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ABSTRACT

In multi-agent reinforcement learning (MARL), agents generate a
sequence of joint strategy profiles (s*);»o, where s is the profile at
step t. A key update heuristic is "win-stay, lose-shift", under which
an agent retains its current strategy only if it is a best response
to others’ choices. The resulting trajectory is called a satisfaction
path. The question of whether such paths exist in Markov games
had remained open. This paper introduces the notion of a grouped
satisfaction path, examines the topological properties of its local
minimum, establishes sufficient conditions for its existence in pure
strategy games, and finally resolves the open problem for Markov
games. These contributions deepen the theoretical foundation for
MARL algorithm design.
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1 INTRODUCTION

From a game-theoretic perspective, multi-agent reinforcement learn-
ing (MARL) can be viewed as a repeated game in which agents
iteratively select strategies based on available information, observe
feedback, and adjust their behavior [9, 14]. This traces a strategy
path (s')_, where s’ is the joint strategy profile at step t. Equi-
librium concepts are central to MARL [3, 4, 7], describing stable
states where no agent gains by unilaterally changing its strategy
and linking learning dynamics to strategic stability [8].

A key challenge in MARL is determining whether decentralized
strategy updates can drive the joint strategy profile toward equilib-
rium. Despite extensive study [6, 10, 13], the problem remains only
partially resolved [18]. Formally, each agent i updates its strategy
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via a revision function s:*! = f;((s*)o<u<:), mapping the history
of joint strategies to a new strategy [1, 11]. A common heuristic is
the “win-stay, lose-shift” principle [2, 5, 12, 17]: an agent keeps its
current strategy if it is a best response, otherwise it switches. The
resulting trajectory is termed a satisfaction path [16]. Its existence
means that from any initial joint strategy profile, there is a finite
sequence adhering to this principle that ends in an equilibrium.

In this work, we study satisfaction paths from a topological per-
spective to gain new insights into their existence. Moving beyond
specific revision rules, we employ a general theoretical framework
to analyze the conditions for such paths. Our main objective is to lay
a theoretical foundation for satisfaction paths, thereby advancing
the understanding of convergence in MARL.

2 PRELIMINARY
A pure strategy game is defined as a tuple

G = (I, (Si)ier, (9i)ier),

where I is the player set, S; is the pure strategy set of player i, and
gi : [1;e1 Si — Ris player i’s payoff function.

DEFINITION 1. In a pure strategy game G, e-best response (€-BR)
correspondence for player i given opponents’ strategy profile s_; is

BRc(s-i) = {S € Si | gi(s,s-1) 2 supgi(t,s-;) — 6} . (1
teS;
where s_; € [1;4jerS; denotes joint strategy profile of all other
players. In particular, the notation BR, will be simplified to BR when
€ =0.

DEFINITION 2. In a pure strategy game G, a joint strategy profile
s € [1;er Si is called an e-equilibrium if

Viel, s;€ BRA(s-;). (2)

A group set P is a partition of the player set I, satisfying:
(1) Foranyp € P, p #+ @.

2) UpePp =L

(3) Forany p,q € P,ifp # g, thenpNq = 2.
Thus, P groups the players into disjoint, non-empty subsets, each
acting as an independent decision unit.

DEFINITION 3. In a pure strategy game G with a group set P, a
strategy profile path (s");>o is called a grouped e-satisfaction path if
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foranyt >0 andanyp € P,
(Vi € p, st € BR(s%,))

t+1

_
= =)

®)

DEFINITION 4. In a pure strategy game G with a group set P, for
a joint strategy profile s, the e-BR group count with respect to s is

Ne(s) = |{p ep | Vi €p, s € BRG(S_i)}l.

Viep, s

©
In particular, the notation N will be simplified to N when € = 0.

DEFINITION 5. In a pure strategy game G with a group set P, for a
Jjoint strategy profile s, the admissible subsequent joint strategy profile
set with respect to s is

T.(s) = {s' € I_[Si | path (s,s") satisfies Equation 3} . (5)

iel

Ne(s) is called a local minimum (maximum) if

Ne(s) < inf  N(t), (Ne(s)z sup Ne(t)). (6)
teTe(s) reTe(s)

In particular, the notation T, will be simplified to T when € = 0.

3 SATISFACTION PATH THEORY

THEOREM 1. In a pure strategy game G with a group set P, suppose
that each S; is a convex compact set in a topological vector space, and
each g; is analytic. Then for a joint strategy profile s, N(s) is a local
minimum, if and only if, for any joint strategy t € T(s), a group that
isaBRins isstillaBRint.

Theorem 1 relates N(s) and T(s). In essence, when N(s) is a
local minimum, the BR groups stop changing strategies. Thus, the
theorem establishes a reduction principle for games under grouped
satisfaction dynamics: once a group permanently fixes its strategy,
it can be viewed as part of the environment, reducing the original
game to a subgame.

DEFINITION 6. In a pure strategy game G with a group set P,
for a group subset Q C P and a joint strategy profile s, a game
G = (J, (S1)iey, (gidiey) is called a sub-game if ] = Upep p and

gi : 1_[5]- =R, wrgi(s_j,w).
JjeJ
wheres_j = (sx)ker\y denotes the strategy profile of all players outside
J.
It is said that any sub-game has an equilibrium, if for any group
subset Q C P and any joint strategy profile s, the sub-game G admits
at least one equilibrium.

THEOREM 2. In a pure strategy game G with a group set P, suppose
that each S; is a convex compact set in a topological vector space, each
gi is analytic, and any sub-game has an equilibrium. Then for any
initial joint strategy profile s, there exists a finite-length grouped

satisfaction path (st)tT o wheres® =s and sT is an equilibrium.

Theorem 2 provides a sufficient condition for the existence of a
grouped satisfaction path. Briefly, if players’ payoff functions are
analytic and every sub-game has an equilibrium, then a grouped
satisfaction path exists from any initial joint strategy profile to an
equilibrium.
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A stationary mixed strategy stochastic game (sometimes called
Markov games) is defined as

G = (L (Si)ier, X, P, (gi)ier, (Yi)ier)-

X is the state set. P : X X [];e; Si — AX is the transition probabil-
ity function, mapping current state and joint strategy profile to a
probability distribution over the next states. g; : X X [[;¢;Si = R
is the payoff function for player i. y; € [0, 1) is a discount factor for
player i.

Construct a pure strategy game

H = ((I,X), (Tix) (ix)e (1) (Rix) (ix)e1,x))- (7)

(I,X) ={(i,x) | i € I, x € X}. Because |I| < o and |X| < oo,
(I, X) is a finite double index set. T; » = AS;. Because S; is finite, T; »
is a simplex in some finite-dimensional Euclidean space. So T; x is
convex and compact. h; y is

hi,x : 1_[ Tj,y i R,
(J,y)e(1.X)
l_[ mj(y) - E(”j)je] Z Yitgi(xt’st) | xo =x|.
(Jy)e(I.X) t>0

Clearly, the virtual players in H have a specific structure: all
player—state pairs sharing the same player belong to a single group.
This means that if a grouped satisfaction path exists in H, a corre-
sponding satisfaction path exists in the original game G.

THEOREM 3. In a stationary mixed strategy stochastic game G,
suppose that each S; is a finite set. Then for any initial stationary
Jjoint mixed strategy profile o, there exists a finite-length satisfaction
path (0’)3;0 where ° = o and o is a mixed equilibrium.

Theorem 3 establishes the existence of satisfaction paths in
Markov games, resolving an open problem from [15]. We first
proved the existence of grouped satisfaction paths in pure strat-
egy games. By constructing a connection between Markov games
and pure strategy games, we extended the result of Theorem 2 to
Markov games. This reduction approach elegantly circumvented the
inherent difficulties in directly proving the existence of satisfaction
paths in Markov games.

4 CONCLUSION

In brief, if a pure strategy game satisfies that a) each strategy set is
convex and compact, b) each payoff function is analytic, ¢) any sub-
game has an equilibrium, then for any initial joint strategy profile
s, there exists a finite-length grouped satisfaction path (s*)o<;<t
where s° = s and s” is an equilibrium. In particular, any finite-state
Markov game admits finite-length satisfaction paths from an arbi-
trary initial joint mixed strategy profile to some mixed equilibrium.
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