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ABSTRACT

In approval elections, two candidates are called perfect clones if
they are approved by exactly the same set of voters. We propose a
general framework for studying approximations of this notion, and
demonstrate its power using two natural approximation measures
with various appealing axiomatic properties. For both of these mea-
sures, we consider two fundamental tasks: deciding whether a large
approximate clone set exists in a given election, and computing
a partition of the candidate set into approximate clone sets. We
show that both tasks are, in general, computationally intractable.
To have a better understanding of the boundary between tractable
and intractable instances, we analyze the parameterized complexity
of these problems with respect to several parameters, including
the number of voters and candidates, the approximation threshold,
the number and size of partition parts, and structural properties
of the instances, such as the number of approvals per voter or per
candidate. Finally, we explore how our approximation measures
behave in real-world approval elections.
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1 INTRODUCTION

We study the complexity of identifying clones in approval elections,
i.e., in elections where voters express preferences by indicating
which candidates they find sufficiently appealing and which ones
they don’t, i.e., a voter’s ballot contains the candidates they approve
of. By a clone—or, more precisely, a perfect clone set—we mean a set
of candidates that are approved by exactly the same voters [1, 8].
However, while identifying perfect clones in an election is easy—
indeed, given some candidate we can test which other ones are
approved by exactly the same voters—the notion is so demanding
that we hardly expect to see such perfect clones in elections (except
for those involving very few voters or being particular in some
other way. Consequently, it is far more interesting to seek approx-
imate clones, i.e., sets of candidates that are approved by similar
sets of voters. Our goal is to formalize the notion of approximate
clone sets and establish the complexity of (a) deciding if a given
election has an approximate clone of a given size and quality (i.e.,
a given level of proximity to being a perfect clone), and (b) decid-
ing if the candidates in a given election can be partitioned into a
given number of approximate clones of up to a given size and a
given quality. These two types of problems were introduced by
Faliszewski et al. [5]. See the recent work of Procaccia et al. [7] for
a discussion of approximate clones in the context of Al alignment,
and for an axiomatic and experimental analysis of approximate
clones in ordinal elections, see the paper of Delemazure [2].

Why Seek Approximate Clones? One of the main reasons why
seeking approximate clones is interesting is that knowing them
helps in understanding the structure of a given election (similar
arguments were put forward by, e.g., Janeczko et al. [6] and Fal-
iszewski et al. [5]). For example, in a participatory budgeting (PB)
election—where voters indicate which projects they would like to
see funded in their city—approximate clone sets may consist of
projects of similar type (e.g., building bike paths, funding festivals,
etc.), located in the same area (e.g., improving safety of a given
neighborhood, planting flowers in this neighborhood, providing
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classes for seniors in this neighborhood), or involving the same
demographic (e.g., building a playground, organizing an art festival
for children). After a PB election, a city might want to evaluate
what projects form approximate clone sets and, e.g., investigate if
many projects forming an approximate clone set are funded (under
commonly used PB voting rules, a well-organized group of voters
can obtain disproportionally large funding for their projects, and a
city might want to detect such cases) or if none of the projects from
a given approximate set are funded (this might suggest an active
group of citizens who, nonetheless, may need some support).

Another application of identifying partitions of candidates into
approximate clone sets stems from the fact that in approval elec-
tions candidates and voters are “symmetric.” In particular, given
an approval election with candidate set C and voter set V, we can
form a “transposed” election where voters become candidates and
are approved by those candidates for which they originally voted.
Now, an approximate clone set consists of those original voters that
expressed similar preferences. By finding a partition of voters into
approximate clone sets, we identify a hidden party-like structure
of the electorate. This is useful in a number of settings, ranging
from analyzing the Supreme Court of the US to considering self-
government of people in various housing estates (who, e.g., run
yes/no elections to decide what improvements to implement in
their buildings; concatenation of these yes/no elections gives an
approval election that we can analyze).

How to Define Approximate Clones? Given two candidates, a natu-
ral measure of their closeness to being perfect clones is the number
of voters that rank them differently, that is, the symmetric differ-
ence of their sets of supporters. We consider two ways of extending
this measure to clone sets including more candidates: Either we
sum the above measure for each pair of candidates in a given set C,
leading to the measure ,ug (C), or we take the maximum over all
pairs of candidates within C, yielding the measure pZ_(C). Then,
the lower the value of our measures for a given set of candidates,
the more this set resembles a set of perfect clones.

These measures are quite particular in that they treat approvals
and disapprovals symmetrically. Such an approach is natural if we
know that a voter’s disapproval is a conscious decision against a
given candidate (as would be the case in typical yes/no elections),
but raises issues when lack of an approval may indicate that a voter
simply did not pay much attention to a given candidate (as may
be the case in PB elections, which can have over 100 candidates).
In this latter case, our measures may suggest that two candidates
are approximate clones even if no voter approves both of them
at the same time (e.g., if very few voters approve either of these
candidates, and an overwhelming majority does not approve either).
Fortunately, there is an easy solution to this problem: Given an
election where we want to identify approximate clones, we may
consider only candidates who receive a number of approvals from
a certain range (indeed, if some candidates are approximate clones,
they should receive similar numbers of approvals).

Our Contribution. We study the (parameterized) complexity of
the following two problems (see Tables 1 and 2 for our results):

(1) Decide if a given election contains an approximate clone set of
a given size k—i.e., consisting of k candidates—and of a given
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Table 1: The complexity picture of the APPROXIMATE
1-CLONE SET problem. Each cell corresponds to a combina-
tion of a clones approximation measure and a parameter (m
= number of candidates, n = number of voters, g = approxima-
tion threshold, k = minimum clone set size, A, = maximum
supporter set size, A, = maximum ballot size).

m n q k A A,
pl FPT FPT XP  XP+W[1]-hard XP NP-hard
g FPT FPT XP  XP+W[l]-hard  ? NP-hard

Table 2: An overview of our basic complexity results for the
APPROXIMATE u-CLONES PARTITION problem. We use b to
denote the maximum clone set size and t the maximum num-
ber of clone sets. The rest of the notation is the same as in
Table 1.

Finax p
qg=0 P P
qg=1 NP-complete NP-complete
b<2 P P
b>3 NP-complete NP-complete
t=1 P P
=2 P ?
t>3 NP-complete NP-complete
Ay =0 P P
A, =1 P NP-complete
Ay =2 NP-complete NP-complete
A. =0 p p
Ac =1 P ?
Ac 22 NP-complete NP-complete
m FPT FPT
n FPT ?

quality g—i.e., where the measure that we consider has value
at most g; we call this problem APPROXIMATE yi-CLONE SET.

(2) Decide if the set of candidates can be partitioned into up to ¢
approximate clone sets, each required to have a size not exceed-
ing a given bound b and a given quality g—the APPROXIMATE
4i-CLONES PARTITION problem.

For both of these problems, and both of our measures of proximity
to being a perfect clone set, we find strong hardness results. For
example, while there is a polynomial-time algorithm for the latter of
our problems for the case of perfect clones, allowing even a minimal
level of imperfection leads to intractability. On the positive side, we
do find a few XP and FPT results (e.g., for parameterizations either
by the number of candidates or the number of voters).

We supplement our theoretical results with an analysis of a num-
ber of real-life elections. In particular, we seek approximate clones
in the yes/no elections performed in the US Supreme Court [3] and
in the PB elections from Pabulib [4].
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