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ABSTRACT

In the sequential learning problem, agents in a network attempt
to predict a binary ground truth, informed by both a noisy private
signal and the predictions of neighboring agents before them. It is
well known that social learning in this setting can be highly fragile:
small changes to the action ordering, network topology, or even the
strength of the agents’ private signals can prevent a network from
converging to the truth. We study networks that achieve random-
order asymptotic truth learning, in which almost all agents learn
the ground truth when the decision ordering is selected uniformly
at random. We analyze the robustness of these networks, showing
that those achieving random-order asymptotic truth learning are
resilient to a bounded number of adversarial modifications. We
characterize necessary conditions for such networks to succeed in
this setting and introduce several graph constructions that learn
through different mechanisms. Finally, we present a randomized
polynomial-time algorithm that transforms an arbitrary network
into one achieving random-order learning using minimal edge or
vertex modifications, with provable approximation guarantees. Our
results reveal structural properties of networks that achieve random-
order learning and provide algorithmic tools for designing robust
social networks.
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1 INTRODUCTION

The ability of a population to correctly aggregate dispersed informa-
tion is fundamental to effective societal decision-making. Whether
predicting a market crash, identifying a public health threat, or cre-
ating new social behaviors, success hinges on how weak signals can
compound into stronger signals and how these signals propagate
through the social network. It is in the interest of both individual
agents and network designers to understand the circumstances that
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enable society to learn as a collective, particularly when many net-
work parameters — including the network topology and decision
ordering — can be subject to change.

Social learning, or decision making in a social setting, is a well-
studied topic in economics and social networks [7, 12, 20]. In the
classical model of sequential social learning [6, 7, 9, 28, 31], agents
take turns to make decisions, and each agent sees a private signal
with uncertainty as well as the previous agent’s decisions. One
major concern in this setting is herding or information cascades:
with a constant probability, a few early agents make the wrong
decision and subsequent agents ignore their own private signals,
conforming to the actions of the agents they observe. This results
in the majority of the network converging to the wrong value, even
with perfectly rational Bayesian agents.

In this work, we consider sequential learning on a social network,
following the model adopted in a few recent papers [4, 5, 19, 29].
A set of agents make predictions sequentially about an underly-
ing binary ground truth. Each agent uses Bayesian inference to
compute the truth value with maximum likelihood, using their
independent bounded private signal as well as their neighbor’s pre-
dictions to construct their own belief. Recent work on this model
demonstrates that the quality of information spread throughout a
network is dependent on both its graph structure and the order in
which individuals act. The ideal learning outcome is characterized
by the notion of asymptotic learning, in which all but o(n) agents in
anetwork of size n correctly learn the ground truth with probability
approaching 1 as n goes to infinity. However, the precise relation-
ship between graph topology/decision ordering and whether a
network is capable of learning asymptotically still remains elusive.

Of particular interest are networks that achieve asymptotic learn-
ing when the decision ordering is chosen uniformly at random. In
practice, imposing a carefully crafted ordering on a network can
be challenging when there is no global coordination. On the other
hand, random orderings result in the “average case" or expected be-
havior, allowing us to isolate the role of topology in social learning.

Due to the inherent difficulty of preserving key graph structures
under random orderings, networks that learn under random order-
ings are more difficult to design. In the literature, only two instances
of network learning under random orders have been identified: the
“celebrity network” in [5], and symmetric expander graphs satisfy-
ing the “local learning requirement” in [4]. Both networks seem
to possess graph properties robust to adversarial deletion: [4] ex-
plicitly shows the existence of a network obtaining random-order
learning, even after the removal of all but an arbitrary constant
fraction of the network.

In this paper, we focus on characterizing and enabling asymp-
totic learning with random ordering. We characterize the robust-
ness properties of random-order learning networks to adversarial
modifications. Furthermore, we offer constructions for networks
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achieving random-order learning through different means, and pro-
vide an algorithmic approach to enable arbitrary networks to learn
using a small number of modifications.

1.1 Our Contributions

To motivate our exposition into random-order learning networks,
we first show that strategic-order learning can be quite fragile. We
exhibit a graph family that achieves asymptotic learning under a
strategic ordering only when the uncertainty of the agent’s private
signals is in a specified range. This demonstrates the lack of stability
in networks that rely on such strategic orderings, as discussed in
[19] and [29]. In contrast, we show that asymptotic learning under
random ordering is robust to a constant number of adversarial
modifications, generalizing the robustness properties discussed in
[4] to arbitrary random-order learning networks. Namely, a random-
order learning network with learning rate 1 — ¢ is robust to 0(1/¢)
many modifications. This bound is nearly tight in the worst-case, as
removing ©(1/¢) many vertices from a learning celebrity network
can result in a non-learning network.

Motivated by these robustness properties, we provide construc-
tions for networks that support random-order learning. We start
with the classic example of a complete network that suffers from
an information cascade [6]. We first show that any learning net-
work must have an independent set of size w(1), a property that a
complete graph does not have. Surprisingly, by introducing a su-
perconstant number of “guinea pigs” (degree one vertices), we find
that a complete network can be “boosted” to achieve random-order
asymptotic learning. This boosting approach is not limited to just
guinea pigs: any graph structure capable of achieving asymptotic
learning under a strategic order can be embedded to enable the
complete graph to enable random-order learning.

As these constructions are specific to the complete graph, one
may wonder how to boost an arbitrary network family to achieve
random-order learning using a minimum number of edge/vertex
modifications. We devise a randomized algorithm that achieves
this by greedily boosting vertices with high coverage of other non-
learning vertices. Our approach is closely related to the influence
maximization framework introduced in [18], and more broadly
submodular maximization [25, 32], which we use to show that
our algorithm is a O(g(n) log n)-approximation of the minimum
number of edge modifications needed to achieve random-order
learning, for any superconstant function g(n) = w(1).

Our algorithm, however, assumes the existence of an efficient
“learning oracle” which determines whether a vertex achieves a
high learning rate. The construction of such an oracle appears to be
related to many other learning problems that are computationally
hard. We conjecture the hardness of computing such an oracle for
general graphs. Meanwhile, we give a deterministic local linear-time
heuristic to check whether a vertex achieves asymptotic learning.

We leave the proofs of many of our results to the Appendix,
which can be found in the full version [13].

1.2 Related Work

There is a large variation in model and parameter choices within
social learning. We focus on the settings closest to ours, and refer
the readers to some surveys in the field [2, 12, 20, 23].
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Enabling Social Learning: To avoid herding in sequential learning,
previous work suggests limiting social interactions, for example, re-
moving the visibility between agents early in the sequence [26, 27],
or introducing a stochastic social network among the agents [1].
A recent work also studied the timing effects of strategic behav-
iors of agents to delay actions [15]. When the private signals are
unbounded (i.e., with probability arbitrarily close to 1), asymptotic
learning occurs almost certainly [14, 28].

Sequential vs. Repeated learning: We study sequential learning
where each agent makes one prediction following a linear order. In
the repeated learning setting, agents broadcast a binary decision at
every new time step ¢ [21, 22]. For Bayesian agents with repeated
learning, asymptotic truth learning is achieved if the graph is undi-
rected and the distribution of private beliefs is not atomic! [22], or
if agents repeatedly share with others their current beliefs [23].

Hardness of Bayesian Learning: It is well known that general
Bayesian belief inference is difficult [10]. In the repeated social
learning setting, it has been shown that computing the optimal
decision is NP-hard even at ¢t = 2 [17]. Generally, inferring the most
likely ground truth value is PSPACE-hard [16]. In the sequential
setting, determining whether a particular network can obtain a high
learning rate under some strategic ordering is also NP-hard [29].

Influence Maximization: Our algorithm for enabling random-
order learning relies on identifying a set of highly influential agents,
a problem dating back to [11]. Prior work has established approx-
imation algorithms for maximizing the expected influence under
various diffusion models [8, 18]. Notably, so long as the influence
objective is submodular, one can immediately obtain strong approx-
imation guarantees [25, 32].

Robustness of Social Learning: The existing literature predomi-
nantly analyzes the robustness of social learning in light of faulty
or misguided decision-making rules. For example, Bohren [3] con-
siders a setting where some agents blindly predict based on their
private signal and shows that significantly over-/underestimating
the proportion of uninformed agents leads to undesirable behavior.
Mueller-Frank [24] concerns the repeated learning setting, noting
that the standard weighted average (DeGroot) decision model is
not robust to arbitrarily small adjustments made to a single agent
at each iteration. In the sequential learning setting, Arieli et. al [4]
observed that networks learning under random orderings are ro-
bust to random vertex deletions, showing that robustness against
random vertex deletions is embedded in the definition of uniform
random orderings.

2 SETTING

We define a network F to be an infinite family of undirected graphs
with unbounded order sup; #|V(G)| = co. For ease of notation,
throughout this paper we describe networks as sequences ¥ =
{Gn}nen of undirected graphs G, = (Vy,, Ep) where |V;,| = n. Each
graph Gy, represents n agents with perfect knowledge of the entire
graph topology. Each graph is equipped with a decision ordering
(equivalently, permutation) o, : [n] — [n], where o, is a bijection
mapping each agent to a unique index. We distinguish between
the strategic ordering setting, in which one may carefully choose

!Note that a binary Bernoulli distribution for private signal as in our setting is not
non-atomic.
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the agent’s ordering for any graph G, and the random ordering
setting, in which oy, is chosen uniformly at random from the n!
possibilities. In either case, the decision ordering is known by all
agents in advance.

Each agent seeks to learn the ground truth signal 8 € {0, 1},
where Pr(0 = 0) = Pr(6 = 1) = % Each agent is given a ran-
dom private signal p, € {0, 1}, representing an independent noisy
measurement of the ground truth. The agent’s private signals are
correlated with 6 with a common probability g > 1/2.

As per the decision ordering oy, agents will go in sequence to
make their predictions. For any agent v, let N(v) denote the set of
neighbors of v in a graph. In sequential learning on a graph G, v
can see the actions of their neighbors arriving before them in the
ordering, namely in the set Ny (v) = {u € V;; : (u,0) € Ep,0(u) <
0(v)}. Each agent v then announces a prediction a, € {0, 1} visible
only to its neighbors succeeding it in the ordering. The ordering o
induces an acyclic directed graph G which orients each edgein G
to point from the lower index to the higher index in 0. An agent v’s
subnetwork B(v) is defined on the set of all u € G for which a u-o
directed path exists in G. Such vertices are called the ancestors of v.
Informally, it is the set of all agents that may ultimately influence
v’s belief and action.

Following the literature in social learning [6], we assume all
agents are perfectly Bayesian, and will predict the most probable
ground truth value given their knowledge of G, o, g, their private
noisy signal, and the predictions of their neighbors arriving before
them. For simplicity, if an agent finds that it is equally likely for
0 = 0 or 1, the agent will side with their own private signal, although
our results generalize to arbitrary tie-breaking rules.

For each agent v € V, its learning rate {5(v) = £5(v, q) given
a fixed ordering o is the probability that v correctly predicts the
ground truth: £5(v) = Pr(a, = 0). The learning rate of a graph
G = {V, E} paired with a fixed ordering o is the expected fraction
of agents predicting the ground truth correctly, i.e.

Lo(G) = = 3 £ o)
|V| veV

Similarly, we define the random-order learning rate of an agent v
tobe £(v) = E4[£5(v)], averaging the learning rate over all possible
orderings o weighted uniformly. Denote by S, the set of all possible
permutations of [n]. For an event A C S, dependent only on the
random ordering of the vertices, the random-order learning rate
conditioned on A is denoted as £(v | A) = Pr(ay, = 6 | o € A). The
random-order learning rate of a graph G is the expected fraction
of agents predicting the ground truth given a decision ordering
selected uniformly at random, or

L(6) = ElLs(G)] = iz ) ).
veV

The learning rate of a network ¥ = {Gn},en is the asymp-
totic learning rate of its graph family, or lim,— 0 L(Gp). We say
that a network obtains random-order asymptotic truth learning if
L(Gp) — lasn — oco. When ¥ is equipped with a sequence of
fixed orderings {0, }, we say the network achieves strategic order
learning if limp, 00 L, (Gr) = 1. We will abbreviate random order
(resp. strategic order) asymptotic truth learning as simply random-
order (resp. strategic order) learning, or even just “learning”. An
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agent v with learning rate approaching 1 as n goes to infinity learns
or achieves learning.

We now describe a generalized improvement principle, which
extends upon Proposition 1 in [19]:

PROPOSITION 2.1 (GENERALIZED IMPROVEMENT PRINCIPLE). Given
a graph G = {V,E} and a particular vertexv € V, consider a sub-
graph G’ = {V,E'} of G such that E' C E, and for all u,w # v,
(u,w) € E = (u,w) € E’. Then for any fixed ordering o, the
learning rate of v in graph G, denoted by {5 (v), is at least that of
the learning rate of v in G’ denoted by €/, (v). Further, under random
orderings £(v) > ¢’ (v).

In essence, the generalized improvement principle ensures that
each agent does at least as well as if it could only see a subset of its
neighbors. This is true due to the rationality (Bayesian inference) of
each agent, along with their knowledge of the graph G and ordering
0. As a corollary, one can see that each agent learns at least as well
as its neighbors before it in the decision ordering; inductively, this
implies that each agent does at least as well as all previous agents
in its subnetwork.

Next, we establish a general property of random-order learning
in a network, which holds independently of the decision rules.

LEMMA 2.2. For a vertex v in G with a random learning rate at
least £(v) > 1—¢, and an event A C S, which occurs with probability
Pr(A) = % on uniform random orderings, the learning rate of v
conditioned on A is bounded by

€
tw|A)>21-——.
(v]A) Pr(d)

Finally, we note that any vertex with many learning neighbors

itself must achieve learning.

LEMMA 2.3. For any network & = {Gp}nen and vertexov = {vy, :
up € Gp,n € N}, ifv hasd = w(1) neighbors that achieve learning,
then v itself also achieves learning.

One may expect that as long as the random ordering places v
after one of its d learning neighbors, it too will learn. However,
each neighbor has a lower learning rate conditioned on being early
in the ordering, as, in expectation, they have less information to
inform their beliefs (see Lemma 3.2). If v arrives too early, none of its
neighbors before it may be in a position that enables learning. The
decline in learning rate conditioned on being early in an ordering
is a recurring obstacle throughout our analyses.

REMARK. Many of our results invoke asymptotic notation despite
referencing a single instance of a graph or vertex, which is done for
brevity, as these results generalize to arbitrary values of n. When
discussing guarantees related to asymptotic learning as in Lemma 2.3,
we will clarify our results by referencing infinite families/sequences
rather than fixed instances.

3 ROBUSTNESS IN NETWORK LEARNING
3.1 Fragility of Strategic-Order Learning

To motivate our exposition into random-order learning networks,
we first highlight the fragility of social learning under strategic
orderings. Prior work (e.g., [19]) studied a myriad of networks that
learn under strategic orderings. This type of learning is heavily
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Figure 1: A network that obtains learning for g < go but not
for g > qo, for some qo € [% 1]. The edges in the graph are
oriented to indicate the direction of information flow.

dependent on the strategic ordering, yet even so, it can be fragile
to other network parameters. Here, we introduce a network fam-
ily that learns conditionally depending on g (the probability that
private signals are correct), even after fixing the underlying graph
topology and the strategic ordering on the vertices.

Our construction is shown in Figure 1, in which there is a spe-
cial vertex v with four neighbors arriving before it, and a set of k
neighbors {w;} arriving after it. Each w; also has an independent
neighbor that arrives before it. All the agents {w;} feed their pre-
dictions into a common neighbor ug arriving later. We let k = logn,
though any superconstant value of k suffices. All remaining vertices
are arranged in a chain following the vertex ug.

In essence, the ability of the network to learn depends solely on
whether ug is a learner. If uy could observe all (or even a constant
fraction) of the independent private signals from the agents {w;},
it would be able to correctly determine the ground truth with high
probability by a simple Chernoff bound. However, all agents w;
observe the action of v. For ¢ > ¢o for some gy ~ 0.7887, each w;
will default to the action of v, whereas for ¢ < qo, each w; will act
on its independent private signal with a constant probability. In the
former case, all w;’s will simply regurgitate the action of v, which
uo will also adopt. But as v is not a learner, neither is ug. In the
latter case, ug receives enough private signals to learn with high
probability.

PrROPOSITION 3.1. There exists a strategic-order network F that
obtains asymptotic learning for q < qo and does not learn for q > qo,
for some fixed threshold qq.

This example is rather counter-intuitive in that the network stops
learning when the quality of private signals improves. However, this
is not universal: a similar construction of a network that only learns
for high values of g can be found in the full version of this paper. It
can be seen that a small modification to the network, e.g., inserting
or removing one of the early-arriving neighbors of v, can influence
the entire network’s learning behavior via a similar analysis.
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A fundamental strength of random-order learning networks is
the ability to learn almost independently of the decision ordering
imposed on it. Such networks are able to learn seemingly due to
inherent properties of the underlying topology. A natural question
is whether such properties can be broken via minor perturbations
to the network structure. In the next section, we investigate the
robustness of random-order learning networks against adversarial
edge/vertex modifications.

3.2 Robustness of Random-Order Learning

In this section, we argue that a network’s robustness to edge/vertex
insertion/deletions can be made explicit in terms of its random-
order learning rate. We start with a rather intuitive observation:
conditioned on being early in the decision ordering, an agent does
worse than when conditioned on being later in the ordering. This
can be attributed to the generalized improvement principle, as an
agent arriving early and only seeing a few of its neighbors will be
less informed than an agent arriving later and seeing more of its

neighbors.

LEmMMA 3.2 (MONOTONICITY). Given a graphG, fix an agentv € G.
For all i € [n], let A; be the event that v is at index i, or o(v) = i.
ThenPr(a, = 0 | A;j)) < Pr(ay =60 | Ajy1) forall1 <i<n-1.

Using monotonicity, we demonstrate that the random-order
learning error of a graph only increases linearly in the number
of modifications. The proof relies on the probability of any given
agent arriving earlier in the random ordering before any of the
vertex modifications.

THEOREM 3.3. Given a graph G and a vertexv € G with random-
order learning rate 1 — ¢, after k vertex deletions, v obtains a learning
rate at least 1 — (k + 1)e.

ProOF. Let D be the set of k deleted vertices, and let G’ be the
graph obtained by deleting D from G. For n = |G|, the size of G’ is
n — k. Consider the probability distribution P, of orderings on G’,
obtained by first uniformly at random picking an ordering o of G
such that o precedes all w € D, and then removing all the w € D to
obtain an ordering ¢’ on G’. We use £(v | Py) to denote the learning
rate of v € G’ under this distribution of orderings. Furthermore,
let A, denote the event that v precedes all vertices w € D in the
original graph G.

The probability Pr(A,) under a uniformly random ordering of
vertices in G is ﬁ so by Lemma 2.2 we have

t(v]Ay) 21— (k+1)e.

For any ordering o such that A, occurs, we can trivially remove all
vertices in D to obtain an ordering ¢’ of G’. The learning rate of
v under o and o’ is the same, since v is not affected by any vertex
that arrives after it. Therefore,

00 | Py) = (v ]| Ap) > 1— (k +1)e.

Now observe that in the distribution Py, the probability that v is
found at index i is

Pr(o(i) =v |Po) = )
k+1



Research Paper Track

and for the orderings such that o(i) = v, all other vertices are
uniformly random in the remaining indices. Importantly, note that
Pr(o(i) = v | Py) is monotonically decreasing in i. Thus by Lemma
3.2, the learning rate of v in G’ is

1 n—k n—k
[(u)szf(Mcf(i):U) >
i=1 i=1

=00 |Py) 21— (k+1)¢

) 4
t(v] o(i) =0)
1)

("
P

as desired. O

The same approach works to prove the following analogous
statements on other modifications.

COROLLARY 3.3.1. Given a graph G and a vertex v € G with
random-order learning rate 1 — ¢, after k vertex insertions, v obtains
learning rate at least 1 — (k + 1)¢.

COROLLARY 3.3.2. Given a graph G and a vertexv € G with
random-order learning rate 1 — ¢, after k edge deletions or insertions,
v obtains learning rate at least 1 — @s.

In this context, we note that a vertex insertion allows for the
addition of an arbitrary set of edges from the new vertex to any
existing vertices in the graph. Thus, we find that networks achiev-
ing random asymptotic learning are robust against a number of
modifications dependent on the learning rate of the network:

THEOREM 3.4. Given a network & with random-order asymptotic
learning rate 1 — ¢, define the network ¥’ where each G}, € " is
obtained from some Gy, € F after at most k modifications, which
may be vertex insertions/deletions or edge insertions/deletions. Then,
F” obtains random-order learning rate at least 1 — (k+1)¢. Ife = 0(1)
and k = o(1/¢), then ¥’ achieves asymptotic learning.

We observe that for general random-order learning networks,
this bound is nearly tight. As an example, consider the celebrity
network [5], which consists of complete bipartite graphs K,,_j
with k = o(n) and k = w(1).2 The larger partition of n — k vertices
can be thought of as “commoners", while the smaller partition
of k vertices represents “celebrities". In a given random ordering,
with high probability, the first celebrity in the ordering observes
the independent signals of many commoners. Upon aggregating
this information into a single high-quality signal, the celebrity can
disseminate it to the rest of the network. When k = Q(log n), the
learning rate of the celebrity network is at most 1 — ©(1/k), as
at least ©®(n/k) commoners arrive before the first celebrity with
probability 1 — 0(1). Then, for ¢ = ©(1/k), one may adversarially
delete the k = Q(1/¢) celebrities from the network, leaving n — k
lone vertices, which do not obtain asymptotic learning.

4 CONSTRUCTING ROBUST NETWORKS
4.1 Boosting a Complete Network

When given a network that does not support random-order learn-
ing, a natural engineering question is to ask how to achieve learning
with minimal modifications, especially given the robustness guaran-
tees proven in Section 3.2. Prior to this work, the understanding of
2When k = Q(n) or O(1), a poorly informed herd occurs with a constant probability.

For example, when k = Q(n), with a constant probability, the first celebrity sees only
a constant number of commoners, so its probability of failure is at least a constant.
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k celebrities

ONONG)
ONOHORORONS

n — k commoners

Figure 2: The celebrity graph as described in [5]

networks obtaining random-order learning has been quite limited,
both in terms of necessary/sufficient properties and tangible exam-
ples of graph families. We first note a key necessary property of
random-order learning networks, relying on a simple observation
of Bayesian learning: the strength of a signal is dependent on the
number of independent private signals backing it. It is known that
each decision is a deterministic function of the announced private
signals before it (see Lemma 4 in Appendix B of [19]). Then, for
any agent v learning under random orderings, it is necessary that,
with probability approaching 1, a superconstant number of agents
preceding v act according to their own private signals. Conversely,
if there is a constant probability that v’s subnetwork contains only
O(1) ancestors acting on their own private signals, with constant
probability all of those ancestors receive incorrect private signals,
implying that v has a learning rate bounded away from 1. We relate
the number of agents predicting their own private signal to the size
of the maximum independent set, and formalize a network-wide
property in Proposition 4.1.

PROPOSITION 4.1. Any network ¥ obtaining random-order learn-
ing must have maximum independent set size w(1).

Now, we introduce a new type of graph family obtaining asymp-
totic truth learning under random orderings that relies primarily on
constant-degree vertices. We contrast this with the celebrity graph,
in which all agents learn with high probability: there are no pe-
ripheral agents that do not learn yet still contribute significantly to
the underlying learning scheme. In our construction, the constant-
degree vertices do not learn themselves, but serve as guinea pigs
for a select number of special vertices that propagate the signal to
the rest of the network. Ignoring the constant-degree vertices, the
rest of the network forms a complete graph, which is known not to
achieve learning [6].

PROPOSITION 4.2. There exists a network ¥ obtaining random-
order learning that no longer achieves learning when all vertices of
degree 1 are removed from each graph G, € F.

An instance of such a network is shown in Figure 3a. In essence,
g(n) special vertices in the complete graph K, are each equipped
with h(n) guinea pigs with degree 1, where g(n), h(n) = w(1) and
g(n) - h(n) = o(n) so the number of added vertices is a negligible
fraction of the entire network. With probability approaching 1, each
special vertex sees Q(h(n)) of its guinea pigs, which all give their
own private signals. By a Chernoff bound, we may deduce that each
special vertex learns, and so by Lemma 2.3, the entire graph K,
achieves learning.

Despite the complete graph having poor learning capabilities
on its own, Proposition 4.2 implies that it can achieve learning
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(2)

(b)

Figure 3: (a): By equipping a small number of vertices in a
K, graph with many guinea pigs, the entire network can
be boosted to achieve learning. (b): Example of K, being
boosted by v/n complete binary trees of size log log n to achieve
random-order asymptotic learning.

upon “boosting” a small number of its vertices. One may note that
equipping a vertex with a superconstant number of guinea pigs
is not the only way to boost a vertex to achieve a high learning
rate. Indeed, we show that any construction permitting a vertex to
achieve high learning rates under fixed orderings can be embedded
into a K, network to boost the network at large. One example of
this using complete binary trees is shown in Figure 3b.

Formally, suppose we are given a network ¥’ = {G},} equipped
with strategic orderings {o,} such that for all k > 1, imposing
the ordering oy = {v1,02,---,0;} on GI'C permits v to learn, i.e.
o (vr) = 1 —0(1). Now, for sufficiently large n, let k = loglogn.
We begin with the complete graph Ky, and pick /n distinct vertices,

denoted S = {U](ci) : i € [y/n]}. For each vertex v](ci)

of G,’C \ o so the induced graph on {G]'C \ ot U v](ci) = G,’(. For
m = n+ yn(loglogn — 1), we set Gy, to be the final result, and
allow F = {G;;} to be our final network.

, attach a copy

PROPOSITION 4.3 (EMBEDDING ARBITRARY LEARNING STRUCTURES
INTO RANDOM-ORDER LEARNING NETWORKS). Given any network
F' = {G,} with strategic orderings {o,} for which there exists
v = {vn : vy € G} obtaining asymptotic learning, the construc-
tion described above yields a network ¥ that achieves random-order
asymptotic learning.

To summarize the proof idea, the probability over the random
ordering that the agents in any GI'C copy are ordered identically to
the sequence given by oy, is
1 1 1
j— Z _— >
k! (loglog n)loglogn nd

for any 6 > 0. For any copy of the graph G, for which this occurs,

the corresponding 'Y achieves learning by Proposition 2.1, i.e., its
learning rate is at least that if it could only see its neighbors in the
copy of Gllc' As the copies of G;c are disjoint, we conclude that each
v](ci) has a probability > 1/n% of achieving learning. There are yn
disjoint copies of v](ci) , so we expect many to achieve learning.
The key technical challenge arises from the fact that the earlier

copies of U](Ci) have an exponentially lower probability of learning,
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as necessarily all other vertices in its corresponding GI’C copy must
appear before it. To circumvent this, we condition on the number of
graphs whose entire vertex set appears before an index j = n/w(1)
for some small superconstant denominator. Since the internal order-
ing of each graph copy is independent, we proceed as above to show
](cl) before index j achieves learning. Thus,
each vertex u after index j learns with probability approaching 1,
and as each agent’s learning rate monotonically increases in its
index, u achieves learning in aggregate.

We find this result rather surprising, as the inherent difficulty
of preserving key graph properties under random orderings would
suggest that complex structures such as binary trees cannot induce
random-order learning. Notably, each boosted vertex v; has a low
probability of learning on its own, but it is almost guaranteed that
in aggregate, at least one v; learns.

that at least one vertex v

4.2 Algorithmically Boosting Networks

We now discuss how to enable networks to achieve random-order
learning while minimizing the number of modifications (limited
to edge insertions/deletions and vertex insertions),3 which can be
thought of as a generalization of the boosting approach depicted in
Fig. 3a. Our algorithm runs in polynomial time, taking a fixed graph
as input. To obtain the asymptotic guarantees for an entire network,
one would need to execute our algorithm on each G, € F.

A key assumption we make is that the algorithm has access to a
learning oracle that can determine whether the learning rate of a
vertex is above a certain threshold or not.

DEFINITION 4.1. Let f(v,t) : V x (0,1) — {0,1} be an oracle
that outputs 1 if v learns at rate > t under random orderings, and 0
otherwise.

To the best of our knowledge, it is unclear whether such a func-
tion can be computed efficiently. We discuss a useful heuristic to
simulate a learning oracle in Section 4.3.

When modifying a graph, the number of new vertices should be
sublinear in the number of vertices in the original graph so as not
to overrule the existing network. However, the number of vertices
requiring boosting can be as large as Q(n), as is the case in a sparse
graph with constant average degree. To resolve this imbalance, we
replicate the structure of the celebrity graph by connecting each
non-learner with a small but superconstant number of learning
vertices. This subroutine is described in BoostAgents.

Procedure 1 BoostAgents (G, S, k)

Construct T = {z11, ..., zgg } U {w1, ..
Add edges (zjj, w;) forall i, j € [k]
For eachv € Sand i € [k], add edge (w;,v)

S WE )

As depicted in Figure 4, we introduce a set of k “celebrities” {w;},
each equipped with k independent guinea pigs to guarantee that
their learning rate is high. By Lemma 2.3, the added celebrities are
capable of boosting the learning quality of the set S.

30ur analysis excludes vertex deletions, as events on the induced subgraph of the
original vertices may change non-uniformly under deletions.
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Figure 4: BoostAgents boosts the vertices S C V by connecting
them to an added set of celebrities {wy,- -, wr}.

Craim 4.4. Suppose k = w(1). After BoostAgents on a set Sy, C Vp,
asn — oo, eachv € Sy achieves random-order asymptotic truth
learning.

The number of vertices added by BoostAgents is k2 + k = w(1).
As k can be any arbitrary slow-growing function of n, the number of
new vertices can be made to be within the optimum by an additive
value that is slightly superconstant. However, the number of edges
added is |S|k + k%. While the additive term k? is small, |S| may be
as large as Q(n). Our goal is thus to S that is of near-optimal size,
or within the optimum by a small multiplicative factor.

To lower-bound the number of modifications necessary for a
non-learning network to achieve learning, we note that the set of
modified vertices must be able to reach almost all non-learners with
constant probability. It turns out that calling BoostAgents on a set
of vertices maximizing coverage of non-learners is an appropriate
method to enhance the learning rate of a network. We prove this
in Lemma 4.5, where we argue that any non-learner reachable by
many boosted vertices will also receive the effects of boosting.

LEMMA 4.5. Fora setS C V on which BoostAgents has been called,
suppose that each u € S has been equipped with 1/e = w(1) many
guinea pigs. Then any vertex v that is reachable from S w.p. > 1 -9
has learning rate at least 1 — 8 — 2\/81e. In particular, the probability v
is reachable by someu € S for which o(u) > nea is at least 1 -6 — ae,
foranya =w(l),a = o(%).

The key challenge to proving Lemma 4.5 is, again, monotonicity.
We would like to boost vertices with high coverage, but coverage
increases the earlier a vertex is in the ordering. A reasonable worry
is that our algorithm will choose to boost vertices that only have
high coverage when placed earlier than any of the celebrities added
by BoostAgents, thereby avoiding the effects of boosting. Fortu-
nately, we show this is impossible in the second half of Lemma 4.5,
which states that moving a vertex earlier by en indices can only
decrease the probability it reaches some other vertex by at most .
Thus, having high coverage conditioned on being before all added
celebrities implies high coverage more broadly.

Using Lemma 4.5, Lemma 4.6 follows immediately, suggesting
that the minimum number of modifications needed through boost-
ing alone, denoted My, (k, n), is within an arbitrarily slow-growing
factor of the true optimum M. As networks achieving asymptotic
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learning may leave o(n) vertices uncovered, the exact optimum for
our purposes may not be well defined. For precision, we fix a toler-
ance parameter T := T(n) = o(n) and mandate that in expectation
over the random ordering, at most T vertices are unaffected by the
modifications. All our bounds hold for any threshold T.

LEMMA 4.6. Given a network & = {Gp }p, consider any M := M(n)
such that it is possible for  to obtain random-order learning by per-
forming at most M(n) vertex insertions or edge insertions/deletions
to each G, where in expectation at most T := T(n) non-learning
vertices are unaffected by the modifications. Then there exists some
Mg = Mg(k,n) such that Mg < O(k)M + 2k? and it is possi-
ble to achieve random-order learning by adding at most Mp(k, n)
edges/vertices to each Gp, solely through calls to BoostAgents(G, S, k),
with at most T unaffected vertices in expectation.

It remains to develop an algorithm to find a set S that maximizes
its coverage. We leverage results from optimization problems with
submodular functions [18, 25, 32]. Notably, fixing the size of the
set |S| = m, the maximum coverage by the best m-element set
can be approximated within a constant factor by simply greedily
picking the agent with the largest marginal coverage increase at
each iteration. Equivalently, fixing some target number of non-
learners to be covered, the number of vertices to be boosted, chosen
by the greedy approach is at most a O(log n) factor greater than
the optimum. Our full algorithm is presented in Algorithm 1.

We first show that coverage as a function of a set S is submodular.
Let V' C V be the set of non-learners in G, and C(S) denote the
number of agents in V’ reachable from S under ordering o. Then,
C= % Yo Co(S) is the expected number of agents reachable from
S under a uniformly random ordering.

DEFINITION 4.2. [18] Given some domain space U, a submodular
function f : 2U — R satisfies

FSU{x}) = f(S) 2 f(TU{x}) - f(T)
forallSCTCUandxeU.

Cramm 4.7. Forany V' C V, C : 2V S5 R defined above is
nonnegative, monotone, & submodular.

While computing C(S) exactly is not computationally feasi-
ble, we may estimate it using Monte Carlo sampling to obtain
C(S) = % Zfil Cgs,(S), for orderings a1, . . ., oy sampled indepen-
dently and uniformly at random. For a sufficiently large N, C(S)
can be made within a negligible additive error of C(S) at all times.
Our approach is the following: starting with S = 0, we iteratively
compute the vertex v maximizing C(S U {v}), adding it to S. We do
this until the number of non-learners is less than T, at which point
we boost S and terminate. Using classic results from the submodular
optimization literature, we may show that our randomized greedy
algorithm obtains a O(log n)-approximation.

LEmMMA 4.8. Let ALG := ALG(k, n) be the number of edges added
by Algorithm 1. Then for any k < logn and M := M(n) as defined
in Lemma 4.6, ALG < O(klogn) - M with probability at least 1 — %

The runtime of Algorithm 1 is polynomial, and by Lemma 4.5
the modified network will obtain learning. Taking k = g(n) for any
g(n) = w(1), we obtain Theorem 4.9.
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Algorithm 1 BoostGraph-MonteCarlo(k)

. S 0,¢e= #,5: #,N:%ln%
: Using a learning oracle, determine the set of non-learners V’
while C(S) < |V'| - T do

Sample orderings o1, . . ., o uniformly at random

For each v € V’, compute

EANEE - N

N
CSU(D = 1 Ca(SU (o)
i=1

Let 0™ = arg max,cy- C(SU {ov})
Set S «— SU {v}

end while

: Run BoosTAGENTS(G, S, k)

THEOREM 4.9. For any k = w(1), T = o(n), and network ¥ =
{Gn}, Algorithm 1 runs in polynomial time to modify each graph in
to achieve random-order learning where with probability > 1 — # at
most T agents are unaffected in expectation. Furthermore, the number
of modifications made O(g(n) log n)-approximates the optimum, for
any function g(n) = w(1).

4.3 Efficiently Identifying Learning Vertices

We conjecture that it is NP-hard to compute, or even reasonably
approximate, the output of any random-order learning oracle as
defined in Definition 4.1. Even under a fixed ordering, comput-
ing the learning rate of a given vertex is difficult. In the repeated
learning setting, in which agents have multiple attempts to predict
the ground truth value, [17] gives an exponential time algorithm
to simulate the decision of any agent, and proves NP-hardness of
computing any individual agent’s decision when the private signals
may be asymmetrically assigned (i.e. Pr(a, = 1] 6 = 0) # Pr(a, =
1| 6 = 1)). Although their results are intended for the repeated
learning setting, they are directly applicable to a graph coupled
with a strategic ordering in the sequential setting. The random
ordering adds an additional layer of complexity.

CONJECTURE 4.10. For general graphs G,v € V, andt € [0,1],
computing the output of a learning oracle f (v, t) is NP-hard.

We observe that one may instead identify simple local structures
that permit learning for particular vertices. Heuristically, many
learning networks rely on agents that learn due to a specific graph
structure independent of the rest of the network, which we refer
to as “first learners". For random-order learning, one indicator of
whether a vertex is a first learner with high probability over the
ordering is the number of independent neighbors it has. For exam-
ple, any vertex boosted by BoostAgents becomes a first learner as
it observes many independent private signals from its neighbors.

We describe a simple deterministic method to check if a vertex is
afirst learner. In particular, one may simply compute >}, ¢ N (g,,) Fl(u)
in O(deg(v)) = O(n) time. In essence, this tests whether an agent
can directly see many independent signals from its neighbors.

CrLaM 4.11. Foro = {vy, : vy € Gy}, if

2,

ueN (v)

1
acgwy ~
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then v learns under random orderings.

The key insight is that for any v € G, the expected number of
neighbors arriving first within their own neighborhood under o
is YueN(o) ng(u) = O(ZueN(ov) m).‘l Each such vertex is
forced to predict its own private signal. If v can see the private
signals of a superconstant number of neighbors, it will be able to
learn with probability approaching 1.

We observe that a graph may learn despite no agent having a
high probability of being a first learner. The construction in Propo-
sition 4.3 shows that even arbitrarily complex structures with low
probabilities of staying intact under random orderings can be made
essential for a network’s learning. Under strategic orderings, there
exist networks capable of learning without a clear set of first learn-
ers, such as the butterfly graph described in [19]. Unlike the heuris-
tic in Claim 4.11, which can be efficiently used to test whether a
vertex is a first learner, it is unclear how one may feasibly determine
if a network learns via either of these alternative mechanisms.

5 CONCLUSION

In this work, we explored the structure of truth learning in so-
cial networks under uniformly random decision orderings. Our
results highlight the fragility of networks learning under strategic
orderings, while simultaneously proving the robustness of random-
order learning networks. We also characterized various structural
requirements, such as the necessity of large independent sets to
achieve learning, and introduced constructions which demonstrate
surprising capacity for learning under random orderings.

Our algorithm for transforming arbitrary networks into random-
order learning networks uses a greedy approach to pick agents in
the network to boost. With efficient access to an oracle that can
calculate random-order learning rates for any vertex, this algorithm
runs in polynomial time and succeeds with high probability. How-
ever [29] proves that the fixed-order learning decision problem is
NP-hard; we conjecture that a similar result holds for the random-
order learning rate of a network, but speculate that an approach
reducing from 3SAT as done in both [29], [10] is unlikely to work
due to their reliance on a strategic ordering.

Future work may explore the computational complexity of com-
puting and/or approximating learning rates, and the design of al-
ternative algorithms that do not rely on such oracles. One direction
may be to derive stronger relationships between a network’s learn-
ing rate and properties of its underlying graph topology. To this
end, it would be interesting to obtain stronger characterizations of
learning networks, especially stronger sufficiency conditions on a
network that would guarantee random-order asymptotic learning.
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4This value is closely related to the f-measure in directed social networks - see [30].
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