0.5 .
Methods\Settings | Upy,  BYY, | Upy  Udy  Upn Uiy | U U U | Byl G Gt Upo | GPUTime(s)  TFLOPS
TEDI | 34620 49128 | 0.2678 17285 3.8436 5.8771 | 2.1989 4.6609 7.1884 | 5.8090 22400 1.4101 7.3140 | 1,731 & 2,965 390 & 5,600
TEDI-Discrete | 3.4292  3.4932 | 0.2463 14221 - - =0 - - | 42375 17460 =0 - 739 & - 103 & -
TEDI-PICNN | 34527 47256 | 0.1288 09798 - - | 20337 - - | 57548 15281 12192 - 1425 & - 340 & -
TEDI-PMA | 24867 49619 | 02297 0.8976 - - 18424 - - | 57047 10720 11570 - 2211&- 467 & -
TEDI-MLP =0 =0 =0 =0 - - =0 - - | o2a7a =0 =0 - 505 & - 170 & -
MD-MenuNet 3.4472  4.0565 - - - - - - - - - - - - -
MD-GemNet - - 02748 14814 25325 52015 | 1.2848 18463 2.1646 | 1.3309 17893 0.6350 4.6830 | 1,025 & 6,505 467 & 8,495
MD-LotteryAMA | - - 02212 12050 25186 51290 | 0.3089 04914 03983 | 1.8118 17017 02286 <0 | 708 &2837 106 & 2,013
MD-RegretNet | 3.5186 49444 | 0.4053 1.9053 5.0585 9.2974 | 21900 2.9527 04824 | 56432 2.9853 10874 3.1285 | 8,793 &9,023 552 & 9,043
(regret) 0.0031  0.0141 | 0.0507 0.0409 0.2038 03080 | 0.2852 03664 0.0761 | 0.0171 0.0756 0.1537  0.7762 - -
VCG =0 = <0 <0 <0 <0 = = = <0 <0 =0 = - -
Separable-OPT | 2.5000 5.0000* | 0.2601 13019 26019 3.9059 | 1.8752 37501 5.6221 | 6.2507 14981 11894  6.2537 - -
Bundle-OPT | 34477 33059 | =0 03616 25718 53308 | 04709 0.6652 08144 | =0 14033 03319 15754 - -

2-goods settings, U313 . This result discloses the limited expressive-
ness of affine maximizer mechanisms [37], which is consistent with
existing results [7, 43]; 2) MD-GemNet (as well as TEDI-Discrete)
has 0 value in some random seeds. We speculate that this phe-
nomenon is a joint impact of following two factors: a) the naive,
allocate-nothing mechanism is a saddle point (since we introduce
the cost function), and b) discretization-based approaches are more
sensitive to parameter disturbance [9, 17], thus is prone to stuck
in saddle points. 3) MD-RegretNet has extremely large regret and
smaller value in some settings (e.g., Ug’lods, Cg:(l)(‘)s), Notably, in the
Ui’?f setting, MD-RegretNet fails to learn a mechanism with both
high revenue and low regret, despite our attempts at extensive hy-
perparameter tuning. We speculate that this happens because MD-
RegretNet needs to compute regret in high-dimensional type space
(77). However, computing the maximum point w.r.t. a non-concave
function in high-dimensional space is highly unstable [12, 25, §8].

4.3.2  Analysis of Ablation Studies. We conduct experiments with
n < 3,m < 10 for ablation studies. We have following observations:
1) Comparing with TEDI-Discrete, TEDI generalizes the discrete out-
come candidates to full spaces (X;). We note that TEDI outperforms
TEDI-Discrete with a significant gap. This comparison suggests
that replacing the discretization step plays an important role on
improving the performance. 2) The performance gap between TEDI
and TEDI-PICNN suggests that PICNN [2] is highly unlikely to be
universal approximator of partial convex functions, although the
existence of counter-examples are still open. 3) The performance
of TEDI-PMA is close to and slightly worse than Separable-OPT.
We speculate that this arises from following reasons: a) Since TEDI-
PMA exhibits incomplete network architecture, it is likely to sim-
ply learn a linear pricing rule in high-dimensional space, and b)
Separable-OPT always gives the optimal linear pricing rule for those
settings presented in Table 1. 4) The extremely-poor performance
of TEDI-MLP suggests that guaranteeing the partial convexity of
pricing rule is of vital importance. We think the most important

reason to be as follows: The fast convergence of Langevin dynamics
requires the distribution qiﬁ (+;t-;,0) be log-concave [42], and it
gets satisfied only when pricing rule is partially convex.

5 CONCLUSIONS AND FUTURE WORKS

To conclude this paper, we propose TEDI, a discretization-free al-
gorithm that can learn truthful mechanisms. By leveraging Partial
GroupMax Network architecture as well as two techniques for de-
riving unbiased gradient estimators, our approach achieves truthful-
ness, full-expressiveness, and dimension-insensitivity, overcoming
the “curse of dimensionality” that limits existing discretization-
based methods and showing its competitive empirical performance
in large-scale scenarios. We believe that the proposed network and
learning paradigm contribute to the understanding of automated
mechanism design and broader fields.

We note that TEDI can not be directly applied to learn feasible
unit-supply auctions studied in [9, 19, 50] by nature of menu mech-
anisms. For future works, it is promising to extend the proposed
techniques to learn large-scale unit-supply auctions by parameteriz-
ing the boosting function in AMA mechanisms [37] with universally
convex neural networks, thus potentially improving the direct dis-
cretization as in prior works [9, 14]. Besides, when participants or
goods are homogeneous, the problem has “permutation invariance
property” [26, 31, 53]. Designing permutation-invariant pricing rule
may likely accelerate the training process of TEDI and decrease the
risk of over-fitting [13, 40]. For this reason, we hope that this study
will motivate future explorations on the universal approximators
of convex and permutation-invariant functions.
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