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ABSTRACT

Cooperation is fundamental for society’s viability, as it enables
the emergence of structure within heterogeneous groups that seek
collective well-being. However, individuals are inclined to defect in
order to benefit from the group’s cooperation without contributing
the associated costs, thus leading to unfair situations. In game
theory, social dilemmas entail this dichotomy between individual
interest and collective outcome. The most dominant approach to
multi-agent cooperation is the utilitarian welfare which can produce
efficient highly inequitable outcomes.

This paper proposes a novel framework to foster fairer coop-
eration by replacing the standard utilitarian objective with Pro-
portional Fairness. We introduce a fair altruistic utility for each
agent, defined on the individual log-payoff space and derive the an-
alytical conditions required to ensure cooperation in classic social
dilemmas. We then extend this framework to sequential settings by
defining a Fair Markov Game and deriving novel fair Actor-Critic
algorithms to learn fair policies. Finally, we evaluate our method in
various social dilemma environments.
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1 INTRODUCTION

Cooperation is a fundamental mechanism that underpins the stabil-
ity and success of nearly all multi-agent systems, from biological
ecosystems to complex human societies and artificial intelligence. It
is the process by which independent agents coordinate their actions
to pursue shared objectives, thus facilitating the emergence of com-
plex structures and achieving a collective well-being that would
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be unreachable for any single agent acting alone. The capacity for
effective cooperation is not merely advantageous; it is often crucial
for survival, advancement, and the efficient use of resources.

Despite its critical importance, sustained cooperation is noto-
riously difficult to achieve. The primary obstacle is the inherent
tension between individual self-interest and the collective good—a
conflict formally studied in game theory as a social dilemma [7].
In these scenarii, rational agents are frequently incentivized to de-
fect from the group effort to pursue personal gain. This individual
rationality can paradoxically culminate in collective failure, a phe-
nomenon often described as a tragedy of the commons, where the
pursuit of self-interest leads to profoundly unfair and suboptimal
outcomes for everyone [12].

Conceptually, the opposite to the selfish defection that drives
these dilemmas is altruism—the principle of acting for the benefit
of others. In the field of multi-agent learning [3, 26], this altruistic
motivation is commonly formalized through a utilitarian social
welfare objective, which seeks to maximize the (weighted) sum of
all agents’ utilities [20, 23, 25]. By focusing on the greatest total
good, this approach encourages agents to undertake actions that,
while not always optimal for themselves, produce the most efficient
outcomes for the group as a whole, thereby offering a direct method
for resolving the dilemma.

However, while the utilitarian approach can lead to efficient solu-
tions, its exclusive focus on total welfare often ignores how rewards
and sacrifices are distributed, frequently resulting in highly in-
equitable outcomes. For instance, a strict utilitarian calculus might
conclude that a healthy individual should donate a kidney to a
stranger, as the recipient’s immense gain (a saved life) outweighs
the donor’s loss. Although total welfare is maximized, this outcome
imposes an extreme and intuitively unfair sacrifice on one person.
This highlights how pure, uncalibrated altruism can conflict with
the principles of fairness necessary for stable cooperation. True,
sustainable cooperation, therefore, requires more than just promot-
ing the collective good; it demands a mechanism to ensure that the
costs and benefits of working together are distributed fairly among
all participants.

Fairness was first studied in resource allocation problems [4, 5,
17]. In Multi-Agent Reinforcement Learning (MARL), fairness is
merely emerging as an active research area and is usually treated
alongside cooperation. The popular approaches to promote fairness
in MARL use reward shaping [2, 8, 10, 14] or role-based reward shap-
ing [19]. However, these methods are often environment-dependent,
reward instantaneous fair behavior, and neglect the fairness on the
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full trajectory. While related works [15, 21] address similar prob-
lems, these studies are limited to finite trajectories and lack a deep
analysis of the policy gradient.

To address these limitations and the need for a fairer approach,
this paper introduces a novel framework designed to explicitly
foster more equitable cooperation with heterogeneous agents. We
move beyond simple reward maximization and propose a new ob-
jective based on Proportional Fairness, a concept that effectively
balances efficiency with equity.

Our contributions are threefold. First, we introduce a fair altruis-
tic utility for each agent, defined on the individual log-payoff space,
and derive the analytical conditions needed to ensure cooperation
in classic social dilemmas. Second, we extend this framework to
sequential settings by defining a Fair Altruistic Markov Game with
infinite horizon. Finally, based on this new game formulation, we
derive novel fair Actor-Critic algorithms designed to learn policies
that achieve both high collective rewards and equitable outcomes,
and we validate our method in various social dilemma environ-
ments.

2 PRELIMINARY
2.1 Notation

We denote the set of real numbers by R and positive real numbers
by R.. We denote d-dimensional real-numbered vector spaces as
R?. By P(A), we denote the power set of a set A. For any probability
measure P, we denote the probability of an event X = x as P(X = x).
Similarly, we write P(X = x| Y =y) for conditional probabilities.
When it is clear, which random variable is referred to, we regularly
omit it to shorten notation, i.e. P(X = x) = P(x).

We denote that a random variable X follows a probability distri-
bution p by X ~ p. For any random variable X ~ p, we denote by
Ex~p[X] its expectation. We denote the set of probability distribu-
tions over some measurable space A as A(A). We write |A| for the
cardinality of a finite set A. We use the vector notation ” to refer
to any element in a cartesian product, i.e for any sets Ay, ..., Ap,
a= (al, e an) € ><;l=1Ai.

2.2 Normal-form games

We define a normal-form game G by the tuple (N, {S;}:en, {ti}ieN),
where N = {1,2,...,n} is the set of players, S; is the set of pure
strategies available to player i. Let Gn s be the set of all normal
form games with a fixed set of players N = {1,..., n} and fixed sets
of pure strategies S = (S;)ien. pi : S — R is the payoff function for
player i, which assigns a real-valued utility to each strategy profile
s € S. In this work, we assume the utility to be bounded.

Nash equilibrium. In game theory, a fundamental solution con-
cept is the Nash equilibrium where no player can benefit by chang-
ing their strategy while the other players keep theirs unchanged.
Formally, a strategy profile s* = (s}, s}, ..., s,) is a Nash equilibrium
if, for every player i € N and every alternative strategy s; € S;:

Pi(s],s2;) = pi(sisZ;).
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2.3 Altruistic games

Altruism in game theory is often framed through social welfare
functions (SWF), which aggregate individual utilities into collec-
tive wealth. While utilitarian SWFs maximize overall efficiency,
they can permit extreme inequality. In contrast, "fair" SWFs satisfy
axioms of efficiency (Pareto improvement), equity (Pigou-Dalton),
and anonymity to ensure equitable distribution [22].

Following intuition, it is the smallest proportion of social welfare
that needs to be offered to each player to make the socially optimal
outcome a stable Nash equilibrium. In other terms, it is a measure
of how much incentive is needed to make a selfish person act coop-
eratively. It’s a way to measure the tension between an individual’s
self-interest and the collective good. This is the a-selfish game, the
most studied altruistic game [23].

In this work, we adopt a slightly different definition [6].

Definition 2.1. (a-altruistic extension of a Normal-form Game)
Given any normal-form game G = (N, {S;}ien, {pi}ien), We can
induce an altruistic game G(a) = {N, {S;}ien, {ui}ien} Where,
ui(s) = (1 — a)pi(s) + aSW(s). The altruism level of a strategic
game G is then defined as:

1)

where, G is a-altruistic if, for some a > 0, a pure Nash equilibrium
of G(a) is a social optimum of G.

ag =inf{a € R;|G(«a) is a-altruistic}
(24

2.4 Social dilemmas

Social dilemmas are a class of normal-form games where players
create a collectively worse outcome for the entire group when
acting in their own self-interest. It highlights the dualism between
individual preferences and the collective good.

More formally, social dilemmas are symmetrical two-players
normal-form games with payoff matrices similar as described in
Table 1.

Table 1: Outcome categories in the payoff matrix

C D
C|RR|ST
D|TS|PP

where R is the reward for mutual cooperation, P the Punishment
for mutual defection, S the sucker’s payoff for cooperating while
the other defects and T the temptation to defect while the other
cooperates.

A situation is defined as a social dilemma if the payoffs satisfy
the following preference inequalities.

2.5 Proportional Fairness

The resource allocation problem is the problem of allocating limited
resources to competing tasks or individuals while maximizing an
objective function - for instances, performance, equity, or costs.
The Proportional fairness (PF) objective was introduced to provide a
compromise between efficiency and some kind of fairness, and was
firstly introduced in telecommunication for rate control [4, 9, 17].

Formal Definition: Let N be the set of agents, X C RY the set
of all feasible allocations. Let us denote by u; : X — R, the utility
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Table 2: Set of inequalities that define social dilemmas.

Inequality Preference

R>P The individual prefers mutual cooperation (C, C)
to mutual defection (D, D).

R>S The individual prefers mutual cooperation to uni-
lateral cooperation (C, D).

2R>T+S The group prefers mutual cooperation to unilat-
eral cooperation/defection.

T > R or The individual prefers unilateral defection (D, C)

P>S to mutual cooperation (aka, greed) or the individ-

ual prefers mutual defection to unilateral cooper-
ation (aka fear).

of agent i. A solution x* € X is proportionally fair if for any x € X,
the sum of proportional variation is negative:

N *
Z ui (x) — u;(x”) <0
~ o ui(xr) -
Proportional Fairness has been widely studied in the literature. In
particular, it has been proven that a proportional fair allocation x*

is a solution of the following optimization problem:

N
max ; log u; (x)

Proportional fairness is directly linked to the Nash welfare func-
tion [5, 16], which seeks to maximize the product of agents’ utilities,
as maximizing the product of utilities is equivalent to maximize the
sum of their logarithms in some sense.

2.6

For modeling sequential decision-making in multi-agent settings,
the standard framework is the Markov Game (also known as a
Stochastic Game).

A Markov game M is defined by the following tuple: (N, S,
{A;i}ien, P, po, {ri}ien,y), with N the finite set of n players, S the
space of all possible states of the environment, {A;};cn the individ-
ual action set for each player, P(s’, d,s) = P(s’ | s, d) the transition
probability kernel, py € A(S) the initial state distribution, {r;};en
the individual reward for each player and y € [0, 1) the discount
factor. In this work, we assume the state and action spaces to be
finite and the reward functions to be positive and bounded by Ryax.

Markov game

3 METHODOLOGY

In this section, we extend the a-altruistic Game by rescaling the
payoff function to use the Proportional Fairness function. Then,
we study the effect of such a transformation on simple games,
specifically two-player social dilemmas.

3.1 Redefining Altruistic Games

The former definition of the a-altruistic game is not directly com-
patible with the proportional fairness function because summing
individual rewards with log-rewards is not a homogeneous oper-
ation. To solve this, we apply a function F; to selfish rewards so
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they operate on the same scale as the social welfare function. For
instance, we use F; = log for PF Additionally, the logarithm func-
tion restricts the considered values to strictly positive real values.
Hence our alternative definition,

Definition 3.1. (a-altruistic extension of a Normal-form Game)
Given any normal-form game G = (N, {S;}ien, {pi}ien), we can
induce a fair altruistic game G(a) = {N, {S;i}ien, {ui }ien} Where,
u;(s) = (1 - )Fi(pi(s) —mp) + aSW(s), where m, = inf; [u;(s)]
is the min payoff a player can get over all possible strategy (which is
assumed to exist) and F; : R — R is an increasing function applied
on player’s payoff. The altruism level of a strategic game G is then
defined as:

2
where, G is a-altruism if, for some a > 0, a pure Nash equilibrium
of G(«) is a social optimum of G.

ag = inf{a € R,|G is a-altruism}
24

In the rest of this work, we set F; = log for all players i.

3.2 Analysis of Social Dilemmas

Let G € Gn s be a normal form game where N is the set of players,
S is the set of strategy profiles and R is the payoff function, where
R;(s) is the payoff to player i. We assume all payoffs are strictly
positive, i.e., R;(s) > 0 for all , s.

We define a transformed game G’(«) = (N, S,R’), where the
transformed payoff function R’ is defined as:

Ri=(1-a)logRi +«a Z logR; =logR; + aZlogRj
jeN j#i

We now apply this framework to derive the threshold for « in
the Prisoner’s Dilemma, the Stag Hunt, and the Game of Chicken.

For the case of 2-player games (N = 2), the rule for Player 1 and
Player 2 simplifies to

R] =logR; + alogRy,
R, =logR; + alogR;.

The parameter a represents the degree of payoff interdependence.
If & = 0, the game is unchanged (R] = R;). As « increases, a player’s
transformed payoff becomes increasingly influenced by the other
player’s original payoff.

Our analysis will identify the conditions on « for the mutual
cooperation outcome (C, C) to be an equilibrium in G’ (). For this
to be true, no player must have a profitable unilateral deviation.
For a symmetric 2-player game, we only need to ensure that Player
1 does not gain by defecting, assuming Player 2 cooperates. This
condition is

R{(C,C) > R{(D,C).

THEOREM 3.2. The altruism level of social dilemma is

{0 ifT <R )
AG = | logT-logR .
logR—log S lfT > R.

Proor. In the transformed game, the payoff becomes
Ry (C,C) =R{(C,C) =(1+a)logR
R{(D,C) =logT + alog$
Ry(D,C) =logS+alogT
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To make (C, C) aNash Equilibrium, the condition R; (C,C) > R{(D,C)
must hold.

The Prisoner’s Dilemma. The Prisoner’s Dilemma is defined by
the preference order T > R > P > S. The dilemma is that mutual
defection (D, D) is the unique Nash Equilibrium, despite mutual
cooperation (C, C) being a Pareto-superior outcome.

The condition becomes (1 + &) logR > log T + alog S. Solving
this inequality for « yields to the following condition

1 -
. ogT —logR
log R —log S

The Stag Hunt. The Stag Hunt is defined by the preference order
R > P > Sand T < R. This game has two pure-strategy equilibrium:
(C, C) and (D, D). The cooperative outcome is already an equilib-
rium. The analysis thus investigates whether the transformation
preserves this equilibrium.

The condition is identical to the one above: R} (C,C) > R{(D,C).
The resulting inequality is also (1 + a)logR > logT + alogS.
However, the implications are different. In a Stag Hunt, T < R, so
log T — log R is negative, while log R — log S is positive. The ratio
% is therefore negative. As « is always positive, the condi-
tion is met for any « € [0, 1]. This confirms that the transformation
never change the cooperative equilibrium.

The Game of Chicken. The Game of Chicken is defined by the
preference order T > R > S > P. Mutual cooperation (C, C) is not
an equilibrium because each player is tempted to defect to achieve
the highest payoff.

To make (C, C) a Nash Equilibrium, the following condition must
be met

log T —logR
logR —log S

Therefore, cooperation becomes a Nash Equilibrium whenever

the following condition is met

{0 ifT <R,
& =9 logT-logR .
Tog RTogS if T > R.

To ensure consistency with the definition of altruism level & < 1,
we require TS < R?, which holds for standard payoff matrices.
|

In each case where cooperation is not initially stable (Prisoner’s
Dilemma, Chicken), the required threshold for « is a ratio of loga-
rithmic payoffs. The numerator, log(T/R), represents the "tempta-
tion" to defect from the cooperative state. The denominator reflects
the consequences of defection. The transformation effectively al-
lows players to internalize the externalities of their actions, and
the threshold for a quantifies the precise degree of internalization
needed to make cooperation individually rational.

The use of proportional fairness combined with altruism is evi-
dent in traditional static social dilemmas. However, the simplicity
of Normal-form games is a limitation. Indeed, real-world phenom-
ena rarely occur in a single step, but rather evolve over time. To
accurately model such dynamic systems, the analysis must move
beyond such formalism to a framework like the Markov Game.
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4 FAIR ALTRUISTIC MARKOV GAME

In this section, we propose and analyze a novel objective function
integrating Proportional Fairness and Altruism within the Markov
Game framework and derive policy gradient theorems!.

4.1 Value functions

To extend our approach to Markov Games, we must establish a
dynamic analogy to the players’ static payoft function for a given
policy profile 7. This can be achieved using the individual state-
value function which represents the expected cumulated discounted
rewards for a single player over all possible infinite trajectories.
One challenge in defining the state-value function is to construct
a single, consistent probability measure, P, over the entire infinite
set of trajectories, 7~ = (S X A)®. We do this by defining the
probability of any finite sequence and then extending it to the
infinite case using the Ionescu-Tulcea Theorem.
First of all, let define the discounted return R; for each agenti € N

and for a given trajectory t = (s, dp, 51, a1, ...) €T
Ri(7) = Z v ori(ss, dy).
=0

As the reward function is bounded, the discounted return converges
absolutely.

The state-value function of agent i is the expected return with
respect to P given the initial state sp € S,

V7 (s) = E [Ri(7) | so =5s].
Similarly, the action-value function of agent i is defined as the
expected discounted return given the initial state and the first joint
action,
Qf (s,d) = TE» [Ri(7) | so =s, do = d]
In a Markov Game, the Bellman operator is a fundamental con-
cept used in multi-agent reinforcement learning to define the value

of a state for a specific agent.

Definition 4.1. In a Markov Game with a set of agents N and joint
stationary policies 7, the Bellman operator for agent i, denoted as
T7, is applied to any state-value function V;(s) and is defined as:

(TFV)(s) = ). n(@ls) |ri(s,@) +y ) B(s'ls, @)Vi(s)) |-

aeA s’eS
We can then write the Bellmann theorem which gives a key

equation verified by Vi’?

THEOREM 4.2. For any joint policy 7, and any state-value function
associated with 7, the following equation called Bellman equation
holds

Ti?rVifr — Vifr

4.2 Fair objective

From the traditional Markov Game framework, we can induce a
new objective that balances fairness and efficiency and extends the
altruistic Normal-form game to the Markov game.

!More detailed proofs in Appendix on arxiv https://arxiv.org/abs/2602.08389.
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Definition 4.3. For each agent i, we define the proportional fair
state value function :

VEPOR(5) = 3 log VF(s).
j=1

The state value functions play the role of the payoff function
and the proportional fairness function is applied on the state value
function. Therefore, we can define a new objective for each agent
depending on the altruism level:

Definition 4.4. The objective for each agent is to maximize

J) = B [(1-a)logVi(so) + aV PP (sy)|
S0~po
N =
=E ;cim log V' (s0)
where
1 ifj=i
ci(j) =
a ifj#i

4.3 Policy gradient

Policy gradient methods are a class of reinforcement learning al-
gorithms that directly learn and optimize a parameterized policy,
mg(a|s), without consulting a value function. The core principle
is to adjust the policy’s parameters, 6, to increase the probability
of actions that yield high cumulative rewards and decrease the
probability of actions that result in low rewards.

Let us suppose that agent i’s policy 7; is parameterized by 6;
such that my, is differentiable with respect to 0;.

Therefore, the goal of agent i is to maximize the objective J; (5) =

Esgy~po [ Z?’:l ci(j)log Vje(so) ]. We can demonstrate the differentia-
bility of this objective function with respect to any parameter 0 as
summarized in the following theorem.

THEOREM 4.5. (Policy gradient theorem.) Let M be a Markov game
and ],»(5) =E N:1 ci(j)Vje(so) the objective defined previ-
ously and for all agent i, let us suppose Qf is differentiable with

respect to 0; under mild conditions. The gradient of J; with respect to
0; is given by

'S0~ P0

Q (t; at)

(30)

Vo, Ji(0) = Vo, log 7, (ai,¢ | s¢)

o N
Eg chi(])

ProOF. Let us derive the objective for agent i using the chain
rule,

J

) glVe(So)
Vei]i(9)=SOI~Ep ch(J) Ve(so)

j=1

Then, we need to find the gradient Vy, ng(so). To do so, we start
from the Bellman equation, differentiate it and define a contrac-
tion mapping on the state value function gradient space and apply
the Banach-Picard Fixed-Point Theorem to get the formula of the
gradient.
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1. Differentiate the Bellman equation. r;, P, and policies o,
for j # i do not depend on ;. Then, the Bellman equation can be
differentiate using the product rule into a recursive equation:

Vo, Vi(s) = Z Vo, 5(@ls) - |ri(s,d@) +y Z P(s'|s, VY (s')
acA s’eS

+ 75@ls) -y ), P15, @)V, V()

s’eS

Let us define a function Gig ; (s) which represents the immediate
gradient component at state s

Gi(s) = ) m5(als) (Vo log 7o, (@i[5)Q) (5, )

acA

=E- -

a~itg

[V, log 7o, (a;ls)Q0 (s, )]

With this, our recursive equation can be simplified into

VoY) =Gl +y 3 my(@9) B 1DV ()

aeA

2. Define Bellman operator for the value function gradient
This equation defines a fixed-point relationship. Let g;
R!%! be a vector field of gradients. We can define the Bellman

: S —
operator for the value function gradient, ij, as
(1”91)(3) = ng(s) + VB (Is), s ~P(1s.d) [9;(sN)]

The gradient we are looking for, Vy, Vjé,
operator

is a fixed point of this
6 _ b é

VG,-V]' = Ii,j(VQiVj )

3. Policy Gradient Theorem for Markov Games

The previous operator Iig ; defined a contraction mapping on
the state-value function gradient space. By the Banach-Picard
fixed-point theorem, it has a unique fixed point. This proves that

the gradient vector field Vy, Vf is unique. Moreover, the Banach-
Picard fixed-point the?rem also states that for any sequence
(9n)nert where gns1 = T} (gn) and go : S — RIU1, (g,)pers con-
verges Vo, Vjé,

We can find the solution by unrolling the recursion and starting

with go = 0. As g, converges to Vgl , the following equality holds

Z Ythj(St) 30}

=0
E_ Z ¥ Ve, log 75, (ai,tlst)Q?(sb dr)
=~PY |10

Vo,V (50) = goo(s0) = E_
~po

Substituting the definition of ij(st):

V@,‘ ‘/Jﬁ (30) =

;

We can simplify this equation and inject the expression of Vy, ijr (s0)
into the former gradient, we get the Fair Policy Gradient Theo-
rem
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form of the fair policy gradient

» N Q(s,ay) "
Voi(0) = E Zy Vo, log 7, (i ls:) cho) ot Vo Ji(6) =

N ( $0) ~Pp?¢

E - Z AiF’g(sta Eit: SO)VGi lOg ”6,' (ai, t | si):|

t=0

]
o
One common technique in reinforcement learning to stabilize

learning is to add a baseline to the gradient. The same technique In particular, when & = 1, all agents try to maximize the same

Lo objective
can be applied in our case. R -
J@) = B [V
THEOREM 4.6. (Fair Altruistic Advantage Policy Gradient). The s0~po
gradient can be rewritten and the policy gradient becomes
o s X
Vo, Ji(6) = ZA  (5t.it,50) Vi, log o, (g | ) Voi(0) = E Z A (st @1, 50) Vo, log gy (i | 50}
r~IP’ o = T~]P’ o | =0
Fi, - N A9(s,a) where AF ’é(s as) =N L is the fair advantage function.
where A; (s,d,s") = I Ci(j)ﬁ is the fair altruistic advan- % j=1 Vi)
V(s
J

From this policy gradient theorem, we can derive multi-agent
Actor-Critic algorithms that learn fair policies. We try to validate
our method by comparing measured fairness and efficiency of multi-
agent systems in a well-known environment.

tage function of agent i.

Proor. The proof relies on showing that the expected value of
the gradient term associated with any baseline function of's; is zero.
Let us consider the expectation of this baseline term at a single
timestep ¢ for a given state s;. The expectation is over the joint

5 EXPERIMENTS

action @, drawn from the joint policy 7(-|s;). In this section, we present the experiments. In a nutshell, we study
We want to show that for any f : S — R, the effects of the fair objective on the agents’ performances and the
group’s fairness under various altruism level in a popular mixed-
Eanne( Is¢) [VHL log 7, (a;, t|3t)f(3t)] motive game called ’CleanUp’.
Notice that f(s;) does not depend on d; so we can pull it out of 5.1 Environment

the expectation, , , ] ) ) .
The ’CleanUp’ environment was introduced in [13] and is now part

f(se) - anﬂg(-lsn [Vgi log 7y, (ai)t|st)] . of Melting Pot 2.0 [1]. It is a commonly used multi-agent substrate

designed to explore complex social dilemmas. It is built as a re-

The inner function in the expectation depends only on the action source management game where multiple agents must cooperate
of agent i. Then, we can remove the other actions’ influence from to maintain a renewable resource pool. In ’CleanUp’, agents have to
the expectation, harvest as many apples as they can. Agents only gain an immediate

Flsp) - Ea“wmi o) [Vei log 75, (ai,t|3t)] ' positive reward for harvesting one apple.

Let us expand the expectation

® Apples

£ D 7o (aiels) Vo, log 7o, (aielso)-
ait€A; .Z
g
Using the log-derivative trick .Z ‘d

w ndnw gher
es)

> 7o, (airlsi) Vo, log 7o, (aielse) = )" Vo, o (ailse)

air ait

= VH,- Z 7[9,' (ai,t|si)

ait

= Vg, (1)
=0.

Figure 1: The CleanUp environment. Agents’ observation
window is represented in lighter tiles.

Since the expected value of the baseline term is zero, subtracting
it from the term inside the expectation in the original policy gradient However, the growth rate of apples depends on how clean the
theorem does not change the total eXpectation. In this work, we use river is. Whenever the pollution level becomes too high, the growth
rate drops to zero and no additional apples can appear. To prevent

the baseli =
e baseline f(s) = J =16 (] this, agents have to clean the river and reduce pollution, benefiting
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Figure 2: Comparison between Prop. Fairness and Util. Welfare objective trained with MAPPO in the fully cooperative setting
(a = 1). Solid lines is obtained by averaging the metric over a rolling window of 50 runs. Shaded areas represent the min and the

max of the respective metric over the same rolling window.

all players. Thus, agents have to sacrifice short-term gains for long-
term rewards as they cannot harvest apples while cleaning the river
at the same time. This setup forces agents to navigate a classic
social dilemma, balancing the selfish incentive of individual reward
maximization (harvesting) against the collective necessity of long-
term sustainability (cleaning), thereby testing their capacity for
cooperation and pro-social behavior.

5.2 Setup

The environment is setup with partial observability. Agents can
only view a part of the world consisting of a squared window of
size 11X 11 pixels around their position. In this work, we instantiate
any environment with 7 agents with random initial positions.

Our codebase? leverages the Jax-based ’CleanUp’ environment
provided by the SocialJax framework [11]. We employ decentral-
ized Actor-Critic algorithms, where each agent is modeled by its
own set of neural networks, ensuring non-shared parameters (i.e.,
independent learning). This non-shared parameterization allows us
to simulate a broader range of strategy profiles and better capture
the full complexity of the CleanUp social dilemma. In particular,
we use two convolutional layers to handle the spatial nature of ob-
servations followed by two fully connected layers. For each agent,
the actor network represents the parameterized policy while the
critic network estimates the individual state-value function.

We ran our training algorithms over 10 parallel environments.
The episode length is set to 100 timesteps. We keep the episode
length quite low on purpose to study the impact of the initial posi-
tion on the learning process. Players spawned close to the apple
area have an initial advantage over those closer to the river even
with random policies. The total timestep is set to 3 X 10°. The
learning rate is set to 0.001 for PPO-like algorithms [27] and 0.01
for A2C-like algorithms, with a decay schedule applied on both to
reach a final value of 0.00001. In PPO-liked algorithms, we make
advantage of the entropy regularization to improve exploration.

In our experiment, we study the performance of the following
algorithms.

Fair MAA2C. 1t is a straight forward application of the policy
gradient theorem. Each agent’s actor is updated using the individual

Actor’s loss given by E; [Af’t67 log g, (ai,+ | s¢)].

2Code available at https://github.com/AkuBrains/altruistic-fair- MARL/
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Fair MAPPO. 1t is derived from MAPPO. We keep the core idea
of MAPPO and we replace the classical advantage function with
the fair advantage function in the PPO loss despite mathematical
unaccuracies.

To assess the performance of our algorithms, we use two met-
rics. The first one evaluates the efficiency and is defined by the
total number of apples consumed over an episode. The second one
assesses the fairness among the agents and is defined by the Gini
coefficient Gini; over the apples consumed, where
2ieN ZjeN lei — ¢l

2N Yien ci
with ¢; being the number of apples consumed by agent i in an
episode. The Gini coefficient navigates between 0.0 and 1.0. The
lower it is, the fairer the distribution is, reaching 0.0 for an even
distribution. On the other hand, the higher it is, the more unequal
the distribution is.

We also study the fully cooperative setting in more depth and
compare the Proportional Fairness (PF) objective and the Utilitarian
Welfare (UW) objective.

Gini;(cg,...,cn) =

5.3 Results

Figure 2 presents a comparison between the PF objective and the
UW one in a fully cooperative settings (¢ = 1). Surprisingly, the
Prop. Fairness approach demonstrates superior overall efficiency.
The total number of apples consumed by the group steadily in-
creases, reaching approximately 120 by the end of the training. On
the contrary, the Utilitarian driven method yields a significantly
lower total apple consumption, leveled off near 40.

After breaking down the overall consumption, all seven agents
consume a relatively similar number of apples in the PF setting.
Although there are minor variations, the trend lines for all agents
are clustered together. No single agent is left behind, and all seem
to contribute and benefit from the fair task which is reflected in
the low Gini coefficient. In stark contrast, only two agents (2 and
3) learn to harvest apples while the others are cleaning the river
or doing nothing in the UW setting. Thus, this outcomes in a very
unequal situation characterized by a very high Gini index near 0.8.

In the Utilitarian settings, each agent benefits from others’ re-
ward signal independently of the action the agent takes. Therefore,
the reward gained by the agent and its actions are not necessarily
correlated. Agents are trapped into sub-optimal policies creating


https://github.com/AkuBrains/altruistic-fair-MARL/
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Fair MAPPO

Comparison for different o Gini Index for different a

Figure 3: Performance of varying « in the CleanUp environ-
ment trained with Fair-MAPPO.

specialized role for each agent. When agents share the same pa-
rameters, they basically learn a single policy assuming natural
cooperation and homogeneous behaviors. In the PF setting, the
natural fairness brought by the PF objective encourages agents to
explore further whenever an imbalance occurs. In the Fair Advan-
tage function, the classical advantage function is normalized by the
state-value function significantly reducing the weight of others’
reward signal in the PF objective.

Figure 3 shows the results for Fair MAPPO. All agent groups
successfully learn to collect more apples over time, as indicated
by the upward trend of all curves. Moreover, the Gini index of all
experiments is quite low and all runs are clustered between 0.05 and
0.2. The group with @ = 0.7 achieves the best overall performance,
consuming the most apples by the end of the training. Against
all odds, the worst group is the fully cooperative one achieving
significantly lower scores in both overall performance and Gini
index.

Intuitively, in the fully cooperative setting, the same phenom-
enon as in the UW setting exists but attenuated by the equity
willingness of the PF objective. In contrast, when a < 1, agents are
more inclined to follow their own objective and are prone harvest-
ing apples autonomously. When « is too low (a = 0.2), the overall
harvesting performance drops. In that case, agents are merely self-
ish meaning they are less inclined to coordinate themselves to clean
the river.

Fair MAA2C

Comparison for different o Gini Index for different o

Gini Index

Figure 4: Performance of varying « in the CleanUp environ-
ment trained with Fair-MAA2C.
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Figure 4 shows the results for Fair MAA2C. All agent groups
successfully learn to collect more apples over time, as indicated
by the upward trend of all curves. However, the training is very
noisy as we can notice from the several steep drops of the average
apples consumed during the training. It is well known that MAA2C
training process is very unstable and our Fair MAA2C exhibits the
same behavior making the results difficult to interpret. Nonetheless,
the best utilitarian performance and Gini index is obtained for
a = 0.5 correlating Fair MAPPO results. In addition, Fair MAA2C
seems to achieve lower mean apples consumed compared to its PPO
counterpart except for & = 0.5 probably due to instability during
the learning process.

In short, selfish behavior can lead to a more equal outcome,
but only because everyone is competing for the same individual re-
wards, potentially at the expense of the group’s overall success. This
highlights the fundamental trade-off between individual selfishness
and collective goals. We also demonstrate that the fairness pro-
moted by the PF objective enables sustainable cooperation, whereas
a utilitarian approach fails to do so, particularly in heterogeneous
groups.

5.4 Discussions and Next steps

Our algorithms still need to be improved regarding theoretical
proofs. In particular, there is no convergence proof to any kind of
equilibrium if it exists. Moreover, replacing the traditional Advan-
tage function with the Fair Advantage function is inconsistent with
the theory as we didn’t prove the monotonic improvement theorem
of Trust Region Policy Optimization in that case [24, 29].

On the experimental part, it would be interesting to test our
algorithms in more environments [1, 11] or realistic real-world
simulation [28] and create more diverse scenarii for CleanUp. With
an apple regeneration rate of 0.05, the harvesting pressure exerted
by only 7 agents is too low to create a significant imbalance between
supply and demand. An pertinent scenario would be to increase
the number of agents and decrease the regeneration rate to create a
situation of resource scarcity, where demand is greater than supply.

Another way to improve our experiment in the Utilitarian setting
would be to use the most recent state-of-the-art algorithms like
HAPPO or HAA2C [18].

6 CONCLUSION

This work introduces a novel framework that integrates Propor-
tional Fairness with altruism to foster more equitable cooperation
in multi-agent systems. We proposed a fair altruistic utility and ex-
tended it to sequential settings by defining a Fair Altruistic Markov
Game, from which we derived novel fair policy gradient algorithms.

Our experiments in the ’CleanUp’ social dilemma demonstrate
that this approach not only achieves significantly fairer outcomes,
as measured by the Gini index, but also leads to superior overall
efficiency compared to the traditional utilitarian welfare objective
with heterogeneous agents. By effectively balancing individual
incentives with collective well-being, our method prevents agents
from adopting highly specialized and inequitable roles, thus paving
the way for more stable and sustainable cooperation.
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