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ABSTRACT

Dynamic game theory is a powerful tool in modeling multi-agent
interactions and human-robot systems. In practice, since the objec-
tive functions of both agents may not be explicitly known to each
other, these interactions can be modeled as incomplete-information
general-sum dynamic games. Solving for equilibrium policies for
such games presents a major challenge, especially if the games
involve nonlinear underlying dynamics. To simplify the problem,
existing work often assumes that one agent is an expert with com-
plete information about its peer, which can lead to biased estimates
and failures in coordination. To address this challenge, we propose
a nonlinear peer-aware cost estimation (N-PACE) algorithm for
general-sum dynamic games. In N-PACE, using iterative linear qua-
dratic (ILQ) approximation of dynamic games, each agent explicitly
models the learning dynamics of its peer agent while inferring their
objective functions and updating its own control policy accord-
ingly in real time, which leads to unbiased and fast learning of the
unknown objective function of the peer agent. Additionally, we
demonstrate how N-PACE enables intent communication by explic-
itly modeling the peer’s learning dynamics. Finally, we show how
N-PACE outperforms baseline methods that disregard the learning
behavior of the other agent, both analytically and using our case
studies. Codes available at: NPACE.
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1 INTRODUCTION

General-sum dynamic games offer a powerful framework for mod-
eling multi-agent interactions [23, 32], with applications in au-
tonomous driving [9], assistive robots [21], and social navigation
[11]. However, the process of finding the feedback Nash equilibrium
(FBNE) solution of such games, which can be achieved by solving a
set of Hamilton-Jacobi-Bellman (HJB) equations [5], is inherently
complex, as traditional dynamic programming approaches suffer
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Figure 1: Demonstration of the core idea in N-PACE using
a simulated general-sum game between two autonomous
cars at an intersection. In (a), each agent assumes its peer
knows its aggressiveness level, leading to biased inferences
and possible collisions. In (b), N-PACE models the peer agent
as a learning entity, resulting in a safe intersection crossing.

from the curse of dimensionality [30]. This problem becomes even
more challenging when agents do not know each other’s objective
function and must perform inference online while making deci-
sions, resulting in an incomplete-information differential game, a
common scenario in human-robot interaction (HRI) [15, 21, 28, 36]
and autonomous vehicle interaction [1, 39, 42].

Existing approaches to solve such games often rely on the as-
sumption that one agent is an expert which knows the true intent
of other agents [17, 19, 29, 32]. Despite success of these approaches
in situations where the peer agent is indeed a complete information
agent, in scenarios where all agents are learning simultaneously
and inferring each other’s objective functions (which is defined as
their intent in this paper), these assumptions can lead to biased
estimates, poor coordination, and failure to achieve each agent’s
goal [22, 34]. This is because while doing the inference, they fail
to account for the fact that other agents can be learners, whose
policies are conditioned on previously observed data [15]. It is even
more important to consider such mutual learning in a competitive
setting where an agent has no information about the others.

In this paper, we highlight the importance of accounting for the
learning dynamics of peer agents while inferring their objectives,
addressing critical limitations in existing approaches. We achieve
this goal by developing a peer-aware cost estimation algorithm for
general-sum nonlinear games (N-PACE), where each agent lever-
ages prior knowledge about its peer agent’s learning dynamics
(e.g., gradient-based learner, Bayesian learner) to condition its cur-
rent inference of the other’s objective on their parameter learning,
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thereby removing the bias in their inferences. The N-PACE algo-
rithm employs iterative linear quadratic (ILQ) approximation of the
nonlinear general-sum game [11], both in policy update and intent
inference phases. We also demonstrate how (ILQ) enables efficient
approximation during the inference phase of our algorithm.
Contributions. This paper makes the following contributions. (1)
We introduce the N-PACE algorithm for mutual intent inference in
multi-agent interaction with continuous action-state and contin-
uous intent space, where all agents are making online inferences.
(2) We empirically and theoretically demonstrate the advantages
of N-PACE in convergence, safety, and task completion, compared
to baseline methods that assume the peer agent is an expert who
knows the ego agent’s true intent. (3) We demonstrate how N-PACE,
along with access to the learning dynamics of the peer agent, can
be leveraged for intent communication and signaling to facilitate
mutual learning and adaptation.

The closest works to ours are [11, 19, 22, 34], where [11] uses
ILQGame for solving complete information multi-agent interactions.
In [19], the ILQ approach is employed in a general-sum game where
an “expert” demonstrates its intent to a learner agent knowing their
learning dynamics, but it does not consider the situation when
two learning agents (no experts) try to coordinate which is a more
practical setting in multi-agent interactions. Finally, while [22, 34]
study the problem of mutual learning and adaptation, the former’s
problem setup is limited to a single-step optimization horizon cost
optimization, and the latter considers only the linear quadratic
setup. This work extends those to nonlinear general-sum games,
which is a more practical multi-agent setup.

2 RELATED WORK

Solving general-sum games. Multi-agent interactions have been
explored using various frameworks, including multi-agent rein-
forcement learning [6, 24], adaptive control [8], and game theory
[4, 43]. A large portion of these interactions can be modeled as
general-sum dynamic games [44, 45]. Traditional approaches for
solving such games rely on adaptive dynamic programming to com-
pute feedback Nash equilibria (FBNE) [37]. However, these methods
are often hindered by the curse of dimensionality [30], making them
impractical for high-dimensional problems and real-time implemen-
tation in robotics. To overcome these limitations, physics-informed
neural networks (PINN) have been used to solve the HJB equation
more efficiently [44]. Some recent work has focused on iterative
linear-quadratic (ILQGames) approximations, which offer a more
computationally efficient strategy for approximating the multi-
agent interactions solution by finding the local Nash equilibrium
of such games [11]. In this paper, we employ ILQGame for both
the learning and control phases to find the approximated Nash
equilibrium policies.

Incomplete information general-sum games. Solving in-
complete information general-sum games is significantly more
challenging than their complete-information counterparts [2, 7].
These games often require simplifications, such as modeling one
agent (the ego agent) as a learner while assuming others are fully
informed [16, 17, 29], treating the problem as an adaptive control
problem [21], discretizing the intent space or relying on offline
datasets for intent inference and belief updates [9, 13, 25]. Our
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work is motivated by the lack of studies on incomplete information
dynamic games where all agents are learners [14]. We will high-
light the potential issues caused by these simplifications, such as
modeling other agents as fully informed.

Learning from a learner. Online inference of an expert agent’s
objective function has been extensively studied through inverse op-
timal control and inverse reinforcement learning [27, 31, 33]. While
inverse non-cooperative games have been explored both offline and
online [18, 26], existing works focus on learning from an expert
system. Some works have considered opponent shaping and learning
from a learner agent by incorporating their learning dynamics into
offline multi-agent policy training approaches [10, 14], but they
are inherently offline multi-agent policy training algorithms and
not primarily designed for real-time intent inference and objective
learning. Moreover, they are not built on game-theoretic setups
where the future actions of one agent are conditioned on those of
other agents. Motivated by these learning from a learner approaches
and recent efforts in modeling human learning dynamics in human-
robot interactions [15, 36], we propose a framework for mutual
intent inference in systems where all agents are learners.

3 PROBLEM FORMULATION

Notations and Assumptions. We focus on a two-player setting
with agents i and j. When referring to an arbitrary agent, we use
the index k and denote their counterpart as —k. We consider the
following system dynamics

1)

where s; € R” is the shared state vector at time step t, and ai, a{ €
R™ are the control inputs of agents i and j, respectively. The func-

Stv1 = f (s, ab,a)),

tion f; is assumed to be differentiable with respect to s;, a, and a.

J are observable

We assume that all states and control signals s;, ai, a,
to both players at each time step. For a fixed time horizon T, the
running cost of each player k € {i, j} is defined as gf (51, al, a{; 6%),
where gF is a scalar function that is twice differentiable with respect
to s;, al, a) and differentiable with respect to the intent parameter
0¥ for g~ (e.g., the targeted goal state or a weighting factor). Addi-
tionally, we use the notation () to denote the parameter estimate.

General-sum game formulation. We consider a receding hori-
zon cost minimization problem for each agent, where at each time
stept € {0,1,...,T}, each player k aims to minimize the cumulative
cost:

T
J(sealal) = ) gk (se,al, als 0%). @)

7=t
The Feedback Nash Equilibrium (FBNE) [3] is a solution concept for
the above minimization problem, constrained by (1), where neither
agent has an incentive to deviate from their policy, as doing so
would increase their cumulative cost. In an FBNE, each agent’s
policy is a function of the current state, ensuring that at every time
step, the chosen control actions are optimal given the strategies
of the other agents. We represent these policies using 7~ (s;; 6%, 87)
such that a¥ = ¥ (s;; 0%, 0/), emphasizing that they depend on both

0" and 6/, which is crucial for further formulation in our work.

The incomplete information game. The previously discussed
FBNE solution was derived under the assumption that both agents
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have full knowledge of ' and ¢/. However, in incomplete informa-
tion games, 8/ may be unknown to agent i, and ' may be unknown
to agent j. As a result, at each time step, they must rely on estima-
tions 91{ and éj respectively, and update these estimates over time.
This leads to policies of the form 7!(s;; 6%, 6/) and 7/ (s; 0, 67),
which are not necessarily the same as FBNE strategies. To ad-
dress this problem, the next section introduces how we use the
ILQ method to obtain the policy nf‘ (s¢3 6%, é[_ k) for each agent k,
based on their current estimate of the other agent’s parameter é; k.
We then propose appropriate update rules for these estimates in
Sec. 3.2.

3.1 ILQGame for Multi-Agent Interactions

The iterative linear quadratic regulator (iLQR) approach for locally
optimal feedback control of nonlinear systems was first introduced
in [20]. More recent work, such as [11], has demonstrated its effi-
ciency in computing local Nash equilibrium solutions for general-
sum dynamic games in real time. In our incomplete information
game, where we need policies lrf to be computed as functions of
the estimated parameters é} and éf in real time, we leverage the
proposed ILQGame algorithm in [11] to solve the game for each
agent k at every time step. The main reasons for using ILQGame
in this work are its efficiency in real-time computations and, more
importantly, its capability to parameterize the obtained policies as
functions of é} and éf , which is crucial for having a differentiable
layer in N-PACE as shown in Sections 3.2 and 3.3.

In the ILQGame approach, we begin with an initial admissible
policy for each agent. In the forward pass, by applying these policies
to the dynamics (1), we obtain a trajectory §? ={(s?, a¥, aio) | 7€
{t,t +1,...,T}}. Next, by linearizing the dynamics f; and quadra-
tizing the running costs g]; in the neighborhood of the trajectory
¢?, we construct a finite-horizon LQ game, which can be solved
via coupled Riccati equations using the methods proposed in [3].
The linear feedback control solution of this LQ game is then used
to update the agents’ policies, as suggested in [11]. This iterative
process continues until the system trajectory remains unchanged
at each iteration and converges to a fixed trajectory, known to be
the local Nash equilibrium trajectory ¢} .

In an incomplete information game, each agent learns the other’s
parameter 8%, resulting in an estimate é[ k. As a result, each agent
independently solves a different ILQ problem to update their pol-
icy using 0% and é; k leading to a distinct converged trajectory
{t*k (6, ét’k) at each step. At the converged trajectories, each agent’s
policy consists of a feedforward time-varying term «, and a feed-
back time varying term P; in the form of

7K (50105, 67F) = —a, (65, 675)

— P (65,075 (s, — 7% (6%, 67%), ®

where s¥* (6%, é; k) represents states stored in the converged trajec-
tory. In (3), we explicitly maintain and emphasize the dependence
of each parameter on 6% and ét_ k_This not only highlights how
agents update their policies based on new estimates but also serves
as an introduction to the N-PACE algorithm.

REMARK 1. (Extension to Other Methods) The core idea in this
paper is not limited to using ILQ for solving general-sum games. The
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key requirement for the success of N-PACE is to have a policy explicitly
parameterized by 6% and 7. In fact, alternative approaches, such as
some reinforcement learning algorithms [24, 40], can also borrow the
N-PACE core idea as long as they can generate policies parametrized
by intent parameters.

3.2 Modeling the Learning Dynamics

In Sec. 3.1, we discussed how an agent k can update its policy at each
step based on the current estimate ét‘ ¥ to solve a general-sum game.
However, the question of how to learn and update ét_ k remains
open. In this section, we propose a learning algorithm under the
assumption that agent —k is an expert, for the sake of clarity and
brevity. We then introduce approximation methods to enhance the
efficiency of this learning process for real-time applications. Finally,
in Sec. 3.3, we discuss how this learning approach can be extended
to N-PACE for scenarios where all agents are learners.

The learning dynamics h;‘. When agents can observe the states
and control signals s;, a¥, a;* at each step, they can leverage this
information to construct an error term for the online learning of
the parameters ét’ k. An agent k, knowing that their peer is solving
an ILQGame to generate policies, can attempt to model this policy
using their current estimate ;% as a;* = 7;% (s,; 6;%, 0%) as given
in (3). Consequently, they can define the following update rule as
their learning dynamics h;‘ to refine the estimate of é; k

é—k

i1 = hf(é_k, Gk, at_k, St> = é[_k

— e (510, ,6%) — ;) TV m (513 6,4,6%) (4)

REMARK 2. (Expert Peer Assumptions) Notice that in (4), when
modeling the policy of the other agent —k, the parameter 6% is included
in the policy model. This effectively assumes that the other agent has
full knowledge of 6% and is treated as an expert, which can lead to
incorrect and biased estimates.

REMARK 3. (Flexibility of Learning Dynamics) The proposed learn-
ing dynamics hf follows a simple gradient descent algorithm with a
learning rate ay, but it is not restricted to gradient-based methods in
the N-PACE. It can also take the form of a Bayesian learner or even a
neural network model, as explored in [36].

Efficient approximation of the gradient. The learning dy-
namics proposed in (4) require calculating the gradient of the policy
model with respect to the unknown parameter é[_ k The ILQ method,
which generates the policy at each step, is an iterative process where
the generated trajectories and policy improvement steps depend
on the unknown parameter é[_ k. While this approach still relates
the policy to é; k the iterative nature of ILQ can make gradient
calculation computationally expensive or even intractable for real-
time implementation. Notably, in (3), as well as in the converged
trajectory £* (6%, é; ky, all parameters are explicitly expressed as
functions of 6;%.

To address this challenge, we adopt the approximation method
proposed in [18]. Specifically, we ignore the dependency of the
converged trajectory in ILQ on ét‘ * and replace the gradient of the
policy with the gradient of the linear policy obtained by solving the
LQ game around the converged trajectory of iLQR. The intuition
behind this approximation is that in ILQ, the policy derived from
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solving the expanded LQ game around the converged trajectory
serves as a good approximation of the final converged policy itself,
as discussed and demonstrated in [18]. However, automatic differ-
entiation (AD) methods can still be used to compute this gradient if
there are no computational constraints. Alternatively, if a different
game solver allows the policy to be directly expressed as a function
of the unknown parameter é,’ k (e.g., an actor network receiving
the parameter as a state input), one can bypass the need for this
approximation method.

3.3 N-PACE for Multi-Agent Interactions

In Sec. 3.2, we proposed the learning dynamics h;‘ for each agent.
However, the update rule in (4) assumes that agent —k is aware
of 6y while generating its policy, effectively treating agent —k as
an expert during estimation. This assumption is clearly invalid
when all agents are learning. In N-PACE, we address this issue by
ensuring that each agent k not only learns parameters of the other
agent, but also accounts for the learning procedure of the other
agent —k. This is feasible when agents have access to both learning
dynamics, h; and h{ . Consequently, they can replace 0 with éf
in equation (4), eliminating the bias in the learning process. As
a result, each agent, by having access to learning dynamics and
tracking the learning of the other agent, arrives at the following
system of learning equations at each step
01 = hy (01, 6/, a1, 50),
9{“ = h{(@j, 0, ai, St).
Details of N-PACE are shown in Algorithm 1. It should be noted
that N-PACE does not require both agents to follow the same learn-
ing dynamics; what matters in N-PACE is that agents have knowl-
edge of each other’s learning dynamics. An important property of N-
PACE is that when both agents start with the same initial estimates
for é(’) and éé and continuously track each other’s learning, they will
always track the same estimations for both parameters. As a result,
the learning dynamics (5) are effectively centralized, even though
each agent performs the learning process independently. The sit-
uation where agents know others’ initial priors/estimates often
happens in multi-agent settings when there is a strong prior on the
parameters (e.g., a predefined level of rationality or aggressiveness
in autonomous driving) or when agents are designed to coordinate
despite having different unknown intentions (e.g., multi-UAV coor-
dination without communication for cybersecurity). If the initial
estimates or learning dynamics of each agent are uncertain (such
as human-robot interactions), we refer the readers to works such as
[36, 38, 41], which focus on data-driven modeling of these learning
processes or latent representation of such learning behaviors. Even
if agents misspecify each other’s initial estimates, N-PACE tends
to attenuate the resulting bias compared to modeling the peer as
a complete information agent that introduces a fixed bias into the
learning procedure. Intuitively, for example, when the peer’s up-
date map admits a stable fixed point, the coupled updates steer the
estimates toward that fixed point, reducing the initial mismatch
over time, trying to keep N-PACE robust to the initial mismatch.
In contrast, methods that approximate the peer as a fully informed
“expert” introduce a structural bias: the model mismatch is baked
into the inference mechanism and therefore persists throughout

®)
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Algorithm 1 N-PACE for agent i

Initialization: Initialize éé and éé
for each time step t < T do
1. Policy Generation:
a. Using (3), generate the policy as:
mi(s; 04, 0)) = iLQSolger(s{, 0, 9;) B
b. Apply the control al = ! (s;; 0%, 67)
2. Prediction:
a. Predict the j’s policy as 7/ (s; 6/, 67) and model
how j’s predict your policy x!(s; 0%, 67) using the
centralized solver iLQSolver (s, 6, 07)
b. compute the gradient of each predicted policy
with respect to their corresponding parameter V 3¢ nk
t
3. Learning:
a. observe s;, ai, form the prediction errors.
b. Using the prediction and computed gradients apply
the learning dynamics as: 0§+1 = hf(@i, 9?, ai, )
0f+1 = h{(@J, 9;, ai,s,)
end for

the interaction [22, 34]. A robustness analysis of N-PACE to mis-
specified learning dynamics and initial estimates has been provided
in Sec 4.2. While N-PACE’s advantage in eliminating the inference
bias of baseline methods is intuitive, the problem it addresses is
generally non-convex; thus, any convergence guarantee necessarily
depends on the stage-cost structure and the underlying dynamics.
But to make the advantage theoretically more precise—relative to
baselines that treat the peer as an “expert”—we analyze a class of dy-
namic games in which each agent’s policy is linear with respect to
its own intent parameter 6. This structure arises when the Hessian
of the stage cost gi (-) with respect to states and control actions is
independent of 6%, while the gradient terms depend linearly on 6*.
Such a setting is common in goal-reaching tasks where the intent
parameter directly represents the goal position.

ProOPOSITION 1 (N-PACE V.S TREATING THE PEER AS AN EX-
PERT). Suppose the stage costs gf (ss,al, a{; 6%) in (2) have Hessians
with respect to (s, a',a’) that are independent of 0k, with 6% en-
tering only linearly in the first-order terms, and on any compact
operating set s; € Q, the policy of each agent admits the form
7K (51305, 07%) = MF(s;,07%) 0% + S (51, 07%) with M, S¥ bounded.
Also, suppose each agent updates its peer parameter online by the
gradient descent learning rule (4), then the convergence of intent
estimation in N-PACE is guaranteed for sufficiently small learning
rate a, whereas methods that treat the peer as an expert/complete-
information agent can fail to converge for any value of learning rate.

Proor. See Appendix. O

3.4 N-PACE for Intent Communication

The N-PACE algorithm also enables intent communication. Notice
that the learning dynamics of agent —k, denoted as hl_k , are funda-
mentally conditioned on the actions a¥ taken by agent k. As a result,
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Figure 2: Results of Case Study 1, the assistive lunar lander. (a) Trajectory comparison (b) and (c) Agents’ learning performance
under different algorithms (d) final landing position error. (¢) Final sum of intent learning error. (f) and (g) cumulative costs.

each agent can modify its actions to influence the learning process
of the other. To enable this, we propose to introduce an additional
intent communication term in the form of r](éf — 0%)2 to the in-
stantaneous cost function of each agent, g (s,, a’, al; 6F), where n
is the weighting scalar. This leads to the following optimization
problem for each agent k:

T

. k k -k k k _—k.pk Ak k2
min ;¥ (5o, af, a7) = ) [ g8 (b % 06) 4 165 - 051 |
ar =t
st Ser = fi(seab,ar%), 0-K =hHE (075,05 a7%,s,),
hk -k pk p-k _k
0k, = hy* (08,075 dk,s,).

(©)
The influence problem above is computationally expensive and
may be intractable for real-time implementation. Remember that the
learning dynamics h¥, hl‘k themselves require solving a general-sum
game, using ILQgames in this case, for their prediction phase and
computing the gradient of that prediction. To address this challenge,
we propose an approximation method for solving the optimization
problem in (6). Instead of considering the evolution of the other
agent’s parameter learning throughout the entire horizon [t,T] in
(6) to form the cumulative cost J*¥, we focus only on a single-step
update of the other agent’s learning as é;fl = hf(ét_k, éf, a;k, St),
so we can modify the cumulative cost of agent k at each step as

T*(s, 075, al,al) = J¥ (s, al al) + 165, - 05112, (7)

where 0¥

++1 depends on ak through the learning dynamics hl_k .

LEMMA 1 (MONOTONE REDUCTION OF INTENT ESTIMATION
ERROR UNDER INTENT COMMUNICATION). Assuming a fixed t,
ego agent k, state s;, peer action at’k, current beliefs (ék, ét’k), an
admissible action domain &’(f C R™k, a base objective Cf(ak) =
Jk(st, a5, a7*), and any learning dynamics h;k. Forany0 < 11 < 2,
let action a]:’” be any solution of the optimization problem (7) at each

Fu(a) - 0
satisfies EN(al™) < EX(a™™). In particular, n — E¥(a") is non-
increasing.

step t,the parameter learning error Ef(af’”) = ||é

PRrROOF. See Appendix.
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COROLLARY 1 (INTENT COMMUNICATION NEVER HURTS). Let
k,0

a;

€ arg minjq;C C¥ be any no-teaching optimizer and, forn > 0, let
af"] € arg minﬂ;C CD];’” with <I>f"7 := CK + nEF. Then for everyn > 0,
Ef(a]:’”) < Ef(a];’o). Moreover, if arg minﬂ;tC Ck N arg minﬂ;[c EF =
@ (ie. disjoint argmin sets), then there exists n* > 0 such that for all
n>n* Ef(ar”) < Ef(af”).

PRroOF. The non-strict inequality is Lemma 1 with n; = 0 and
n2 = n. For strictness, Define

= min
acargmin C;

Cy :=minCF, E;:= EN(a), E,:=minEX(a).
k Ak

t t

Disjointness implies E, < Ey. Pick ag € argmin Ef and set AC :=
Ck(ag) — Cy = 0, AE := Ej — Ey > 0. Then

O (ag) — ®F7(d*%) = AC - n AE.
Choosing n* := AC/AE makes this negative for all n > n*, hence

any minimizer alt("7 satisfies Ef(a];"]) < Ef(aE) = Ex < E,
EX(dX). o

We will show the effectiveness of this approximation for intent
communication and empirical evidence validating Lemma 1 and
Corollary 1 in Case Study 3 in Sec. 4.

4 CASE STUDIES

In this section, we show that explicitly modeling a peer’s learning
dynamics with N-PACE improves task completion (Case Study 1)
and safety (Case Studies 2-3) compare to baseline methods. We also
evaluate the robustness of N-PACE to misspecified initial beliefs
about the peer’s parameter learning (Case Study 2), and present
both an ablation on initialization error and the effect of intent
communication (Case Study 3). Across all case studies, the learning
updates use gradient-descent-based-based Bayesian inference with
a Gaussian belief. More details on baseline designs can be found in
the extended version of this work [35]. ( Simulation codes)

4.1 Case Study 1: Assistive Lunar Lander

Our first example focuses on the importance of N-PACE in task
completion. In this example, we study a shared control problem, an
assistive lunar lander scenario in which a human agent controls only
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Figure 3: Trajectories of the lane-merging case study, the trajectories are plotted relative to the blue car coordinate (a) Safe
lane merging under complete information (b) baseline methods, a risky behavior in merging from the aggressive driver (red).
(c)Non-risky lane merging in N-PACE similar to the complete game, despite a 30% error in modeling the peer’s initial estimate.

the angle of the lunar lander ¢ by applying the torque T, while an
autonomous agent controls the thrust force F along the direction
of the lunar lander’s angle (assuming no gravity). Both agents
cooperate to land the lunar lander at the final position (xr, ys),
but with asymmetric information: the human knows only the final
desired x-position x¢, while the autonomous agent knows only the
final desired y-position ys. As a result, the human must learn the
parameter ¢, and the autonomous agent must learn ¢ based on
observed interactions. The underlying nonlinear dynamics follow
X =0y, § = 0y, ¢> = w, 0y = Fsing, ® = T the running costs
for the human g;, and the agent g, are defined as g, = 10(x —
)2+ 10(y — yp)? + 10(¢ — £)? + 10(02 + vi + w?) + F? and
gn = 10(x —x7)? +10(y —§5)* +10(¢ — 5)* + 10(05 + 0} +?) + T*.
The game has a time horizon of T = 5s with a sampling time of
AT = 0.1s that is used to discretize the above dynamics. In this
example, we set xF=5 and yr =-5, while the lunar lander starts at
the initial position (-5, 8) with a zero initial angle. We conducted
three simulations for this case study: 1) a complete information
game where both agents have full knowledge of x¢ and yy as a
ground truth baseline, 2) a game theoretic scenario where each
agent treats its peer as an expert, assuming the other agent has
complete information, 3)a non-game-theoretic model predictive
control (MPC) inspired by the baselines in [29] where each agent
uses a history of observed data and fits a linear policy to its partner
policy parameters (including the unknown goal position) and using
this policy perform a receding horizon MPC, and finally 4) a scenario
in which agents operate according to N-PACE.

Figure 2 shows a summary of the results, where Fig. 2 (a) presents
the trajectory of the lunar lander under different algorithms, explic-
itly demonstrating the superiority of N-PACE compared to other
approaches. It can be seen that the final position of the lunar lander
in N-PACE is closer to the desired final position, and the entire
trajectory aligns more closely with the complete information game
trajectory (the local Nash equilibrium). In contrast, treating the
other agent as an expert or the MPC-based baseline results in the
lunar lander landing at a different position, emphasizing the im-
portance of modeling the learning dynamics of the other agent for
successful task completion. Figs. 2 (b) and (c) present the results of
parameter learning performance for each agent under different al-
gorithms, illustrating how N-PACE fast and successfully converges
to the true final position goals in comparison to other baselines.
Notably, treating the other agent as an expert can lead to a signifi-
cant overshoot in the learning process. Intuitively, this may be due
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Figure 4: a) & b) Robustness of N-PACE in intent inference
under mismatched assumptions about the peer’s initial be-
lief. ¢) & d) robustness to wrong choice of initial variance in
peer’s GD-based Bayesian inference. Envelopes representing
50 mismatched runs.

to a high initial bias in assuming that the peer agent has complete
information. 2 (f) and (g) interestingly show how N-PACE achieves
a lower cumulative cost for each agent compared to other methods
in this case study.

4.2 Case Study 2: Lane Merging

This example aims to study the N-PACE robustness to imperfect
modeling of the peers’ learning dynamics. In our second case study,
we consider a lane-merging task between two autonomous vehicles.
The first car (blue) moves in a straight line, while the second car (red)
attempts to merge into its lane. The blue car can only accelerate or
decelerate a;, whereas the red car can control both its acceleration
along its direction of motion a, and its steering angle velocity §.
The game has a 5s horizon with a sampling time of AT = 0.1s for dy-
namic discretization. During the game, Each agent is unaware of the
aggressiveness level of others in their cost function and must learn it
in real-time. The underlying dynamic is defined as x; = vy, 91 = ay,
Xy = U2 COS @2, Yz = vy Sin P, gzéz = 0,, U = az, and the running cost
g for each car is gpp,e = 0.1(x; — 25)% + O.IUf + 91e_(d(’)_dsafe)2 + a%,
and greq = lyg+10¢§+0.10§+0.1(xz—25)2+9267(d(’)’d53f6>2 +aj+82.
where d(t) = (x; — x2)? + y? is the distance between the two cars,
dsafe 1s the safe distance they aim to maintain, and 0y, is a parameter
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Figure 5: Comparison of log(1 + MSE) learning error across
300 Monte Carlo simulations of case study 3 with random
values of aggressiveness.

in the range [0, 100] that represents the aggressiveness of each
agent (lower 0y corresponds to more aggressive behavior). Each
agent initially assumes that the other agent is a non-aggressive,
safety-conscious driver with é(’)‘ = 100. However, both agents ex-
hibit some level of aggressiveness: the first agent (the blue car) is
highly aggressive with 6; = 5, while the second agent (the red car)
has a moderate aggressiveness level of 6, = 80. To test robustness
to misspecified initial beliefs, we introduced an initialization error
einit = £70% in each agent’s guess of the other’s initial estimation
and randomly sampled 50 "initial parameter estimate of others"
for each agent from this error bound. Equivalently, each agent
k for each run uniformly samples from the range 0% € [30,170]
and sets it as the initial estimate of agent —k (although the true

initial estimates are é(’f 100). Across all runs, as shown in fig-
ure 4 a) and b), N-PACE converged to the peer’s true intent and
outperformed the baseline, indicating robustness to initialization
mismatch. For higher error values, we observed N-PACE starting
to show diverging behavior. Also, to better represent the effect of
errors in the modeling of peers’ learning dynamics, we used an
€ITOr €y5, = £55% in how each agent models the initial variance in
gradient-based Bayesian inference of the other agent as a way to
model misspecified convergence speeds of the modeled learning
dynamics. We randomly sampled 50 variances from this range and
ran our simulations. Again, across all cases as shown in figure 4
¢) and d) we observed N-PACE converging and outperforming the
baseline. Indicating how N-PACE can lead to better intent inference
despite the mismatch in modeling the initial estimate or learning
dynamics of others. Qualitative trajectory comparison results and
intent inference Results appear in Fig. 3 and Fig. 4

4.3 Case Study 3: Interaction Driving

In our third case study, to extensively study N-PACE and the intent
communication approach proposed in (7), we conduct Monte Carlo
simulations of an intersection driving game between two agents
under incomplete information, similar to the scenario shown in
Fig. 1. In this case study, two autonomous vehicles attempt to navi-
gate through an intersection while being unaware of each other’s
aggressiveness parameter, 0. The agents are only able to control
their acceleration along with the direction of their movement x, y.
The dynamic of the game follows kinematic equations X; = vy,
01 = ai, §z = Uy, U2 = ap, and each agent’s cost function is formed
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asg; = (x; — 8)% + vf + 100 exp(—(d(?) — dsae)) + af and
g2 = (y2 — 8)* + 0 + 100, exp(—(d(t) — deare)) + 3. where
d(t) = x? + y? is the distance between two vehicles and dsafe is
the safe distance they try to maintain. The aggressiveness of each
agent is also defined same as Case Study 2. The game continues for
5 sec with a sampling time of AT = 0.1 sec, resulting in 50 samples.

In this example, each agent’s aggressiveness parameter, 0y, takes
values in the range 6; € [20,50], where a lower 6; indicates a
more aggressive agent. In our Monte Carlo study, we sampled 300
aggressiveness values uniformly from [20, 50] for each agent. Using
these 300 sampled values, we ran the game 300 times under five
different scenarios: 1) Complete information, 2) The expert peer
agent assumption, 3) An adversary min-max game baseline where
each agent k, instead of trying to do intent inference, at each step
decides conservatively based on min mangke[zo)so]]k(st, a,al)
4) N-PACE, 5) N-PACE with intent communication, as proposed
in Sec. 3.4, for different intent communication weighting values
n =0.1,1,10. The benchmarking results of these studies are shown
in Table (1). As expected, under the complete information game
scenario, no collisions were observed. The peer expert assumption
resulted in 13 collisions. In contrast, N-PACE resulted in only 4
collisions. More interestingly, although the minmax approach was
a conservative approach with a high average intersection crossing
time, it still resulted in 2 collision cases, where on the other hand
our intent communication approach (built on top of N-PACE) not
only ensured safe crossing for all 300 scenarios, it also achieved the
fastest crossing time among all incomplete-information scenarios,
ensuring both safety and smooth interaction. This was also the
case for n = 10, while only a single collision occurred for = 0.1.
The trajectories from these 300 simulations for different scenarios
are shown in Fig. 6, where we plot the x-position of the first agent
against the y-position of the second agent. These results highlight
the improvements in both inference accuracy and safety assurance
using the proposed intent communication framework built on top of
N-PACE, although at the expense of increasing the average control
effort (see table 1). Finally, Fig. 5 presents the log of the Mean
Squared learning Error (MSE) of both agents across all 300 Monte
Carlo simulations. We use log(1+ MSE) for better visualization and
comparison. Interestingly, the results in Fig. 5 align well with the
theoretical results in corollary 1 and lemma 1 that state increasing
n always reduces the estimation error. These results highlight how
intentional communication improves learning performance using

higher 7.

Table 1: Case study 3 benchmark

Average control Average time

Method Failure rate effort [m/s?] to cross [s]
Complete game 0.0% 5.00 1.497 £ 0.043
Expert peer assumption 4.33% 4.92 1.593 £ 0.044
N-PACE 1.33% 4.86 1.599 + 0.054
N-PACE + 7 =0.1 0.33% 5.42 1.521 + 0.009
N-PACE +n =1.0 0.0% 5.44 1.499 + 0.029
N-PACE + 1 =10.0 0.0% 5.45 1.489 + 0.035
Minmax 0.66% 6.23 1.651 £ 0.165
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Figure 6: Trajectory (x,y) results of 300 simulations of the two-player incomplete information intersection game with random
values of aggressiveness. Gray boxes indicate the collision area. (a) The complete information game results in no collisions.
(b) The expert peer assumption method results in 13 collisions. (c) N-PACE results in only 4 collisions. (d) A conservative
adversarial baseline still results in 2 collision cases. (¢) N-PACE, combined with intent communication, achieves 0 collisions.

5 CONCLUSIONS AND FUTURE WORK

In this paper, we presented N-PACE framework for solving general-
sum dynamic games under intent uncertainty with continuous
action-states and continuous intent space, which relies on treating
the peer agent as a learning agent while inferring its cost parameters.
We demonstrated the importance of accounting for the learning
behavior of others and showed how this framework outperformed
the approach of treating the peer agent as a complete-information.
Additionally, we proposed an intent communication framework
built on top of N-PACE for signaling in such settings. N-PACE
assumes access to the learning dynamics of the peer agent. While
such information is often available in many multi-agent systems,
there are scenarios—such as human-robot interactions—where the
learning dynamics may be unknown. The question of "learning the
learning dynamics" presents an interesting research direction for
future work, particularly in light of recent studies exploring the use
of transformers for this purpose [15, 36]. Also, the mentioned works
or cognitive research finding stating that humans can be modeled
as Bayesian learners [12], pave the way for future applications of
N-PACE in HRI. Finally, although N-PACE can conceptually be
extended to more than two agents, as demonstrated in the extended
version of this work in [35], scaling to large multi-agent systems
remains computationally demanding and requires further research.

APPENDIX

PROOF OF PROPOSITION 1. Let X := 6% — 6 be the parameter
estimation error of agent k using the N-PACE method, and é¢

6% — 6% be the parameter estimation error under the assumption
of having an expert peer, for k € {i, j}. The realized peer actions
obey a¥ = M¥ (s, 6;7%) 6 + S¥(s,, ;%) + wF (linear in 0%) where
wk is a bounded variance measurement noise. Then the N-PACE
and Expert peer assumption method error recursions are:

(N-PACE) eH1 = (I—aM™M)el + a MW,
t+1 =(I- aMJTMJ)et+aM]th,
(Expert assu) et+1 =(I-aMM)éi —a MITCL&] + a MIT W,
e, =([—aM " M)e] —aM]Clél +aM] w],
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where ]\;Igc = Mg‘(s,, 9’}‘), and the off-diagonal terms Ci, C{ include
both M- and S-sensitivities via the mean-value form

ci= /1 ; (Ml (s, E(7)) 6" + Si(sr, gt(r)))

E(2) = 0] + (67 = 0)

and analogously for C’; thus (Mi(s¢, 69) =M. (st, é{))9i+ (Si(se, 0)—
Si(st, éf)) Ci(0/ - é’) = —Cig ~j (and symmetrically for j).
If ||Mf|| L, IE||W£‘||2 > and there is persistent excitation
Amin (E[MfTM,k]) > e > 0, then from N-PACE errors dynamics
we have E[||ef+1||Z | F2] < (1 - 2ap + 0{2L4)||el‘||2 + asza,%, so
any 0 < a < 2u/L* gives contraction in mean square (a.s. conver-
gence with diminishing stepsizes; bounded MSE floor with constant
stepsizes). In contrast, expert assymption error dynamics contains
the off-diagonal couplings —a M!TC} and —a A7It] TC{ that arise from
both the M- and S-term mismatches; unless these are uniformly
dominated by the diagonal self-excitation (e.g., the symmetric part
of]\;If-'—]\;IgC exceeds ]\;IfTC;‘ fork € {i, j}), the one-step map need not
be a contraction for any a > 0, so the intent inference while assum-
ing the peer agent is an expert is not guaranteed to converge and
may even result in unstable parameter estimation/inference. O

Proor oF LEMMA 1. Fix t, agent k, and data (s;, a,‘k, éf, ét‘k).
Let the admissible set A* be nonempty, and suppose minimizers
af’” € arg min Ak <I>f"7(ak) exist for the weights  under consid-
eration (e.g., compact AX and continuity of C, EF suffice). Recall
the definitions:

Cr(a®) = J*(se.a*, ar "),
EX(d¥) = ||6,, (a¥) - 04|,

01 () = b " (07, 6,5, d",s0),
k,
;" (d") = CF (a") + n Ef (a").
Take any 0 < 1; < ;. By optimality of af’m for CIDI;"“ and af’m
k.m
for @,
k.n: k.n; k, k,
Cr(a;™) + o By (a;™) < Cf(a;™) + no By (™),

k, k, k, k,
CF(a,™) + m EF (a;™) < CF(a;™) + 1 Ef (a,™).

®)

©)

Add (8) and (9) and cancel the Cf terms on opposite sides to obtain
(n2 =) (EF (™) - EE(@™)) < 0

Since 17,—n; > 0, it follows that E’lf(alf’qz) < E’;(af’”1 ). As 1y, j2 were
arbitrary with 7, < 5z, the map 5 > EF (a]f’”) isnon-increasing. O
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