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ABSTRACT ® Navy

We are given a set of elements in a metric space. The distribution
of the elements is arbitrary, possibly adversarial. Can we weigh the
elements in a way that is resistant to such (adversarial) manipu-
lations? This problem arises in various contexts. For instance, the -
elements could represent data points, requiring robust domain adap-
tation. Alternatively, they might represent tasks to be aggregated
into a benchmark; or questions about personal political opinions
in voting advice applications. This article introduces a theoretical Cyan
framework for dealing with such problems. We propose clone-proof
weighting functions as a solution concept. These functions distrib-
ute importance across elements of a set such that similar objects N 4

(“clones”) share (some of) their weights, thus avoiding a poten- S ;

tial bias introduced by their multiplicity. Our framework extends \ / °

the maximum uncertainty principle to accommodate general met- ! }

ric spaces and includes a set of axioms —symmetry, continuity, Green ‘ .Bordeaux
and clone-proofness— that guide the construction of weighting
functions. Finally, we address the existence of weighting functions
satisfying our axioms in the significant case of Euclidean spaces
and propose a general method for their construction.

°
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Figure 1: Which weight should we give to each individual
point? By symmetry, one would expect the areas in blue, red
and green to sum up to the same value, even though they
contain different numbers of points. How to deal with the
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Metric Spaces: Handling Redundancy Bias in Benchmark Aggregation. In boozled (see Figure 1)? This problem is at the heart of machine
Proc. of the 25th International Conference on Autonomous Agents and Multia- learning, but it can also be applied to various other areas, e.g., dis-

gent Systems (AAMAS 2026), Paphos, Cyprus, May 25 — 29, 2026, IFAAMAS,

; tributed systems or social choice. Let us set aside these related
9 pages. https://doi.org/10.65109/MJW]6521

use cases and concentrate on our primary application: multi-task
benchmark aggregation.

1 INTRODUCTION Consider a multi-task benchmark 8, e.g., GLUE [29]. The evalu-

Morpheus: “You take the blue pill and the story ends. You wake up ation process of such a benchmark typically unfolds in two stages:
in your bed and believe whatever you want to believe. You take the First, a set of benchmark tasks T = {T;};c[n] is defined, where each
red pill, you stay in Wonderland and I show you how deep the rabbit task T; maps a model m € M to a score T;(m) € R; Then, an ag-
hole goes.” Before Neo can make his choice, Morpheus continues: gregation rule A combines the task-wise scores (T;(m));e[,] into a
“Or you can take this indigo pill, and wake up in Wonderland with single score A(T(m)) € R.
$100 in your pocket. Or this navy pill —with a different hair color” As discussed in prior works [9, 23, 31], the choice of an aggrega-
Why would Morpheus present these insignificant shades of blue? tion rule A is perhaps best understood through the lens of social
Neo already feels manipulated, but Morpheus continues excitedly choice theory, where each task acts as a voter. However, multi-task
and adds more pills colored in bordeaux, cyan, and green. benchmarking diverges from traditional voting scenarios in a key
- — - — way: anonymity, or the equal treatment of votes, is not inherently
Th1§ work is l}censed under a Creative Commons Attribution Inter- required. In fact, it is well recognized that some tasks may exhibit
BY national 4.0 License. 4
significant similarity, such as CoLA [30] and SST-2 [24] in the case
Proc. of the 25th International Conference on Autonomous Agents and Multiagent Systems of GLUE. Perhaps tasks, similarly to colors in Figure 1, should share

(AAMAS 2026), C. Amato, L. Dennis, V. Mascardi, J. Thangarajah (eds.), May 25 — 29, . . B
2
2026, Paphos, Cyprus. © 2026 International Foundation for Autonomous Agents and some of their Welght' Indeed, the benchmark’s outcome Ought

Multiagent Systems (www.ifaamas.org). https://doi.org/10.65109/MJWJ6521 to remain unaffected by the inclusion of numerous highly similar
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tasks, as this could unfairly favor models that perform well on the
original task over those excelling in other areas.

Although weighted aggregation rules have been proposed in the
literature [23], the weights are typically chosen arbitrarily by the
benchmark designer. In contrast, we propose a principled method
for determining tasks’ weights. Specifically, we suggest that the
designer: (i) settles on a relevant measure of similarity between
tasks, and embeds them in a metric space (E, d); and (ii) calculates
the tasks’ weights using a weighting function with desirable ax-
iomatic properties. In this article, we propose a set of axioms and
weighting functions designed to be robust to noise and approximate
clones, ensuring practical applicability in real-world settings. Using
these weighting functions to assign task weights enables automatic
scaling of the benchmark, i.e., the evaluation always benefits from
adding new tasks, even if they are somewhat similar to previous
tasks.

Contribution & Outline. This work proposes a mathematical
framework for handling redundancy in a metric space. Specifically,
we tackle the problem of determining the relative importance of el-
ements in a finite set such that close-by elements, or “clones,” share
some of their weight. To extend the well-understood case of discrete
metrics, where elements are either similar or equally dissimilar, we
introduce in Section 3 the concept of weighting function and pro-
pose a set of axioms that such functions should satisfy in general
metric spaces. These properties can be broadly categorized into
three key principles: symmetry, continuity, and clone-proofness.
Building on these foundations, we address in Section 4 the chal-
lenges of constructing functions that adhere to these axioms. For
the specific case of Euclidean spaces, we resolve the question of
existence and construct, in Theorems 1 and 2, a family of desirable
weighting functions. We discuss in Section 5 the computational
hurdles associated with their exact evaluation, and introduce Monte
Carlo algorithms for their practical approximation. We finally ex-
plore in Section 6 possible extensions of our construction to more
general spaces.

Appendix. Proofs and supporting material omitted from the main
text are included in the full version of the paper [4]. In particular, the
appendices contain further discussion of related work; a summary
of notations and analytical tools; complete proofs of the results
stated in the main text; a discussion of the axioms introduced in
Section 3; and an extension of the framework to perfect clones.

2 RELATED WORK

In a recent line of work [9, 14, 23, 25, 31], multi-tasks benchmark-
ing practices have been scrutinized through the lenses of social
choice theory. In particular, these works question the usage of the
arithmetical mean to aggregate scores of different tasks in popu-
lar benchmarks [15, 28] and investigate different aggregates such
as the Pythagorean means [25], the Bradley-Terry model [21], or
classical voting rules [9, 14, 23].

Contrary to usual voting scenarios where the equal treatment of
voters is of utmost importance, there is apriori no requirement to
treat each task equally in benchmark aggregation scenarios, and we
may want to consider voting schemes with different weights, e.g.,
chosen arbitrarily by the benchmark creator. These weights may
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however carry more information than arbitrary preference. In [3],
researchers proposed to model the evaluation of agents on different
tasks through a zero-sum meta-game played between an “agent”
and a “task” player, each choosing a probability distribution over
the corresponding set. Scores on different tasks are then aggregated
with a weighted average, where the weights correspond to the
probability of playing each task in the entropy-maximizing Nash
Equilibrium. One of the desirable properties of this technique is
that it is invariant under the addition of exact copies of agents, a
property which has been studied under the appellation false-name-
proofness in social choice theory [10, 19, 27].

Similarly, independence of clones and its stronger form, com-
position consistency [5, 16, 26], have been proposed as desirable
principles for handling the cloning of alternatives. Our approach
differs in that, without an internal order to distinguish between
clones, we choose to treat them all symmetrically. Furthermore,
all the above properties are very brittle and offer no guarantees
whenever minimal noise is added to a clone.

Shortly before our preprint was posted, Procaccia et al. [22] pro-
posed robustness to approximate clones as a desirable property
for preference aggregation in reinforcement learning with human
feedback. They propose a clone-robust weighing of the alternatives
based on Voronoi diagrams. However, we show in the full version
of the paper [4] that this weighting function has undesirable prop-
erties; in particular, it is discontinuous in each perfect clones, and
close-by points may receive entirely dissimilar weights.

Importantly, our framework assumes that practitioners provide
a suitable distance metric, as its selection lies beyond the scope of
this work. Identifying an appropriate distance metric between tasks
or datasets is a critical prerequisite for applying our approach ef-
fectively. Fortunately, this challenge has been extensively explored
[2, 12, 17], particularly within the transfer learning literature [1, 20].
This existing body of research complements our work and provides
valuable guidance for practitioners seeking to use our framework
for benchmark aggregation.

3 WEIGHTING FUNCTIONS AND DESIRABLE
AXIOMS

In this section, we formally introduce weighting functions and
propose a set of axioms that we consider essential for generalizing
the well-understood case of discrete metrics.

Consider a metric space (E, d), that is a set E equipped with a
notion of distance in the form of an operator d : E X E +— Ry
satisfying separability, symmetry and triangular inequality. We now
formally define the object of interest of this work, called weighting
functions of (E,d).

DEFINITION 1 (WEIGHTING FUNCTIONS OF (E, d)). A weighting
function of (E,d) is a function f that maps finite sets of E to proba-
bility distributions over their elements, i.e.,

f:SePE) = ps € A(S),

where P (E) denotes the set containing all finite subsets of E (outside
the empty set), and A(S) = { ps S [0,1] | Yiesps(x) = 1}
denotes the simplex over the elements of S. We moreover refer to the
probability distribution f(S) : S v [0, 1] as the weighting of S.
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Note that this definition encompasses the uniform distribution as
a particular case of weighting function. Indeed, consider the discrete
metric space (E, p), where p(x,y) is equal to one if x # y and zero
otherwise. Then the maximum entropy principle compels us to use
the uniform weighting function U : S € P(E) — 1s(-)/|S| € A(S).

Drawing inspiration from the properties of this particular weight-
ing function, we next introduce a few axioms that we argue are
desirable for a general metric space (E, d) and weighting function f
thereof. The first desirable property that the uniform weighting U
verifies is rather simple: it ensures that all elements of a finite set
are represented with positive probability. This means that it never
hurts to add new elements to a set as the support of the probability
distribution given by the weighting function only increases.

AxioM 1 (PosITIVITY). Every element of a finite set is represented
with positive probability, i.e., for all finite subset S € P(E) and
element x in S, we have f(S)(x) > 0.

The second property of U that we would want to extend to a
generic f is that of symmetry: when the distance is uninformative
and some elements are isomorphic with respect to a distance pre-
serving permutation os : S - S, they receive similar weights. In
particular, if all elements of a finite subset S are equidistant, then
f(S) should be uniform over S.

AxioMm 2 (SYMMETRY). Elements of a set that are symmetric with
respect to the metric are equally represented, i.e., for all finite subset
S € P(E) and self-isometry os : S +— S, it holds for all x € S that
FS)(x) = F($) (05 (x)).

Importantly, os need not be extendable to a full isometry on E.
Moreover, determining the automorphism group of a set S is an
instance of the graph automorphism problem, which is known to be
solvable in quasi-polynomial time [13], but is neither known to be
in P nor to be NP-complete. Luckily, two symmetric elements x and
os(x) possess the same multi-set of distances {{d(x,y)}}yes and
we only need to make sure that similar multi-sets lead to similar
weightings.

Since perfect clones at distance precisely zero are always isomor-
phic with one another, Axiom 2 requires in particular that they get
equal weights, and can hence be thought of as requiring fairness
among perfect clones. We may want to extend this fairness require-
ment beyond perfect clones to include approximate ones as well.
Unequal treatment between the two could undermine robustness
— particularly in adversarial settings like data poisoning, where
strategically crafted approximate clones could divert all the weight
away from the original elements.

Ax1om 3 (UN1ForMm CLONE FAIRNESS). Weighting is fair among
approximate clones, i.e., for all ¢ > 0, there exists § > 0 such that,
for all finite subset S € P(E) and x,y in S satisfying d(x,y) < 6, it
holds that |f(S)(x) — f(S)(y)| < e.

Finally, the third property that U trivially satisfies is that of
continuity, since the topology induced by the metric p is the dis-
crete one. Intuitively, we would want to ensure that slightly per-
turbing each element of a subset X does not result in large vari-
ations in weighting. Formally, we define, for two finite subsets
X and Y in P(E) of cardinality k € N, the transport distance
dn(X,Y) = dn(Y,X) = mingepij(y.x) maxyey d(y, 7(y)), where
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Bij(Y, X) denotes the set of bijections from Y to X. We similarly
define the set of minimal transport maps from Y to X as II(Y, X) =
argmin, .p;;(y x) maxyey d(y, 7(y)). Using 7 € TI(Y, X) to identify
element x in X with a 77! (x) in Y, we then require that both get
similar weights in their respective sets.

Ax10oMm 4 (UNIFORM INDIVIDUAL CONTINUITY). Weighting is
element-wise continuous, i.e., for alle > 0 and k € N, there exists
& > 0 such that, for all finite subsets X,Y € P(E) of cardinality
|X| =1Y| = k such that d(X,Y) < 8, we have maxyex |f(X)(x) —
F(V) (7 1(x))| < &, where w € TI(Y, X).

We show in the full version of the paper [4] that Axiom 4 im-
plies continuity with the Wasserstein metric on the codomain of f.
Though similar in formulation, note that Axiom 3 cannot be derived
from Axiom 4 by simply plugging in Y = X, since the identity is
always the unique minimal transport map (in the absence of perfect
clones).

One might wonder why we restrict our continuity requirement
to sets of the same cardinality. Indeed, for two finite subsets X
and Y with cardinality |Y| > |X]|, it is possible to extend the defi-
nition of dr(Y, X) = dn(X,Y) = minyesuj(y,x) maxyey d(y, 7(y))
by requiring that 7 € Surj(Y, X) is only a surjection (we similarly
extend the definition of TI(Y, X)). We then show in the extended
version that dfj constitutes a metric on the whole domain P (E).
Importantly, note that only sets Y of cardinality greater or equal
to that of X satisfy di; (X, Y) < § for small enough §; indeed, for §
smaller than d(X) = minyzyex d(x,x")/2, no element y in E can
be simultaneously d-close to distinct x and x” in X (c.f. Figure 2a).
For such Y, a surjection 7 : Y — X € II(X, Y) still offers a natural
way to identify elements of Y with those of X, and we could think
of each 771(x) = {y € Y | n(y) = x} as a class of clones since all
y,y’ in 77 (x) are at distance at most 28 by the triangle inequality.

Summing weights locally over each class of clones, we could then
collapse some of the dimensions of the codomain A(Y) and identify
it with A(X). With this intuition, we then define class continuity as
follows.

Axiom 5 (Crass CONTINUITY). Weights are class-wise continuous,
i.e, for a finite subset X € P(E) and ¢ > 0, there exists § verify-
ing Minyyyex d(x,x")/2 > & > 0 such that, for each finite subset
Y € P(E) satisfying dn(X,Y) < 6, we have maxyex |f(X) (x) —
Zyer-1(x) f(Y)(y)| <e¢ wherer € II(X,Y).

Note that Axiom 5 ensures a form of cloneproofness, i.e., robust-
ness of weighting under the addition of clones. Intuitively, a §-
neighboring set Y of X with greater cardinality contains many
d-clones, and Axiom 5 ensures that both sets get “similar weight-
ings” when summing probabilities locally over the redundancies in
Y.

However, we argue that the local summation in Axiom 5, al-
though intuitive, is too strong of a requirement. Indeed, we show
hereafter that a weighting function f verifying Axioms 2 and Ax-
iom 5 gives very different individual weights to points in nearby
sets, and breaks Axiom 3. Note that similar arguments explain the
choice of dyy over a perhaps more standard Hausdorff distance.

ExaMPLE (DIVERGING INDIVIDUAL WEIGHTS.). Let f be a weight-
ing function on the three-dimensional Euclidean space (R®, d,) satis-
fying both Axioms 2 and 5, and define the parametric family S, 5, =
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Figure 2: Visualization of the neighborhoods of djj, and of the divergence of individual weightings under Axioms 2 and 5.
The edges in 2b highlight the symmetries of S, , in the limit y — 0; the equilateral triangle in 2c displays the symmetry of

Sa,a/z,\/ga/Z‘

{o, ua,og’y, vﬁy}, where o = (0,0,0), u, = (1,a,0), U/‘;y =(1,-B,y)
and Vg = U;)_Y

On one hand, consider the set Sy 4, where a > 0 is fixed and
Y > 0 is much smaller than a. Since Sy o, converges to the set S, =
{0,ug, u_g} in (P(R3),d) when y goes to zero, Axiom 5 implies
limy 0 f(Sa,a,y) (Ua) = f(Sa)(us). Moreover, S, converges in turn
to the symmetric set So = {0, uo}, and Axioms 2 and 5 together imply
that limg—0 f(Sa) (4e) = f(So)(up)/2 = 1/4. Combining these two
results, we get

. Figure 2 summarizes our construction.

}{iir%) )l/iir(l)f(sa,a,y)(ua) =1/4.

On the other hand, consider the set Sa,a/z,\/ia/Z' Note that the points

Ug, form an equilateral triangle centered in

+ -
Ua/z,\ﬁa/z and Ua/Z,\/Ea/Z
ug and orthogonal to the origin, hence by Axiom 2 they must receive
similar weights. As S, @/2\3a)2 also converges to the symmetric Sy

when a goes to zero, Axioms 2 and 5 finally imply
ollig})f(sa,a/z,\/ga/z)(ua) =1/6.

We hence constructed two arbitrarily close sets of the same car-
dinality whose individual weightings differ. Moreover, u, and v, ,
receive vastly different weights in the limit @ — 0,y — 0, although
their distance tends to zero, i.e.,

1

1
— Tim 1 T +yZ
1 g{lg%) }llli%f(sa,a,y)(”a) * ilg}) ilg})f(sa,a,y)(va,y) =3

and Axiom 3 breaks.

Given this incompatibility, we preserve Axiom 3 and opt for the
restriction to sets of similar cardinality in Axiom 4. However, note
that Axiom 4, unlike Axiom 5, does not directly address the addition
of clones. To account for this, we introduce another weakening of
Axiom 5, essentially requiring continuity of weighting everywhere
except in the vicinity of the newly added clone. This relaxation
allows for greater flexibility in how the mass is redistributed locally.

Ax10M 6 (UNIFORM @-LOCALITY UNDER ADDITION OF CLONES).
The addition of a clone only changes the weights of points in the
a-neighborhood of the clone, i.e., for all ¢ > 0, there exists § > 0
such that, for each finite subset S € P (E) and elements x € S and
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x" € E\ S satisfying d(x,x") < 8, we have for all z € S such that
d(x,2) = a that |[f(S)(z) — f(SU{x'}D(2)| < e.

Note that Axioms 3 and 6 provide orthogonal restrictions in the
presence of clones: the former dictates how to shift weights around
the recently introduced clone, while the latter ensures weights
do not change away from it. We further discuss the relationship
between these axioms in the full version of the paper [4].

We finally denote by R, (E, d) the set of weighting functions on
(E, d) satisfying Axioms 1, 2, 3, 4 and 6 with parameter & > 0. The
burning question is now this: does the set R, (E, d) contain any
elements at all?

Back to the Motivating Example. Let’s now examine the guaran-
tees provided by our axioms in the context of multi-task benchmark
aggregation. First, Axiom 1 ensures that each task has a contribution
to the final aggregated score (in fact, we show a stronger guarantee
for g, in the proof of Theorem 1). Axioms 2 and 3 both reflect prin-
ciples of anonymity in social choice. Axiom 2 ensures some level
of isotropy in the embedding space, meaning that tasks which are
indistinguishable under the symmetry of the embedding space re-
ceive equal weights. Axiom 3 guarantees that tasks that are deemed
similar based on their embedding will be assigned similar weights.
Axiom 4 addresses the continuity of the weighting. It ensures that
small changes in a task —such as adding a few elements to a test set—-
should not lead to large changes in the assigned weight. Finally,
Axiom 6 enforces weight sharing for similar tasks. It ensures that
tasks with sufficiently different characteristics remain unaffected
by the introduction of new yet partially redundant tasks to the
benchmark.

Philosophically, our framework offers insight into the assump-
tions about the space of tasks that are baked into a given choice of
weights. For instance, giving equal weight to each task could reflect
various possible scenarios: it could suggest that tasks are either all
equally dissimilar, all similar, or simply symmetric within the space.
The continuity in Axiom 4 is also of philosophical significance.
While the construction of a benchmark is inherently a discrete pro-
cess, one may hope that small changes around the benchmark (such
as adding noise) do not result in completely different outcomes.
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4 LOCAL VOTING APPROACH

To construct weighting functions that satisfy our axioms, the first
step is to identify invariant objects under the addition of clones: we
argue that the open balls around an element x € E, that is B, (x) :=
{y € E | d(x,y) < r} for some radius r > 0, are natural invariants
for our problem. Indeed, they are stable under the addition of clones,
in the sense that for some §-clones x,y in E satisfying d(x,y) <
d, the triangle inequality ensures that B,(x) € B,(x) U B,(y) C
B,+s5(x). If we then equip our space with a measure y defined on
the open balls of the space! and associate with each finite subset
X ¢ E its neighborhood B, (X) := Uy,ex Br(x), we obtain a map
invariant under clone addition. Indeed, for each neighboring finite
set Y € Bs(X) with r > § > 0, we have p(B,_5(X)) < p(B-(Y)) <
#(Br+s(X)) and the map X € P(E) — p(B,(X)) is continuous
with respect to the distance dry.2

Note however that further requirements are needed to satisfy
the symmetry in Axiom 2, essentially regarding the homogeneity
and the isotropy of the underlying measure space. For this reason,
we focus on Euclidean spaces (R",d;) for the remainder of the
section, where dZ(x,y) = XL (x; — y;)? for all x = (x;)1<i<n and
Y = (yi)1<i<n in R". We will discuss in Section 6 how to adapt our
approach to more general metric spaces.

Based on the above invariant, we construct a weighting function
as a local voting scheme. For a fixed r > 0 and finite subset S C R",
we consider each element of B, (S) as a voter that approves only
of the candidates in S close to him, and as such spreads his voting
power equally among them. Formally, we define the grade that each
voter z in B, (S) attributes to a candidate x in S as follows

]lBr(x) (Z)
Zyes ]lBr(y) (2) '

We then aggregate the ballots with the Lebesgue measure p
and finally define the weighting function g, for each finite subset
S CR" ie,

9r.Sx (Z) =

9r,S,x (Z)
B,(s) #(Br(5))
As illustrated in Figure 3, the weighting function g, computes a
weighted average of the inverse depth of each cell, with the depth
defined as the number of intersecting balls forming the cell and the
weights based on the cell’s size.
We next show that this class of weighting functions satisfies the
desirable axioms introduced above.

gr(S):xeSmH du(z).

THEOREM 1. Forr > 0, the weighting function g, is well-defined
and belongs in R, (R", d3).

The detailed proof of Theorem 1 is included in the full version
of the paper [4]; we provide here a sketch of the proof. As depicted
in Figure 3, the weight g, (S)(x) is in fact a weighted average of
positive elements, hence it is positive and Axiom 1 trivially holds.
Showing that g, is symmetric (Axiom 2) is also relatively straight-
forward after observing the following two properties of Euclidean
spaces: first, the fact that one can uplift any self-isometry s on a fi-
nite subset S to an isometry on the entire space R" ; second, the fact
that the Lebesgue measure is invariant under translations, rotations

!Te., on the Borel o-algebra.
2At least when i is locally finite.
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9-(5)(x) = 0.19

Figure 3: Computation of g,(S)(x) in the two-dimensional
Euclidean space (R?, d;), where the set S = {w, x,y, z} contains
four elements. A cell A, (U) is uniquely defined by the subset
U C S as the possibly empty intersection of the balls around
each element in U and the complement of the balls of each
element of S absent from U. For each subset U containing
x, the grading function g, s, is constant on the cell A, (U)
and equal to the inverse depth of the cell, i.e., g, 5. (z) =1/U
for all z in A, (U). The weight of x in S is then equal to the
weighted average of g, s, on the ball centered in x, where
the weight of each cell corresponds to its area normalized
by the total area of the balls’ union. We estimated the value
gr(S)(x) =~ 0.19 via Monte Carlo sampling, c.f. Algorithm 1.

and reflections, which generate the group of Euclidean isometries
[11]. The most challenging aspect of the proof is verifying that
gr satisfies Axioms 3, 4 and 6. While these proofs are technically
intricate, they fortunately follow a similar structure. We illustrate
our approach by focusing on the simpler case of Axiom 3 below. In
order to bound the difference of weightings |g,(S)(x) — g-(S)(y)|
between two approximate clones x and y in a given set S, we first
show that the grading functions g, 5« and g, s 4, are equal outside
of a thin spherical shell parametrized by J, the distance between
x and y (c.f. Figure 4a). This allows us to obtain a difference of
Lebesgue measure (B, (x)) — p(By-s(x)), which we then bound in
terms of § by taking the limit of this difference as § approaches zero
(c.f. Figure 4b). The formalization of this argument relies on tools
from geometric measure theory, particularly the n — 1-dimensional
Minkowski content. These arguments are illustrated in Figure 4.

Since Ry4(E, d) is monotonically increasing in positive «, Theo-
rem 1 actually ensures that the whole collection {g, }4>,>0 belongs
in Rye (R", dy). Moreover, it is relatively straightforward to see that
Roq (R, dy) is a convex set and, as such, contains all finite convex
combinations of {g, }a>r>0. Since the weighting functions g, are
well-behaved, we generalize this result as follows.

THEOREM 2. Let v be a probability density function over [0, a].
Then the weighting function f, : S € P(R") — /Oa v(r)gr(S) dr
belongs in Ryq (R", d3).
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(a) The ball B,_s(x) belongs in
the intersection of B,(x) and
B,(y), hence x and y receive the
same grade from every voter on
Br_s(x).

(b) The nt"-dimensional volume
of the green set p(A) can be ap-
proximated as § times S™71, the
n — 1*h-dimensional surface of a
ball of radius r.

Figure 4: Key steps in demonstrating that g, satisfies Ax-
ioms 3, 4 and 6.

The detailed proof of Theorem 2, provided in the extended ver-
sion of the paper [4], relies on inequalities derived for the proof of
Theorem 1.

5 COMPUTATIONAL CONSIDERATIONS

Our focus thus far has been on identifying weighting functions with
theoretically desirable properties. However, from a practical stand-
point, such tools are of limited utility if they cannot be computed
efficiently. This concern is encapsulated in the following principle.

Axiom 7 (ExacT COMPUTABILITY). The weighting of any given
subset is efficiently computable, i.e., for any subset S € P(E), the
probability distribution f(S) can be exactly computed in time polyno-
mially bounded by the cardinality |S| of the subset, and the dimension
n of the space when E = R".

It is worth noting that the weighting functions introduced in
Section 4 are unlikely to meet this criterion. For example, comput-
ing g,(S)(x) would a priori involve averaging g, s x over as many
as 0(219) disjoint cells, making the approach computationally in-
feasible. Even the simpler task of evaluating the volume u(B,(S))
of the union of Euclidean balls becomes increasingly challenging
in higher dimensions (see [7] for the case n = 3). While hardness
results for this exact problem are not readily available, related geo-
metric problems —such as computing the volume of the union of
axis-aligned boxes— are known to be #P-hard [6], suggesting that
exact computation of g,(S) is unlikely to admit a polynomial-time
solution in general.

In light of these challenges, we may want to relax Axiom 7
and settle for efficient approximate evaluations of g,(S) and f, (S).
Monte Carlo sampling techniques [6, 18] offer a natural route in
this direction: by sampling random points in metric neighborhoods
of the elements of S, one can estimate the relevant integrals within
a prescribed accuracy ¢ > 0 and confidence level 1 — 4.

We next formalize this idea and introduce a simple Monte Carlo
sampling procedure —namely Algorithm 1- which provides a consis-
tent and asymptotically unbiased estimator of g, (S). The following
theorem establishes explicit (¢, §)-style guarantees on its accuracy.
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Algorithm 1 Naive Monte Carlo Estimation of g, (S)

1: Input: Finite set S € R", radius r > 0, sample size k € N.

2: Precomputation: For each x € S, compute the closed neigh-
borhood Bz, (x) N S.

3. for each x € S do

4 Initialize F]x «— 0.

5: fori=1,....,kdo

6 Sample z; ~ Unif(B,(x)).

7 Compute count ¢; := ’{y € By (x) NS | da(zi,y) < r}|.

8: Update N, «— Ny + c_l,
9: end for

10: Set ﬁx — ﬁx/k.

11: end for

: Compute normalization factor D:= Dixes Ny.
: Output: Estimates g,(S)(x) := Ny/D for each x € S.

THEOREM 3. Algorithm 1 yields a consistent and asymptotically
unbiased estimate of g,(S). Moreover, for any target accuracy € > 0
and confidence level 5 € (0, 1), setting the number of samples to
satisfy
(IsP?-1)?* 2|s]

275 " 5
guarantees with probability at least 1 — § that

| 9-(8)(x) =g (S)(x) [ < &.

The proof of Theorem 3, included in the full version of the pa-
per [4],proceeds by separately estimating the unnormalized numer-
ators —the average grade of a random voter z sampled uniformly
from B, (x)- and the common normalization factor in the denomi-
nator —the relative volume of the union of balls y(B,(S))/pu(Br(x)).
Standard concentration results —specifically Hoeffding’s inequality—
are then applied to control the deviation of these empirical aver-
ages with high probability, and the final error bound is obtained by
carefully propagating this deviation through the ratio of the two
estimators Ny / D.

The resulting accuracy guarantee follows the typical Monte Carlo
rate ¢ o 1/Vk, which is optimal up to constant factors for inde-
pendent sampling schemes. The total runtime of Algorithm 1 is
0O(nk|S|?), since each c; can be computed in O(n|S|) time, and the
algorithm produces an estimate for each of the |S| elements in S.
Importantly, the required number of samples per estimate, k, is inde-
pendent of the dimension n of the Euclidean space R". Note however
that k scales (up to a logarithmic factor) as k o |S|2. This quadratic
dependency arises because the errors on the numerators accumu-
late when estimating the denominator, which must therefore be
approximated to precision £/|S| to achieve an overall accuracy of ¢.
More generally, a |S|? scaling is essentially unavoidable whenever
we seek a simultaneous high-probability accuracy guarantee for
all x € S. Indeed, controlling the joint deviation of all |S| estimates
via a union bound forces each individual estimate to be of order
O(¢/1S]) in order to achieve a global accuracy of «.

Ifthe O(|S|?) cost is prohibitive and only a single weight g, (S)(x)
is needed, one can instead consider Algorithm 2, which leverages
the ApproXUNION algorithm from [6] as a subroutine to directly
approximate the volume of the union of balls (B, (S)).
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Algorithm 2 Estimation of g, (S) (x) with ApPROXUNION

Algorithm 3 Naive Monte Carlo Estimation of f,(S)

Require: Finite set S ¢ R", element x € S, radius r > 0, accuracy
parameter ¢ > 0, and failure probability § € (0, 1).

Ensure: Output g,(S)(x) verifies |g,(S)(x) — ¢-(S)(x)| < ¢ with
probability at least 1 — §.

2
S0 1]
2: Sample zy,. ..,z iid Unif (B, (x)).
3: Compute empirical average

1: Set sample size k «— [

X

k Z Hyes| dz(zu y <ri|

. Set amplification parameter ¢ « [ln %]
forj=1,...,tdo

ﬁj «— ApPROXUNION({B,(x) : x € S},¢/4).
: end for
. SetU « median(lAIl, . lAIt)
: Compute D e U/Vol(Br(x)).
Output: Return g,(S)(x) := N,/D.

=TSR B NS R

10:

A proof that Algorithm 2 achieves the stated high-probability
accuracy guarantee —quantified in terms of target precision ¢ and
confidence level §— can be found in the extended version of the
paper [4].In our setting, all geometric oracles required by ApPrOX-
UnIoN —membership testing within a ball, volume computation,
and uniform sampling — can be implemented efficiently, each in
time O(n) with full numerical precision. Consequently, a single
execution of APPROXUNION ({B, (x) : x € S}, ¢/4) requires at most
T = 1281n(8) (1 + £/4) |S|/€* random samples. This yields an over-
all runtime for Algorithm 2 of O(n|S|e™2In§7'). Rather than us-
ing APPROXUNION merely as a subroutine to estimate p(B,(S)),
one could instead implement a refined backtracking procedure
throughout its execution to simultaneously produce an estimate
of Ny 1(By(x)). Such an approach could, in principle, produce a
multiplicative e-approximation of g,(S)(x), improving upon the
additive accuracy guarantee obtained in the current formulation.

We now turn to the estimation of f,(S) and introduce Algo-
rithm 3, a simple two-stage Monte Carlo sampling method that
relies on Algorithm 1 as a subroutine to estimate g,, (S) for multiple
radii r; drawn independently from v. The theoretical guarantees of
this procedure, including explicit confidence and precision bounds,
are established in Theorem 4.

THEOREM 4 (NAIVE MONTE-CARLO ESTIMATION FOR f,). For any
target accuracy € > 0 and confidence level § € (0, 1), setting the outer
and inner sample sizes in Algorithm 3 such that

—l 4S| 2(|S)2 = 1)? lrl4|S|M

e 5’ 2|52 5

ensures with probability at least 1 — § the following bound for every
x €8S, ie.,

M >

k >

() - L)) <e
and the estimator is consistent. Moreover, if k = k(M) = Q(log M)
(e.g. k(M) chosen as above), then Algorithm 3 also yields an asymp-
E[f(S) ()] = f+(8) (x).

totically unbiased estimator, i.e., limpf_ oo
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1: Input: Finite set S ¢ R", distribution v on [0, @], outer and
inner-sample sizes M, k € N, respectively.

: Sample M radiiry,...,ry ifd V.
cforj=1,...,Mdo

Run Algorithm 1 with radius r; and k samples.
Obtain estimates g, (S)(x) for all x € S.

: end for

[N BNV

7: For each x € S, compute the average
L M
— 2, 9r; (S)(x).

8: Output: Estimates fv(S) (x) forall x € S.

£($)x) =

The proof of Theorem 4, given in the full version of the paper [4],
is standard and proceeds by separately controlling the errors of the
inner and outer Monte Carlo estimates. Critically, the runtime of
Algorithm 3 is M times that of Algorithm 1, that is, O(Mnk|S|?).
However, M must scale as o« £~2 to control the outer error, which
results in an overall runtime oc £~* to achieve an additive accuracy
of ¢ > 0. More sophisticated statistical techniques can further
improve on this naive approach: as shown in the extended version,
separating the inner error into deviation and bias terms already
reduces the total runtime to o £73.

However, we identify an alternative direction to reduce the total
runtime: reusing samples across multiple radii. This approach relies
on two key observations. First, by sampling points from balls in de-
creasing order of radius, each point also serves as a uniform sample
for all smaller balls it falls into. Second, once the radii are sorted,
the depth of a point across all radii can be computed efficiently
by performing a dichotomic search for the smallest radius such
that the point lies within the corresponding ball, which then deter-
mines membership for all larger-radius balls. A concrete algorithm
implementing these ideas is described in the full version of the
paper.

In the worst case, such an algorithm may still need to draw
k fresh samples for every radius and every center, for a total of
kM]|S| samples. Each sample then requires O(n|S|) operations to
compute distances to all centers in S, as well as an extra O(|S| log M)
operations for the binary search across radii. Altogether, this brings
the total worst-case computational cost to O(kM|S|%(n + log M)).

In expectation, however, a substantial reduction in computation
may be achieved through sample reuse. Suppose the radii are or-
dered in increasing order, i.e., r; < --- < ry. Forany j <i € [M],
the probability that a sample z drawn uniformly from B,, (x) also
lies within B, (x) is exactly (r;/r;)". Let T; denote the (random)
number of new samples drawn at radius r;, after having already
drawn samples for all i > j. Conditioning the expectation on the
realization rq, . . ., ry, we then have the recursive relation

= > EIT] (ry/r)"
i>j
In general, the closed-form solution will depend on the joint dis-
tribution of the ordered radii. If we consider the case where v is
uniform on [0, ], however, then the expected value of the j-th
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J_
M+1

order r; < .-+ < ry by their respective quantiles r;

order statistic becomes E[r;] = a. Approximating the realized

ﬁ a and
substituting them in the above relation, we then show with a strong
induction that E[T;] ~ k(1— (jjj)”) forall j < M, with E[Ty] = k.

The total expected number of samples per element of S is therefore

=~

M M-1 )
S BT ~ k(M— Y (jf?)"),
j=1 Jj=1

which is equivalent to k(nlog M + O(1)) in the limit M — co. Only
the computation of the M|S| averages incurs a cost of O(kM|S|), so
the total expected runtime of this sample-reuse algorithm would
scale as O (k|S|(M + |S|n? log M)). For large S|, this constitutes a
substantial improvement over the O(k|S|?Mn) runtime of Algo-
rithm 3.

While the above discussion primarily provides intuition for the
potential benefits of sample reuse, a rigorous analysis is required
and left for future work. All in all, the algorithms introduced in
this section demonstrate that efficient computation of the proposed
weighting functions is already feasible in practice. Besides, substan-
tial efficiency gains are still achievable by combining sample reuse
with ideas from Algorithm 2, and incorporating more advanced
variance-reduction techniques.

6 DISCUSSION

We gather in this section different remarks on our results as well
as possible extensions of our work.

Extension to Perfect Clones. The framework we considered until
now only allows for §-clones with § > 0, but not perfect clones, i.e.,
with § = 0. The appropriate analytical tool to handle this is to con-
sider a pseudo-metric space (E, d) instead of a metric one, where the
pseudo-metric d verifies non-negativity, symmetry, triangle inequal-
ity like a full-fledged metric, but only verifies identity instead of
separability. This exactly means that two different elements x # y
in E may be perfect clones, i.e., d(x,y) = 0.

The axioms used in the definition of R, (E, d) directly extend
to a pseudo-metric space (E, d); this is also the case for the repre-
sentation functions f, in Theorem 2, when the space induced by
the vanishing of the pseudo-metric is R”. We refer the interested
reader to the full version of the paper [4] for more details.

Extension beyond Euclidean Spaces. While the solution proposed
in Section 4 is restricted to Euclidean spaces, similar ideas could be
applied in more general metric spaces. Using a Radon measure g,
one could define the weighting functions g, in full generality and
show similarly as in Theorem 1 that Axioms 1, 3, 4 and 6 hold. The
real challenge however is to satisfy Axiom 2.

Indeed, our proof relies on two convenient properties of Eu-
clidean spaces: first, the uplifting of self-isometry o to the entire
space; second the invariance of the Lebesgue measure under trans-
lations, rotations and reflections. What can be done without these
properties? The first problem could be entirely shunned by arguing
that only full-fledged isometries should be considered in the defi-
nition of Axiom 2. The second issue is however tougher to ward
off. To extend invariance by translation beyond vector spaces, one
should consider uniformly distributed measures, i.e., measures that
give the same weight to all balls of the same radius. However, such
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measures turn out to be very rigid objects and are uniquely defined
up to a multiplicative constant in most metric spaces.

LEmMMA 1 (FroMm [8]). Let (E,d) be a locally compact metric space.
There exists a Radon measure i defined on the Borel o-algebra of E that
is uniformly distributed, i.e., it verifies0 < p(B,(x)) = u(B,(y)) < oo
forallr > 0 and x,y in E. Moreover, this measure is unique up to a
multiplicative constant if E is separable.

As a particular example, this essentially implies that the Lebesgue
measure is the only Borel measure invariant by translation on R".
This indicates that our approach is doomed even in the simple case
of R" endowed with the L! distance d;(x,y) = Y1, |xi — yil, as
illustrated in Figure 5.

Figure 5: The weighting function g, does not satisfy Axiom 2
in (R?,d,). As illustrated by the dashed L! ball centered in
X, points y and z are indeed at the same distance of x, thus
belong in a common isometry class in S = {x, y, z} and should
receive similar weights under Axiom 2. Note however that the
Lebesgue measure, i.e., the area, of the intersection between
the red and the green ball differs from that of the intersection
between the red and the blue ball, hence g,(S)(y) # g-(S)(2).

Such metric spaces thus require developing techniques different
from the ones introduced in this work. Topologically independent
weighting functions would provide an elegant solution to this issue,
i.e., functions that do not rely on the topological properties of (E, d),
but rather solely depend on the distance matrices associated with
each finite set.

Ax1ioM 8 (ToroLOGICAL INVARIANCE). Weighting only depends
on the distance matrix associated with each finite set, i.e., there exists
a family (hp)ps1 with hy, : R™" + A(n) such that, for all S €
P(E) of cardinality |S| = n, we have f(S) = h,(M(S)), where M =
(d(x,Y))x,yes € R™" denotes the distance matrix associated to S
and d, unique up to permutations.

Identifying weighting functions within R, (E, d) that adhere to
Axiom 8 is a promising direction for future work.
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