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ABSTRACT

Ensuring that agents satisfy safety specifications can be crucial in
safety-critical environments. While methods exist for controller
synthesis with safe temporal specifications, most existing methods
restrict safe temporal specifications to probabilistic-avoidance con-
straints. Formal methods typically offer more expressive ways to
express safety in probabilistic systems, such as Probabilistic Compu-
tation Tree Logic (PCTL) formulas. Thus, in this paper, we develop
a new approach that supports more general temporal properties
expressed in PCTL. Our contribution is twofold. First, we develop a
theoretical framework for the Synthesis of safe-PCTL specifications.
We show how the reducing global specification satisfaction to lo-
cal constraints, and define CPCTL, a fragment of safe-PCTL. We
demonstrate how the expressiveness of CPCTL makes it a relevant
fragment for the Synthesis Problem. Second, we leverage these
results and propose a new Value Iteration-based algorithm to solve
the synthesis problem for these more general temporal properties,
and we prove the soundness and completeness of our method.
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1 INTRODUCTION

Synthesizing policies that provably satisfy rich temporal specifi-
cations, while optimizing reward, is a long-standing challenge at
the interface of Formal Methods and Reinforcement Learning. In
probabilistic settings, Probabilistic Computation-Tree Temporal Logic
(PCTL) [2, 9] provides a natural language to express safety and per-
formance requirements over Markov decision processes (MDPs).
However, general PCTL synthesis is computationally hard and, un-
der the assumption of history-dependent strategies, undecidable
[6, 7]. Moreover, randomness and memory are necessary for PCTL
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synthesis, even for restricted fragments [1]. Therefore, further in-
vestigations are required to construct strategies that satisfy such
specifications.

This paper develops a new framework for Safe PCTL (PCTLsq )
that we apply to the synthesis of specifications in Continuing PCTL
(CPCTL), a fragment of PCTLg, ¢, that we here introduce. Our start-
ing point is a structural insight: the satisfaction of a broad class
of PCTL safety properties can be enforced by local, per-transition
inequalities in a suitably augmented MDP. We introduce two local
conditions — state compatibility and path compatibility — that to-
gether imply global satisfaction of the original specification through
a coherence theorem. Building on these foundations, we identify
a syntactic fragment — CPCTL - for which these local constraints
yield constructive algorithms, while still allowing nesting of prob-
abilistic operators and thus providing a new computable class of
safety specifications.

On the algorithmic side, we propose CPCTL-V], a value-iteration
type [8] algorithm that monotonically tightens inductive lower
bounds on satisfaction probabilities. CPCTL-VI represents a con-
structive method for the synthesis problem of CPCTL, representing
complex nested probabilistic and temporal behaviors.

Contributions. The key contributions of this paper can be sum-
marized as follows:

(1) An analysis of temporal and probabilistic specifica-
tions: We introduce Continuing PCTL (CPCTL), a fragment
of safe PCTL generalizing multi-objective avoidance spec-
ifications, allowing nesting of probabilistic operators. We
show that there currently exists no decidability result for
such specifications. Additionally, we establish structural re-
sults for CPCTL such as weak reduction to literal projections.

(2) A key theoretical result: A new augmented MDP construc-
tion for Safe PCTL that encodes global satisfaction as lo-
cal linear inequalities. We define two conditions, the state
compatibility and path compatibility, and show that their
satisfaction guarantees the satisfaction of the corresponding
formula.

(3) An Algorithm for the CPCTL Synthesis Problem: CPCTL-
Vlis a value-iteration algorithm that computes lower bounds
on satisfaction probabilities and certifies realizability. More-
over, the algorithm is optimal under a generalized version
of Slater’s assumption.

The paper is organized as follows. In Sec. 2 we review the re-
sults on the synthesis problem for PCTL and some of its signifi-
cant fragments. In Sec. 3 we provide background on MDPs, RL,
and PCTL. In Sec. 4 we define the Continuing PCTLfragment and
analyse its structural properties, including expressivity In Sec. 5
we introduce the augmented MDP construction, as well as the
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state/path-compatibility conditions, and prove the coherence theo-
rem. In Sec. 6 we present our value iteration algorithm for CPCTL
synthesis - including soundness and optimality results — which is
then evaluated empirically in Sec. 7. Finally, we conclude in Sec. 8
pointing to future work.

2 RELATED WORK

We present the inclusion relations between PCTL and its significant
fragments - including CPCTL- in Figure 1.

PCTLosafe#L-PCTL[18]
MOA # CPCTL [This paper]
CPCTL # L-PCTL [This paper]

casafej
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Figure 1: Expressivity of CPCTL in the PCTL hierarchy

Undecidability of PCTL Synthesis for HR policies. For history-
dependent (perfect-recall) stochastic controllers (HR), controller
synthesis is undecidable for logics slightly more expressive than
PCTL, such as L-PCTL, which allows linear combinations of proba-
bilities [5], or PCTLGgr, which allows finite window operators such
as US" or W=" [6, 7]. While the proof of undecidability, such as
reduction from Minsky machines, cannot be directly applied to
PCTL, it suggests that the PCTL synthesis problem is either undecid-
able or highly complex. Moreover, memory and randomization are
necessary for PCTL synthesis, even when no nesting is allowed [1].
For the co-safe fragment of PCTL- PCTLoqf.— decidability can be
recovered, although with very high complexity (3EXPTIME [18]).

Complexity for MR and MD policies. For memoryless randomized
strategies (MR), [15] provides a construction that yields a PSPACE
upper bound for the general PCTL synthesis problem. The synthesis
problem of a single formula in PCTLg, . for MR policies is NP-hard
by reduction from graph three-coloring. In fact, in the easier case of
memoryless deterministic strategies (MD), the synthesis problem
for both PCTL and L-PCTL objectives is already NP-complete [6].
Furthermore, the PCTL synthesis problem for MD policies is NP-
complete [1] and is in EXPTIME for MR policies [16].

Multi-Objective Reachability and Avoidance. Multi-objective reach-
ability (MOR) and avoidance (MOA) queries have been shown to be
solvable through Linear Programming [10], and thus can be solved
in polynomial time. A value iteration scheme for multiple objectives
based on computing Pareto frontiers appears in [19], and a practical
algorithm that generates successive approximations of the Pareto
frontier for multi-objective reachability and avoidance appears in
[11]. These results are summarized in Table 2.
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Summary. We summarize these results in Table 1. The multi-
objective avoidance (resp. reach) fragment MOA (resp. MOR) is com-
posed of all the formulas of the form /\;’:l P»,;(G—a;) (respectively
A;‘:l P>, (Fa;)) for a; € AP, where G is the globally operator and
F is the reach operator. These two fragments have been studied
individually, as they are of theoretical and practical relevance. The
definition of the other fragments along with a study of their expres-
sivity and/or complexity can be found in [5] for L-PCTL, [3, 6] for
PCTLg&L, [14, 18] for PCTL osafeand PCTL g, and [10] for MOA.

Class Strategies Complexity
HR >! hard [5]
L-PCTL L
MD NP-complete [1]
HR Unknown
PCTL
MD NP-complete [1]
PCTLg&L HR Z} hard [6]
HR Unknown
PCTL
safe MR NP-hard [This paper]
PCTLcosafe HR A9 [18]
MOA HR LINEAR Pro. [10]

Table 1: Complexity of PCTL Synthesis for PCTL fragments
under different strategy assumptions.

Continuing PCTL.. We identify the fragment CPCTL of PCTLg,¢,
that strictly extends multi-objective avoidance specifications, and
we provide a synthesis algorithm for this logic that solves the de-
cidability problem and outputs a safe policy whenever one exists
under a generalized Slater’s Assumption. This assumption intu-
itively means that the formula can be satisfied when > are replaced
by strict >. Precise definitions are provided in Sec. 3. In addition,
CPCTL contains formulas that do not belong to any of the known
computable classes. Common classes for which an algorithm has
been described are summarized in Table 2. Although the decidability
of the synthesis problem for the whole PCTL,f.remains open, our
contribution is a step towards understanding the subtle boundaries
of decidability in PCTL synthesis. As no existing algorithm solves
the synthesis problem for CPCTL or any larger class of properties
to the best of our knowledge, performance comparisons are not
available.

Class Safe & Complete Algorithm
Avoid Yes [10, 12]
MOA Yes [10]
CPCTL Yes [This paper]
PCTL sufe No
PCTL cosafe Yes [18]
MOR Yes [10]

Table 2: Currently computable classes, HR strategies.

3 PRELIMINARIES

In this section we provide preliminaries on Markov decision chains
and processes, and Probabilistic CTL. We refer the interested reader
to [2] for an in-depth presentation.
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3.1 Stochastic Models

Markov Decision Processes. A (labeled) Markov Decision Process
[17] is a tuple M = (S, A, P, sinit, AP, L, R), where S is a set of states;
A is a mapping that associates every state s € S to a nonempty finite
set A(s) of actions; P : S X A — D(S) is a transition probability
function that maps every state-action pair (s, a) to a probability
measure P(s, a) over S; sini; € S is the initial state'; AP is a set of
atomic propositions (or atoms); L : S > 24% is a labeling function;
and R : S — R is the reward function.

In the following, all MDPs are labeled so we will simply call them
Markov Decision Processes (MDP). For the sake of simplicity, we
will write P(s’|s, a) instead of P(s, a)(s’). An MDP is finite if the
sets of states and actions are finite.

Paths. A finite (resp. infinite) path (or history) in an MDP M is
a finite (resp. infinite) word { = spaq - - - Sp—1an—15, (resp. - - - ) such
that for any i < n (resp. for any i € N), s; is a state of M, a; is an
action in A(s;), and s;4; is in the support of P(s;, a;). In addition,
paths (M) denotes the set of infinite paths of M. We denote as
P p. the usual probability measure on infinite paths sos; - - - € §¢
induced by a policy 7 on a M (c.f. [2] for full details). Finally, for a
path & = s¢s; - - - and integer i > 0, we let & = &£[i] =s;.

Policies. For any measurable space E [13], we denote by D (E) the
set of probability measures over E. A policy (also called controller or
strategy) m of M is a mapping that associates any finite path £ of M
to a probability measure over A(last ({)). It is memoryless if 7 ({)
only depends on last ({), in which case we denote 7({) = n(s),
where s = last (). It is deterministic if for any finite path ¢, 7({)
is a Dirac measure. We let HR denote the history-dependent and
randomized policies.

Markov Chain Induced by a Policy on a MDP. For any policy 7 of
M, we let M, = (Sy, Py, Sinit» AP, L) denote the (labelled) Markov
chain induced by 7 in M such that S, is the set of finite histories
of M, AP is the same as in M, L, (&) = L(last (£¢)), and

Pa(s1®) = ), m(al)P(sllast (&), ).

acA(s)

When the policy is memoryless, the states of M, correspond to
the states of M and will be denoted the same. When the policy
is history-dependent, the states of M, correspond to all possible
histories. For more details on MDPs and induced Markov chains,
see [2, 4].

3.2 Probabilistic and Temporal Specifications

In this section, we define the probabilistic temporal Logic PCTL[9]
and its safe fragment PCTL,f.[14]. These two logics distinguish
between two kind of formulas: path and the state formulas, and
allow for probabilistic nesting of temporal specifications.

3.2.1 Probabilistic Temporal Logic (PCTL). Let AP be a finite set of
atomic propositions and q € [0, 1]. A formula of PCTL is generated

IThis can be assumed wlog compared to a model with an initial probability distribution
since it is always possible to add a new initial state to such a model with an action
from this initial state whose associated probability distribution is the aforementioned
initial probability distribution.
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by the nonterminal ® in the following grammar:
P al|OAQ|OVD|-D|Pse(p), a€ APU{L, T},
7 X0 | Oy WD, | O, UD,.
We call the formulas generated by @ the state formulas, and the

formulas generated by ¢ the path formulas. The satisfaction relation
|= is defined on both sets by induction as follows.

DEFINITION 1 (SEMANTICS). Given a Markv chain M, state s, and
path &, the satisfaction relation |= is defined inductively as follows:

State formulas:

(M,s) = a iff aelL(s)

(M,s) | ~@, i (M.s) [

(M,s) = @1 A D, iff (M,s) | @ and (M,s) E @,

(M,s) |E @V, iff (M,s) | @ 0or(M,s) E @,

(M3) E Poglp)  iff Py ({£ € Paths(s), (M.9) = 9}) 2 g.

Path formulas:

(M. §) | X, iff M = o,

MO & U iff 3jeN, (M) 0
andVi < j, (M, E[i]) E @4,

MO W, iff (M (21UD)V(GPy),

where (M, &) |= GOy iff VieN,¢[j] = ®s.

Satisfaction, Markov Chain. (M, s) |= @ is alternatively denoted
M? |= ®. When clear from the context, we write for state formulas
(resp. path formulas) s |= @ == (M,s) = @ (resp. € |= ¢ ==
(M, &) = ¢). Moreover, for a Markov chain M, we define its
semantics of a state formula @ as [®] o = {s, (M,s) |= @} and its
semantics along a path £ as [®]z m = {i € N, (M, &[i]) |= @}. For
readability, we may write [®] ::= [®] o and [®]¢ == [P]g m-

Satisfaction, Probabilities. For a Markov Chain M and a path
formula ¢, we write P(¢|s, M) to denote the probability of the set
of paths starting from s and satisfying ¢ in M.

Satisfaction, MDP. When the Markov chain is of the form M,
and is induced by policy 7 on the MDP M, the states of M, are
histories p € H(S). Instead of (M, &) |= ¢, where £ is a path of
histories p; € H(M), for i € N, we may write & |=, ¢ or simply
¢ |= ¢. Similarly, instead of M% |= ®, we may write p |= ®. When
the policy 7 is memoryless, we write s |= ® for M% |= ®, when
s = last (p).

3.22 Safe PCTL.. The safe fragment of PCTL, denote PCTLyqr, is
the subset of PCTLformulas, whose syntax is given by

P al-a|@AD[DVO|Psy(),
[ XCI>1|<I>1W<I>2

The semantic of the relevant operators remain the same. As op-
posed to PCTL, the negation is only allowed on atomic propositions,
and the until operator U is not allowed. Note that the operator G
is in the safety fragmentas G® =dW L.

The safety fragment of PCTL extends the multi-objective avoid-
ance case, and corresponds to formulas whose violation can be
witnessed in finite time, but not their satisfaction. For example,
the PCTLqpcformula Py ;/2(G—a) - stating that at least 50% of the
paths should always avoid a — satisfies this property, as any path
can always a priori reach a later. For more in-depth intuition and
analysis of the safety fragment, we refer the reader to [14].

a€ APU{L, T},
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When a policy satisfies a safety formula, we will say that the
policy is safe (for this formula). Finally, the term safety specification
is synonymous of safety formula.

4 CONTINUING PCTL

4.1 Definition and Problem Statement

Continuing PCTL (CPCTL) is the fragment of PCTLbuilt on state
formulas ® and path formulas ¢, according to the following BNF:

P
@

a | -a | CD/\CD’ | qu((P)’
O W (D) A D).

a € AP,

Continuing PCTL, as opposed to PCTLg, ., does not allow dis-
junctions or the next operator X. Moreover, the syntax of the weak
until W is restricted such that condition ®; appears as a conjunct
in goal ®; A ;.

Hereafter let M be an MDP and ® a CPCTL state formula, and
denote the set of state subformulas SF(®) = {®,..., Dsr(¢)} and
path formulas PF(®) = {¢1,...,dpr @)}, with the added conven-
tion that for all j < pf(®), ®; =P, (4;).

The Synthesis Problem. In this contribution we design an algo-
rithm for the following problem: Let M be an MDP and ® € CPCTL.
Then, find a HR policy 7 such that M, |= ®.

We emphasize first that we adopt the standard semantics of
PCTL operators for the synthesis problem: a single policy is used
throughout the formula evaluation. This differs from the semantics
often used in the model-checking problem, where each probabilistic
operator in the formula might be associated with a different strategy
in principle. On the other hand, in the synthesis problem as stated
above, a unique strategy is used to evaluate all the probabilistic
operators.

Slater’s Generalized Assumption. We provide an analogue of
Slater’s assumption in the case where nesting are considered, that
we call Slater’s generalized assumption. Intuitively, a Markov Chain
M and a formula @ satisfy Slater’s generalized assumption if M |=
¥ for any ¥, where ¥ is obtained by replacing all p; in the formula
(0] by qi > pi.

DEFINITION 2. (Slater’s generalized assumption) We consider M
a MDP and @ a CPCTL formula. Ford = (d,,...,dyf(®)), we define
T(®,d) € CPTCL by induction as T(®,d) = T(®;,,d) AT(®;,,d) for
O=3; N, Pzd,— [T(q)jl,d)WT(CDjl A (Ijjz,d)] for® = o;Wo;,,
a for® =a € AP and —a for ® = —a, a € AP.

We say that M, ® satisfy the generalized Slater’s Assumption
(gSA) if there exists p = (p;,...,pj’vl) satisfying p; > p; for all
i, such that there exists & satisfying M, = T(®, p).

4.2 Structural CPCTL Properties

The results presented hereafter are essential for the initialization
of the value iteration algorithm to solve the synthesis problem,
introduced in Sec. 6. They describe the set P—; (¢), for path formula
¢, which corresponds to the starting point of the algorithm.

The intuition for the name "Continuing PCTL" comes from the
following lemma. It states that for ® eCPCTL, the satisfaction of
can be postponed, as long as we stay on the literal projection of @,

1950

AAMAS 2026, May 25-29, 2026, Paphos, Cyprus

a boolean logic formula that we introduce now, and @ is satisfied
later on.

DEFINITION 3 (LITERAL PROJECTION). We define the literal pro-
Jjection L (¢) of a CPCTL formula ¢ by induction on ¢.
e For any literal a,L (a) = a,
o forany CPCTL state formulas ®; and ®;, we havel (&1 A ;) =
L ((Dl) AL (<I)2) and

ifp=0

T
L (P2p [0:W(D1 A D2)]) = { otherwise.

L (®1)

The Literal Projection is the strongest necessary condition in
boolean logic that a state has to satisfy to satisfy a state CPCTL
formula. For example, for the following formulas

®; =Pyo7 ((aA-b)W((aA=b)Wc) = L (D)) =aA b,
o, = PZO.S (¢2) A-b=1L (Cbz) =a A =b.

Define ¢y, ¢ such that ®; = P»,(¢1) and @, = P»5(¢2). For any
state s in a Markov Chain M, we have s |= ®; = a A —b, otherwise
we would have P(¢;|s, M) = 0 since for every path ¢, we would
have & [£ ¢;. Similarly, s = ®; = s |= =b, and s |= Pxg5(¢P2).
Conversely, a quick induction shows that satisfying P> (GL (®))
implies the satisfaction of ®. For example, P=; (G(a A —=b)) implies
®;. The following lemma precisely formalizes this intuition.

Lemma 1. For every MDP M, path formula ¢ = ®;W (D1 AD;), and
policy 7, we have M |=Ps1[¢] iff My |= Ps1[L (91) W(D; AD,)].

Corollary 1. For every MDP M, ® eCPCTL and policy x, we have
My EP>1(G(L (D) = My = .

The intuition of the results cannot be extended further.

¢ (Equivalence) For ® = P,[¥;WW¥;], one cannot write ® =
P>1(GL (®)) even assuming that ¥, = L so that ® never "stops"
and always continues.

(Paths) The result can not be extended to paths. For instance, if
we consider the Markov Chain M with 8 = {sy,s,}, L(s1) = 0,
L(sz) = {a},and P (s1]s1) = P(sz2]s1) = 1/2, P (sz|s2) = 1and the
path formula ¢ = (P;/3Ga)W L, then the path & = 5,51, 51,....
satisfies (L (Px1/2Ga)) WL but does not satisfy ¢.

(PCTLgqfe) This key structural property is not true for general
safe formulas. For example, no boolean logic formula on a state
s can be deduced provided that s |= P (Xa).

4.3 Expressivity of CPCTL

The restrictions imposed on CPCTL formulas do not imply a one di-
mensional monotonicity, and maximizing several nested properties
does not reduce to maximizing the last one, as shown in example 1.

Example 1. (No collapse of nested objectives)
We consider the formula

7
=5

The path formula G[®,] means that we must stay on states such
that the probability of reaching a from those states is lower than p;.
We look for & that maximizes the probability of those paths. One
intuition may be that there is never a reason to visit a more often.

However, the safest policy that minimizes the probability of reaching

O =Py, [GDy], Po=Psp, [G-al, pi
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a from any state does not maximize ®. We consider the M presented
in Figure 2. The actions are represented by arrows labelled by the
associated probabilities. The states without an outgoing arrow have
only one action looping on themselves with probability 1. Finally,

la] = {s5.s7}-
=1
w 1) P
3 _
Poa =% a3,%/r Poq =0
a, 1 az, 3N Poa =3
a
e as, 2\® pog =1
=1
ay, 1 as %/7@ pq)“
_2

Figure 2: The Markov Decision Process M,

The policy that maximizes the probability of avoiding a 7; chooses
ay with probability 1. In this case, P(G—a|r, s9) = 3/4. Now, the states
that satisfy ®, = Ps7/12[G—a] are [®4] = {so, s1, 52, 55, 56} Hence,
the probability of never reaching a state in S \ [®,] is equal to 1/2.
If we consider 7t however, the policy taking a; with probability 0 and
ag with probability 1, since ss and s; are in [®,] and sg ¢ [®,]], we
obtain P(®|ry, s9) = % < % = P(®|m, so). Thus, in this case, we have
so, 11 = © while sy, 15 |= ®.

4.4 A New Computable Class

The following theorem shows that CPCTL specifications cannot be
reduced to flat PCTL formulas and form a new class of computable
specifications.

Theorem 1. There exists formulas ® € CPCTL such that for no flat
formula (nesting depth one) ¥ € PCTL, we have that for any Markov
chain MM Do M =7T.

Equivalently, for such formulas, there exists no flat formula ¥ €
PCTL such that for any MDP M and any policy 7, we have M, |=
® © M, | Y. In particular, currently there exists no algorithm
for the synthesis of CPCTL specifications.

Proor. We provide an example of a CPCTL formula that is not
equivalent to any flat formula. We consider the nested formula
® =P5; (c(WP51/2(cW(c A a))) € CPCTL, and assume the existence
of aflat formula ¥ of the form ¥ = B(¥y,...,¥), Yk =Pxsp, (Y1)
where 8 is an operator that involves only a finite number of boolean
operations and atomic propositions, and ¢4 are formulas of the form
Uk = Y10k ¥k 2 where O € {U, W} and ¥ 1, ¥k » are boolean
formulas. We introduce the Markov Chain M, . as defined in Figure
3.

For any ¢ > 0, we have P(¢|My,) <1—¢ < 1,50 M |£ ®. For
e = 0, we denote ¢ the path obtained by going to the left once and
to the right once. £ has label {c}{c}{b}* and does not satisfy the
path formula cW[cW (c A a)] 1/, because ¢ ¢ {b}, except if there
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Figure 3: The Markov Chain M, .

exists i such that & |= [¢cW(c A a)]51/2. i < 2 which means i =0
ori =1 Wehave P(cW(cAa)|§) =afori=1,2,s0¢ |=¢ifand
only if @ > 1/2.

Hence, E¢ = {(a, €), My, E @} = [1,1] x {0}.

The following conditions are incompatible for a flat formula ¥:

(i)Ve > 0, Va € [0,1], (@ &) ¢ Ey, (ii) (%o) c 8%(%,0) ¢ Ey.

To see it, note that the evaluation of path formulas 4 on a path
&= (&4é& ...) only depend on the sequence of labels L(&)L(¢7) . ...
With &, &, &, the paths respectively going to the left then left, to
the left then right, and to the right, we have with B(True) = 1 and
B(False) =0,

P(YjIMae) =(1 - e)aB(&u = ¥))
+(1-6)(1-a)B(&y = ¥)) +eB(& =)
This condition restricts expressivity and prevents the whole formula
¥ from satisfying the previous condition.
O

5 FROM SAFE-PCTL SATISFACTION TO LOCAL
CONSTRAINTS

In this section we construct, for a safe-PCTL formula ® and an

MDP M, an augmented MDP M X [®], such that satisfying ® in

M is equivalent to satisfying local constraints provided in Def. 7

in M x [®].

DEFINITION 4 (AUGMENTED MDP). We define M X [®] — the
MDP augmented by formula ® - as follows:

o Set of States: Let 320 be the set of all triples (s,p,v) in S X
[0,1]3(® x {0, 1}7F(®) Each (augmented) state § € S is of
the form (s, y, v), with

V=V, Vsp@)s B (e ipf ()

where v; € [0,1] (resp. u; € {0,1}) are the counters of the
path subformulas ¢; € PF (®) of D, (resp. the valuations of
the state subformulas ; € SF(®) of ®). Finally, we define
S= Szo U {$_1}, with initial state §_;.

o Set of Actions: Let § = (s, j1,v) € S, A(s) the set of actions
available at s in M, and {sy, ..., sm} the successors of s in M.
Then, for any § € S \ {8_1} we define the (augmented) set
of actions A(3) as the set of (a,vl,...,v™ pul, ..., ™) such
that a € A(s), each v (resp. ji') is a set of valuations (resp.
counters) for the successor s;, and (s;, Vi pi) eS.
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Initial State: The set A(S_) is the set of all (v, u) such that
(so, v, ) € S’, where s is the initial state of M.

o Set of Transitions: For each @ = (a, i, v) € A(3) with U=
(H1s - st (@), V= (Vi oo, Vpp(@))s for §" = (s, v/, pt')

P(8'|a) = P(sila), if i’ = p and V' =v;

P(§'|a) =0, otherwise

That is, action a performs similarly to action a in M, but the
agent can choose the valuations and counters for the successors
and ends up in the augmented state (s;, v;, ji;) rather than s;.
Initial State: For any d = (v, ), for any §’ = (s",v/, ') € S,
P($" | a,8-1) =1ifs" =50,V =vandy = p, and P(§ |
d,5_1) = 0 otherwise.

The augmented MDP M X [®] is infinite, as the set of states is
the entire S = S X {0, 1}57(®) x [0, 1]7f(?) However, in Section 6
we show how to navigate a finite portion of states and actions to
obtain a policy that satisfies ® in M.

We next define calued policies. Intuitively, these corresponds to
policies 7 on M x [®@] that are deterministic on the counters and
valuations of the augmented actions.

DEFINITION 5. (Valued Policy) A policy 7 is valued iff there
exist functions 0 and A s.t. for m(8) = #succp(s) and p a history in
Mx [D],

O:p ((uvh),...,(1™" V™), A: pr> e D(A(>s)),
For last (p) = (s, u, v). Such that for any a € A(s), § = A(p),
#(alp) =o(a), d=(a0(p)), (1)

and 7(a|p) = 0 for any other a. With an abuse of notation, we denote
0(p)(si) = (u',v').

Additionally, we denote by § ; the state reached from §, after
one step, and we write §, when 7 is clear from the context. Since the
policy is valued it chooses a unique set of valuations and counters
for each state s € 8, it is in particular deterministic at §_; and $p is
well defined.

Finally, we denote by S; the set of states that are reachable from
So.7-

We say that a state § of M X [®] is realizable if there exists a
policy such that starting from this state, all constraints are satisfied.

We now introduce the compatibility conditions.

DEFINITION 6. Let 7 be a valued policy on M = M x [®], and
denote the corresponding 6 and A as in Def. 5.

We say that 7t satisfies the state compatibility if for every § =
(s,v,p) € Sy withv = (vi,...,vNy) and p = (p, . .., Ny, ) the fol-

lowing are satisfied for any state formulas ®;, ®;,, ®;,,

(i) If©; = Psp, i, then (u; = 1) = (v; 2 pj);

(ll) If‘q)] =<Dj1 /\(I)jz, then (ﬂ] = 1) = (/1]1 = l) and (/1]2 = 1)
(iii) If ®; = ®;, V ©j,, then (u; = 1) = (pj, =1) or (uj, =1).
(iv) If®; = b for some b € AP, then (y; =1) = s; |= b.

The state compatibility ensures that the valuations of the aug-
mented states that 7 can reach are coherent. We introduce compat-
ibility conditions for path formulas too.
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DEFINITION 7. Let 7t be a valued policy on M = M x [®], and
denote the corresponding 6 and A as in Def. 5.
The policy 7t satisfies the path compatibility iff, for every aug-
mented state § = (s, 1, v) € §ﬁ, with
0(3) = (v, v), v = (v, ..

v=(vg,..

Vi) B = ),
SVsp@)s 1= (1 fpp@))s 6 = A(S),
the following conditions are satisfied withm = m(s):
e Forevery ¢; path formula of the form ¢; = ®; W(®j, A Dj,)
(the continuing-weak-until), we have

v; < max (Ph (Z P(sila)(S(a)V"-) sﬂjlﬂjz) :

i=1

o For every ¢; path formula of the form ¢; = ®; W®;,, we have

v; < max (yj1 (Z P(s,»la)(S(a)v".)  Hjy
i1

e For every ¢; path formula of the form ¢; = X®;,, we have

v; < (Z P(s,»la)(S(a),uj-l) .
i=1

The path compatibility ensures that the counters are coherent
between an augmented state and its successors.

Theorem 2 (Coherence). Let 7t be a valued policy that also satisfies
the state and path compatibility conditions. Then, for every augmented
state § = (s, y, v) reachable from $y through 7, we have

o The counters are coherent: for every j € {1,...,pf(®)} and
path formula ¢;, Mz (3) |E Pxo, [4;]-

o The valuations are coherent: for every j € {1,...,sf(®)} and
state formula @;, (u; = 1) = Mz (5) = @;.

6 VALUE ITERATION FOR CPCTL SYNTHESIS

Using the Coherence Theorem 2, our goal is to construct iteratively
augmented states (s, i, 0) that are realizable, meaning that there
exists a policy 7 on M|[®] such that for all i, j, Mz(s) =1 =
M;i(s,1,0) |= @i, and My (s, 1,0) | Psy;[4;]. Using the state
and path conditions as the backbone of the Bellman operator that
we will define, we compute augmented states that are provably
realizable. For ®; = b € AP an atomic proposition and b € L(s),
we can immediately deduce that the state (s, , 0) where p = 1
for j = k, g = 0 otherwise, and 6 = 0 for all k is realizable.
This initialization, however, does not suffice for the Value-Iteration
to reach all the realizable states. We know for instance from [12]
that formulas involving the temporal operator G® require the pre-
computation of P—; [G¢]. We extend this idea to the continuing
operator ®; W (®; A ®,) and construct a suitable initialization. We
then combine these elements and design an algorithm, CPCTL — VI,
which solves the synthesis problem. In Theorem 4, we prove its
soundness and optimality under a generalized Slater’s assumption.

6.1 A Value Iteration Algorithm for CPCTL

For tuples (g, v) in {0, 1}*/(®) x [0,1]?7(®)| we define the partial
order < as

ifft forallij,p <

(mv) < (@', v) pi and v; < V).
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For any closed subset E C {0, 117 @®) % [0, 1]7F(®) | we let T (E)
be the set of maximal elements of E w.r.t. <.

DEFINITION 8 (BELLMAN OPERATOR FOR CPCTL). The extended
Bellman operator By acts on elements of

#S
D ({0, 1137® x [0, 1]Pf(<l>)) )
and is such that, for anys € S, By [V](s) =T (E), where E is the set

such that there exists an action distribution 8 over the actions A(s)
and there exists (usl, v)yes with (ps’,vs/) e V(s') foralls’ € S
such that all the following are satisfied for all i, j.

Valuations for state formulas:

o I[f®; =a, then y; =1 ifa € L(s) and 0 otherwise

o If®; = —a, then p; =0 if a € L(s) and 1 otherwise
o If®; = &y A Dy, then p; = pyy i,
o If®; =Py, (¢;), then p; =1 if v; > p and 0 otherwise

Counters for path formulas:

[ ] U@l = ‘th(@h Aq)jZ)’ then

0ifpj, =0
v ={1ifup =y =1
> 6(a) P(s,a,s") V‘;/ otherwise.

acA(s),s’eS’

DEFINITION 9 (INITIAL VALUE VECTOR). We let Ty be such that,
for any s € S, Ip(s) is the set of tuples (u,v) € {0,1}F(® x
[0, 1]P(®) satisfying: there exists a policy n such that for all ¢; =
D, W(Dj, ADj,)

vi=1e M EPo[G(L (®)))].

Additionally, the valuations are maximal for the partial order >
among the set of valuations such that Iy, satisfies the state compati-
bility (as in Definition 6).

Our Value Iteration algorithm is given in Algorithm 1.

Algorithm 1 CPCTL-VI

: Input: MDP M,CPCTL formula ® = /\é‘:IPZm [¢:]

: Initialize V « I,

: while for any q € V (sjni¢), there exists i such that gy, < p; do
V — Bp[V]

: end while

: return V

- RS I T RN

The algorithm constructs a set of tuples V(s) for each state s,
starting with the values provided by Definition 9 and iteratively ap-
plies the Bellman Operator defined in Definition 8. The algorithm’s
goal is to maintain the following property: for each state s and each
tuple (p, v), the augmented state (s, g, v) is realizable. Moreover,
for each such augmented state, the algorithm associates a policy
that realizes this augmented state. This construction is described in
more detail in the next section.
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6.2 CPCTL-VI: Soundness and Optimality

This section is devoted to the formal soundness and optimality of
the algorithm. We first introduce the following lemma, showing
how policies of the augmented MDP can be "de-augmented" back
to the original MDP.

Lemma 2 (Projection onto original MDP). Let M be a MDP, ® a
CPCTL formula, M the augmented MDP, and 7 be a valued policy
satisfying the state and path compatibilities. We define Sy = (so, 0, v)
the state chosen from sy by #. Withv = (p,p, ..., un,), if p = 1,
there exists 7t a policy on M, such that M (s) |= ®. Moreover, for
any path subformula §;, My (so) |= Pxy; ¢

We now introduce the Soundness theorem which states that
each values (y, v) that we add to the set E, (sp) corresponds to a
realizable augmented state $. In fact, the algorithm outputs for each
such added values a policy that realizes this augmented state.

Theorem 3 (Soundness). Let M be a MDP and ® be a formula in
CPCTL. Let E, (s) be the realisability set for s obtained after n steps
using CPCTL-VI, then for every (n, ) € E,(s), there exists a policy
7 such that

{VJ < pf(®), Pm(gjls, m) = nj,
Vj< Sf(‘I)), Hj = 1=s |:Mn CDJ'.

Moreover, for any (1%, v°) € En(so), with nl, the memoryful policy
defined as:

Initial memory state: Initially, my = (1°,°).

Definition of 7(,,,)(s):

o IfVj such that uj # 0, ®; = b; or —b; for someb; € AP, then the

policy takes any action, and the constructive algorithm stops.

o If there exists ®; = P»,.(¢;) such that y; = v; = 1 and for all
k such that pe # 0, @i is a subformula of ®; and 3y, M5, =
P»1(GL (®;)), then n5, follows the policy m; indefinitely.
Otherwise, withm = (p, v) the current memory state, there exists 3,
a distribution of actions of A(s) and tuples (1, v') for each succes-
sors; such that (8, u, v, (i), (v');) satisfies Bellman’s inequality.
The policy 73, follows the distribution of action §. When reaching
the state s;, it modifies its memory to the new value m = (p', v'),
and follows (i i) (s;) from there.

the policy ©° is well defined and satisfies for all j < pf(®),
Mngno FEPx;(4;), and forall j < sf(®), pj =1= Mg, F ;.

Finally, we show in the next theorem that under the generalized
Slater’s Assumption, the algorithm is optimal, meaning that it finds
a policy satisfying the Synthesis Problem when such a policy exists.

Theorem 4 (Optimality of CPCTL — VI). We consider M a MDP
and ® a CPCTL formula. Denote by V,, the value frontier obtained after
n steps of CPCTL — VL, i.e. V,, = (B9)" [Im]. If M, @ satisfy the gen-
eralized Slater’s Assumption, there exists ng € N,23p € Vy, (s0), p >
(P15 PNy)-

7 NUMERICAL EXPERIMENTS

Presentation of the problem: A robot moves over a surface where the
ground becomes increasingly slippery toward the unsafe borders.
On the right side, the slipperiness remains constant and moderate,
while near the left edge the surface is highly polished, making the
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robot prone to sliding unpredictably in any direction. The robot
must reach the goal region at the top while avoiding the unsafe
edges and can not cross the central wall that divides the terrain.

We consider the formula P, (G(le72 (=dWG))), where p, =
0.6 and our goal is to maximize ¢ = P (G(Pyp, (=dWG))|S). Com-
pared to flat formulas, this reduces the bias from starting at a given
state, as the robot is asked to minimize the risk of reaching high
risk states later on. We implemented CPCTL-VI for ¢ in Python,
and the experiments were carried on Windows 10 with an Intel(R)
Core(TM) i7-12650H CPU.

7.1 First Model: a Gridworld with a central Wall

We introduce the first 7 X 7 Gridworld model with a central wall
in figure 4. The Pareto Curve outputted by the Algorithm for this
model is presented in Figure 5a. For any a on the curve, there exists
a policy such that M |= P>, (GPsp,(~dW(—=d A G))), while b is
only used internally by the algorithm.

Legend:
Unsafe (d)
Wall

Goal (G)
Start (S)

Low noise

Medium noise
High noise

Figure 4: First Grid World: 7x7 grid with a central wall and slip
gradient represented as gray shading (darker means higher
slip probability). The slip is a uniform stochastic noise in all
the available directions. The goal (G) is safe and the start (S)
is the initial state.

In this model, the safest strategy, i.e. the strategy = that maxi-
mizes P(¢|r, Start) is to enter the right corridor and to try and stay
in the fifth column. This strategy however corresponds to a higher
risk to reach unsafe states in average, but decreases the probability
of reaching high risk states compared to a strategy that uses the
left corridor.

7.2 Second Model: Gridworld with a hole

We present the second model in figure 6. A hole is now present in
the wall and the agent can move through it. The optimal strategy is
now to follow the right side of the wall (sixth column) or go in the
direction of this column when the agent is moved away from it by
the stochastic noise. When too far on the left and blocked by the
wall, the agent follows the left side of the wall (fourth column). The
Pareto Curves obtained by the algorithm are presented in Figure

5b.
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Initial-state Pareto Frontier

Initial-state Pareto frontier

Initial-state Pareto Frontier

0.770 4

0.765 4 0.925
0.760
0.920
0.755 4

0.750 4 0.915

0.745 4
0.910

0.740

b: Inner Probability
b: Inner Probability

0.735 4 0.905

0.86 0.87 0.88 0.89 0.90

a: Outer Probability

T T T T
0.55 0.60 0.65 0.70

a: Outer Probability

(a) First Model. (b) Second Model.

Figure 5: Results of the Algorithm CPCTL-VI for the two
models. The curves are step functions because the convexity
of the Pareto Frontier is not guaranteed. The points are not
joined to ensure soundness and guarantee safety. The curve
obtained in the second model is an example of non-convex
Pareto Curve.

Legend:
Unsafe (d)
Wall

Goal (G)
Start (S)

Small noise

Medium noise
High noise

Figure 6: Second Grid World: 9 X 10. The agent starts at the
initial state S and must reach the safe goal G while avoiding
the unsafe borders. The central wall is impassable but pos-
sesses a hole in the middle that behaves like any right-side
state. Darker gray indicates higher slip probability. The slip
is a stochastic noise uniform in all the available directions.

8 CONCLUSIONS

In this paper we made the following key contributions to the syn-
thesis problem for probabilistic temporal specifications. First, we
introduced Continuing PCTL (CPCTL), an expressive fragment of
PCTL, which allows the nesting of probabilistic operators. thus
generalizing multi-objective avoidance specifications. Then, we
provided a novel augmented MDP construction for Safe PCTL that
encodes global satisfaction as local linear inequalities. In particular,
we proved the coherence result Theorem 2. Further, we presented
CPCTL-VI, a value-iteration algorithm for CPCTL synthesis, and
proved its optimality under a generalized version of Slater’s as-
sumption. Finally, we evaluated CPCTL-VI experimentally, thus
showing the feasibility of our method in practice.
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