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ABSTRACT

We study the problem of selecting Large Language Models (LLMs)
for user queries in settings where multiple LLM providers submit
the cost of solving a query. From the user’s perspective, choosing an
optimal model is a sequential, query-dependent decision problem:
high-capacity models offer more reliable outputs but are costlier,
while lightweight models are faster and cheaper. We formalize this
interaction as a reverse auction design problem with contextual
online learning, where the user adaptively discovers which model
performs best while eliciting costs from competing LLM providers.
Existing multi-armed bandit (MAB) mechanisms focus on forward
auctions and social welfare, leaving open the challenges of reverse
auctions, provider-optimal outcomes, and contextual adaptation.
We address this by designing a resampling-based procedure that
generalizes truthful forward MAB mechanisms to reverse auctions
and prove that any monotone allocation rule with this procedure
is truthful. Using this, we propose a contextual MAB algorithm
that learns query-dependent model quality with sublinear regret.
Our framework unifies mechanism design and adaptive learning,
enabling efficient, truthful, and query-aware selection of LLMs.
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1 INTRODUCTION

Large Language Models (LLMs) [3] increasingly shape the way in-
dividuals and organizations make decisions, collaborate, and in-
novate, reflecting their growing role as general-purpose AI sys-
tems [23, 27, 35, 41]. Beyond single-turn tasks, recent work de-
ploys LLMs as agentic systems that plan, act, and interact with
tools or other LLMs to complete complex objectives [14, 33, 44].
In both single-agent and multi-agent settings, LLM Providers (e.g.,
OpenAI [32] or Anthropic [4]) accelerate adoption by releasing
multiple model variants that explicitly trade off capability, latency,
and cost [5, 31]. Concretely, modern LLM deployments have estab-
lished the problem of selecting an appropriate model for a given
query. For example, GPT-5 employs a real-time router that dynam-
ically allocates queries between a fast base model and a deeper
reasoning model, leveraging signals such as task complexity, tool
requirements, and explicit user intent [31]. However, these routing
scenarios focus on internal model orchestration within a single
provider, where the user may or may not have control over model
selection or cost optimization.
Our Goal From the user’s perspective, this trade-off remains cen-
tral: the user derives utility from the model’s performance while
incurring a cost for using it. Intuitively, high-capacity models offer
more accurate or reliable outputs but are more expensive, whereas
lightweight models are faster and cheaper but may underperform
on complex tasks. By framing the problem from the user’s perspec-
tive, we aim to study how a user trades off the quality of a model’s
output against its usage cost. At the same time, we account for the
LLM provider’s ability to elicit the cost of solving a query. This
formulation provides a foundation for analyzing optimal model
selection strategies for the user and the design of mechanisms by
the provider.

To formalize this, we focus on two complementary challenges:
elicitation and learning. When the expected performance of avail-
able LLMs for a given query is known, the user faces an elicita-
tion problem. Researchers model this as a reverse auction where
providers submit costs for processing the query. In mechanism
design, the objective may be to maximize social welfare, or the
buyer’s (user’s) utility, the latter corresponding to optimal auction
design [28]. If model performance were known deterministically,
designing a user-optimal reverse auction would be straightforward.
However, model performance is stochastic and context-dependent;
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the user must learn it over time. This introduces a complemen-
tary learning challenge, formalized as a (contextual) sequential
optimization problem, where the user adaptively identifies which
provider performs best for each query. Together, these perspectives
unify provider-side cost elicitation with user-side adaptive selec-
tion, forming the basis for truthful and efficient LLM allocation
mechanisms.
Challenges. Addressing the combined elicitation and learning
problem poses several challenges. Generally, researchers use multi-
armed bandit (MAB) methods [10] as a standard framework for
adaptive or sequential optimization problems. In the context of
mechanism design, existing work on MAB mechanisms primarily
focuses on traditional forward auctions that measure efficiency in
terms of social welfare [7, 8]. These approaches leave two important
gaps: (i) no prior work studies MAB mechanisms for reverse auc-
tions, where the user acts as a buyer and multiple LLM providers bid
to solve a query, and (ii) no prior work studies MABmechanisms for
optimal auctions that aim to maximize provider utility rather than
social welfare. Moreover, to our knowledge, no prior work, except
for [2], incorporates contextual information into these mechanisms.
Our work addresses these gaps by designing a mechanism that is
both truthful and optimal from the LLM provider’s perspective,
while enabling users to adaptively learn which model best solves
each query via a contextual MAB framework.

Our Approach & Contributions

Our Approach. Babaioff et al. [8] and Devanur and Kakade [15]
showed that any deterministic auction that directly embeds a MAB
algorithm to learn stochastic parameters suffers substantially higher
regret compared to its non-strategic counterpart. To address this,
Babaioff et al. [8] introduced a randomized resampling procedure
that preserves truthfulness while retaining the regret guarantees of
the underlying MAB algorithm. The key idea is to randomize bids
in a manner consistent with Bayesian incentive compatibility (BIC),
provided that the MAB algorithm itself is monotone in allocations.
However, this framework is limited to forward auctions optimizing
social welfare. In contrast, we develop an analogous randomized ad-
justment procedure tailored to reverse auctions, where the objective
is user-optimal (cost-minimizing) rather than welfare-maximizing.
Once such a truthful reverse procedure is available, the remain-
ing challenge lies in designing a contextual MAB algorithm that
preserves monotonicity: ensuring that lowering the reported cost
does not reduce allocation probability. To this end, we propose
TRCM-UCBOPT: a truthful, provider-optimal, reverse contextual
MAB algorithm that achieves truthfulness and an 𝑂 (

√
𝑇 ) regret

bound in reverse, stochastic settings.
Our Contributions. First, we formalize the problem of selecting
among competing LLM providers as an optimal reverse contextual
MAB mechanism, where the user solicits costs from providers and
adaptively learns which model best solves each query. Second,
we adapt the theory of optimal auctions to this reverse setting,
showing how provider-side incentives can be aligned with user-
side selection in our context. Third, we design a novel resampling
procedure (Algorithm 3), inspired by Babaioff et al. [7] but tailored
to reverse, provider-optimal settings rather than to forward, social-
welfare–maximizing ones. Fourth, we prove that any monotone

allocation rule, combined with our resampling procedure, yields a
truthful reverse MAB auction (Theorem 3). Lastly, we instantiate
this result with TRCM-UCBOPT (Algorithm 2), which leverages con-
textual information to learn model quality, achieving𝑂 (

√
𝑇 ) regret

across 𝑇 queries. Together, these results establish the first truthful,
reverse, contextual MAB auction for adaptive LLM model selection.

2 RELATEDWORK

Multi-armed Bandits (MABs). The multi-armed bandit (MAB)
problem [10, 37] is a canonical framework for sequential decision-
making under uncertainty. Contextual variants [1, 24] extend this
framework to settings where the reward distribution depends on
observed contextual features.
Reverse Auctions. We model the LLM provider–user interaction
as a reverse auction, building on the classic theory of optimal auc-
tions [26, 28]. In a procurement or reverse auction, the buyer (the
user, in our setting) seeks to minimize cost while ensuring truthful
reporting by the sellers (the LLM providers). Several works extend
Myerson’s framework [28] to procurement settings [11] and to
budget-feasible mechanisms [39]. However, contrary to our setup,
these mechanisms generally assume deterministic valuations.
LLMs and Multi-Armed Bandits. Recent advances in LLMs moti-
vate the need for model routing and selection, where a user or sys-
tem dynamically decides which model to invoke for a given query.
Early work focused on static model choice based on latency and
cost trade-offs [19, 43], while recent methods use dynamic routers
that predict query complexity and select among heterogeneous
models [5, 16, 31, 33]. A new line of research also studies the inter-
section of LLMs with MABs [13, 36, 40, 42]. Dai et al. [13] formulate
the multi-LLM selection problem as a cost-aware MAB, optimizing
performance–cost trade-offs across heterogeneous LLMs under di-
verse reward models. Poon et al. [36] introduces the first contextual
bandit framework for adaptive LLM selection under unstructured,
dynamically evolving prompts, achieving sublinear regret while bal-
ancing accuracy and cost. Our formulation complements this line
of work by introducing an incentive-aware framework: rather than
training a router to minimize latency or maximize accuracy, we
design a mechanism that elicits truthful costs from LLM providers.
MABs and Mechanism Design. In many real-world decision-
making scenarios, mechanism design and online learning intersect
when agents’ private information influences the outcome of a learn-
ing process. Specifically, in multi-armed bandit (MAB) settings with
strategic agents, the learner must balance exploration and exploita-
tion while eliciting truthful information about privately known
parameters that impact reward estimation or allocation. However,
since these parameters are self-reported, agents may strategically
misrepresent them to manipulate the learning process or improve
their expected payoffs. To ensure truthful participation while main-
taining efficient learning, MAB-based mechanism design integrates
incentive-compatible auction mechanisms into the learning frame-
work [7, 8, 15]. Classical formulations consider forward auctions, in
which an auctioneer repeatedly allocates resources to agents with
private values, aiming to maximize social welfare. Babaioff et al.
[8] introduced a resampling-based procedure to achieve Bayesian
incentive compatibility (BIC) in stochastic MAB environments, a
result later extended and refined in [7, 15, 22]. Subsequent work
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has explored combining bandit learning with auction design across
domains such as crowdsourcing [21], smart grids [38], sponsored
search auctions [17], and bidding strategy optimization for dis-
playing ads [18], as well as multi-unit procurement [9]. However,
these mechanisms primarily optimize social welfare and operate
in forward auction settings. To our knowledge, only Abhishek
et al. [2] incorporates contextual information into MAB mecha-
nisms, still within a welfare-maximizing framework. In contrast,
our work introduces the first reverse optimal MAB mechanism,
aligning provider-side incentives with user-side adaptive learning
while ensuring truthfulness and individual rationality. In summary,
no prior work studies reverse, contextual MAB mechanisms in
which the user is a buyer, eliciting private costs from multiple LLM
providers as sellers.

3 PRELIMINARIES

3.1 Model

Setup. We consider a user 𝔘 who submits a sequence of queries
over rounds 𝑡 = 1, 2, . . . ,𝑇 . At each round 𝑡 , the user issues a
query 𝑞𝑡 , and a set of strategic LLM providers, denoted by [𝑀] =
{1, 2, . . . , 𝑀}, compete to process it. Each provider may differ in
capability, latency, and cost, reflecting heterogeneous model archi-
tectures or inference configurations [5, 31].

Provider Costs and Bids. Each provider 𝑖 ∈ [𝑀] has a true private
cost 𝜁𝑖 per token, representing its internal computation cost. For
a query 𝑞𝑡 , provider 𝑖 would required 𝑛𝑖,𝑞𝑡 ∈ N tokens, the actual
computation or latency cost incurred by provider 𝑖 is 𝑐𝑖,𝑡 = 𝜁𝑖 ·𝑛𝑖,𝑞𝑡 .
The strategic provider submits a bid 𝑏𝑖,𝑡 indicating the price to
process the query (the provider submits bids per token; it can be
easily converted to a bid for the query). The provider’s goal would
be to earn as much as possible. In general, the desirable goal in
mechanism (or auction) design is to propose (i) an allocation and
(ii) a payment rule that incentivizes providers to bid 𝑏𝑖,𝑡 = 𝑐𝑖,𝑡 .

Allocation (A) and Payments (P). At any round 𝑡 ∈ [𝑇 ], the
mechanism determines an allocation A𝑡 (𝑏𝑡 )

A𝑡 (𝑏𝑡 ) = {A1,𝑡 (𝑏𝑡 ), . . . ,A𝑀,𝑡 (𝑏𝑡 )},
∑︁

𝑖∈[𝑀 ]
A𝑖,𝑡 (𝑏𝑡 ) ≤ 1,

where A𝑖,𝑡 (𝑏𝑡 ) ∈ {0, 1} where 1 denotes that bidder/LLM 𝑖 is se-
lected given reported bids 𝑏𝑡 = (𝑏1,𝑡 , . . . , 𝑏𝑀,𝑡 ). If provider 𝑖 is se-
lected, the user makes a payment 𝑝𝑖,𝑡 (𝑏𝑡 ) to 𝑖 and others do not
receive any payments. Let P𝑡 : 𝑝𝑡 (𝑏𝑡 ) = (𝑝1,𝑡 (𝑏𝑡 ), . . . , 𝑝𝑀,𝑡 (𝑏𝑡 ))
capture the payment rule.

Query Context and User Valuation. At round 𝑡 , query 𝑞𝑡 is
associated with observable features 𝑥𝑡 ∈ R𝑑 , which may include
query embeddings or user-specific attributes (e.g., OpenAI’s saved
memory feature [30]). Henceforth, we identify query 𝑞𝑡 with 𝑥𝑡 . For
provider 𝑖 , the expected value to the user of receiving a satisfactory
response is modeled as

𝑣𝑖,𝑡 = E[𝑟𝑖,𝑡 | 𝑥𝑡 ] = 𝜃⊤𝑖 𝑥𝑡 ,

where 𝜃𝑖 ∈ R𝑑 denotes a parameter vector specific to provider 𝑖 ,
and 𝑟𝑖,𝑡 denotes the realized response quality for query 𝑥𝑡 .

Utilities. Let the user’s total utility at round 𝑡 be,

𝑢0,𝑡 :=
∑︁

𝑖∈[𝑀 ]
A𝑖,𝑡 (𝑏𝑡 ) ·

(
𝑣𝑖 − 𝑝𝑖,𝑡 (𝑏𝑡 )

)
.

The utility of provider 𝑖 is given by

𝑢𝑖,𝑡 :=
(
𝑝𝑖,𝑡 (𝑏𝑡 ) − 𝑐𝑖,𝑡

)
· A𝑖,𝑡 (𝑏𝑡 ) (1)

Note. If 𝜃𝑖s are known, 𝔘’s objective at round 𝑡 is designing an
optimal reverse auction. For completeness, we show how to do
it in the next subsection. For ease of exposition: (i) we assume
𝑛𝑖,𝑞𝑡 to be same for all queries. That is, 𝑛𝑖 = 𝑛𝑖,𝑞𝑡∀𝑞𝑡 . Note that, as
explained later, the results can be trivially extended for the case
when 𝑛𝑖,𝑞𝑡 s are different. With this assumption, 𝑐𝑖,𝑡 has the same
support for all 𝑡 , say [𝑐𝑖 , 𝑐𝑖 ] with probability density function being
𝑓𝑖 and cumulative distribution function being 𝐹𝑖 . Additionally, 𝑏𝑖,𝑡 s
become identical across all slots, and hence we can represent them
as 𝑏𝑖 . (ii) As we would be focusing on a single round, we omit the
notation 𝑡 from the discussion on Optimal Reverse Auction.

3.2 Optimal Reverse Auction

Auctions are typically of two types: (i) forward auction, wherein the
auctioneer is a seller, and (ii) reverse auction, where the auctioneer
is a buyer. The seminal work byMyerson [28] showed how to design
an optimal forward auction; that is, an auction that maximizes the
expected revenue. Researchers also extend these results for different
reverse auction setups (e.g., Iyengar and Kumar [20]). Here, we show
for our settings what an optimal reverse auction is.

As the bids of other LLM providers are random variables for an
arbitrary LLM provider 𝑖 , we work with expected allocations and
payments where expectation is w.r.t. the bids of other providers.
Expected Allocation and Payments. We have,

A𝑖 (𝑏𝑖 ) = E𝑏−𝑖 [ A𝑖 (𝑏𝑖 , 𝑏−𝑖 ) ] , 𝑝𝑖 (𝑏𝑖 ) = E𝑏−𝑖 [ 𝑝𝑖 (𝑏𝑖 , 𝑏−𝑖 ) ] ,
where the expectation is taken over the bid profile of all other
providers, 𝑏−𝑖 = (𝑏1, 𝑏2, . . . , 𝑏𝑖−1, 𝑏𝑖+1, . . . , 𝑏𝑚). The expected utility
of provider 𝑖 with true cost 𝑐𝑖 is therefore

𝑈𝑖 (𝑏𝑖 |𝑐𝑖 ) = −𝑐𝑖 · A𝑖 (𝑏𝑖 ) + 𝑝𝑖 (𝑏𝑖 ). (2)

That is, the provider incurs a cost 𝑐𝑖 to respond to the query
irrespective of its bid 𝑏𝑖 .
Mechanism Design Objective. The user seeks to maximize her
utility 𝑢0 subject to ensuring that providers are incentivized to
truthfully reveal their private costs 𝑐𝑖 . This requirement of incentive
compatibility lies at the heart of mechanism design. Additionally,
A,P should ensure that no provider incurs loss.

Definition 1 (Bayesian Incentive Compatible [29]). An LLM selec-
tion mechanism is Bayesian Incentive Compatible (BIC) if for every
provider 𝑖 ∈ [𝑀],:

𝑈𝑖 (𝑐𝑖 |𝑐𝑖 ) ≥ 𝑈𝑖 (𝑏𝑖 |𝑐𝑖 ), ∀𝑖 ∈ [𝑀]

Definition 2 (Ex Post Individual Rationality (EPIR) [29]). The LLM
selection mechanism satisfies Ex-post Individual Rationality (EPIR) if,
for every provider 𝑖 ∈ [𝑀] and for every possible vector of true costs
𝑐 = (𝑐1, . . . , 𝑐𝑀 ) drawn from the support of the cost distributions, the
utility of provider 𝑖 is non-negative:

𝑢𝑖 (𝑐) = 𝑝𝑖 (𝑐) − 𝑐𝑖 · A𝑖 (𝑐) ≥ 0, ∀𝑖 ∈ [𝑀],∀𝑐 ∈ 𝐶
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where 𝐶 =
∏

𝑖 [𝑐𝑖 , 𝑐𝑖 ].

The overall problem may thus be viewed as designing an optimal
reverse auction mechanism for allocating queries to providers. It is
basically designing A,P that maximize 𝔘’s expected utility and
satisfy the above two properties.

With these definitions in place, we state Myerson’s classical
characterization of BIC mechanisms for the reverse auction setting.

Theorem 1 (Myerson’s Characterization Theorem for Reverse Auc-
tion [28]). A mechanism (A,P) is BIC iff it satisfies the following
two conditions:

(1) A𝑖 (·) is non-increasing for all 𝑖 = 1, . . . , 𝑛.
(2) The utility takes the form:

𝑈𝑖 (𝑐𝑖 ) =𝑈𝑖 (𝑐𝑖 ) +
∫ 𝑐𝑖

𝑐𝑖

A𝑖 (𝑠) 𝑑𝑠 ∀𝑐𝑖 ∈ C𝑖 ; ∀𝑖 = 1, . . . , 𝑛.

Building on this characterization, the optimal reverse auction
can be derived. As these steps are analogous to Myerson’s original
design, we state the results directly. We begin by defining virtual
cost for a provider 𝑖 .

Ψ𝑖 (𝑐𝑖 ) = 𝑐𝑖 +
𝐹𝑖 (𝑐𝑖 )
𝑓𝑖 (𝑐𝑖 )

, (3)

and assume a regularity condition that Ψ𝑖 (·) is strictly increasing in
𝑐𝑖[ Myerson [28]]. Under regularity condition, an optimal reverse
auction’s allocation rule selects the provider that maximizes the
positive virtual surplus 𝑣𝑖 − Ψ𝑖 (𝑐𝑖 ), i.e., selects

𝑖∗ ∈ argmax
𝑖
{𝑣𝑖 − Ψ𝑖 (𝑐𝑖 ) | 𝑣𝑖 − Ψ𝑖 (𝑐𝑖 ) ≥ 0}

Here, we assume {𝑖 : 𝑣𝑖 − Ψ𝑖 (𝑐𝑖 ) ≥ 0} is non-empty. Else, the query
cannot be assigned to any provider. The payment rule becomes:

𝑝𝑖 (𝑐) =A𝑖 (𝑐) 𝑐𝑖 +
∫ 𝑐𝑖

𝑐𝑖

A𝑖 (𝑐−𝑖 , 𝑠𝑖 ) 𝑑𝑠𝑖

Regularity implies a threshold form for the allocation: for fixed 𝑐−𝑖
there exists a critical value 𝑧𝑖 (𝑐−𝑖 ) such that A𝑖 (𝑐−𝑖 , 𝑠𝑖 ) = 1{𝑠𝑖 ≤
𝑧𝑖 (𝑐−𝑖 )}. Hence the integral reduces to max{𝑧𝑖 (𝑐−𝑖 ) − 𝑐𝑖 , 0} and, if
𝑖 wins, the payment becomes the critical threshold 𝑝𝑖 (𝑐) = 𝑧𝑖 (𝑐−𝑖 ).
The mechanism is therefore BIC, individually rational and maxi-
mizes 𝔘’s utility. In summary,

Theorem 2 (Optimal Reverse Auction). Under the regularity as-
sumption that each virtual cost Ψ𝑖 (𝑐𝑖 ) = 𝑐𝑖 + 𝐹𝑖 (𝑐𝑖 )/𝑓𝑖 (𝑐𝑖 ) is strictly
increasing in 𝑐𝑖 , a mechanism where

(1) A: selects LLM provider 𝑖∗ such that:

𝑖∗ ∈ argmax
𝑖
{𝑣𝑖 − Ψ𝑖 (𝑐𝑖 ) | 𝑣𝑖 − Ψ𝑖 (𝑐𝑖 ) ≥ 0},

(2) P: pays the winner
𝑝𝑖∗ (𝑐) = 𝑧𝑖∗ (𝑐−𝑖∗ ), 𝑧𝑖∗ (𝑐−𝑖∗ ) = sup{𝑠 : 𝑣𝑖∗−Ψ𝑖∗ (𝑠) ≥ max

𝑗≠𝑖∗
{𝑣 𝑗−Ψ𝑗 (𝑐 𝑗 )}}

and pays all others zero,
is an optimal auction for the user to procure LLM service.

Different 𝑛𝑖,𝑞𝑡 for different Queries. Note that, if 𝑛𝑖,𝑞𝑡 are differ-
ent for each query, which is very natural, Ψ𝑖 ’s would depend upon
the query. In that case, we would have to replace Ψ𝑖 as Ψ𝑖,𝑡 , which
in turn depends upon 𝑛𝑖,𝑞𝑡 . The overall notation would become

clumsy, and hence, we prefer to skip these technicalities for ease of
exposition. Furthermore, to introduce an optimal reverse auction,
we assumed 𝑣𝑖,𝑡 = E[𝑟𝑖,𝑡 |𝑥𝑡 ] = 𝜃⊤𝑖 𝑥𝑡 to be known. However, in our
LLM provider-user setup, 𝜃𝑖s are unknown but can be learnt.

3.3 Stochastic and Unknown Rewards

History and Learning. In practical settings, the reward obtained
from selecting a provider is stochastic. The user 𝔘 is interested
in its mean 𝑣𝑖,𝑡 ≜ E[𝑟𝑖,𝑡 |𝑥𝑡 ] = 𝜃⊤𝑖 𝑥𝑡 where 𝜃𝑖 ∈ R𝑑 is unknown to
𝔘 and 𝑥𝑡 ∈ R𝑑 captures the context of the query at round 𝑡 . Let
𝑟𝐼𝑡 ,𝑡 denote the realized reward from provider 𝐼𝑡 ∈ [𝑀] at round
𝑡 ∈ [𝑇 ]. Here 𝐼𝑡 ∈ [𝑀] denotes the provider selected for query 𝑥𝑡
in round 𝑡 . 𝔘 can estimate (learn) 𝜃𝑖 from historical observations.
Let ℎ𝑡 capture the history till round 𝑡 .

ℎ𝑡 = ℎ𝑡−1 ∪ {𝑥𝑡 , 𝐼𝑡 , 𝑟𝐼𝑡 ,𝑡 }, ℎ0 = ∅,

We model the interaction as a contextual multi-armed bandit (MAB)
problem [25], in particular, the above settings is also referred to
as linear contextual MAB. Let ALG be the algorithm that learns
𝜃𝑖s and assigns a new query 𝑥𝑡 to one of the providers based on
𝑥𝑡 and ℎ𝑡−1.

The quality of a contextual bandit algorithm ALG is typically
measured by its regret, defined as the difference between the cumu-
lative expected reward of an oracle that always selects the optimal
provider (given full knowledge of 𝜃𝑖 ’s), and that of the learning algo-
rithm. Formally, if 𝑖∗𝑡 ∈ argmax𝑖 𝜃⊤𝑖 𝑥

𝑡 denotes the optimal provider
at round 𝑡 , the cumulative regret up to horizon 𝑇 is

R𝑇 (ALG) =
𝑇∑︁
𝑡=1

[(
𝜃⊤
𝑖∗𝑡
𝑥𝑡 −𝜓𝑖∗𝑡

(
𝑏𝑖∗𝑡

))
−
(
𝜃⊤𝐼𝑡 𝑥𝑡 −𝜓𝐼𝑡

(
𝑏𝐼𝑡

) )]
, (4)

where 𝐼𝑡 is the provider chosen by the learning algorithm ALG
at round 𝑡 . The objective is to design allocation mechanisms that
achieve sublinear regret (lower the better), i.e., 𝑅(𝑇 ) = 𝑜 (𝑇 ), en-
suring asymptotic convergence to the optimal allocation. By ap-
propriately defining rewards, one can easily adapt LinUCB [24] or
SupLinUCB [12] for our settings. LinUCB-based algorithm would
incur Ω(𝑇 ) regret, though it can practically perform better. SUP-
LinUCB-based algorithm would incur 𝑂 (

√
𝑇 ) regret. 1 The chal-

lenge in the SUP-LinUCB is that, when the costs are private, the
providers can manipulate the learning algorithm. Thus, there is
need to carefully design MAB algorithm and payments [8, 15]. Such
an auction design is called MAB Mechanism Design.
MABMechanism Design. Babaioff et al. [8], Devanur and Kakade
[15] address this challenge by first showing that any determinis-
tic truthful MAB mechanism must be exploration-separated, and
inevitably suffer a regret in the order of Ω(𝑇 2/3). That is, there
exists a fundamental trade-off between truthfulness and learning
efficiency. To overcome this limitation, Babaioff et al. [7] propose
a randomization via random resampling of bids, and demonstrate
that it is possible to retain regret guarantees of amonotone learning
algorithm in the presence of the strategic providers. However, their
resampling procedure is designed for forward auctions and aims
to optimize social welfare. Contrarily, our goal is to optimize the
user’s utility, i.e., design an optimal reverse auction.

1For completeness, we provide the formal algorithms in the complete version [34].
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4 OUR APPROACH

In a nutshell, to design an optimal reverse auction with learnable
rewards, we require a monotone allocation rule for contextual MAB
with an appropriately defined reward function and a resampling
procedure. Towards this, we begin by defining monotonicity of the
allocation rule. Then, in Section 4.2, we propose two algorithms:
REV-BaseLinUCB-S and REV-SupLinUCB-S-OPT adapted from
SupLinCUB [12] to ensure monotonicity. Section 4.3 introduces
our resampling procedure, ROSA, and proves that any monotone
allocation rule through a contextual MAB algorithm (ALG) com-
bined with ROSA ensures truthful reporting of the costs by the
providers while retaining regret guarantees ofALG. Due to space
constraints, we omit formal proofs of some of our results. The
proofs are available in the complete version [34].

4.1 Ex-Post Monotonicity

The ex-post monotonicity condition ensures that the allocation
rule respects the economic intuition that bidding more competi-
tively (i.e., lowering one’s declared cost) should not disadvantage a
provider in terms of allocation opportunities. More formally,

Definition 3 (Ex Post Monotone). An allocation rule A is ex-post
monotone for a reverse auction if, for every possible sequence of con-
text arrivals (𝑥1, 𝑥2, . . . , 𝑥𝑇 ) and reward realizations, for each provider
𝑖 ∈ [𝑀], for all bids 𝑏−𝑖 of other providers, and for any two possible
bids of provider 𝑖 , 𝑏′𝑖 ≤ 𝑏𝑖 , we have:

A𝑖 (𝑏′𝑖 , 𝑡) ≥ A𝑖 (𝑏𝑖 , 𝑡) for all rounds 𝑡 .

Here,A𝑖 (𝑏, 𝑡) denotes the total number of times provider 𝑖 is allocated
in the first 𝑡 rounds when the bid vector is 𝑏.

This property establishes the truthfulness of mechanisms in our
stochastic reverse auction setting.

4.2 Monotone MAB Algorithms

In the literature, two of the most popular MAB algorithms for
contextual bandits are LinUCB [24] and SupLinUCB [12]. We can
leverage these algorithms using net rewards as, 𝑣𝑖,𝑡 −Ψ𝑖 (𝑏𝑖 ); Ψ𝑖 (𝑏𝑖 )
is subtracted as𝔘’s goal is to deploy optimal reverse auction, which
selects a provider having the highest 𝑣𝑖,𝑡−Ψ𝑖 (𝑏𝑖 ). However, with just
this update, the allocation won’t be monotone. To this extent, we
propose REV-BaseLinUCB-S (Algorithm 1) and REV-SupLinUCB-
S-OPT (Algorithm 2) that provide monotone allocations.

Difference between REV-SupLinUCB-S-OPT and SupLinUCB.
Broadly, REV-SupLinUCB-S-OPT works similarly to SupLinUCB.
I.e., it works in stages. Each stage consists of twice the previous
number of rounds, thus a total of𝑂 (log𝑇 ) stages. In each stage, the
algorithm maintains an active set of providers. As the stage pro-
gresses, the active set continues to eliminate suboptimal providers.
However, unlike SupLinUCB, which considers a common 𝜃 , that
is 𝜃𝑖s are same, the context for each provider is different. As such,
REV-SupLinUCB-S-OPT has independent 𝜃𝑖s to be learned for each
provider 𝑖 .

To make SupLinUCB monotone, we decouple learning from the
auction by limiting the learning only by the round robin method.
Compared to SupLinUCB, we select a provider from the active set

Algorithm 1 REV-BaseLinUCB-S
1: Input: Parameter 𝛼 ∈ R+, History sets {𝐻𝑖,𝑡 }𝑖∈ [𝑀 ] , where Λ𝑖,𝑡 ⊆
{1, 2, . . . , 𝑡 − 1}

2: Observe context vector 𝑥𝑡 ∈ R𝑑

3: for each provider 𝑖 ∈ [𝑀 ] do
4: 𝐴𝑖,𝑡 ← 𝐼𝑑 +

∑
𝜏 ∈𝐻𝑖,𝑡

𝑥𝜏𝑥
𝑇
𝜏

5: 𝑔𝑖,𝑡 ←
∑

𝜏 ∈𝐻𝑖,𝑡
𝑟𝑖,𝜏𝑥𝜏

6: 𝜃𝑖,𝑡 ← 𝐴−1𝑖,𝑡 𝑔𝑖,𝑡

7: // Calculate value estimate and confidence width
8: 𝑣𝑠

𝑖,𝑡
← 𝜃⊤𝑖,𝑡𝑥𝑡

9: 𝑤𝑠
𝑖,𝑡
← 𝛼

√︃
𝑥𝑇𝑡 𝐴

−1
𝑖,𝑡
𝑥𝑡

10: end for

11: Return: {𝑣𝑠
𝑖,𝑡
}𝑖∈ [𝑀 ] and {𝑤𝑠

𝑖,𝑡
}𝑖∈ [𝑀 ]

one by one (refer to Line 7 of Algorithm 2). Also, we add an exploita-
tion condition, Lines 25-27, wherein we exploit within the current
stage. We consider the reward with the confidence subtracted by
the virtual cost to match it with the optimal reverse auction set-
ting (as described in Section 3.2). I.e., the selection is done using
𝑣𝑖,𝑡 +𝑤𝑠

𝑖,𝑡 −Ψ𝑖 (𝑏𝑖 );𝑤𝑠
𝑖,𝑡 is the confidence term in UCB. We defer the

proof of the monotonicity of REV-SupLinUCB-S-OPT to Section 5.

4.3 ROSA: Resampling Procedure

To avoid exploration-separatedness for truthful mechanisms that
incur higher regret, we need a randomized mechanism. Towards
this, we randomly update the providers’ bids using a resampling
procedure. Motivated by [7, Definition 4.3], we formally define it
for our setting next.

Definition 4 (Reverse Self-Resampling Procedure). Let 𝐼 be a nonempty
interval in R. A reverse self-resampling procedure with support 𝐼
and resampling probability 𝜇 ∈ (0, 1) is a randomized algorithm
with input 𝑏𝑖 ∈ I, random seed 𝑟𝑠𝑖 , and output 𝑏𝑖 (𝑏𝑖 ; 𝑟𝑠𝑖 ) ∈ 𝐼 , that
satisfies the following properties:

(1) For every fixed 𝑟𝑠𝑖 , 𝑏𝑖 (𝑏𝑖 ; 𝑟𝑠𝑖 ) is non-decreasing in 𝑏𝑖 .
(2) With probability 1 − 𝜇, we have 𝑏𝑖 (𝑏𝑖 ; 𝑟𝑠𝑖 ) = 𝑏𝑖 . Otherwise,

𝑏𝑖 (𝑏𝑖 ; 𝑟𝑠𝑖 ) > 𝑏𝑖 .
(3) Consider the two-variable function

𝐹 (𝑎𝑖 , 𝑏𝑖 ) = Pr[ 𝑏𝑖 (𝑏𝑖 ; 𝑟𝑠𝑖 ) < 𝑎𝑖 | 𝑏𝑖 (𝑏𝑖 ; 𝑟𝑠𝑖 ) > 𝑏𝑖 ],∀ 𝑎𝑖 > 𝑏𝑖

which is called as the distribution function of the reverse self-
resampling procedure. For each 𝑏𝑖 , the function 𝐹 (·, 𝑏𝑖 ) must be
differentiable and strictly increasing on the interval I∩(𝑏𝑖 , 𝑐𝑖 ).

Algorithm 3 presents a construction for a reverse auction with
the self-sampling procedure from Definition 4.

Proposition 1. ROSA is a reverse self-resampling procedure with
support R+ and resampling probability 𝜇. The distribution function
for this procedure is 𝐹 (𝑎𝑖 , 𝑏𝑖 ) = 𝑎𝑖−𝑏𝑖

𝑐𝑖−𝑏𝑖 .

Proof. Properties 1 and 2 in Definition 4 for ROSA follow imme-
diately from the description of Algorithm 3. For Property 3, by
conditioning on the event 𝑏𝑖 (𝑏𝑖 ; 𝑟𝑠𝑖 ) > 𝑏𝑖 , we see that the distribu-
tion of 𝑏𝑖 (𝑏𝑖 ; 𝑟𝑠𝑖 ) is uniform in [𝑏𝑖 , 𝑎𝑖 ]. □
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Algorithm 2 REV-SupLinUCB-S-OPT
1: Input: Virtual costs Ψ(𝑏 ) = (Ψ1 (𝑏1 ), . . . ,Ψ𝑛 (𝑏𝑛 ) )
2: Initialization:
3: 𝑆max ← ⌈ln𝑇 ⌉
4: Λ𝑠

𝑖,𝑡
← ∅ for all 𝑖 ∈ [𝑀 ], 𝑡 ∈ [𝑇 ], 𝑠 ∈ [𝑆max ]

5: for 𝑡 = 1, 2, . . . ,𝑇 do

6: 𝑠 ← 1 and 𝐴̂1 ← [𝑀 ]
7: 𝑗 ← 1 + (𝑡 mod 𝑛)
8: repeat

9: Use REV-BaseLinUCB-S with index sets {Λ𝑠
𝑖,𝑡
}𝑖∈ [𝑀 ] and con-

text 𝑥𝑡 to get (𝑣𝑠
𝑖,𝑡
)
𝑖∈𝐴̂𝑠

and (𝑤𝑠
𝑖,𝑡
)
𝑖∈𝐴̂𝑠

.
10: if 𝑗 ∈ 𝐴̂𝑠 and 𝑤𝑠

𝑗,𝑡
> 2−𝑠 then

11: // Forced exploration
12: Select 𝐼𝑡 = 𝑗

13: Update history sets for all stages 𝑠′ ∈ [𝑆max ]:

Λ𝑠′
𝑖,𝑡+1 ←

{
Λ𝑠′
𝑖,𝑡
∪ {𝑡 } if 𝑠 = 𝑠′

Λ𝑠′
𝑖,𝑡

otherwise
14: else if 𝑤𝑠

𝑖,𝑡
≤ 1√

𝑇
∀ 𝑖 ∈ 𝐴̂𝑠 then

15: // Pure exploitation (final phase)

16: Select 𝐼𝑡 = argmax
𝑖∈𝐴̂𝑠

{
(𝑣𝑠

𝑖,𝑡
+ 𝑤𝑠

𝑖,𝑡
) − Ψ𝑖 (𝑏𝑖 )

}
17: Update index sets for 𝐼𝑡 at all stages:

Λ𝑠′
𝐼𝑡 ,𝑡+1 ← Λ𝑠′

𝐼𝑡 ,𝑡
∀𝑠′ ∈ [𝑆 ]

18: Λ0 ← Λ0 ∪ {𝑡 }
19: else if 𝑤𝑠

𝑖,𝑡
≤ 2−𝑠 ∀ 𝑖 ∈ 𝐴̂𝑠 then

20: // Stage advancement
21: 𝐴̂𝑠+1 ←

{
𝑖 ∈ 𝐴̂𝑠 |

22: (𝑣𝑠
𝑖,𝑡
+ 𝑤𝑠

𝑖,𝑡
) − Ψ𝑖 (𝑏𝑖 ) ≥

23: max
𝑎∈𝐴̂𝑠

{
(𝑣𝑠𝑎,𝑡 + 𝑤𝑠

𝑎,𝑡 ) − Ψ𝑎 (𝑏𝑎 )
}
− 2 · 21−𝑠

}
24: 𝑠 ← 𝑠 + 1
25: else

26: // Exploitation within the current stage

27: Select 𝐼𝑡 = argmax
𝑖∈𝐴̂𝑠

{
(𝑣𝑠

𝑖,𝑡
+ 𝑤𝑠

𝑖,𝑡
) − Ψ𝑖 (𝑏𝑖 )

}
28: Λ𝑠

𝑒𝑠𝑡 ← Λ𝑠
𝑒𝑠𝑡 ∪ {𝑡 }

29: end if

30: until 𝐼𝑡 is selected
31: end for

Algorithm 3 ROSA: Reverse OneShot Adjustment, A Non-
Recursive Self-Resampling Procedure for Reverse Auction
Require: Bid 𝑏𝑖 ∈ [0,∞) , resampling parameter 𝜇 ∈ [0, 1], upper cost

bound 𝑐𝑖 , random seed 𝑟𝑠𝑖
1: Sample a random variable 𝛾𝑖 uniformly from [0, 1]
2: Set resampling factor

𝜉𝑖 =


1 with probability 1 − 𝜇

1 + 𝛾𝑖
(
𝑐𝑖

𝑏𝑖
− 1

)
with probability 𝜇

3: Construct and return the modified bid 𝑏𝑖 (𝑏𝑖 , 𝑟𝑠𝑖 ) = 𝜉𝑖𝑏𝑖

Note that, typically, for each provider we need to use a different
random seed 𝑟𝑠𝑖 . Hence, for each provider, the resampling procedure
is treated as 𝑟𝑝𝑖 . Let RP be an ensemble of these procedures.

We now illustrate that with a monotone MAB algorithm ALG,
one can design a truthful reverse auction using ROSA.

Suppose we are given a monotone allocation rule ALG and a
vector RP of reverse self-resampling procedures of each provider
𝑖 ∈ [𝑀] that has a resmapling probability 𝜇 ∈ (0, 1), support T𝑖 ,

Rev-GTM: Generic Reverse Transformation Mechanism

1: Input: Bid vector 𝑏 = (𝑏1, 𝑏2, . . . , 𝑏𝑀 )
2: Output: Allocation and payment (A, P)
3: for each provider 𝑖 ∈ [𝑀 ] do
4: Obtain 𝑏𝑖 = ROSA(𝑏𝑖 , 𝜇, 𝑐𝑖 , 𝑟𝑠𝑖 )
5: end for

6: Construct modified bid vector 𝑏 = (𝑏1, 𝑏2, . . . , 𝑏𝑀 )
7: Allocation: Allocate according to monotone rule ALG(𝑏 )
8: Payment:

9: for each provider 𝑖 ∈ [𝑀 ] do
10: if 𝜉𝑖 = 1 then
11: Set 𝑝𝑖 ← 𝑏𝑖 · A𝑖 (𝑥 )
12: else

13: Set 𝑝𝑖 ← 𝑏𝑖 · A𝑖 (𝑥 ) +
1
𝜇
· A𝑖 (𝑥 ) · (𝑐𝑖 − 𝑏𝑖 )

14: end if

15: end for

and output value 𝑏𝑖 (𝑏𝑖 ; 𝑟𝑠𝑖 ). Based on the resampling procedure, we
propose a generic transformation that converts ALG, 𝜇,RP into
a randomized mechanismM = Rev-GTM(ALG, 𝜇,RP). Next, we
introduce desirable properties of any randomized mechanism.

Definition 5 (Truthfulness in Expectation (Ex-post Incentive Com-
patibility, EPIC)). For every provider 𝑖 ∈ [𝑀] and for every realiza-
tion of other providers’ bids 𝑏−𝑖 , truthful reporting of its cost 𝑏𝑖 = 𝑐𝑖
maximizes the provider’s expected utility over the mechanism’s inter-
nal randomness. That is, ∀𝑖 ∈ 𝑀,∀𝑡

𝑢𝑖,𝑡 (𝑐𝑖 , 𝑏−𝑖 |𝑐𝑖 ) ≥ 𝑢𝑖,𝑡 (𝑏𝑖 , 𝑏−𝑖 |𝑐𝑖 )∀𝑏𝑖 ,∀𝑏−𝑖 ,∀ℎ𝑡−1
Definition 6 (Universal Ex-post Individual Rationality (EPIR)). For
every realization of the mechanism’s randomness, each provider’s
realized utility is non-negative when bidding truthfully, i.e., ∀𝑖 ∈
[𝑀],∀𝑡,∀ℎ𝑡−1

𝑢𝑖,𝑡 (𝑐𝑖 , 𝑏−𝑖 |𝑐𝑖 ) ≥ 0.

Now, we state an important result of this section.

Theorem 3. Consider an arbitrary single-parameter reverse auc-
tion domain, and let ALG be a monotone allocation rule. Suppose
we are given an ensemble RP of self-resampling procedures, where
each procedure has resampling probability 𝜇 ∈ (0, 1). Let the mech-
anismM = (A,P) = Rev-GTM(ALG, 𝜇,RP) be the mechanism
constructed fromALG via the self-resampling transformation. Then
the mechanismM satisfies the following properties:

(1) EPIC, EPIR
(2) For𝑚 providers and any bid vector 𝑏 (and any fixed random

seed of nature), allocations A(𝑏) and ALG(𝑏) are identical
with probability at least 1 −𝑀𝜇.

(3) If 𝑇 = R𝑀
+ (all types are positive), and each RP𝑖 is the reverse

self-resampling procedure, then mechanismM is ex-post no-
positive-transfers, and never pays any provider 𝑖 more than

𝑏𝑖 · ALG𝑖 (𝑏) + (𝑐𝑖 − 𝑏𝑖 ) · ALG𝑖 (𝑏)
(
1
𝜇

)
.

Proof Sketch. (1) The argument follows the structure of [7]. It
suffices to show: (i) the allocation rule A is monotone, and (ii) the
payment rule satisfies Myerson’s characterization.
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Monotonicity ofA follows from the monotonicity ofALG and
Property 1 of the reverse self-resampling procedure, which ensures
that increasing a bid cannot reduce the probability of allocation.

For the payment, the expected payment of provider 𝑖 is

E[𝑝𝑖 (𝑏)] = E[𝑏𝑖ALG𝑖 (𝑏)] + E[𝑅𝑖 ] = 𝑏𝑖A𝑖 (𝑏) + E[𝑅𝑖 ] .
Hence, to match Myerson’s characterization, it remains to show

E[𝑅𝑖 ] =
∫ 𝑐𝑖

𝑐𝑖

A𝑖 (𝑏−𝑖 , 𝑢) 𝑑𝑢.

This equality holds because the random resampling process, unbi-
asedly estimates the integral term in Myerson’s formula.

Individual rationality follows directly since the expected util-
ity of each provider is non-negative under truthful reporting and
monotone allocation.

(2) Since each bid is resampled independently with probability
𝜇, the probability that no bids are resampled equals 1 −𝑀𝜇.

(3) Finally, ex-post no-positive-transfer holds directly from the
payment rule. □

TRCM-UCBOPT

We propose that the user 𝔘 deploys the auction as follows: First,
it collects bids from all LLM providers and updates them using
ROSA. Second, with updated bids, for every new query, it selects the
provider recommended by REV-SupLinUCB-S-OPT and the pay-
ments are computed as given Rev-GTM.We refer to such an auction
as TRCM-UCBOPT. In summary, TRCM-UCBOPT= Rev-GTM(REV-
SupLinUCB-S-OPT, 𝜇, RP).

5 TRCM-UCBOPT: THEORETICAL ANALYSIS

We now prove that REV-SupLinUCB-S-OPT is monotone and hence
from Theorem 3, TRCM-UCBOPT is truthful reverse contextual MAB
auction that optimizes the user’s utility.

5.1 Monotonicity of TRCM-UCBOPT

Theorem 4. The allocation rule induced by REV-SupLinUCB-S-OPT
is ex-post monotone.

Proof Sketch. Submitting a lower bid 𝑏−𝑖 , provider 𝑖 ensures it
will remain in the active set for at least as many rounds and stages
as it would have with the higher bid 𝑏𝑖 . During any exploitation
step, the provider 𝑙 with the highest (𝑣𝑘

𝑙,𝑡
+𝑤𝑘

𝑙,𝑡
) − Ψ𝑙 (𝑏𝑙 ) is chosen.

As (𝑣𝑘𝑖,𝑡 +𝑤𝑘
𝑖,𝑡 ) −Ψ𝑖 (𝑏−𝑖 ) > (𝑣𝑘𝑖,𝑡 +𝑤𝑘

𝑖,𝑡 ) −Ψ𝑖 (𝑏𝑖 ) while (𝑣𝑘𝑗,𝑡 +𝑤𝑘
𝑡,𝑡 ) −

Ψ𝑗 (𝑏 𝑗 ) for 𝑗 ≠ 𝑖 remains unchanged, provider 𝑖 is strictly more
competitive when it lowers its bid. Since a lower bid guarantees
that an provider remains eligible for selection for at least as long
and makes it a more competitive choice in every selection round,
the total number of allocations A𝑖 (𝑏−𝑖 ,𝑇 ) must be greater than or
equal to A𝑖 (𝑏𝑖 ,𝑇 ). □

5.2 Regret analysis of REV-SupLinUCB-S-OPT

In this subsection, we prove that REV-SupLinUCB-S-OPT incurs the
regret𝑂 (

√
𝑇 ). The proof is similar to SupLinUCB, as our algorithm

is derived from it. However, it has certain differences as we need to
ensure monotonicity. Still, the regret dependency on 𝑇 remains the
same, albeit, constant factors increase (for REV-SupLinUCB-S-OPT,

dependency on the number of providers is quadratic in𝑀 , whereas
for SupLinUCB, it is

√
𝑀).

The difference in the final regret proof is due to (i) rewards are
also bid dependent, which is not the case with [12]. (ii) We need
monotonicity, and hence, our active sets retain the providers in the
active set for more rounds than that in SupLinUCB. (iii) We need
to have an optimal reverse auction To claim the regret guarantees,
we need the following lemma.

Lemma 1. With probability at least 1 − 𝜅, for any round 𝑡 ∈ [𝑇 ]
and any stage 𝑠 ∈ [𝑆max], the following hold:

(1) For all 𝑖 ∈ [𝑀],

(𝑣𝑠𝑖,𝑡 +𝑤𝑠
𝑖,𝑡 ) − Ψ𝑖 (𝑏𝑖 ) ≥ 𝑣𝑖,𝑡 − Ψ𝑖 (𝑏𝑖 ) ≥ (𝑣𝑠𝑖,𝑡 −𝑤𝑠

𝑖,𝑡 ) − Ψ𝑖 (𝑏𝑖 ) .

(2) The optimal provider is never eliminated: 𝑖∗𝑡 ∈ 𝐴𝑠 .
(3) For any 𝑖 ∈ 𝐴𝑠 ,(

𝑣𝑖∗𝑡 ,𝑡 − Ψ𝑖∗𝑡 (𝑏𝑖∗𝑡 )
)
−
(
𝑣𝑖,𝑡 − Ψ𝑖 (𝑏𝑖 )

)
≤ 23−𝑠 .

Proof Sketch. The first part follows directly from Lemma 4
of Chu et al. [12] by subtracting the virtual cost term from both
sides of the inequality. For the second part, we use the confidence
bound 𝑤𝑠

𝑖,𝑡 ≤ 2−(𝑠−1) , which follows from the algorithm’s update
rule. Combining this bound with Part (1) implies that the optimal
provider never satisfies the elimination criterion, and thus remains
in the active set. Finally, Part (3) applies Part (1) and the elimination
condition to bound the instantaneous regret at round 𝑡 . □

We restrict learning to round-robin ordering only (Lines 10-
13, Algorithm 2) and add an additional decision rule for provider
selection (Line 27). Note that this additional rule was not used
in Chu et al. [12]. Hence, the main challenge is to bound the number
of rounds of provider selection, which is done using this decision
rule. (We refer to it as Λ𝑠

𝑒𝑠𝑡 in our analysis.) To this extent, we
introduce some notations also mentioned in the algorithm:

Let Λ0 be the set of rounds in which the provider in the pure
exploitation phase was selected (Lines [14-17]). Let Λ𝑠

est be the set
of rounds the provider was selected in exploitation in the current
phase (Lines [25-27]), and letΛ𝑠

𝑇+1 =
⋃

𝑖 Λ
𝑠
𝑖,𝑇+1. Next, the expression

in Claim 1 will be useful to bound the regret.

Claim 1. At each stage 𝑠 , |Λ𝑠
est | ≤ (𝑛 − 1) · |Λ𝑠

𝑇+1 |.

Proof. Let’s consider 𝑀 consecutive rounds for any stage 𝑠 . As-
sume that provider selection is done as per Lines[25-27] for each of
the𝑀 rounds. Note that provider selection in this decision block is
done if and only if there exists a provider 𝑗 such that 𝑗 ≠ 𝑘 (where
𝑘 is the designated provider for the round), and 𝑤𝑠

𝑗,𝑡 > 2−𝑠 . After
𝑀 consecutive rounds, each provider has received its designated
round (as in Line[7]). Hence, if for some provider 𝑘 , 𝑤𝑠

𝑘,𝑡
> 2−𝑠 ,

then this provider 𝑘 should be selected on its designated round.
Assuming selection in Lines [25–27] occurs for 𝑀 consecutive
rounds leads to a contradiction. More details are in the full ver-
sion [34]. □

Theorem 5. REV-SupLinUCB-S-OPT has regret O
(
𝑀2
√
𝑑𝑇 ln𝑇

)
with probability at least 1 − 𝜅 , if it is run with 𝛼 =

√︃
1
2 ln

2𝑇𝑀
𝜅
.
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Figure 1: Regret and revenue curves for TRCM-UCBOPT averaged over 𝑁 = 40 random seeds.

Proof Sketch. The proof follows the structure of Theorem 6
in Auer [6], with additional terms introduced to account for differ-
ences. Primarily, as our algorithm introduces two new components:
round-robin exploration and within-stage exploitation—to ensure
monotone MAB allocation, we need to show that with high proba-
bility, active sets 𝐴𝑠𝑠 cannot eliminate an optimal provider (proved
in Lemma 1). We need to bound that even if 𝐴𝑠𝑠 contains more
agents than those in SupLinUCB at any round, (a) the number of
times bad sub-optimal providers are used is bounded by a constant
with high probability. (b) The sub-optimal arms in active sets may
be pulled more frequently, but the regret incurred due to such pulls
is bounded. Claim 1 provides an upper bound on how many times a
bad sub-optimal provider is used during the within-stage exploita-
tion phase. Lemma 1 provides reward guarantees of a sub-optimal
arm in the active set. Finally, the cumulative regret is obtained by
summing the instantaneous regret across all selection rounds, and
applying Lemma 1 together with Claim 1 completes the bound. □

From Theorems 2, 3, 4, and 5, the reward structure used for arms
in REV-SupLinUCB-S-OPT and the definition of TRCM-UCBOPT,
we conclude,

Corollary 1. TRCM-UCBOPT, is EPIC, EPIR, optimal reverse auction
that learns 𝜃𝑖 s with regret guarantee of 𝑂 (

√
𝑇 ).

6 EXPERIMENTAL ANALYSIS

We study the performance of our mechanism on synthetic data.
Simulation environment. We use 𝑀 = 4, 𝑑 = 5, and 𝑇 = 100𝐾 ,
unless noted otherwise. For each round 𝑡 , we select 𝑥𝑡 from a Gauss-
ian distribution 2: 𝑥𝑡 ∼ N(0, Σ). Here, Σ, the covariance matrix
across 𝑑-dimensions of the contexts, blends a diagonal scale of
0.2 with off-diagonal correlations of 0.05. Four strategic providers
submit bids drawn from provider-specific log-normal virtual-value
models: for provider 𝑖 , the latent parameters (𝜇𝑖 , 𝜎𝑖 ) depend affinely
on 𝑥𝑡 through a learned context matrix and a scale factor of 0.15.
We fix the exploration parameter of REV-SupLinUCB-S-OPT at
𝛼 = 0.75 and regularize the Gram matrices with 𝜆 = 1.0.
Experiments. To obtain statistically stable estimates, we run each
configuration over (𝑁 = 40) independent random seeds. We fix the
2Complete version [34] depicts a similar trend for the Exponential distribution.

𝜇𝑖s and generate the 𝑏𝑖s, contexts, realized rewards, and random-
izations for each run.
Implementation Details. The algorithms are implemented in
Python 3.13 with numpy, pandas, and matplotlib. All experiments
are executed on a single workstation (Windows 11, 32 GB RAM); a
40-run sweep at 𝑇 = 100𝐾 completes in roughly 45s.
Results. We evaluate TRCM-UCBOPT over 𝑁 = 40 independent
random seeds and summarize the averaged trajectories in Figure 1.
In the figure, (a) plots the cumulative realized regret together with
a scaled

√
𝑡 guide curve. It is clear that our algorithm incurs regret

𝑂 (
√
𝑇 ). (b) reports the per-round realized regret, which contracts

toward zero. (c) compares the cumulative actual revenue with the
optimal revenue that a clairvoyant algorithm–that can predict the
expected rewards, i.e., having access to 𝜃 . From the figure, it is
clear that TRCM-UCBOPT quickly approaches the performance of
the clairvoyant algorithm.

7 CONCLUSION

We introduced the first truthful optimal reverse contextual MAB
mechanism for adaptive LLM model selection, integrating provider-
side cost elicitation with user-side learning. Our randomized re-
sampling procedure, ROSA, extends prior forward-auction frame-
works to reverse, cost-minimizing settings while preserving truth-
fulness and sublinear regret. The resulting TRCM-UCBOPT mech-
anism aligns incentives between users and LLM providers and
achieves 𝑂 (

√
𝑇 ) regret. More broadly, our work establishes a foun-

dation for mechanism design in multi-model AI ecosystems, where
learning and economic incentives must co-evolve.
FutureWork. Future extensions could incorporateminimum thresh-
olds on the costs reported by LLM providers. Another promising
direction is to handle uncertainty in query token requirements and
user-side budget limits. Incorporating such practical and external
constraints would enhance the applicability of our reverse optimal
contextual MAB framework to real LLM marketplaces.
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