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ABSTRACT
In this work, we consider a school choice scenario where a student

does not exactly know which college is better for her. Although it

is hard for a student to obtain an exact preference, she can usually

compare specific features of colleges, such as reputation, location,

and campus facilities. Motivated by this, we propose a feature-based

uncertainty model for school choice where a student’s preference is

based on a linear combination of her utilities over different features,

and the coefficients of the combination are treated as random vari-

ables. Our main goal is to achieve a higher probability of stability

(ProS) and incentive compatibility (IC) for students. Unfortunately,

these two goals are incompatible in general. We show that a student-

proposing deferred acceptance (DA) that prioritizes colleges with

higher expected ranking can achieve a worst-case approximation

ratio of (1/𝑛)𝑛 on ProS, while a DA with a carefully defined it-

erated comparison vector can guarantee the strongest achievable

form of IC. Finally, we provide additional results for some specific

restrictions on the model.
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1 INTRODUCTION
School choice, as a classical many-to-one matching problem, has

been extensively studied for decades due to its wide range of applica-

tions [14]. The primary objective is typically to design a procedure

that assigns students to colleges such that the resulting matching

satisfies desirable properties such as efficiency, stability, and in-

centive compatibility [3]. Beyond the classical model, numerous

extensions incorporating additional settings or constraints have

been proposed to capture more realistic application scenarios—for

example, constraints on college seats [7, 15, 19], or networked struc-

ture among students [11, 26].

In most of the literature on school choice theory, it is typically as-

sumed that students have well-defined preferences over all colleges.

In reality, however, it is often difficult for students to express clear

and consistent preferences due to time constraints and uncertainty
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about the future [10, 17, 20]. To address this, some studies intro-

duce simplified or restricted models of student preferences [12, 16].

Nevertheless, students are generally aware of which features of

schools they value and can often compare schools based on specific

attributes such as course suitability, academic reputation, employ-

ment prospects, or teaching quality [24]. The main challenge for a

student lies in not knowing which of these attributes will ultimately

prove most important to her before experiencing them firsthand.

Therefore, motivated by this observation, we propose a feature-
based uncertainty model for school choice, in which each student

has a well-defined utility function for every feature of a college.

A student’s overall preference over colleges is determined by a

linear combination of these feature utilities, where the coefficients

in the combination are treated as random variables. The probability

distributions of these coefficients are assumed to be known to the

students themselves. On the other hand, colleges are assumed to

have complete and deterministic preferences over students, as in

the classical model.

Under this model, our main objective is to design a matching

algorithm that ensures both stability and incentive compatibility for

students. Regarding stability, since students’ preferences involve

uncertainty, we consider the probability of stability (ProS) and aim

to find a matching that maximizes this probability. We show that, in

general, this problem is computationally NP-hard, and therefore we

instead seek approximation algorithms. For incentive compatibility

(IC), the same uncertainty requires us to evaluate the probability of

improvement that a student can obtain by misreporting her infor-

mation. The strongest form of IC would guarantee that no possible

improvement can ever be achieved through misreporting, which

is too strong to obtain meaningful algorithms. A milder version

ensures that the probability of any improvement from misreporting

is less than 1/2, though this condition is incompatible with any non-

zero approximation of ProS. The weakest form only requires that

certain improvements from misreporting are prevented. We exam-

ine a family of student-proposing deferred acceptance algorithms

with various well-designed proposing orders to achieve different

combinations of these properties, as summarized in Table 1.

The overall paper is organized as follows. Section 2 briefly re-

views the most related literature. Section 3 introduces the model

and summarizes the main results, and Sections 4 to 7 present all the

theoretical results
1
. Section 8 includes a discussion of future work.

2 RELATEDWORK
Our work is most related to a body of literature on stable matching

with uncertain preferences. Aziz et al. [6] first introduced the idea

of stable marriage with uncertain linear preference, proposing three

models of uncertainty: the lottery model, the compact indifference

1
See the full version for missing proofs: https://arxiv.org/pdf/2602.12615
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Table 1: Summary of Theoretical Results for Four Proposing Methods: Lexicographic Order of Comparison Vectors (LOCV),
Lexicographic Order of Iterated Comparison Vectors (LOICV), Higher Expected Ranking First (HERF), and Higher Expected
Utility First (HEUF). IC-C corresponds to incentive compatibility (IC) that prevents certain improvement by cheating, and IC-R
corresponds to IC that prevents 1/2 probability of improvement by cheating.

Methods Worst-case Approx. of ProS Incentive Compatibility

LOCV 0 IC-C

LOICV 0 IC-C (IC-R when |𝐹 | = 2)

HERF (1/𝑛)𝑛 IC-C

HEUF

IC-C; (when |𝐹 | = 2, IC-R iff the probabilities of the first feature’s weight

0

being larger or less than its expectation are equal)

model and the joint probability model. They examined the computa-

tional complexity of several problems related to stability probability

and showed that finding a matching with the highest stability prob-

ability is generally intractable. Later, they further introduced a

model with uncertain pairwise preferences, where preferred rela-

tions can be cyclic [5]. Alimudin and Ishida [4] also studied the

stable marriage with uncertain preferences using a randomized

approach. Random lottery tie-breakers have also been considered

in school choice problems [2]. Abdulkadiroğlu et al. [1] showed

how lottery tie-breaking implements a stratified randomized trial

within a DA match. In our model, if we restrict all college capacities

to be one, it naturally induces a new form of uncertainty model for

the stable marriage problem. A detailed comparison between our

model and existing models is provided in the full version. Similar

ideas have also been extended to other domains, including resource

assignment [13], house allocation [8], and committee voting [9].

3 THE MODEL
We consider a school choice scenario where a student’s preference

is determined by a set of measurable features, while the relative

importance of these features is uncertain. We assume that every

college is acceptable to each student, and vice versa. More con-

cretely, an instance of school choice with feature-based uncertain

preferences I = (𝑁,𝑀,𝑋,≻𝑀 , 𝐹 ,𝑈 , 𝜇) consists of:

• 𝑁 : the set of all students, and denote them by 𝑠1, 𝑠2, . . . , 𝑠𝑛 .

• 𝑀 : the set of all colleges, and denote them by 𝑐1, 𝑐2, . . . , 𝑐𝑚 .

• 𝑋 :𝑚 positive integers 𝑥𝑐1 , 𝑥𝑐2 , . . . , 𝑥𝑐𝑚 , which represent the

capacities of all colleges, i.e., for any 1 ≤ 𝑗 ≤ 𝑚, college 𝑐 𝑗
can accept at most 𝑥𝑐 𝑗 students.

• ≻𝑀 : the strict preferences of colleges over all students. Specif-

ically, for a college 𝑐 ∈ 𝑀 , 𝑠𝑖 ≻𝑐 𝑠 𝑗 means 𝑐 prefers 𝑠𝑖 to 𝑠 𝑗 .

• 𝐹 : the set of features. Each feature 𝑓 ∈ 𝐹 represents an aspect

that a student can evaluate for all colleges.

• 𝑈 : the set of utility functions. Each utility function𝑢
𝑓
𝑠 : 𝑀 ↦→

[0, 1] represents how much a student 𝑠 values each college

with respect to feature 𝑓 ∈ 𝐹 . We assume that these evalua-

tions are normalized to [0, 1]. This normalization does not

affect generality, since the aggregated preference of student

𝑠 assigns different weights to different features.

• 𝜇: the set of probability distributions of weights for different

features. For each student 𝑠 , 𝜇𝑠 is a probability distribution

over all possible weight vectors, representing her uncer-

tainty about the exact preference over colleges. Specifically,

a weight vector 𝑤𝑠 is |𝐹 |-dimensional and satisfies 𝑤
𝑓
𝑠 ≥ 0

for any 𝑓 ∈ 𝐹 and

∑
𝑓 ∈𝐹 𝑤

𝑓
𝑠 = 1. An aggregated preference

with𝑤𝑠 and {𝑢 𝑓
𝑠 }𝑓 ∈𝐹 is defined by the weighted utility

2
, i.e.,

𝑐𝑖 ⪰𝑤𝑠
𝑠 𝑐 𝑗 if and only if

∑
𝑓 ∈𝐹 𝑤

𝑓
𝑠 𝑢

𝑓
𝑠 (𝑐𝑖 ) ≥

∑
𝑓 ∈𝐹 𝑤

𝑓
𝑠 𝑢

𝑓
𝑠 (𝑐 𝑗 ).

We assume that 𝜇𝑠 and 𝜇𝑠′ are independent for any distinct

students 𝑠, 𝑠′ ∈ 𝑁 , and both the p.d.fs (Pr[𝑤𝑠 =𝑤]) and c.d.fs
(Pr[∀𝑓 ,𝑤 𝑓

𝑠 ≤ 𝑤 𝑓 ]) can be computed in constant time.

A matching 𝜋 specifies the pairs formed between students and

colleges. For simplicity of notation, let 𝜋 (𝑠) denote the college

matched to a student 𝑠 ∈ 𝑁 , and let 𝜋 (𝑠) = null if 𝑠 is unmatched;

let 𝜋 (𝑐) denote the set of students matched to a college 𝑐 ∈ 𝑀 , and

𝜋 (𝑐) = ∅ if 𝑐 is unmatched. Amatching algorithm is a procedure that

returns a matching for any given instance of a matching problem.

We consider the following properties for matching algorithms.

Probability of Stability (ProS). Given a matching 𝜋 and the corre-

sponding instance, we can examine whether 𝜋 is stable under any

possible aggregated preferences of the students. Since an aggre-

gated preference of a studentmay contain ties, we consider a weaker

notion of stability where a block must incur a strict improvement.

Definition 3.1. Given aggregated preferences of all students

{⪰𝑤𝑠
𝑠 }𝑠∈𝑁 , a matching 𝜋 is (weak) stable if there is no (strong) block

(𝑠, 𝑐), 𝑠 ∈ 𝑁 , 𝑐 ∈ 𝑀 , such that 𝑐 ≻𝑤𝑠
𝑠 𝜋 (𝑠), and |𝜋 (𝑐) | < 𝑥𝑐 or

∃𝑠′ ∈ 𝜋 (𝑐) with 𝑠 ≻𝑐 𝑠′.
Given an instance, the probability of stability of a matching 𝜋 ,

denoted by ProS(𝜋 ;I), is defined as the probability that 𝜋 is stable

under aggregated preferences sampled
3
, according to the weight

distributions 𝜇 in I. For each instance, a matching 𝜋∗ is called an

optimal matching if, for any other matching 𝜋 ′, we have ProS(𝜋∗) ≥
ProS(𝜋 ′). Note that for any aggregated preference, there exists at

least one stable matching, implying ProS(𝜋∗) > 0. Our goal is

to find a matching algorithm that achieves a ProS value as close

as possible to the optimal one for any instance. Therefore, for a

matching algorithm, we consider the worst-case approximation
ratio with respect to an optimal matching.

Definition 3.2. A matching algorithm Alg is 𝛼-optimal, if it satis-

fies infI
ProS(Alg(I) ;I)
max𝜋 ProS(𝜋 ;I) ≥ 𝛼 . Alg(I) denotes the output matching.

2
Note that we will have a tie when the equality holds.

3
If there is no ambiguity, we also simplify it by omitting I as ProS(𝜋 )
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Incentive Compatibility (IC). We consider incentive compatibil-

ity from the students’ side. In traditional settings, it means that a

student may strategically misreport her preferences over colleges.

In our setting, a student 𝑠 can misreport both her utility functions

{𝑢 𝑓
𝑠 }𝑓 ∈𝐹 and probability distribution 𝜇𝑠 . Intuitively, incentive com-

patibility requires that no student can obtain a better outcome by

strategically misreporting her information. Note that in our model,

whether an outcome is actually better may itself be uncertain for

a student, since her report must be decided ex ante. Therefore, we
introduce several levels of IC, and by definition, we have that IC-A

implies IC-R and IC-R implies IC-C.

Definition 3.3. For any instanceI and any student 𝑠 ∈ 𝑁 , for sim-

plicity, let 𝜋 (𝑠 ;𝑢𝑠 , 𝜇𝑠 ) denote the college assigned to 𝑠 by the match-

ing algorithm Alg when she reports truthfully, and let 𝜋 ′ (𝑠 ;𝑢′𝑠 , 𝜇′𝑠 )
denote the college matched to her under a misreport (either may

be null). Then, the algorithm Alg is said to be

(1) incentive compatible with certainty (IC-C) if 𝑠 cannot
obtain a college that is certainly better than her truthful

assignment, i.e., Pr[𝜋 ′ (𝑠;𝑢′𝑠 , 𝜇′𝑠 ) ≻𝑠 𝜋 (𝑠;𝑢𝑠 , 𝜇𝑠 )] = 1 cannot

occur, for all 𝑢𝑠 , 𝜇𝑠 , 𝑢
′
𝑠 , 𝜇
′
𝑠 ;

(2) incentive compatible with rationality (IC-R) if 𝑠 can-
not obtain a college that has a higher probability of being

better than her truthful assignment, i.e., Pr[𝜋 ′ (𝑠;𝑢′𝑠 , 𝜇′𝑠 ) ≻𝑠
𝜋 (𝑠;𝑢𝑠 , 𝜇𝑠 )] > 1/2 cannot occur, for all 𝑢𝑠 , 𝜇𝑠 , 𝑢′𝑠 , 𝜇′𝑠 ;

(3) incentive compatible with adventurism (IC-A) if 𝑠 can-
not obtain a college that has any chance of being better than

her truthful assignment, i.e., Pr[𝜋 ′ (𝑠;𝑢′𝑠 , 𝜇′𝑠 ) ≻𝑠 𝜋 (𝑠;𝑢𝑠 , 𝜇𝑠 )]
> 0 cannot occur, for all 𝑢𝑠 , 𝜇𝑠 , 𝑢

′
𝑠 , 𝜇
′
𝑠 .

4 IMPOSSIBILITIES AND INTRACTABILITY
In this section, we present several impossibility and intractability

results when seeking a matching with a higher probability of sta-

bility. All these negative results occur even when the number of

features is |𝐹 | = 2. We begin by stating a useful lemma that provides

a formula for calculating the pairwise probability that one college

is preferred over another by a student.

Lemma 4.1. If the number of features equals to 2, i.e., 𝐹 = {𝑓1, 𝑓2},
then for any student 𝑠 ∈ 𝑁 and any two colleges 𝑐1, 𝑐2 ∈ 𝑀 , de-
note Δ𝑓

𝑠 (𝑐𝑖 , 𝑐 𝑗 ) = |𝑢
𝑓
𝑠 (𝑐𝑖 ) − 𝑢

𝑓
𝑠 (𝑐 𝑗 ) | for any 𝑓 ∈ 𝐹 , and 𝜂𝑠 (𝑐𝑖 , 𝑐 𝑗 ) =

1

/(
1 + Δ

𝑓
1

𝑠 (𝑐𝑖 ,𝑐 𝑗 )
Δ
𝑓
2

𝑠 (𝑐𝑖 ,𝑐 𝑗 )

)
(define 𝜂𝑠 (𝑐𝑖 , 𝑐 𝑗 ) = 0 if Δ𝑓2

𝑠 (𝑐𝑖 , 𝑐 𝑗 ) = 0). We have

Pr[𝑐𝑖 ≻𝑤𝑠
𝑠 𝑐 𝑗 ] =

1 if 𝑢 𝑓1
𝑠 (𝑐𝑖 ) > 𝑢

𝑓1
𝑠 (𝑐 𝑗 ) and 𝑢

𝑓2
𝑠 (𝑐𝑖 ) > 𝑢

𝑓2
𝑠 (𝑐 𝑗 );

0 if 𝑢 𝑓1
𝑠 (𝑐𝑖 ) ≤ 𝑢

𝑓1
𝑠 (𝑐 𝑗 ) and 𝑢

𝑓2
𝑠 (𝑐𝑖 ) ≤ 𝑢

𝑓2
𝑠 (𝑐 𝑗 );

Pr[𝑤 𝑓1
𝑠 > 𝜂𝑠 (𝑐𝑖 , 𝑐 𝑗 )] if 𝑢 𝑓1

𝑠 (𝑐𝑖 ) > 𝑢
𝑓1
𝑠 (𝑐 𝑗 ) and 𝑢

𝑓2
𝑠 (𝑐𝑖 ) ≤ 𝑢

𝑓2
𝑠 (𝑐 𝑗 );

Pr[𝑤 𝑓1
𝑠 < 𝜂𝑠 (𝑐𝑖 , 𝑐 𝑗 )] if 𝑢 𝑓1

𝑠 (𝑐𝑖 ) ≤ 𝑢
𝑓1
𝑠 (𝑐 𝑗 ) and 𝑢

𝑓2
𝑠 (𝑐𝑖 ) > 𝑢

𝑓2
𝑠 (𝑐 𝑗 ),

and the case of Pr[𝑐𝑖 ⪰𝑤𝑠
𝑠 𝑐 𝑗 ] can be generated by 1 − Pr[𝑐 𝑗 ≻𝑤𝑠

𝑠 𝑐𝑖 ].

We observe that, when |𝐹 | = 2, the probability that one college

is preferred over another is equivalent to the probability that the

weight of the first feature lies within a certain interval. Based on

this observation, we can derive an efficient method to calculate the

probability of stability for any given matching.

Proposition 4.2. Given an instance I with |𝐹 | = 2 and a cor-
responding matching 𝜋 , we can compute the probability of stability
ProS(𝜋 ;I) in polynomial time.

Proof. Since each probability distribution of a student’s weight

vector is independent from others, the probability of stability in

general can be formulated as

ProS(𝜋 ;I) =
∏
𝑠∈𝑁
(1 − Pr[∃𝑐 ∈ 𝑀, 𝑠.𝑡 . (𝑠, 𝑐) will be a block]) .

Consider each term in the product. For each student 𝑠 ∈ 𝑁 , de-

fine the potential set 𝐶𝑠 (𝜋) = {𝑐 ≠ 𝜋 (𝑠) | |𝜋 (𝑐) | < 𝑥𝑐 or ∃𝑠′ ∈
𝜋 (𝑐) with 𝑠 ≻𝑐 𝑠′, and Pr[𝑐 ≻𝑤𝑠

𝑠 𝜋 (𝑠)] > 0}. Then, only colleges in

the potential set may have a positive probability to make a block

with 𝑠 . If 𝐶𝑠 (𝜋) = ∅, then the term for 𝑠 equals to 1. If there exists

a college 𝑐 ∈ 𝐶𝑠 (𝜋), such that Pr[𝑐 ≻𝑤𝑠
𝑠 𝜋 (𝑠)] = 1, then the term

equals to 0 (and the whole ProS of 𝜋 is 0). For the remaining cases,

according to Lemma 4.1, the colleges in 𝐶𝑠 (𝜋) must belong to one

of the following two categories:

• those 𝑐 such that 𝑢
𝑓1
𝑠 (𝑐) > 𝑢

𝑓1
𝑠 (𝜋 (𝑠)) and 𝑢

𝑓2
𝑠 (𝑐) ≤ 𝑢

𝑓2
𝑠 (𝜋 (𝑠)).

Denote the set of this category as 𝐶1

𝑠 (𝜋). For any 𝑐 ∈ 𝐶1

𝑠 (𝜋),
(𝑠, 𝑐) will be a block when𝑤 𝑓1

𝑠 > 𝜂𝑠 (𝑐, 𝜋 (𝑠)). Denote 𝜂1𝑠 (𝜋) =
min𝑐∈𝐶1

𝑠 (𝜋 ) 𝜂𝑠 (𝑐, 𝜋 (𝑠)), and let 𝜂1𝑠 (𝜋) = 1 if𝐶1

𝑠 (𝜋) = ∅. Then,
Pr[∃𝑐 ∈ 𝐶1

𝑠 (𝜋), 𝑠 .𝑡 . (𝑠, 𝑐) is a block] = Pr[𝑤 𝑓1
𝑠 > 𝜂1𝑠 (𝜋)];

• those 𝑐 such that 𝑢
𝑓1
𝑠 (𝑐) ≤ 𝑢

𝑓1
𝑠 (𝜋 (𝑠)) and 𝑢

𝑓2
𝑠 (𝑐) > 𝑢

𝑓2
𝑠 (𝜋 (𝑠)).

Similarly, denote the set of this category as 𝐶2

𝑠 (𝜋). For any
𝑐 ∈ 𝐶2

𝑠 (𝜋), (𝑠, 𝑐) will be a block when 𝑤
𝑓1
𝑠 < 𝜂𝑠 (𝑐, 𝜋 (𝑠)).

Denote 𝜂2𝑠 (𝜋) =max𝑐∈𝐶2

𝑠 (𝜋 ) 𝜂𝑠 (𝑐, 𝜋 (𝑠)), and let 𝜂2𝑠 (𝜋) = 0 if

𝐶2

𝑠 (𝜋) = ∅. Then,
Pr[∃𝑐 ∈ 𝐶2

𝑠 (𝜋), 𝑠 .𝑡 . (𝑠, 𝑐) is a block] = Pr[𝑤 𝑓1
𝑠 < 𝜂2𝑠 (𝜋)].

Hence, the probability of whether there exists a block associated

with 𝑠 is the probability of whether the weight of the first feature

𝑤
𝑓1
𝑠 lies in a specific interval, i.e.,

1 − Pr[∃𝑐 ∈ 𝑀, 𝑠.𝑡 . (𝑠, 𝑐) will be a block] ={
0 if 𝜂1𝑠 (𝜋) < 𝜂2𝑠 (𝜋);
Pr[𝜂2𝑠 (𝜋) ≤ 𝑤

𝑓1
𝑠 ≤ 𝜂1𝑠 (𝜋)] if 𝜂1𝑠 (𝜋) ≥ 𝜂2𝑠 (𝜋),

The probability in the second case can be easily achieved by an ora-

cle that can return the value of 𝜇𝑠 ’s c.d.f. Deriving the potential set,

checking each college in it and computing the values of 𝜂1𝑠 (𝜋) and
𝜂2𝑠 (𝜋) totally need 𝑂 (𝑚) time. Therefore, we can finally compute

ProS(𝜋) in 𝑂 (𝑚𝑛) time, which is polynomial. □

However, finding a matching with the highest probability of

stability is NP-hard.

Theorem 4.3. It is NP-hard to find a matching with the highest
ProS in a school choice with feature-based uncertainty, even with the
constraint of |𝐹 | = 2.

Hence, we aim to find an algorithm that achieves a good approx-

imation of the optimal ProS in general. Since we also require incen-

tive compatibility for students, we examine what can be achieved

under different levels of IC. The first impossibility result is the

unattainability of a meaningful IC-A algorithm.
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Proposition 4.4. There is no matching algorithm that can satisfy
the property of IC-A unless it always outputs the same result.

Since IC-A is too strong to yield meaningful algorithms, we con-

sider milder versions of IC. However, even IC-R is not compatible

with achieving a non-zero approximation of ProS.

Theorem 4.5. There is no matching algorithm that can be IC-R
and 𝛼-optimal with 𝛼 > 0 even when the number of features |𝐹 | = 2.

Proof. We can prove the statement by giving an instance with

three students and three colleges. The utility functions are:

• 𝑠1: 𝑢
𝑓1
𝑠1 (𝑐1) = 1.5𝛿 + 3𝜖, 𝑢 𝑓1

𝑠1 (𝑐2) = 𝛿 + 2𝜖, 𝑢 𝑓1
𝑠1 (𝑐3) = 0;

𝑢
𝑓2
𝑠1 (𝑐1) = 0, 𝑢

𝑓2
𝑠1 (𝑐2) = 0.5𝛿 + 2𝜖, 𝑢 𝑓2

𝑠1 (𝑐3) = 1.5𝛿 + 2𝜖 ;
• 𝑠2: 𝑢

𝑓
1/2
𝑠2 (𝑐1) = 0.3, 𝑢

𝑓
1/2
𝑠2 (𝑐2) = 0.6, 𝑢

𝑓
1/2
𝑠2 (𝑐3) = 0.1;

• 𝑠3: 𝑢
𝑓
1/2
𝑠3 (𝑐1) = 0.3, 𝑢

𝑓
1/2
𝑠3 (𝑐2) = 0.1, 𝑢

𝑓
1/2
𝑠3 (𝑐3) = 0.6.

Here, 𝛿 and 𝜖 are any positive values, and 𝜖 → 0. We assume that

the probability distributions of weights for all three students are

uniform distributions over all possible weights. We can notice that,

for students 𝑠2 and 𝑠3, whichever the weight vector is chosen, their

aggregated preferences on colleges are always 𝑐2 ≻𝑠2 𝑐1 ≻𝑠2 𝑐3
and 𝑐3 ≻𝑠3 𝑐1 ≻𝑠3 𝑐2. On the other hand, the preferences of three

colleges are 𝑠1 ≻𝑐1/𝑐2 𝑠2 ≻𝑐1/𝑐2 𝑠3, and 𝑠1 ≻𝑐3 𝑠3 ≻𝑐3 𝑠2. Here, we

suppose the capacities of all colleges are one. First, we check what

will happen if a matching algorithm matches 𝑠1 to 𝑐2. In this case,

for the remaining students and colleges, we can only match 𝑠2 to 𝑐1
and 𝑠3 to 𝑐3; otherwise (𝑠2, 𝑐1) will be a block. Since both 𝑐1 and 𝑐3
ranks 𝑠1 the first in their preferences, the ProS of this matching is

Pr[𝑐2 ⪰
𝑤𝑠

1

𝑠1 𝑐1 and 𝑐2 ⪰
𝑤𝑠

1

𝑠1 𝑐3] =
𝜖 (𝛿 + 2𝜖)

(𝛿 + 𝜖) (𝛿 + 3𝜖) ,

which approaches 0 when 𝜖 → 0. Nevertheless, if we consider an

alternative matching, where 𝑠1 is matched to 𝑐1, 𝑠2 is matched to 𝑐 ,

and 𝑠3 is matched to 𝑐 , then the ProS of this new matching is

Pr[𝑐1 ⪰
𝑤𝑠

1

𝑠1 𝑐2 and 𝑐1 ⪰
𝑤𝑠

1

𝑠1 𝑐3] = (𝛿 + 2𝜖)/(2𝛿 + 6𝜖),
which does not approach 0 when 𝜖 → 0. Therefore, a matching

algorithm that has a non-zero approximation ratio cannot match 𝑠1
to 𝑐2. However, for 𝑠1, 𝑐2 is more likely to be better than 𝑐1 or 𝑐3:

Pr[𝑐2 ⪰
𝑤𝑠

1

𝑠1 𝑐1] =
𝛿 + 4𝜖
2𝛿 + 6𝜖 >

1

2

; Pr[𝑐2 ⪰
𝑤𝑠

1

𝑠1 𝑐3] =
𝛿 + 2𝜖
2𝛿 + 2𝜖 >

1

2

.

Then, whichever college the matching algorithm matches to 𝑠1, she

can construct a misreporting as follows.

• 𝑠1: 𝑢
𝑓
1/2
𝑠1 (𝑐1) = 0.3, 𝑢

𝑓
1/2
𝑠1 (𝑐2) = 0.6, 𝑢

𝑓
1/2
𝑠1 (𝑐3) = 0.1,

where it is always 𝑐2 ≻𝑠1 𝑐1 ≻𝑠1 𝑐3. In this new case, 𝑠1 must be

matched to 𝑐2; otherwise (𝑠1, 𝑐2) will be a block. Namely, 𝑠1 can force

a choice that will be better with probability larger than 1/2, which
violates the property of IC-R. In summary, in the given instance,

𝑐1 being matched to 𝑐2 violates IC-R, while 𝑐1 not being matched

to 𝑐2 violates the non-zero approximation ratio, which infers that

a matching algorithm cannot be IC-R and 𝛼-optimal with 𝛼 > 0

at the same time. Since the instance only has two features, this

impossibility holds even for the restriction of |𝐹 | = 2. □

Hence, we can only require IC-C if we want an algorithm with a

positive approximation ratio. The final result in this section provides

an upper bound for the ratio in this case.

Theorem 4.6. There is no matching algorithm that can be IC-C
and 𝛼-optimal with 𝛼 > ( 3

√︁
𝜙)𝑛 , 𝜙 =

√
5−1
2

, even when |𝐹 | = 2.

Proof. Since the approximation ratio is defined in the worst

case, to establish this upper bound, it suffices to show that the

ratio cannot be achieved in at least one instance. Consider the

following case with 𝑛 = 3𝑘 students and 𝑚 = 𝑛 colleges. Each

college 𝑐 𝑗 ∈ 𝑀 has capacity 𝑥 𝑗 = 1. For each 1 ≤ 𝑖 ≤ 𝑘 , we suppose
that 𝑠𝑖+1 ≻𝑐𝑖 𝑠𝑖 ≻𝑐𝑖 𝑠𝑖+2 ≻𝑐𝑖 · · · , 𝑠𝑖 ≻𝑐𝑖+1 𝑠𝑖+1 ≻𝑐𝑖+1 𝑠𝑖+2 ≻𝑐𝑖+1 · · · ,
and 𝑠𝑖 ≻𝑐𝑖+2 𝑠𝑖+2 ≻𝑐𝑖+2 · · · , where “· · · ” means the preferences over

all other students could be arbitrary. On the other hand, for the

student side, we suppose the probability distributions of weights

are uniform distributions, and

• 𝑠𝑖 : 𝑢
𝑓1
𝑠𝑖 (𝑐𝑖 ) = 1 > 𝑢

𝑓1
𝑠𝑖 (𝑐𝑖+1) = 0.8 > 𝑢

𝑓1
𝑠𝑖 (𝑐𝑖+2) = 0.8 − 𝑦 > · · · ,

𝑢
𝑓2
𝑠𝑖 (𝑐𝑖 ) = 1 > 𝑢

𝑓2
𝑠𝑖 (𝑐𝑖+2) = 0.8 > 𝑢

𝑓2
𝑠𝑖 (𝑐𝑖+1) = 𝑦 − 0.2 > · · · ;

• 𝑠𝑖+1: 𝑢
𝑓1
𝑠𝑖+1 (𝑐𝑖+1) = 1 > 𝑢

𝑓1
𝑠𝑖+1 (𝑐𝑖 ) = 1 − 𝑧 > · · · ,

𝑢
𝑓2
𝑠𝑖+1 (𝑐𝑖 ) = 1 > 𝑢

𝑓2
𝑠𝑖+1 (𝑐𝑖+1) = 𝑧 > · · · ;

• 𝑠𝑖+2: 𝑢
𝑓1
𝑠𝑖+2 (𝑐𝑖+2) = 1 > · · · , 𝑢 𝑓2

𝑠𝑖+2 (𝑐𝑖+2) = 1 > · · · ,
where “· · · ” means the utilities of all other colleges are arbitrary but

with the same order in both 𝑓1 and 𝑓2. Then, the only uncertainties

in preferences of these three students are Pr[𝑐𝑖+1 ≻
𝑤𝑠𝑖
𝑠𝑖 𝑐𝑖+2] = 𝑦

and Pr[𝑐𝑖+1 ≻
𝑤𝑠𝑖+1
𝑠𝑖+1 𝑐𝑖 ] = 𝑧.

Now, to have a matching with positive ProS, students 𝑠𝑖 , 𝑠𝑖+1 and
𝑠𝑖+2 must be matched to colleges 𝑐𝑖 , 𝑐𝑖+1 and 𝑐𝑖+2: if 𝑠𝑖 has not been
matched to one of them, (𝑠𝑖 , 𝑐𝑖+1) would be a block with probability

one; if 𝑠𝑖+1 has not been matched to one of them, (𝑠𝑖+1, 𝑐𝑖 ) would be
a block with probability one; if 𝑠𝑖+2 has not been matched to one of

them, then at least one of three colleges could not enroll both 𝑠𝑖 and

𝑠𝑖+1, which could make a block with 𝑠𝑖+2 of probability one. Then,

for all possible matching results among these six agents, there are

only three of them that could have a positive ProS:
(a) {(𝑠𝑖 , 𝑐𝑖 ), (𝑠𝑖+1, 𝑐𝑖+1), (𝑠𝑖+2, 𝑐𝑖+2)} with ProS = 𝑧,

(b) {(𝑠𝑖 , 𝑐𝑖+1), (𝑠𝑖+1, 𝑐𝑖 ), (𝑠𝑖+2, 𝑐𝑖+2)} with ProS = 𝑦, and

(c) {(𝑠𝑖 , 𝑐𝑖+2), (𝑠𝑖+1, 𝑐𝑖 ), (𝑠𝑖+2, 𝑐𝑖+1)} with ProS = (1 − 𝑧) (1 − 𝑦).
Consider the two extreme cases where 𝑦 = 0 (Case 0) and 𝑦 = 1

(Case 1). In Case 0, we can only choose matching (a) or (c) to ensure

a positive ProS, while in Case 1, we can only choose matching (a)

or (b). Notice that the student 𝑠𝑖 can misreport her utilities to freely

turn one case into the other. If in Case 0, 𝑠𝑖 is matched to 𝑐𝑖 but in

Case 1, she is not matched to 𝑐𝑖 , then an 𝑠𝑖 with true type being

Case 1 can misreport to pretend to be the one in Case 0, where she

can be matched to her certainly best college 𝑐𝑖 . Similarly, we cannot

match 𝑠𝑖 to 𝑐𝑖 in Case 1, without matching her to 𝑐𝑖 in Case 0. Hence,

an IC-C matching algorithm with any positive approximation ratio

can only have two choices: choosing matching (a) in both cases, or

choosing (c) in Case 0 and choosing (b) in Case 1. For the former

one, the approximation ratio of the best ProS among these agents

is min{𝑧, I(𝑧 ≥ 1/2) + I(𝑧 < 1/2) · (𝑧/(1 − 𝑧))} = 𝑧, where I(·) is
the indicator function; for the latter one, the approximation ratio of

the best ProS among these agents is I(𝑧 ≤ 1/2) + I(𝑧 > 1/2) · ((1 −
𝑧)/𝑧). Therefore, for any satisfiable matching algorithm, it will not

exceedmin𝑧 max

{
𝑧, I(𝑧 ≤ 1/2) + I(𝑧 > 1/2) · 1−𝑧

𝑧

}
=
√
5−1
2

. Finally,

since the above result is independent of 𝑖 , an upper bound of the

approximation ratio for the whole instance will be𝜙𝑘 = 𝜙𝑛/3
, where

𝜙 =
√
5−1
2

. □
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5 METHODS
In this section, we propose the methods that will be examined. Since

we consider both IC and stability, we focus on a generalized version

of the student-proposing deferred acceptance (GDA) algorithm [23],

such that when the scenario degenerates to the case with no un-

certainty among students, the result naturally coincides with the

standard student-proposing DA algorithm.

Generalized Student-Proposing Deferred Acceptance

Input: an instance (𝑁,𝑀,𝑋,≻𝑀 , 𝐹 ,𝑈 , 𝜇).
(1) Initialize the matching 𝜋 to be empty.

(2) Initialize the set of unmatched students as 𝑁U ← 𝑁 .

(3) For each student 𝑠 ∈ 𝑁 , initialize the set of colleges

which have rejected her as 𝑅𝑠 ← ∅.
(4) while |𝑁U | > 0 and for any 𝑠 ∈ 𝑁U , 𝑅𝑠 ≠ 𝑀 do
(a) Initialize 𝑃𝑐 to be empty for all 𝑐 ∈ 𝑀
(b) For each student 𝑠 ∈ 𝑁U with 𝑅𝑠 ≠ 𝑀 , let 𝑠 propose

to a college 𝑐 = Next(𝑠, 𝑅𝑠 , {𝑢 𝑓
𝑠 }𝑓 ∈𝐹 , 𝜇𝑠 ). Add 𝑠 to 𝑃𝑐 .

(c) For each college 𝑐 such that 𝑃𝑐 ≠ ∅,
if |𝜋 (𝑐) | + |𝑃𝑐 | ≤ 𝑥𝑐 then
Add all students in 𝑃𝑐 to 𝜋 (𝑐).
For each student 𝑠 ∈ 𝑃𝑐 , update 𝜋 (𝑠) = 𝑐 and

remove 𝑠 from 𝑁U .
else
Choose the most preferred 𝑥𝑐 students of 𝑐 from

𝜋𝑐 ∪ 𝑃𝑐 , update 𝜋 (𝑐) as the set of these 𝑥𝑐 students
and reject others.

For each student 𝑠 in updated 𝜋 (𝑐), update 𝜋 (𝑠) = 𝑐

and remove 𝑠 from 𝑁U (if 𝑠 ∈ 𝑁U ).
For each student 𝑠 being rejected, update 𝜋 (𝑠) =
null and add 𝑠 to 𝑁U (if 𝑠 ∉ 𝑁U ).

end if
end while

Output: the final matching 𝜋 .

For each student 𝑠 , we can define an ordering of colleges based

on the Next() function. Denote this ordering as ≻Next𝑠 . Then, the

output of the algorithm must be student-optimal with respect to

this evaluation. Specifically, among all possible matching results

in which no student 𝑠 can find a college that is more preferred

under ≻Next𝑠 than her current assignment and that also prefers her

to at least one of its current enrollees, each student receives her

best possible option according to ≻Next𝑠 . The focus on such student-

optimal matching algorithms (e.g., those that are student-optimal in

terms of expected utilities) is another reason we restrict attention

to this class of methods.

Within the class of GDA, the key problem is designing a suitable

Next() function. One of the most straightforward ways is described

above: it selects the college with the highest expected utility among

those not in 𝑅𝑠 . Besides, recall that our main goal is seeking high

ProS and IC, which may not be fully captured by expected utilities.

Therefore, we propose three additional methods based on the proba-

bilities of one college being preferred over another. More concretely,

the four methods are defined as follows.

Higher Expected Utility First (HEUF). In the method of HEUF,

the Next() function just chooses a college such that

Next(𝑠, 𝑅𝑠 , {𝑢 𝑓
𝑠 }𝑓 ∈𝐹 , 𝜇𝑠 ) ∈ argmax

𝑐∉𝑅𝑠
E𝑤𝑠∼𝜇𝑠


∑︁
𝑓 ∈𝐹

𝑤
𝑓
𝑠 · 𝑢

𝑓
𝑠 (𝑐)

 ,
with random or any predetermined tie-breaking. The time com-

plexity of computing the expected utility depends on the forms

of probability distributions. In real applications, it is usually a dis-

crete distribution with finite support or a common parameterized

continuous distribution, which can be computed efficiently.

Lexicographic Order of Comparison Vectors (LOCV). In the

method of LOCV, the Next() function chooses a college based on

a specific order of the colleges. For each student 𝑠 , such an order

is defined by a lexicographic order of comparison vectors. Given a

college 𝑐 , the comparison vector for the student 𝑠 is defined as

𝑞𝑠 (𝑐) = Ascending((Pr[𝑐 ⪰𝑤𝑠
𝑠 𝑐′])𝑐∈𝑀,𝑐′≠𝑐 ),

where Ascending(·) rearranges a vector’s elements in an ascending

order. Then, for any two colleges 𝑐 and 𝑐′, we say 𝑐 ≻lex𝑠 𝑐′, if there
exists an integer 0 ≤ 𝑘 < 𝑚, the first 𝑘 elements in 𝑞𝑠 (𝑐) and 𝑞𝑠 (𝑐′)
is the same, while the (𝑘 + 1)th element of 𝑞𝑠 (𝑐) is larger than that

of 𝑞𝑠 (𝑐′). Based on ≻lex𝑠 , we can have a complete order of all colleges

with random or any predetermined tie-breaking, and each time the

Next() function returns the first college that has not rejected the

student in ≻lex𝑠 . The intuition behind LOCV is that we try to choose

a college that has a higher chance of being better than another

college in the worst case. By Lemma 4.1, these probabilities needed

in the method can be efficiently computed by an oracle of c.d.f when

|𝐹 | = 2. For |𝐹 | ≥ 3, we discuss the issue in Section 7.2.

Lexicographic Order of Iterated ComparisonVectors (LOICV).
The only difference compared to the LOCVmethod is that we update

the comparison vectors iteratively based on the current 𝑅𝑠 set:

𝑞𝑠 (𝑐, 𝑅𝑠 ) = Ascending((Pr[𝑐 ⪰𝑤𝑠
𝑠 𝑐′])𝑐∈𝑀\𝑅𝑠 ,𝑐′≠𝑐 ) .

Then, each time, we can have an updated complete order for re-

maining colleges that have not been proposed by 𝑠 , and the Next()
function returns the first college in such an order. The intuition

behind LOICV is that we do not need to worry about colleges that

have rejected 𝑠 making a block with her. The time complexity of

the LOICV method is quadratic in that of the LOCV method, due to

its additional computed probabilities.

Higher Expected Ranking First (HERF). In the method of HERF,

we also consider the order of colleges iteratively as in LOICV. The

idea is motivated by the observation that Pr[𝑐𝑖 ≻𝑤𝑠
𝑠 𝑐 𝑗 ] ≥ Pr[𝑐 𝑗 ≻𝑤𝑠

𝑠

𝑐𝑖 ] for any 𝑗 ≠ 𝑖 still does not imply 𝑐𝑖 has the highest probability

to be most preferred by the student 𝑠 (see the third instance in

Example 5.1). Hence, in HERF, the Next() function instead chooses

a college such that

Next(𝑠, 𝑅𝑠 , {𝑢 𝑓
𝑠 }𝑓 ∈𝐹 , 𝜇𝑠 ) ∈ argmax

𝑐∉𝑅𝑠
Pr

[ ⋂
𝑐′≠𝑐,𝑐∉𝑅𝑠

𝑐 ⪰𝑤𝑠
𝑠 𝑐′

]
,

with random or any predetermined tie-breaking. By Lemma 4.1,

the above probability is equal to the probability that the weight of

the first feature locates in an intersection of𝑚 − 1 intervals when
|𝐹 | = 2, which can be computed efficiently by an oracle of c.d.f. For

|𝐹 | ≥ 3, we discuss the issue in Section 7.2.
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With the above methods, we can obtain student-optimal match-

ing results with respect to expected utilities, pairwise preferences,

or expected rankings, and they all degenerate to standard student-

proposing DA when uncertainty disappears. In the following ex-

ample, we will see that, for the objective of ProS, none of these

methods consistently outperforms the others across all instances.

This suggests that each method may have its own suitable scenarios

in practical applications.

Example 5.1. We will show three instances in this example. All

of them have 𝑛 =𝑚 = 3, |𝐹 | = 2, each college 𝑐 has capacity 𝑥𝑐 = 1,

and each probability distribution 𝜇𝑠 is a uniform distribution. For

the first instance, the preferences of colleges are 𝑠1 ≻𝑐1 𝑠2 ≻𝑐1 𝑠3,
𝑠1 ≻𝑐2 𝑠3 ≻𝑐2 𝑠2, and 𝑠2 ≻𝑐3 𝑠3 ≻𝑐3 𝑠1. On the other hand, the utility

functions of students are

• 𝑠1: 𝑢
𝑓1
𝑠1 (𝑐1) = 0.3, 𝑢

𝑓1
𝑠1 (𝑐2) = 0.2, 𝑢

𝑓1
𝑠1 (𝑐3) = 1.0;

𝑢
𝑓2
𝑠1 (𝑐1) = 0.7, 𝑢

𝑓2
𝑠1 (𝑐2) = 0.4, 𝑢

𝑓2
𝑠1 (𝑐3) = 0.3;

• 𝑠2: 𝑢
𝑓1
𝑠2 (𝑐1) = 0.5, 𝑢

𝑓1
𝑠2 (𝑐2) = 0.1, 𝑢

𝑓1
𝑠2 (𝑐3) = 0.7;

𝑢
𝑓2
𝑠2 (𝑐1) = 0.6, 𝑢

𝑓2
𝑠2 (𝑐2) = 0.3, 𝑢

𝑓2
𝑠2 (𝑐3) = 0.1;

• 𝑠3: 𝑢
𝑓1
𝑠3 (𝑐1) = 0.9, 𝑢

𝑓1
𝑠3 (𝑐2) = 0.3, 𝑢

𝑓1
𝑠3 (𝑐3) = 0.6;

𝑢
𝑓2
𝑠3 (𝑐1) = 0.2, 𝑢

𝑓2
𝑠3 (𝑐2) = 0.3, 𝑢

𝑓2
𝑠3 (𝑐3) = 0.1.

Taking student 𝑠3 as an example, the comparison vector 𝑞𝑠3 (𝑐2) =
(1/7, 2/5) since we can compute that Pr[𝑐2 ⪰

𝑤𝑠
3

𝑠3 𝑐1] = 1/7 <

Pr[𝑐2 ⪰
𝑤𝑠

3

𝑠3 𝑐3] = 2/5. Similarly, we have 𝑞𝑠3 (𝑐1) = (6/7, 1) and
𝑞𝑠3 (𝑐3) = (0, 3/5). Hence, 𝑐1 ≻lex𝑠3 𝑐2 ≻lex𝑠3 𝑐3. If applying the LOCV

method, 𝑠2 and 𝑠3 will apply to 𝑐1, and 𝑠1 will apply to 𝑐3 in the

first round. 𝑐1 then rejects 𝑠3, and 𝑠3 will then apply to 𝑐2. The

final matching is {𝑐1 : 𝑠2, 𝑐2 : 𝑠3, 𝑐3 : 𝑠1}, with pairs (𝑠1, 𝑐1), (𝑠1, 𝑐2),
(𝑠2, 𝑐3) and (𝑠3, 𝑐3) having positive probability to be blocks. Then,

the corresponding ProS equals to 2/11.
On the contrary, if applying the LOICV method, when 𝑐1 re-

jects 𝑠3 in the first round, 𝑠3 will then apply to 𝑐3 instead because

𝑞𝑠3 (𝑐2, {𝑐1}) = (2/5) and 𝑞𝑠3 (𝑐3, {𝑐1}) = (3/5). 𝑐3 then has choice to

reject 𝑠1, 𝑐1 then accepts 𝑠1, and 𝑐3 can get its best choice 𝑠2. The final

matching is {𝑐1 : 𝑠1, 𝑐2 : 𝑠3, 𝑐3 : 𝑠2}, with no pairs having positive

probability to be blocks. Then, the ProS equals to 1. We can observe

that, compared to the LOCV method, the outcome for 𝑠3, who ac-

tually has a different proposing order, does not change. Lastly, if

applying the HEUF method, the proposing orders of the students

are the same as those in the LOICV method, since E[𝑢𝑠3 (𝑐1)] = 0.55

> E[𝑢𝑠3 (𝑐3)] = 0.35 > E[𝑢𝑠3 (𝑐2)] = 0.3. Hence, the matching result

of the HEUF method is the same as that of the LOICV method.

Similarly, if applying the HERF method, the proposing orders of

the students are also the same, which leads to the same result.

We can observe that in the first instance, applying the LOICV,

HEUF, or HERF method is the best choice for a higher ProS. Next,
we will give the second instance where the LOCV method becomes

better than LOICV, which suggests iteratively updating the compar-

ison vector is not always a better choice. The preferences of colleges

in the second instance are 𝑠3 ≻𝑐1 𝑠1 ≻𝑐1 𝑠2 and 𝑠2 ≻𝑐2/𝑐3 𝑠3 ≻𝑐2/𝑐3 𝑠1,
and the utility functions of students are

• 𝑠1: 𝑢
𝑓1
𝑠1 (𝑐1) = 0.9, 𝑢

𝑓1
𝑠1 (𝑐2) = 0.7, 𝑢

𝑓1
𝑠1 (𝑐3) = 0.75;

𝑢
𝑓2
𝑠1 (𝑐1) = 0.1, 𝑢

𝑓2
𝑠1 (𝑐2) = 0.7, 𝑢

𝑓2
𝑠1 (𝑐3) = 0.8;

• 𝑠2: 𝑢
𝑓
1/2
𝑠2 (𝑐1) = 0.9, 𝑢

𝑓
1/2
𝑠2 (𝑐2) = 0.5, 𝑢

𝑓
1/2
𝑠2 (𝑐3) = 0.1;

• 𝑠3: 𝑢
𝑓
1/2
𝑠3 (𝑐1) = 0.5, 𝑢

𝑓
1/2
𝑠3 (𝑐2) = 0.1, 𝑢

𝑓
1/2
𝑠3 (𝑐3) = 0.9.

Notice that for student 𝑠2 and 𝑠3, their preferences are actually

certain because the utility functions for all features are the same.

For student 𝑠1, if applying the LOCV method, she will first propose

to 𝑐3, and then propose to 𝑐1 if being rejected by 𝑐3. The final

matching is {𝑐1 : 𝑠1, 𝑐2 : 𝑠2, 𝑐3 : 𝑠3}, with no pairs having positive

probability to be blocks (ProS = 1). On the contrary, if applying the

LOICV method, 𝑠1 will propose to 𝑐2 if being rejected by the first

choice 𝑐3. Then, the final matching is {𝑐1 : 𝑠2, 𝑐2 : 𝑠1, 𝑐3 : 𝑠3}, with
the pair (𝑠1, 𝑐1) having probability of 1/4 to be a block (ProS = 3/4).
Lastly, the HEUF and HERF share the same proposing order of

students in the LOICV method, so they have the same result.

In the above two instances, the LOICV, HEUF, and HERFmethods

share the same results. For the HEUF, it always shares the same

result with the LOICV as long as the probability distributions satisfy

certain conditions (see Theorem 6.7). However, it is not true for

the HERF method, as we can see in the third instance. For this last

instance, the preferences of colleges are

• 𝑐1/𝑐3: 𝑠1 ≻𝑐1/𝑐3 𝑠3 ≻𝑐1/𝑐3 𝑠2; 𝑐2: 𝑠3 ≻𝑐2 𝑠2 ≻𝑐2 𝑠1,
and the utility functions of students are

• 𝑠1/2: 𝑢
𝑓1
𝑠
1/2 (𝑐1) = 0.25, 𝑢

𝑓1
𝑠
1/2 (𝑐2) = 0.3, 𝑢

𝑓1
𝑠
1/2 (𝑐3) = 0.8;

𝑢
𝑓2
𝑠
1/2 (𝑐1) = 0.4, 𝑢

𝑓2
𝑠
1/2 (𝑐2) = 0.3, 𝑢

𝑓2
𝑠
1/2 (𝑐3) = 0.7;

• 𝑠3: 𝑢
𝑓1
𝑠3 (𝑐1) = 0.1, 𝑢

𝑓1
𝑠3 (𝑐2) = 1.0, 𝑢

𝑓1
𝑠3 (𝑐3) = 0.8;

𝑢
𝑓2
𝑠3 (𝑐1) = 1.0, 𝑢

𝑓2
𝑠3 (𝑐2) = 0.2, 𝑢

𝑓2
𝑠3 (𝑐3) = 0.5.

For students 𝑠1 and 𝑠2, proposing order is always 𝑐3, 𝑐1 and 𝑐2 in

all methods. For student 𝑠3, she will first propose to 𝑐3 with the

LOCV or the LOICV method because both Pr[𝑐3 ⪰
𝑤𝑠

3

𝑠3 𝑐1] = 7/12
and Pr[𝑐3 ⪰

𝑤𝑠
3

𝑠3 𝑐2] = 3/5 is larger than 1/2. If being rejected by

𝑐3, 𝑠3 will then propose to 𝑐1 in the LOCV, and propose to 𝑐2 in the

LOICV. Hence, for LOCV, the final matching is {𝑐1 : 𝑠3, 𝑐2 : 𝑠2, 𝑐3 :
𝑠1}, with the pair (𝑠3, 𝑐2) having probability of 9/17 to be a block

(ProS = 8/17), while for LOICV, the final matching is {𝑐1 : 𝑠2, 𝑐2 :
𝑠3, 𝑐3 : 𝑠1}, with the pair (𝑠3, 𝑐1) having probability of 8/17 to be a
block (ProS = 9/17). The results of HEUF and LOICV are the same.

If applying the HERF method, 𝑠3 will not first propose 𝑐3 because

Pr[𝑐3 ⪰
𝑤𝑠

3

𝑠3 𝑐1 and 𝑐3 ⪰
𝑤𝑠

3

𝑠3 𝑐2] = Pr[5/12 ≤ 𝑤𝑠3 ≤ 3/5] = 11/60,
which suggests that 𝑐3 has the smallest probability to be the favorite

college of 𝑠3. In this case, 𝑠3 will first propose to 𝑐1, and finally lead

to the same matching result as the LOCV method.

From the three instances in this example, we can observe that

none of the four methods dominates the others, i.e., for eachmethod,

there exist instances where it is not the best choice. Although in

special cases we cannot say that one method is always better than

another, one may still be curious about their average performance

across a large number of instances. A simulation experiment is

provided in the full version, which offers some insights on it.

6 PROPERTIES OF METHODS
In this section, we analyze the properties of these four methods.

6.1 Probability of Stability
For the probability of stability, only the method of HERF can have

a positive approximation ratio.
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Theorem 6.1. For GDAwith the HEUF, LOCV, and LOICVmethods,
the worst-case approximation ratios to the optimal probability of being
stable are all 0 even when the number of features |𝐹 | = 2.

Theorem 6.2. The GDA with the HERF method is
(
1

𝑛

)𝑛-optimal.

Proposition 6.3. The worst-case approximation ratio character-
ized in Theorem 6.2 is tight even when the number of features |𝐹 | = 2.

Proof. We illustrate the tightness of the approximation ratio

by showing an instance with |𝐹 | = 2 that meets the worst case

scenario. Consider an instance with 𝑛 students and𝑚 = 𝑛 colleges,

and each college has a capacity of one. For each college 𝑐 𝑗 ∈ 𝑀 ,

suppose 𝑠 𝑗 is the least preferred student, and 𝑠 𝑗+1 (𝑠1 if 𝑗 = 𝑛) is

the most preferred student. On the other hand, for each student

𝑐𝑖 ∈ 𝑁 , the probability distribution 𝜇𝑠 is a uniform distribution over

all possible weight values, and her utility function is as follows.

• 𝑢
𝑓1
𝑠𝑖 (𝑐 𝑗 ) = 𝜈 𝑗 for all 𝑗 ≠ 𝑖 , and 𝑢

𝑓1
𝑠𝑖 (𝑐𝑖 ) = 𝜈𝑖 + 𝜖 ;

• 𝑢 𝑓1
𝑠𝑖 (𝑐 𝑗 ) = 𝜈𝑛− 𝑗+1 for all 𝑗 ≠ 𝑖 , and 𝑢

𝑓1
𝑠𝑖 (𝑐𝑖 ) = 𝜈𝑛−𝑖+1 + 𝜖 ,

where 𝜈 is defined as: (i) 𝜈1 = 0, and (ii) 𝜈𝑘 = 𝜈𝑘−1 + (𝑛 −𝑘 + 1)𝛿 for

𝑘 > 1. Here, 0 < 𝛿 ≤ 2

𝑛 (𝑛−1) and 𝜖 is a very small positive number.

This utility function partitions the intervals of𝑤
𝑓1
𝑠𝑖 as follows.

• For 1 ≤ 𝑗 < 𝑖 −1, 𝑐 𝑗 will be ranked the first in the aggregated

preference of 𝑠𝑖 when
𝑗−1
𝑛
≤ 𝑤 𝑓1

𝑠𝑖 ≤
𝑗

𝑛
;

• For 𝑗 = 𝑖 − 1, 𝑐 𝑗 will be ranked the first in the aggregated

preference of 𝑠𝑖 when
𝑖−2
𝑛
≤ 𝑤 𝑓1

𝑠𝑖 ≤ 𝑖−1
𝑛
− 𝜖

𝑛𝛿
;

• For 𝑗 = 𝑖 , 𝑐 𝑗 will be ranked the first in the aggregated prefer-

ence of 𝑠𝑖 when
𝑖−1
𝑛
− 𝜖

𝑛𝛿
≤ 𝑤 𝑓1

𝑠𝑖 ≤ 𝑖
𝑛
+ 𝜖

𝑛𝛿
;

• For 𝑗 = 𝑖 + 1, 𝑐 𝑗 will be ranked the first in the aggregated

preference of 𝑠𝑖 when
𝑖
𝑛
+ 𝜖

𝑛𝛿
≤ 𝑤 𝑓1

𝑠𝑖 ≤ 𝑖+1
𝑛
;

• For 𝑖+1 < 𝑗 ≤ 𝑛, 𝑐 𝑗 will be ranked the first in the aggregated

preference of 𝑠𝑖 when
𝑗−1
𝑛
≤ 𝑤 𝑓1

𝑠𝑖 ≤
𝑗

𝑛
.

Since 𝑤
𝑓1
𝑠𝑖 is a uniformly distributed random variable over [0, 1],

𝑐𝑖 then has the highest probability to be ranked first by 𝑠𝑖 . Then,

the final result 𝜋 of the HERF method matches 𝑠𝑖 to 𝑐𝑖 for every 𝑖 .

However, since 𝑐𝑖 likes 𝑠𝑖 the least, then each pair (𝑠𝑖 , 𝑐 𝑗 ) with 𝑗 ≠ 𝑖

is a potential block. The final probability of stability is

ProS(𝜋) =
𝑛∏
𝑖=1

(
𝑖

𝑛
+ 𝜖

𝑛𝛿
−
(
𝑖 − 1
𝑛
− 𝜖

𝑛𝛿

))
=

(
1

𝑛
+ 2𝜖

𝑛𝛿

)𝑛
,

which approaches to (1/𝑛)𝑛 when 𝜖 → 0. On the other hand,

consider an alternative matching 𝜋 ′ such that 𝑠𝑖 is matched to

𝑐𝑖−1 (𝑐𝑛 if 𝑖 = 1). Since each college gets its favorite student, then

ProS(𝜋 ′) = 1. Therefore, the worst-case approximation ratio is no

larger than (1/𝑛)𝑛 . □

6.2 Incentive Compatibility
First, for all four methods, they all satisfy the minimal requirement

of incentive compatibility.

Theorem 6.4. The GDA with the LOCV, LOICV, HERF, or HEUF
method is IC-C.

Additionally, for LOICV, it can further satisfy IC-R if |𝐹 | = 2.

Lemma 6.5. When |𝐹 | = 2, then for any student 𝑠 ∈ 𝑁 , and any
three different colleges 𝑐𝑖 , 𝑐 𝑗 , 𝑐𝑘 ∈ 𝑀 , if Pr[𝑐𝑖 ⪰𝑤𝑠

𝑠 𝑐 𝑗 ] ≥ 1

2
and

Pr[𝑐 𝑗 ⪰𝑤𝑠
𝑠 𝑐𝑘 ] ≥ 1

2
, we must have Pr[𝑐𝑖 ⪰𝑤𝑠

𝑠 𝑐𝑘 ] ≥ 1

2
.

Theorem 6.6. The GDA with the LOICV method is IC-R when the
number of features |𝐹 | = 2.

Proof. First, as stated in the proof of Theorem 6.4, for any 𝑠 ∈ 𝑁 ,

no misreport can make her be accepted by a college that rejected her

when she reported truthfully, so we only need to consider colleges

that have not been proposed to by 𝑠 after the algorithm terminates.

By Lemma 6.5, we can make a corollary that for any student 𝑠 ,

and any subset of colleges𝑀 ′ ⊆ 𝑀 with |𝑀 ′ | > 1, there must exist

a college 𝑐 ∈ 𝑀 ′, such that Pr[𝑐 ⪰𝑤𝑠
𝑠 𝑐′] ≥ 1

2
, for any other 𝑐′ ∈ 𝑀 ′.

The statement is obviously true for |𝑀 ′ | = 2. For |𝑀 ′ | > 2, it can

be shown by contradiction. Suppose that for any 𝑐 ∈ 𝑀 ′, there is
at least one another college 𝑐′ ∈ 𝑀 ′ such that Pr[𝑐′ ≻𝑤𝑠

𝑠 𝑐] > 1

2
.

Then, we can construct a directed graph where nodes are colleges

in 𝑀 ′, and an edge (𝑐, 𝑐′) appears if and only if Pr[𝑐′ ≻𝑤𝑠
𝑠 𝑐] > 1

2
.

Since each node has at least one out-edge appoints to the other

node, there must be at least one cycle in the graph. Denote the

cycle as (𝑐1, 𝑐2, . . . , 𝑐𝑘 , 𝑐1), and we have Pr[𝑐𝑖 ≻𝑤𝑠
𝑠 𝑐𝑖+1] > 1

2
for

1 ≤ 𝑖 < 𝑘 . By Lemma 6.5, we must also have Pr[𝑐1 ⪰𝑤𝑠
𝑠 𝑐𝑘 ] ≥ 1

2
,

which contradicts to Pr[𝑐𝑘 ≻𝑤𝑠
𝑠 𝑐1] > 1

2
.

Then, according to the process of the LOICV method, in each

round, the college proposed by a student 𝑠 must be one of the

colleges described above, with𝑀 ′ as the set of colleges that have not
rejected 𝑠 , since the comparison vectors are in the ascending order of

elements. Therefore, for any college 𝑐′ that 𝑠 can bematchedwith by

misreporting, compared to the college 𝑐 she can be matched without

misreporting, there must be Pr[𝑐′ ≻𝑤𝑠
𝑠 𝑐] = 1 − Pr[𝑐 ⪰𝑤𝑠

𝑠 𝑐′] ≤ 1

2
.

This shows that the method is IC-R. □

However, when |𝐹 | ≥ 3, it can no longer be IC-R because the

transitivity characterized in Lemma 6.5 might be violated (see Ex-

ample 7.5 for details). Finally, for the method of HEUF, it can also

be IC-R for a certain class of probability distributions.

Theorem 6.7. The GDA with the HEUF method is IC-R if and
only if for any student 𝑠 ∈ 𝑁 , Pr[𝑤 𝑓1

𝑠 ≥ E𝑤𝑠∼𝜇𝑠 [𝑤
𝑓1
𝑠 ]] = Pr[𝑤 𝑓1

𝑠 ≤
E𝑤𝑠∼𝜇𝑠 [𝑤

𝑓1
𝑠 ]], when the number of features |𝐹 | = 2.

7 ADDITIONAL ISSUES
7.1 Restrictions of “mean=median”
Theorem 6.7 highlights a special property of those probability distri-

butions on the first feature whose expectation equals their median

when |𝐹 | = 2. Such distributions naturally arise in many situations.

For instance, a student may firmly believe that, for her, the first

feature is about twice as important as the second one, yet it is in-

distinguishable whether being slightly more or slightly less than

twice is preferable. Moreover, we will show that these distributions

possess additional theoretical properties, as they can be reduced to

simple uniform distributions from certain perspectives.

Definition 7.1. We say two students 𝑠 and 𝑠′ are equivalent in
welfare and pairwise preferences if they satisfy all the following:

• for any college 𝑐 ∈ 𝑀 , E[𝑢𝑠 (𝑐)] = E[𝑢𝑠′ (𝑐)];
• for any feature 𝑓 ∈ 𝐹 , and any two colleges 𝑐𝑖 , 𝑐 𝑗 ∈ 𝑀 ,

𝑢
𝑓
𝑠 (𝑐𝑖 ) ≥ 𝑢

𝑓
𝑠 (𝑐 𝑗 ) if and only if 𝑢

𝑓

𝑠′ (𝑐𝑖 ) ≥ 𝑢
𝑓

𝑠′ (𝑐 𝑗 );
• for any two colleges 𝑐𝑖 , 𝑐 𝑗 ∈ 𝑀 , Pr[𝑐𝑖 ⪰𝑤𝑠

𝑠 𝑐 𝑗 ] ≥ Pr[𝑐 𝑗 ⪰𝑤𝑠
𝑠

𝑐𝑖 ] if and only if Pr[𝑐𝑖 ⪰𝑤𝑠′
𝑠′ 𝑐 𝑗 ] ≥ Pr[𝑐 𝑗 ⪰𝑤𝑠′

𝑠′ 𝑐𝑖 ].
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Theorem 7.2. When |𝐹 | = 2, then for a student 𝑠 with a continuous
probability 𝜇𝑠 that satisfies Pr[𝑤 𝑓1

𝑠 ≤ E[𝑤 𝑓1
𝑠 ]] = 1/2, the following

𝑠′ is equivalent to 𝑠 in welfare and pairwise preferences:
• 𝜇𝑠′ is a uniform distribution over all possible weight vectors;
• let 𝐴 =

∫
1

0
Pr[𝑤 𝑓1

𝑠 ≤ 𝑤]d𝑤 , and then for any college 𝑐 ∈ 𝑀 ,

𝑢
𝑓1
𝑠′ = 2(1 −𝐴)𝑢 𝑓1

𝑠 and 𝑢 𝑓2
𝑠′ = 2𝐴𝑢

𝑓2
𝑠 .

With this equivalence, the properties of amatching, such as social

welfare, potential blocking pairs, and incentives for misreporting,

remain unchanged. Moreover, the outcomes of methods based on

these comparisons, such as HEUF and LOICV, are also preserved.

7.2 Computational Issues for More Features
In Proposition 4.2, we only give a polynomial algorithm to com-

pute ProS(𝜋) for a certain matching 𝜋 when |𝐹 | = 2. Here, we

supplement the computational issues when |𝐹 | ≥ 3.

Lemma 7.3. For any student 𝑠 ∈ 𝑁 and any two colleges 𝑐1, 𝑐2 ∈
𝑀 , denote 𝛿 𝑓𝑠 (𝑐𝑖 , 𝑐 𝑗 ) = 𝑢

𝑓
𝑠 (𝑐𝑖 ) − 𝑢

𝑓
𝑠 (𝑐 𝑗 ) for any 𝑓 ∈ 𝐹 , a vector of

dimension |𝐹 | − 1 as ®𝑑𝑠 (𝑐𝑖 , 𝑐 𝑗 ) = (𝛿
𝑓|𝐹 |
𝑠 (𝑐𝑖 , 𝑐 𝑗 ) − 𝛿

𝑓𝑘
𝑠 (𝑐𝑖 , 𝑐 𝑗 ))1≤𝑘< |𝐹 | ,

and a weight vector of the same dimension ®𝑤𝑠 = (𝑤 𝑓
𝑠 )1≤ 𝑓 < |𝐹 | . We

have Pr[𝑐𝑖 ≻𝑤𝑠
𝑠 𝑐 𝑗 ] = Pr[ ®𝑑𝑠 (𝑐𝑖 , 𝑐 𝑗 )T ®𝑤𝑠 < 𝛿

𝑓|𝐹 |
𝑠 (𝑐𝑖 , 𝑐 𝑗 )].

Notice that the formula in Lemma 7.3 actually computes the

cumulative probability over an ( |𝐹 | − 1)-dimensional half-space.

Even with access to an oracle of c.d.f, the time complexity of com-

puting such a probability depends on the form of the probability

distribution. In general, calculating the volume of such an integral

is #P-hard with respect to the number of dimensions [18], which

renders the computational intractability when |𝐹 | is large. Conse-
quently, calculating ProS, the methods LOCV, LOICV, and HERF

are intractable in the most general cases.

In practice, when eliciting probability distributions, it is often

more realistic to consider discrete distributions with finite support,

or to query the parameters of specific classes of distributions such as

the uniform or normal distribution. In the former case, the compu-

tation is polynomial in the input size of the probability distribution,

since we can enumerate all points located in the intersections of the

target spaces. In the latter case, with specific distribution families

and a relatively small number of features, we can still maintain a

reasonable time complexity [21, 25] or employ standard approxi-

mation algorithms [22]. We supplement the NP-hardness of finding

the highest ProS even with additional restrictions of probability

distributions and utility functions as follows.

Theorem 7.4. It is NP-hard to find a matching with the highest
ProS in a school choice with feature-based uncertainty even when all
𝜇𝑠 ∈ 𝜇 is uniform distribution and for each 𝑠 ∈ 𝑁 , 𝑓 ∈ 𝐹 , 𝑐𝑖 , 𝑐 𝑗 ∈ 𝑀
such that 𝑢 𝑓

𝑠 (𝑐𝑖 ) ≠ 𝑢
𝑓
𝑠 (𝑐 𝑗 ), it has |𝑢

𝑓
𝑠 (𝑐𝑖 ) − 𝑢

𝑓
𝑠 (𝑐 𝑗 ) | ≥ 1

𝑚
.

Additionally, we have a failure of Lemma 6.5 for |𝐹 | ≥ 3.

Example 7.5. Consider a student 𝑠 ∈ 𝑁 with 𝑢
𝑓1
𝑠 (𝑐1) = 0.65,

𝑢
𝑓1
𝑠 (𝑐2) = 0.91, 𝑢

𝑓1
𝑠 (𝑐3) = 0.1; 𝑢

𝑓2
𝑠 (𝑐1) = 0.9, 𝑢

𝑓2
𝑠 (𝑐2) = 0.05, 𝑢

𝑓2
𝑠 (𝑐3) =

1; 𝑢
𝑓3
𝑠 (𝑐1) = 0.21, 𝑢

𝑓3
𝑠 (𝑐2) = 0.31, 𝑢

𝑓3
𝑠 (𝑐3) = 0.7. Then according

to the formula given in Lemma 7.3, Pr[𝑐1 ≻𝑤𝑠
𝑠 𝑐2] equals to the

probability of (𝑤 𝑓1
𝑠 ,𝑤

𝑓2
𝑠 ) being located right to the blue line in Fig-

ure 1, Pr[𝑐2 ≻𝑤𝑠
𝑠 𝑐3] equals to the probability of (𝑤 𝑓1

𝑠 ,𝑤
𝑓2
𝑠 ) being

Figure 1: An example of the probability distribution of ®𝑤𝑠 .

located above the green line, and Pr[𝑐1 ≻𝑤𝑠
𝑠 𝑐3] equals to the prob-

ability of (𝑤 𝑓1
𝑠 ,𝑤

𝑓2
𝑠 ) being located right to the yellow line. The

probabilities of being located in each area are also labeled. Finally,

we have Pr[𝑐1 ≻𝑤𝑠
𝑠 𝑐2] = 1

2
+ 𝜖 and Pr[𝑐2 ≻𝑤𝑠

𝑠 𝑐3] = 1

2
+ 𝜖 , but

Pr[𝑐1 ≻𝑤𝑠
𝑠 𝑐3] = 4𝜖 < 1

2
.

It also suggests an impossibility of IC-R algorithms when |𝐹 | ≥ 3.

Corollary 7.6. No matching algorithm can satisfy the property
of IC-R unless it always outputs the same result when |𝐹 | ≥ 3.

8 DISCUSSION AND FUTUREWORK
In this paper, we study a new feature-based uncertainty model for

the school choice problem. Ourmodel assumes that a probability dis-

tribution over weight vectors is available. In practice, obtaining an

arbitrary full-support distribution may be difficult, but our results

do not rely on exact specifications—reasonable approximations of

students’ valuation uncertainty are sufficient. Such approximations

are often obtainable in real systems through application data, sur-

veys, or preference elicitation tools that evaluate programs across

multiple attributes. Empirical methods such as discrete choice mod-

els and conjoint analysis can also be used to estimate preference

weights from data [24]. Thus, while exact distributions may be un-

realistic, structured or discretized approximations are practical and

compatible with our framework. Performance may be further im-

proved if signaling mechanisms help shape uncertainty into more

structured forms.

Another realistic factor is that uncertainty may be endogenous:

colleges or policymakers can influence it by signaling or informa-

tion design. Although our worst-case analysis ensures robustness

under such effects, it remains an open question whether improved

outcomes can be achieved through explicit information design.

Finally, understanding how different uncertainty structures sys-

tematically affect matching outcomes and relate to axiomatic prop-

erties is a promising direction. Our examples suggest several pat-

terns—for instance, more symmetric feature-weight distributions

may induce acyclic comparisons, while similarity structures across

features or colleges may favor different algorithms (e.g., high simi-

larity potentially favoring LOICV). Providing a quantitative charac-

terization of these effects is an important topic for future work.
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