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ABSTRACT

This paper introduces a general multiagent matroid upgrading
problem that models a broad class of real-world resource allocation
tasks. In this setting, there are multiple agents and a ground set
of elements, where each element is assigned to a specific agent
and has two associated costs: a default cost and a reduced (up-
graded) cost. Upgrading an element lowers its cost to the upgraded
value, while non-upgraded elements retain their default costs. Each
agent is associated with its own matroid, with the goal of finding a
minimum-cost basis. The central task is to select at most k elements
to upgrade so as to minimize a non-decreasing convex function
over the agents’ minimum basis costs, capturing both efficiency
and fairness objectives in multiagent systems.

We show that the problem is polynomial-time solvable and that
an optimal solution can be obtained via a simple greedy algorithm.
Our analysis exploits the structural properties of matroids to estab-
lish the existence of optimal substructures, thereby ensuring that
greedy upgrading yields optimal outcomes. Building on this insight,
we can further extend our result to more general settings, such
as scenarios with interval fairness constraints, where the number
of elements upgraded for each agent is required to lie within a
specified interval.
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1 INTRODUCTION

The allocation of limited resources among multiple agents is a
fundamental problem in multi-agent systems, with applications
ranging from communication networks [1] and distributed com-
puting [15] to robotics [16] and transportation [14]. In such scenar-
ios, resources are typically scarce, and different agents may face
their own structural constraints on how resources can be utilized,
e.g., maintaining feasibility with respect to connectivity, capacity,
or diversity requirements [4]. At the same time, the system usu-
ally needs to consider both efficiency, which seeks to maximize
overall benefit, and fairness, which aims to balance the outcomes
among agents [11]. These challenges motivate the development of
models that integrate efficiency- and fairness-oriented objectives
with combinatorial constraints in a multi-agent resource allocation
framework.

In this paper, we study a general class of matroid upgrading prob-
lems in multiagent systems, which captures a variety of applications
such as network upgrading and neural network compression. In
the model, there is a ground set of elements E, where each element
e € E is associated with two non-negative costs: a default cost ¢(e)
and an upgraded cost ¢(e), with ¢(e) > ¢(e). Initially, each element
incurs its default cost. However, if selected for upgrading, its cost
is reduced to the upgraded value.

The elements are partitioned into n disjoint groups {E()} ic[n]»
with each group assigned to an agent. Each agent i € [n] is as-
sociated with a matroid! M® = (E®, 7)) and the objective is
to find a minimum-cost basis within the matroid. We can select a
subset S C E of at most k elements to upgrade, with the objective
of minimizing ;¢ Fi (55(M<i))), where 8s(M ) denotes the
minimum cost of a basis in M) given that only elements in S are
upgraded, and each F; is a non-decreasing convex function. For-
mally, the multiagent matroid upgrading problem (MMUP) can be

A matroid is a set system (E, ) with 7 C 2F such that (i) 0 € T; (ii) for each
S € 7, all S’s subsets are also in 7; (i) If A, B € I with |A| < |B|,then 3e € B\ A
suchthat {e} UA € 7.
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written as:
: _ M)
a3 A ()
Ss(MW) = min_ Z cs(e) Vie[n],

B,‘EB( ¢€B;

(MMUP)
s.t.

where 8() denotes the set of bases of matroid M?, and the cost
cs(e) is defined as cs(e) = é(e) if e € S, and cs(e) = ¢(e) otherwise.
We remark that the objective function captures a variety of aggre-
gation goals, such as the weighted sum of agents’ utilities when
overall efficiency is prioritized, or the £; norm of the utilities when
fairness across agents is the primary concern.

2 RELATED WORK

There are several other upgrade models studied in the literature. For
example, the scheduling with testing introduced by [8] is closely
related to the upgrading framework considered in this paper. Recent
works [2, 3, 9] further explore this model. Among them, the most
closely related is [7], which studies a single-machine scheduling
problem where each job has an upper and lower processing time,
and testing a job reveals its lower bound. This mirrors the upgrade
operation in our setting. The goal is to select at most k jobs to test
in order to minimize the total completion time. They present an
FPTAS for this problem. However, due to the different nature of
constraints, the techniques used in our work diverge substantially
from theirs.

Other related work focuses on optimization in network upgrades.
For instance, [5] investigates how to efficiently find alternative
edges when the cost of a network link changes, and [13] studies dy-
namic algorithms for maintaining a minimum spanning tree as the
graph evolves. Notably, these works are concerned with adapting
to changes in edge costs or network structure after upgrades have
occurred. In contrast, our model focuses on deciding which edges
to upgrade in order to optimize a global objective.

3 MAIN RESULTS

We formalize the multi-agent matroid upgrading problem (MMUP),
which integrates efficiency- and fairness-driven objectives with
combinatorial constraints arising from matroid structures. While
resource allocation in multi-agent systems is generally challenging,
we identify a structured subclass grounded in matroid theory that
admits efficient and provably optimal solutions via a simple greedy
approach.

MaIN THEOREM. Given any MMUP instance, there exists a general
greedy algorithm that computes an optimal solution in polynomial
time.

Our main contribution is a polynomial-time greedy algorithm
that solves MMUP optimally. The algorithm is natural and simple:
we begin by assuming that all elements are upgraded and compute
the minimum-cost basis for each agent. The union of all these
bases forms a candidate element set. Then, we iteratively select the
element from this candidate set that results in the largest decrease in
the leader’s objective and include it in the upgrade set, continuing
this process until k elements have been selected. Although the
algorithm is conceptually simple, proving its optimality is non-
trivial. The correctness relies on a crucial structured property of
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optimal solutions, which we refer to as the nestedness property.
This property ensures that for any optimal solution involving k — 1
upgrades, there always exists an optimal solution with k upgrades
that contains the former as a subset.

By leveraging the nestedness property, we further show that
our results extend to several more general settings. For instance,
the objective can be replaced with a minimax form to capture
worst-case efficiency among agents, i.e., maXe[,] Fi(8s(MDY),
Alternatively, one can incorporate recently popular interval fairness
constraints [6, 12] which require that the number of upgraded
elements for each follower must lie within a specified interval. We
prove that in both of these generalized models, the greedy algorithm
remains optimal.

Connection to Budget-Constrained MST. As a byproduct, we find
that our model captures the special case of the budget-constrained
minimum spanning tree (MST) problem with {0, 1} edge weights.
This classical problem aims to select a spanning tree of minimum
total cost subject to a weight budget constraint. It is known to be
NP-hard in general, and existing approaches are based on LP tech-
niques, including Lagrangian relaxation [17] and LP rounding [10].
In contrast, our algorithm is purely combinatorial and implies that
the {0, 1}-weight case can be solved in polynomial time. To the best
of our knowledge, this positive result was not known before.

4 CONCLUSION

In this paper, we introduce a general multiagent matroid upgrading
problem that models a wide range of practical network upgrading
scenarios. We prove that a simple greedy algorithm solves this prob-
lem optimally. Furthermore, our results extend naturally to more
general settings, including those incorporating fairness constraints.
Our work opens several directions for future research. For exam-
ple, it would be interesting to study a more general setting where the
upgrade quota varies for each element. Notably, this setting gener-
alizes the knapsack problem and is therefore NP-hard. Investigating
whether greedy algorithms can still provide strong approximation
guarantees in this context remains an interesting open problem.
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