
Epistemic Modal Logic Meets Algebraic Model Counting
Daxin Liu

National Key Laboratory for Novel Software Technology &

School of Artificial Intelligence,

Nanjing University

Nanjing, China

daxin.liu@nju.edu.cn

Vaishak Belle

School of Informatics

The University of Edinburgh

Edinburgh, United Kingdom

vbelle@ed.ac.uk

ABSTRACT
Algebraicmodel counting (AMC) generalizes weightedmodel count-

ing to the semiring setting and supports various types of labels

(or weights), including numerical ones as used in weighted model

counting, but also sets, boolean formulae, polynomials, and many

more. One merit of algebraic model counting is that it can be evalu-

ated efficiently in a succinct form of representation by using knowl-

edge compilation, hence, providing a robust and useful framework

that covers many different tasks from a variety of different fields. In

this paper, we show that a type of epistemic entailment reasoning

in a modal logic of only knowing can be solved by recursively call-

ing a series of algebraic model counting tasks. We show that this

approach is not limited to the qualitative setting, but is also appli-

cable to the quantitative modal logic of only-believing. Lastly, we

propose an AMC-based regression operator that lifts the approach

to even dynamic epistemic reasoning.

CCS CONCEPTS
• Theory of computation → Modal and temporal logics; •
Computing methodologies → Reasoning about belief and
knowledge.
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1 INTRODUCTION
Epistemic logic is a growing and important area in philosophy,

computer science, game theory, and artificial intelligence. Among

other applications, epistemic formalisms play a key role in robot

programming, agent-oriented design, and automated planning. In

recent years, epistemic notions have become increasingly prevalent

in user modeling for explanation and planning, particularly in coun-

terfactual and contrastive plan construction [3], where the popular

logic S5 and its variants play a central role [11, 48]. However, as is
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well known, reasoning (i.e., validity checking) in epistemic logic

is computationally hard. For instance, the complexity of reasoning

about knowledge in S5, where knowing a proposition also implies

its truth, is NP-complete in the single-agent case and PSPACE-

complete in the multi-agent case (see Section 3.6 in [22]). If one

models the beliefs of a knowledge base (KB) using notions such as

minimal knowledge [28] or only-knowing [35], the complexity in-

creases further: even in the single-agent case, it reaches the second

level of the polynomial hierarchy [45].

Putting complexity considerations aside, which often reflect

worst-case scenarios, there has been relatively little work on how

epistemic reasoning can be carried out effectively in practice, par-

ticularly in complex agent settings where agents may need to sense,

reason about their knowledge, and plan under conditions of their

ignorance. Interestingly, the area of knowledge compilation has

emerged as a powerful approach for solving various reasoning

problems efficiently [10]. The core idea is to transform a proposi-

tional language into a data structure that factorizes Boolean connec-

tives. For instance, in the widely used decomposable deterministic

negation normal form (d-DNNF), branches of OR connectives are

mutually exclusive, and branches of AND connectives share no

variables. This structural property allows for local reasoning, en-

abling us to determine satisfiability or even count the number of

satisfying assignments in time linear to the size of the compiled

data structure, often referred to as a circuit. While constructing such

a circuit may incur exponential cost, this is a one-time offline effort,

after which evaluating multiple queries against the circuit becomes

highly efficient. As demonstrated in systems like ProbLog [43], this

mechanism proves to be extremely effective when a knowledge

base is available and multiple queries must be evaluated.

Naturally, this raises the question of whether the benefits of

knowledge compilation can be extended to epistemic logic. An

early influential attempt by Bienvenu et al. [10] applied knowledge

compilation directly to the S5 logic. Their findings show that for

a very restricted fragment—where disjunctions and negations ap-

pear in highly constrained forms (in fact, disjunctions are almost

entirely disallowed)—knowledge compilation is feasible and leads

to tractable epistemic reasoning, as further demonstrated in [31].

However, this fragment is extremely limited in expressivity. In this

paper, we ask whether more expressive fragments of epistemic

propositional logic can also benefit from knowledge compilation.

In particular, the framework of algebraic model counting (AMC)

[30] offers a promising path forward. AMC generalizes model count-

ing by allowing computations over arbitrary semirings. Once a

suitable data structure for Boolean formulas is constructed, AMC

enables a range of reasoning tasks—such as SAT solving [1], gradi-

ent computation [21, 29], and fuzzy reasoning [26]—to be performed
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by merely changing the semiring’s elements and operations. Thus,

if we were able to establish a strong link between epistemic reason-

ing and algebraic model counting, it might open up a new solution

for epistemic reasoning that might extend itself to not just reason-

ing about epistemic queries, but potentially probabilistic and/or

dynamic reasoning.

In this paper, we show that a successful synthesis between AMC

and epistemic reasoning is possible. In particular, we examine epis-

temic reasoning by AMC in a modal logic of only knowing. Only

knowing semantically captures all that the agent knows and al-

lows us to compactly represent the agent’s knowledge and igno-

rance. The way we leverage and relate epistemic logic, specifically

propositional only-knowing logic, to algebraic model counting is

by appealing to a result called the representation theorem [36], a

theorem that connects epistemic reasoning and first-order reason-

ing. We show that, similar to the representation theorem, epistemic

reasoning can be solved by recursively calling a series of algebraic

model counting tasks, and thereby, we get a strong correspondence

between epistemic reasoning and algebraic model counting. Going

further, for the very first time, we are able to introduce and relate

knowledge compilation for probabilistic epistemic logic. Specif-

ically, we consider the propositional fragment of only knowing

labeled with probability distributions as introduced in [8]. We show

that under some assumptions about the knowledge base, one can

reduce the probabilistic epistemic reasoning task, which might in-

volve computing probabilistic beliefs (even nested beliefs), also to

AMC in terms of so-called weighted model counting (WMC), an

instance of AMC obtained by applying it to a specific semiring.

Lastly, as it is well-known that reasoning about actions in the situ-

ation calculus can be reduced to classical first-order reasoning by

means of regression [44], we propose an AMC-based regression

operator that is capable of handling dynamic probabilistic epistemic

reasoning in a probabilistic modal variant of the situation calculus.

The remainder of the paper is organized as follows. In the fol-

lowing section, we review the formal definition of algebraic model

counting and its relation to variants of tasks in different fields. In

Section 3, we show how algebraic model counting can be applied

to perform epistemic reasoning in a propositional modal logic of

only knowing. In Section 4, we lift the approach to a probabilistic

setting: we show how to use it to connect algebraic model count-

ing with probabilistic epistemic reasoning. Section 5 presents the

AMC-based regression operator in dynamic epistemic reasoning.

Finally, we discuss related works and conclude in Section 6.

2 PRELIMINARIES
We assume readers know propositional and first-order logic. Here,

we review the task of algebraic model counting and briefly review

its relation to other tasks in different fields. The underlying mathe-

matical structure is that of a commutative semiring.

Definition 2.1 ((Commutative) Semiring). A semiring is a struc-

ture (A, ⊕, ⊗, 𝑒⊕, 𝑒⊗), where addition ⊕ and multiplication ⊗ are

associative binary operations over the set A, ⊕ is commutative, ⊗
distributes over ⊕, 𝑒⊕ ∈ A is the neutral element of ⊕, 𝑒⊗ ∈ A that

of ⊗, and for all 𝑎 ∈ A, 𝑒⊕ ⊗ 𝑎 = 𝑎 ⊗ 𝑒⊕ = 𝑒⊕ . For commutative

semirings, ⊗ is commutative as well.

A literal 𝑙 is a proposition (i.e., binary random variable in a prob-

abilistic setting) 𝑝 or the negation of it. A propositional formula is a
proposition or an expression constructed by propositions and con-

nectives ∧,∨,¬. A propositional theory 𝑇 is a set of propositional

formulas.

A model of theory 𝑇 is a truth assignment to propositions in 𝑇 .
Syntactically, amodel of theory𝑇 can be represented by amaximally

consistent set of literals from 𝑇 that satisfies every formula in 𝑇 .

The task of algebraic model counting is now defined as:

Definition 2.2 (AMC Problem). Given
• a propositional logic theory 𝑇 over a set of atomic proposi-

tions Ap;
• a commutative semiring (A, ⊕, ⊗, 𝑒⊕, 𝑒⊗), and
• a labeling function 𝑓 : L ↦→ A mapping literals L of the

propositions in Ap to elements of the semiring set A,

compute

A(𝑇 ) =
⊕

𝐼 ∈M(𝑇 )

⊗
𝑙∈𝐼

𝑓 (𝑙), (1)

where M(𝑇 ) is the set of models of 𝑇 ; if M(𝑇 ) = ∅,A(𝑇 ) = 𝑒⊕ .

Kimmig et al. [30] showed that many computation tasks are es-

sentially instances of algebraic model counting. The most relevant

results of this paper are the instances of SAT and Prob. The former

is to decide if a propositional logic theory 𝑇 over a set of atomic

propositions Ap is satisfiable, while the latter is to compute the mar-

ginal probability of event 𝑇 over the joint probability distribution

of finite mutually independent binary random variables Ap.

Theorem 2.3 ([30]). The AMC over semiring (A, ⊕, ⊗, 𝑒⊕, 𝑒⊗)
solve the SAT and Prob task respectively, if (A, ⊕, ⊗, 𝑒⊕, 𝑒⊗) are given
as

• A = {⊤,⊥}, ⊕ = ∨, ⊗ = ∧, 𝑒⊕ = ⊥, 𝑒⊗ = ⊤, and labeling
function 𝑓 (𝑙) = ⊤ for all literals; and

• A = Q≥0, ⊕ = +, ⊗ = ×, 𝑒⊕ = 0, 𝑒⊗ = 1, and labeling
function 𝑓 (𝑙) for all literals 𝑙 given by

𝑓 (𝑙) =
{

𝑝𝑙 𝑙 is positive
1 − 𝑝¬𝑙 𝑙 is negative ,

where 𝑝𝑙 is the probability of literal 𝑙 , ¬𝑙 refers to the atom of
𝑙 for negative 𝑙 .

In fact, for the SAT problem, we have𝑇 is satisfiable iffA(𝑇 ) = ⊤
for the respective semiring and labeling function. Therefore, the

propositional entailment problem of deciding if𝑇 |= 𝜙 for a proposi-

tional 𝜙 can be solved by checking if A(𝑇 ∧¬𝜙) = ⊥. Kimming et al.

[30] lists more instances of AMC, including model counting #SAT,

weighted model counting, sensitivity analysis, calculating gradient
in machine learning [21, 29], and finding shortest- and widest-paths
in networks [2], etc, making AMC a versatile abstract computation

framework.

3 EPISTEMIC REASONING IN THE LOGIC OL
In this section, we investigate how we can use the algebraic model

counting to perform epistemic reasoning. Only-knowing was in-

troduced by Levesque [35] to precisely capture the beliefs of a

knowledge base (KB). Levesque proposed the logic OL, where the

notion of only-knowing is captured by a modal operator 𝑂. The
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logic is a classical (monotonic) logic that captures non-monotonic

reasoningmechanisms, such as default extensions via autoepistemic

logic [41]. In what follows, we recall the logic OL. The original

proposal of OL is first-order, hence entailment reasoning in general

is undecidable; therefore, we focus on its decidable propositional

fragment.

The language is identical to propositional logic except that we

now have two additional epistemic modal operators 𝐾,𝑂 to con-

struct formulas. Namely, the vocabulary includes a fixed finite set of

propositions Ap, connectives ∧,∨,¬, modalities𝐾,𝑂, and paren-

theses. We treat ⊃ and≡ as abbreviations.𝐾𝜙 is intended to be read

as “𝜙 is known by the agent” while𝑂𝜙 can be read as “all that is

known by the agent is 𝜙” and it is intended to capture the maximal

knowledge of an agent. A formula is called objective if it contains no
𝐾 and𝑂. A formula is called subjective if no propositions occur out-
side𝐾 or𝑂. A formula is called basic if it mentions no𝑂. For exam-

ple, holdingA ⊃ ¬holdingB is objective;𝐾 (holdingA ⊃ ¬holdingB)
and 𝑂(holdingA) are subjective with 𝐾 (holdingA ⊃ ¬holdingB)
being basic; holdingA ∧𝐾 (holdingA ⊃ ¬holdingB) is neither ob-
jective nor subjective.

3.1 Semantics of OL
The semantics is based on possible worlds, and a world 𝑤 is a

mapping from propositions to the truth values, i.e.,𝑤 : Ap ↦→ {0, 1}.
LetW be the set of all such worlds. Essentially, a world𝑤 is a subset

of Ap andW = 2
Ap
. To specify what is known by an agent, we use

a set of worlds to model the agent’s epistemic state 𝑒 ⊆ W, namely,

the agent considers all worlds in the epistemic state 𝑒 to be possible.

Moreover, 𝜙 is known if and only if 𝜙 holds for all worlds in the

epistemic state, and 𝜙 is only known if and only if the epistemic

state is just the set of worlds where 𝜙 holds. By a model, we mean

a pair (𝑒,𝑤). Formally, let 𝜙 and 𝜓 be any formula, 𝑝 ∈ Ap be a

proposition. Truth of formulas is given as:

• 𝑒,𝑤 |= 𝑝 iff𝑤 [𝑝] = 1;

• 𝑒,𝑤 |= 𝜙 ∧𝜓 iff 𝑒,𝑤 |= 𝜙 and 𝑒,𝑤 |=𝜓 ;

• 𝑒,𝑤 |= ¬𝜙 iff 𝑒,𝑤 ⊭ 𝜙 ;
• 𝑒,𝑤 |=𝐾𝜙 iff for all𝑤 ′ ∈ W,𝑤 ′ ∈ 𝑒 ⇒ 𝑒,𝑤 ′ |= 𝜙 ;

• 𝑒,𝑤 |=𝑂𝜙 iff for all𝑤 ′ ∈ W,𝑤 ′ ∈ 𝑒 ⇔ 𝑒,𝑤 ′ |= 𝜙 .1

For a set of formulas Σ, we also understand Σ as the conjunction

of all formulas in it. For a set of formulas Σ and formula 𝜙 , we write

Σ |= 𝜙 , read as “Σ logically entails 𝜙”, to mean for every model

(𝑒,𝑤) such that 𝑒,𝑤 |= Σ, we have 𝑒,𝑤 |= 𝜙 . We say a formula 𝜙 is

satisfiable if there exists a model (𝑒,𝑤) such that 𝑒,𝑤 |= 𝜙 , and 𝜙 is

valid if {} |= 𝜙 .

The logic OL is weak S5 when only considering 𝐾 , aka K45.
Namely, 𝐾𝜙 ∧ 𝐾 (𝜙 ⊃ 𝜓 ) ⊃ 𝐾𝜓 , 𝐾𝜙 ⊃ 𝐾𝐾𝜙 , and ¬𝐾𝜙 ⊃
𝐾 (¬𝐾𝜙) are valid for all 𝜙 and 𝜓 . If one only considers models

(𝑒,𝑤) such that𝑤 ∈ 𝑒 , then one gets indeed S5, namely,𝐾𝜙 ⊃ 𝜙

becomes valid.

The modality𝑂 enjoys the expected properties of only-knowing:

formula𝑂𝜙 ⊃ 𝐾𝜙 and𝑂𝜙 ⊃ ¬𝐾𝜓 are valid if𝜓 contains proposi-

tions that are not in 𝜙 . Namely, only-knowing entails knowing, and

only-knowing something entails not knowing others. For example,

1
Note that in case 𝜙 is objective, the epistemic state 𝑒 that satisfies 𝑂𝜙 is unique, i.e.,

𝑒 is the set of assignments where 𝜙 holds. Yet, in general, where 𝜙 might contain 𝐾
or𝑂, such 𝑒 might not be unique [36].

• 𝑂(holdingA ∨ holdingB) |=𝐾 (holdingA ∨ holdingB); and
• 𝑂(holdingA ∨ holdingB) |= ¬𝐾holdingC.

where holdingA, holdingB, holdingC are distinct propositions. That

is, only-knowing holding 𝐴 or 𝐵 entails that the agent knows it is

holding 𝐴 or 𝐵 and does not know that it is holding 𝐶 . The latter

is because only-knowing holding 𝐴 or 𝐵 means the agent has no

knowledge about holding 𝐶 . Other properties include that: all the

known facts that follow from only-knowing an objective theory

are just those entailed by the theory. Namely,

Proposition 3.1. If 𝜙,𝜓 are objective, |=𝑂𝜙 ⊃ 𝐾𝜓 iff 𝜙 |=𝜓 .

3.2 Epistemic Reasoning by AMC in OL
Since the only-knowingmodality𝑂 captures both knowledge of the

agent and its ignorance, specifying the agent’s knowledge base by

𝑂 is much more compact and desirable than specifying the agent’s

knowledge and ignorance by a long list of formulas of the form

𝐾𝜙1,𝐾𝜙2, . . .¬𝐾𝜓1,¬𝐾𝜓2, . . .. Now that we have a way to spec-

ify the knowledge base (KB) of the agent, to perform knowledge-

based decision making [38, 40] or epistemic planning [4], one still

needs to solve the important task of epistemic reasoning, namely,

inferring logical consequences of the KB. In other words, given a

knowledge base KB specified by only knowing an objective theory

and a subjective query 𝜙 , the epistemic reasoning task asks if 𝜙 is

entailed by the KB. More precisely,

Definition 3.2 (Epistemic Reasoning). Given a set of objective

formulas Σ and a subjective basic query 𝜙 , the epistemic reasoning

task decides if 𝑂Σ |= 𝜙 .

The above reasoning task is fundamentally important if one

wishes to develop a cognitive agent using epistemic logic. Answer-

ing this problem might not be easy, as the query 𝜙 might contain

nested 𝐾; this is in contrast to Prop. 3.1, where𝜓 is objective only.

To handle the epistemic reasoning, we propose an operator ∥ · ∥AΣ
that recursively calls AMC task over the boolean semiring, i.e.,

A = {⊤,⊥}, ⊕ = ∨, ⊗ = ∧, 𝑒⊕ = ⊥, 𝑒⊗ = ⊤, and labeling function

𝑓 (𝑙) = ⊤. We use True to represent tautologies like 𝑝 ∨ ¬𝑝 , and
False for its negation. Formally, we have

Definition 3.3. Given an objective theory Σ and a basic formula

𝜙 as input, ∥𝜙 ∥AΣ is defined by

• ∥𝜙 ∥AΣ := 𝜙 if 𝜙 is an objective formula;

• ∥¬𝜙 ∥AΣ := ¬∥𝜙 ∥AΣ ;
• ∥𝜙 ∧𝜓 ∥AΣ := ∥𝜙 ∥AΣ ∧ ∥𝜓 ∥AΣ ;

• ∥𝐾 (𝜙)∥AΣ :=

{
True A(Σ ∧ ¬∥𝜙 ∥AΣ ) = ⊥
False A(Σ ∧ ¬∥𝜙 ∥AΣ ) = ⊤ .

Theorem 3.4. Given a finite set of objective formulas Σ and a
basic formula 𝜙 ,𝑂Σ |= 𝜙 iff A(Σ ∧ ¬∥𝜙 ∥AΣ ) = ⊥.

The proof is based on Theorem 2.3 and Prop. 3.1 and is by in-

duction on the structure of 𝜙 . The theorem suggests that there is a

symbolic procedure, i.e., by recursively calling a series of algebraic

model counting tasks, actually to solve the epistemic reasoning

problem in OL.

Example 3.5. Suppose we have that:
Σ := holdingA ∨ holdingB

𝜙 :=𝐾 (¬𝐾 (holdingA) ∧ ¬𝐾 (holdingB)),
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it holds that𝑂Σ |= 𝜙 . This can be proved as follows. It is not hard

to see that ∥𝐾 (holdingA)∥AΣ = False as A(Σ ∧ ¬ℎ𝑜𝑙𝑑𝑖𝑛𝑔𝐴) = ⊤
(there exists a modelM = {¬ℎ𝑜𝑙𝑑𝑖𝑛𝑔𝐴,ℎ𝑜𝑙𝑑𝑖𝑛𝑔𝐵} such thatM |=
Σ ∧ ¬ℎ𝑜𝑙𝑑𝑖𝑛𝑔𝐴). Likewise ∥𝐾 (holdingB)∥AΣ = False and ∥𝜙 ∥AΣ =

∥𝐾True∥AΣ = True. Hence A(Σ ∧ ¬∥𝜙 ∥AΣ ) = A(False) = ⊥. By
Theorem 3.4, 𝑂Σ |= 𝜙 .

One of the implications of Theorem 3.4 is on the complexity of

the epistemic reasoning in Definition 3.2.

Corollary 3.6. For queries with constant size, the time complexity
of the epistemic reasoning task in Definition 3.2 is in 𝑃𝑁𝑃 [O (1) ] .

This is because that checking 𝑂Σ |= 𝜙 reduces to check the

entailment of Σ |= ∥𝜙 ∥AΣ by Theorem 3.4. The operator ∥ · ∥AΣ is a

number of constant time reductions and ultimately makes a con-

stant number of calls of propositional entailment checking Σ |= 𝜙 ′
,

where𝜙 ′
is propositional, hence the time complexity is in 𝑃𝑁𝑃 [O (1) ]

.

This is in contrast to the general propositional entailment reason-

ing in the logic OL [45] whose complexity is Σ𝑃
2
-complete, i.e.,

𝑁𝑃𝑁𝑃
-complete.

Besides, the reduction theorem has practical implications as well.

The hardness of entailment problems in Def. 3.2 depends on both

the size of theory Σ and query 𝜙 . Typically, the size of the query 𝜙

is much smaller than the theory Σ, hence the overall complexity is

dominated by the size of Σ. By virtue of the knowledge compilation

for AMC, it is now possible to compile the theory Σ into circuits

once, which might be an exponential cost in time, and then evaluate

all future queries 𝜙 against this circuit in polynomial time [30],

hence avoiding repeatedly 𝑁𝑃 computation for every query.

A subtlety here is that, to solve the epistemic reasoning task

in Definition 3.2, we resort to (algebraic) model counting, yet, es-

sentially, what is needed is to perform propositional entailment

checking of the form𝑇 |= 𝜙 ′
, where 𝜙 ′

is propositional. As the task

of model counting is usually more difficult than propositional entail-

ment checking, resolving to model counting in Theorem 3.4 seems

like overkill. So what are the benefits of resorting to (algebraic)

model counting instead of directly applying propositional entail-

ment checking? There are at least two benefits. First, as we will

see in Section 4 and Section 5, (algebraic) model counting makes it

possible to have a uniform framework to perform both qualitative

and quantitative epistemic reasoning. This additionally allows us

to reuse the evaluation algorithm as Algorithm 1 in [30] to perform

algebraic model counting for various semirings and various types

of circuits, including both d-DNNF and ordered binary decision dia-
grams (OBDD), which can be achieved by simply parameterizing

the algorithm with the respective semiring. Another benefit is that

it enables us to compile the theory 𝑇 in more succinct types of

circuits. A consensus in the knowledge compilation community is

that when choosing the type of circuits to compile a theory, one

has to trade off the succinctness of the circuit and the tractabil-

ity in reasoning for variant tasks, see [16] for a summary on this.

For example, OBDDs are typically more tractable in propositional

entailment checking than d-DNNFs, yet d-DNNFs are typically

much more succinct than OBDDs with similar tractability in model

counting. Hence, solving the epistemic reasoning task by model

counting makes it possible to use compact circuit representations

in compiling while maintaining tractability in reasoning.

4 PROBABILISTIC EPISTEMIC REASONING IN
THE LOGIC OBL

Having demonstrated the usefulness of AMC in epistemic reasoning

for the only-knowing logic OL, in this section, we show that AMC

is also valuable in epistemic reasoning for the quantitative only-

believing logicOBL [8]. The logicOBL is a first-order modal logic

of beliefs and only-believing, which can be viewed as a probabilistic

extension of OL. In what follows, we first review the logic OBL,

thereafter, we show how the previous result of epistemic reasoning

can be lifted to a quantitative setting.

While the logic OBL is first-order, we only consider its propo-

sitional fragment. The language includes the usual ingredients

of propositional logic, like propositions and connectives. Besides,

OBL has two binary modal operators: 𝐵(𝜙 : 𝑡) is to be read as

“𝜙 is believed with a probability 𝑡” where 𝑡 is a rational number.

𝑂(𝜙1 : 𝑡1, . . . , 𝜙𝑘 : 𝑡𝑘 ) is to be read as “all that is believed is: 𝜙1 with
probability 𝑟1, . . ., 𝜙𝑘 with probability 𝑟𝑘”, here 𝜙𝑘 mentions no

modalities.

4.1 Semantics of OBL
Although focusing on the propositional fragments of OBL allows

us to simplify its semantics, we still need rational numbers Q to talk

about probabilities. Now, the vocabulary of OBL is expanded from

OL to include Q, i.e., the set of rational numbers.
2
Let Q[0,1] =

{𝑞 ∈ Q | 0 ≤ 𝑞 ≤ 1}. Formulas are now given by:

𝑝 | 𝜙 ∧𝜓 | ¬𝜙 | 𝐵(𝜙 : 𝑡) | 𝑂(𝜙1 : 𝑡1, . . . 𝜙𝑘 : 𝑡𝑘 )
where 𝑝 ∈ Ap are propositions, 𝑡, 𝑡𝑖 ∈ Q[0,1] (1 ≤ 𝑖 ≤ 𝑘) are number

constants; 𝜙,𝜓, 𝜙𝑖 are formulas.

In semantics, the notion of worlds is the same as before, world 𝑤
maps Ap to {0, 1}. To account for probability, the agent’s epistemic
state 𝑒 is modeled as a set of distributions 𝑑 over possible worlds,

i.e., 𝑑 : W ↦→ Q where W is the set of all worlds. We will only

focus on probability distributions, namely, only consider those 𝑑

that are normalized and satisfy countable additivity. Let D be the

set of all such distributions. By a model, we mean a pair (𝑒,𝑤). Now,
the truth in OBL is given by (assuming 𝑝 ∈ Ap, 𝑡, 𝑡𝑖 ∈ Q[0,1] for
1 ≤ 𝑖 ≤ 𝑘 , and 𝜙,𝜓 are formulas):

• 𝑒,𝑤 |= 𝑝 iff𝑤 [𝑝] = 1;

• 𝑒,𝑤 |= 𝜙 ∧𝜓 iff 𝑒,𝑤 |= 𝜙 and 𝑒,𝑤 |=𝜓 ;

• 𝑒,𝑤 |= ¬𝜙 iff 𝑒,𝑤 ⊭ 𝜙 ;
• 𝑒,𝑤 |=𝐵(𝜙 : 𝑡) iff ∀𝑑 ∈ D .𝑑 ∈ 𝑒 ⇒ 𝑑 (W𝑒

𝜙
) = 𝑡 ;

• 𝑒,𝑤 |= 𝑂(𝜙1 : 𝑡1, . . . 𝜙𝑘 : 𝑡𝑘 ) iff ∀𝑑 ∈ D .𝑑 ∈ 𝑒 ⇔ 𝑑 (W𝑒
𝜙1
) =

𝑡1, . . . 𝑑 (W𝑒
𝜙𝑘
) = 𝑡𝑘 ;

where W𝑒
𝜙
is defined by W𝑒

𝜙
:= {𝑤 ′ ∈ W | 𝑒,𝑤 ′ |= 𝜙}.

That is, the semantics of the non-modal part is exactly the same

as in OL; an epistemic state 𝑒 satisfies 𝐵(𝜙 : 𝑡) if and only if in all

the distributions of 𝑒 , the probability of 𝜙 is 𝑡 (𝑤 is irrelevant for

𝐵 and𝑂); 𝑒 satisfies𝑂(𝜙1 : 𝑡1, . . . 𝜙𝑘 : 𝑡𝑘 ) if and only if 𝑒 is exactly

the set of distribution that 𝜙𝑖 has probability 𝑡𝑖 for 1 ≤ 𝑖 ≤ 𝑘 .

The notions of objective, subjective, and basic formulas carry

naturally to OBL. Logical entailment, satisfiability, and validity

are also defined similarly to OL.

2
We use rationals as constants in the language whose interpretations are fixed and

follow the natural sense. Technically, this can be done by featuring the domains with

the so-called rigid designators or standard names [36].
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It turns out that the logic OBL is still weak S5, that is, if we
define𝐾𝜙 as𝐵(𝜙 : 1) and read it as “𝜙 is known”, then we have

both positive and negative introspection of knowledge, besides, the

following holds as well.

• |=𝐾𝜙 ∧𝐾 (𝜙 ⊃ 𝜓 ) ⊃ 𝐾𝜓 ;

• |=𝐵(𝜙 : 𝑡) ⊃ 𝐾𝐵(𝜙 : 𝑡);
• |= ¬𝐵(𝜙 : 𝑡) ⊃ 𝐾¬𝐵(𝜙 : 𝑡) for any 𝑡 .

𝑂 inherits the properties of only-believing. For example,

• 𝑂(holdingA : 0.8) |=𝐵(holdingA : 0.8);
• 𝑂(holdingA : 0.8) |= ¬𝐵(holdingB : 0.6).

for distinct proposition holdingA and holdingB.
In fact, 𝑂(holdingA : 0.8) |= ¬𝐵(holdingB : t) for any number 𝑡 .

4.2 Probabilistic Epistemic Reasoning by AMC
in OBL

Much like the situation in OL, a fundamental task in OBL is to

do epistemic reasoning. Namely, given a probabilistic knowledge

base (PKB) specified by only believing and a belief query, we need

to decide if the query is entailed by the knowledge base. More

formally, we are interested in the following form of probabilistic

epistemic reasoning:

Definition 4.1 (Probabilistic Epistemic Reasoning). Given a PKB :=

𝑂(𝑝1 : 𝑡1, . . . , 𝑝𝑘 : 𝑡𝑘 ,−), and subjective basic formula 𝜙 , the proba-

bilistic epistemic reasoning task is to decide if PKB |= 𝜙 where “−”
denotes the concatenation of expressions such as “𝑝𝑖 ∧ 𝑝 𝑗 : 𝑡𝑖 × 𝑡 𝑗 ”,

indicating that propositions 𝑝1, . . . , 𝑝𝑘 are mutually independent.

Essentially, the PKB asserts that the agent believes only a joint

distribution over independent atomic variables 𝑝1, . . . , 𝑝𝑘 with prob-

abilities 𝑡1, . . . , 𝑡𝑘 . The reason we consider this special type of proba-

bilistic knowledge bases is that reasoning in such PKBs has a direct

correspondence with AMC (as soon below), as in AMC, weights

are usually assigned to literals only.

Now, we show how probabilistic epistemic entailment reasoning

against such PKBs can be solved by AMC.

Definition 4.2 (AMC Prob.). Given a probabilistic knowledge base

PKB :=𝑂(𝑝1 : 𝑡1, . . . , 𝑝𝑘 : 𝑡𝑘 ,−) and an objective formula 𝜙 , we de-

fineAPKB (𝜙) as the algebraic model counting task over the semiring

A = (Q≥0,+,×, 0, 1) and the labeling function 𝑓 (𝑙) with

𝑓 (𝑙) =
{

𝑡𝑖 𝑙 is equivalent to 𝑝𝑖 for some 𝑖

1 − 𝑡𝑖 ¬𝑙 is equivalent to 𝑝𝑖 for some 𝑖
.

Proposition 4.3. Given a probabilistic knowledge base PKB :=

𝑂(𝑝1 : 𝑡1, . . . , 𝑝𝑘 : 𝑡𝑘 ,−) and an objective formula 𝜙 , let APKB (𝜙) as
above, then for any 𝑡 ∈ Q[0,1] ,

PKB |=𝐵(𝜙 : 𝑡) iff APKB (𝜙) = 𝑡

The result is a direct consequence of Theorem 2.3 and the fact

that the 𝐵 modality is indeed a probability over possible worlds.

Now, we can define the operator ∥ · ∥A
PKB

to solve the probabilistic

epistemic reason problem just as what we did in the logic OL.

Definition 4.4. Given a PKB := 𝑂(𝑝1 : 𝑡1, . . . , 𝑝𝑘 : 𝑡𝑘 ,−) and a

basic formula 𝜙 , ∥𝜙 ∥A
PKB

is defined by

• ∥𝜙 ∥A
PKB

:= 𝜙 if 𝜙 is an objective formula;

• ∥¬𝜙 ∥A
PKB

:= ¬∥𝜙 ∥A
PKB

;

• ∥𝜙 ∧𝜓 ∥A
PKB

:= ∥𝜙 ∥A
PKB

∧ ∥𝜓 ∥A
PKB

;

• ∥𝐵(𝜙 : 𝑡)∥A
PKB

:=

{
True APKB (∥𝜙 ∥A

PKB
) = 𝑡

False otherwise

.

Theorem 4.5. For any PKB := 𝑂(𝑝1 : 𝑡1, . . . , 𝑝𝑘 : 𝑡𝑘 ,−), basic
formula 𝜙 ,𝑂(𝑝1 : 𝑡1, . . . , 𝑝𝑘 : 𝑡𝑘 ,−) |= 𝜙 iff |= ∥𝜙 ∥A

PKB
.

The proof is based on Prop. 4.3 and is by induction on the struc-

ture of 𝜙 . The theorem implies that the probabilistic epistemic

reasoning problem can be solved by recursively calling a series of

algebraic model counting tasks as well.

Example 4.6. Suppose we have that
PKB :=𝑂(holdingA : 0.8; holdingB : 0.6,−)

𝜙 :=𝐵(holdingA ∧𝐵(holdingA ∧ holdingB : 0.48) : 0.8),

it holds that PKB |= 𝜙 . Since ∥𝐵(holdingA ∧ holdingB : 0.48)∥A
PKB

=True (the equality is because 0.48 = 𝑡holdingA,holdingB = 0.8 × 0.6),

we have ∥𝜙 ∥A
PKB

= ∥𝐵(holdingA : 0.8)∥A
PKB

= True. By Theorem

4.5, 𝑂(holdingA : 0.8; holdingB : 0.6,−) |= 𝜙 .

As an implication of Theorem 4.5, we have that:

Corollary 4.7. For queries with constant size, the time complexity
of the epistemic reasoning task in Definition 4.1 is in 𝑃#𝑃 [O (1) ] .

Again, the operator ∥ · ∥A
PKB

is a number of constant time reduc-

tions and ultimatelymakes a number of calls to the sortsAPKB (𝜙 ′) =
𝑡 , where 𝜙 is propositional. This is essentially probabilistic reason-

ing and whose complexity is #𝑃-complete [13], as one needs to

both check if there is a model for the propositional formula 𝜙 ′
and

compute the weights or probabilities of such a model.

Besides, the reduction theorem above also has practical implica-

tions. One could indeed compile the probabilistic knowledge base

into circuits once, and it is possible to carry out efficient (still poly-

nomial time, but subject to different assumptions on the circuits)

probabilistic reasoning for all future queries [30].

Another remark is that while there is a representation theorem

by [36] that deals with the propositional epistemic reasoning in

Definition 3.2 by appealing to entailment reasoning, there is no such

result that discusses how one can lift it to a probabilistic setting.

Our result above is the first generalisation of this sort.

Lastly, we remark that the requirement on PKBs to be a joint

distribution of independent variables is not a must. We have it

simply for the direct correspondence as in Def. 4.2 between the

probabilistic epistemic reasoning task and the literal-weightedmodel
counting. Literal-weighted model counting requires weights of a

model can be factorized according to the literals of the model (es-

sentially, independent variables) so that evaluation is efficient based

on this property. We could lift the approach to general probability

distributions Pr in two ways. First, one can always introduce a new

set of literals Lit, and distribution Pr′, and formula 𝜓 such that

Pr is factorizable according to Ap ∪ Lit, and for any query 𝜙 , we

have Pr(𝜙) = Pr′ (𝜙 ∧𝜓 ), then we do literal-weighted model count-

ing on distribution Pr′ [13]. Besides converting the task, we could
also modify the meaning of weights assigned to literals, hence the

weights are no longer probabilities but conditional probabilities or

others. [20] uses this idea and proposes an encoding of a Bayesian

network to an algebraic decision diagram (an algebraic extension of

OBDD), then performs literal-weighted model counting therein to
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solve probabilistic reasoning. We could use this approach to encode

a general probability distribution as well.

5 REASONING IN THE DYNAMIC
PROBABILISTIC LOGIC DS

The versatility of the AMC framework in epistemic reasoning is not

limited to the static setting. It is well-known that reasoning about

actions in the situation calculus [44] can be reduced to classical

first-order reasoning by means of regression [44]. Here, we propose

an AMC-based regression operator to handle probabilistic epistemic

reasoning in a dynamic setting. We use the dynamic extension of

OBL logic, i.e., logic DS [7, 39], where every action is stochastic.

Dynamic epistemic reasoning extends epistemic reasoning to dy-

namic domains where the agent’s epistemic knowledge changes

with actions and sensing [49]. In what follows, we first review the

logic DS; thereafter, we show how to use AMC to do dynamic

epistemic reasoning.

5.1 The logic DS
Here, we review the logic DS, a probabilistic modal variant of the

situation calculus and a dynamic variant of the logic OBL.

Syntax. We will focus on the propositional fragment of DS,
nevertheless, we still need to retain two of its special predicates

(introduced below). To account for actions, DS expands the vo-

cabulary of OBL with a fixed finite set Act of actions which syn-

tactically look like constants. Besides, to model a stochastic do-

main where actions might have non-deterministic effects, DS
is equipped with two special binary predicates alt (𝑎, 𝑎′), 𝑙 (𝑎, 𝑡).
The idea is that instead of saying a stochastic action has non-

deterministic effects,DS views a stochastic action as a set of actions
(mutual alternatives) that are observationally indistinguishable to
the agent and each has a deterministic effect. Moreover, the pred-

icate 𝑙 (𝑎, 𝑡) just specifies that the likelihood of action 𝑎 is 𝑡 . For

example, alt (𝑇𝑜𝑠𝑠𝐶𝑜𝑖𝑛𝐻𝑒𝑎𝑑,𝑇𝑜𝑠𝑠𝐶𝑜𝑖𝑛𝑇𝑎𝑖𝑙) indicates that the ac-

tions𝑇𝑜𝑠𝑠𝐶𝑜𝑖𝑛𝐻𝑒𝑎𝑑 and𝑇𝑜𝑠𝑠𝐶𝑜𝑖𝑛𝑇𝑎𝑖𝑙 are mutual alternatives, and

𝑙 (𝑇𝑜𝑠𝑠𝐶𝑜𝑖𝑛𝐻𝑒𝑎𝑑, 0.5) says the likelihood of 𝑇𝑜𝑠𝑠𝐶𝑜𝑖𝑛𝐻𝑒𝑎𝑑 is 0.5.

In dynamic settings, the truth of formulas will change as the

effects of actions, hence we also call atomic propositions fluents. To
capture the dynamic feature, the language is expanded with two

action modalities [𝑎]𝜙 and □𝜙 that are read as: “𝜙 holds after action

𝑎” and “𝜙 holds after any action sequence” respectively.

Formulas 𝜙 of DS are given by:

𝐴𝐹 := 𝑝 | 𝑎𝑙𝑡 (𝑎, 𝑎′) | 𝑙 (𝑎, 𝑡)
𝜙 :=𝐴𝐹 | 𝜙1 ∧ 𝜙2 | ¬𝜙 | [𝑎]𝜙 | □𝜙

| 𝐵(𝜙 : 𝑡) | 𝑂(𝜙1 : 𝑡1, . . . 𝜙𝑘 : 𝑡𝑘 )

where 𝑝 ∈ Ap are atomic propositions, 𝑡, 𝑡𝑖 ∈ Q[0,1] (1 ≤ 𝑖 ≤ 𝑘) are

rational numbers, 𝑎, 𝑎′ ∈ Act are actions, and 𝜙, 𝜙𝑖 are formulas.

Atomic formulas𝐴𝐹 can be: (1) a proposition 𝑝 ; or (2) constructed

by predicate alt (𝑎, 𝑎′) and 𝑙 (𝑎, 𝑡) where 𝑎, 𝑎′ are actions ∈ Act and
𝑡 ∈ Q[0,1] is a rational number. Formulas can also be constructed by

connectives ∧,∨,¬, and modality𝐵,𝑂 and modality [𝑎] and □. For
action sequence 𝑧 = 𝑎1 · · ·𝑎𝑘 , we write [𝑧]𝜙 to mean [𝑎1] · · · [𝑎𝑘 ]𝜙 .

A formula is a fluent formula if it contains only propositions 𝑝 ∈
Ap, modal [·], 𝐵, and boolean connectives ∧,∨,¬. E.g. holdingA ∨

¬holdingB is objective; [pickupA]𝐵(holdingA ∧ holdingB : 0.125),
𝐵( [pickupA]holdingA : 1) are all fluent formula, but 𝑙 (pickupA, 0.5),
□[pickupA]holdingA, and 𝑂(holdingA : 1) are not.

Semantics. In a dynamic setting, a world has to account for both

what holds initially and after any action sequence. Let Act∗ be the
set of all action sequences, including the empty sequence ⟨⟩.

By a world 𝑤 , we mean a mapping𝑤 : 𝐴𝐹 × Act∗ ↦→ {0, 1} from
atomic formulas 𝐴𝐹 and action sequence Act∗ to {0, 1}. Intuitively,
the action sequence here serves as the history of execution. Again,

we use W to denote the set of all such worlds. We assume that the

interpretation of 𝑙 (𝑎, 𝑡) is functional in 𝑡 , i.e., ∀𝑎 ∈ Act, 𝑧 ∈ Act∗,
there is exactly one number 𝑡𝑎𝑤,𝑧 representing the likelihood of 𝑎

under𝑤, 𝑧, such that𝑤 [𝑙 (𝑎, 𝑡𝑎𝑤,𝑧), 𝑧] = 1.

Besides, the alternative relationship among stochastic actions

is captured by an equivalence relation 𝑎𝑙𝑡 : Act × Act ↦→ {0, 1}. A
world 𝑤 ∈ W is compatible with an alternative relationship 𝑎𝑙𝑡 ,

i.e.,𝑤 ⊲⊳ 𝑎𝑙𝑡 if

• 𝑤 [𝑎𝑙𝑡 (𝑎, 𝑎′), 𝑧] = 1 iff ⟨𝑎, 𝑎′⟩ ∈ 𝑎𝑙𝑡,∀𝑧 ∈ Act∗; and
• ∀𝑧 ∈ Act∗, 𝑎 ∈ Act,

∑
{𝑎′ :⟨𝑎,𝑎′ ⟩∈𝑎𝑙𝑡 } 𝑡𝑎′ = 1 where 𝑡𝑎′ satisfies

𝑤 [𝑙 (𝑎′, 𝑡𝑎′ ), 𝑧] = 1;

That is, 𝑤 ⊲⊳ 𝑎𝑙𝑡 if the interpretation of predicate 𝑎𝑙𝑡 in 𝑤 faith-

fully captures relation 𝑎𝑙𝑡 and the likelihood of actions in the same

equivalence class sums up to 1.

Clearly, we can extend the relation alt and likelihood function

𝑙 (in a world𝑤 ) from single actions to action sequences, denoted

by alt∗ and 𝑙∗𝑤 respectively. Namely, for finite action sequences

𝑧, 𝑧′, ⟨𝑧, 𝑧′⟩ ∈ alt∗ iff the actions at each index of 𝑧, 𝑧′ are mutual

alternatives. Moreover, 𝑙∗𝑤 (𝑧) = 𝑙∗𝑤 (𝑧′) × 𝑡 supposing 𝑧 = 𝑧′ · 𝑎 and

𝑤 [𝑙 (𝑎, 𝑡), 𝑧′] = 1, with 𝑙∗𝑤 (⟨⟩) = 1. Namely, the likelihood of action

sequence 𝑧 in a world𝑤 is just the product of the likelihood of each

action in it.

Now, the agent’s epistemic state 𝑒 is modeled as a set of prob-

ability distributions 𝑑 over possible worlds as before. Let D be

the set of all such distributions. By a model, we mean a 4-tuple

(𝑒,𝑤, 𝑧, 𝑎𝑙𝑡). We only consider models where 𝑤 ⊲⊳ 𝑎𝑙𝑡 and 𝑒 satis-

fies ∀𝑤 ′ ∈ 𝑒,𝑤 ′ ⊲⊳ 𝑎𝑙𝑡 . 3 Hence, for a model (𝑒,𝑤, 𝑧, 𝑎𝑙𝑡), 𝑎𝑙𝑡 can be

implicitly assumed, and it can be written as (𝑒,𝑤, 𝑧) instead.
Now, given a world𝑤 ∈ W, an epistemic state 𝑒 , and a formula

𝜙 , we define 𝑒,𝑤 |= 𝜙 as 𝑒,𝑤, ⟨⟩ |= 𝜙 , where for any 𝑧 ∈ Act∗

(assuming 𝑎𝑝 is an atom in 𝐴𝐹 , 𝜙,𝜓 are formulas, 𝑡, 𝑡𝑖 ∈ Q[0,1] for
1 ≤ 𝑖 ≤ 𝑘 , and 𝑎 is an action in Act):

• 𝑒,𝑤, 𝑧 |= 𝑎𝑝 iff𝑤 [𝑎𝑝, 𝑧] = 1;

• 𝑒,𝑤, 𝑧 |= 𝜙 ∧𝜓 iff 𝑒,𝑤, 𝑧 |= 𝜙 and 𝑒,𝑤, 𝑧 |=𝜓 ;

• 𝑒,𝑤, 𝑧 |= ¬𝜙 iff 𝑒,𝑤, 𝑧 ⊭ 𝜙 ;
• 𝑒,𝑤, 𝑧 |= [𝑎]𝜙 iff 𝑒,𝑤, 𝑧 · 𝑎 |= 𝜙 ;

• 𝑒,𝑤, 𝑧 |= □𝜙 iff 𝑒,𝑤, 𝑧 · 𝑧′ |= 𝜙 for all 𝑧′ ∈ Act∗;
• 𝑒,𝑤, 𝑧 |=𝐵(𝜙 : 𝑡) iff ∀𝑑 ∈ D,

𝑑 ∈ 𝑒 ⇒ ∑
(𝑤′,𝑧′ ) ∈ ∥𝜙 ∥𝑑,alt𝑤,𝑧

𝑑 (𝑤 ′) · 𝑙∗
𝑤′ (𝑧′) = 𝑡 .

• 𝑒,𝑤, 𝑧 |=𝑂(𝜙1 : 𝑡1, . . . , 𝜙𝑘 : 𝑡𝑘 ) iff ∀𝑑 ∈ D,

𝑑 ∈ 𝑒 ⇔ ∑
(𝑤′,𝑧′ ) ∈ ∥𝜙𝑖 ∥𝑑,alt𝑤,𝑧

𝑑 (𝑤 ′) · 𝑙∗
𝑤′ (𝑧′) = 𝑡𝑖 for 1 ≤ 𝑖 ≤ 𝑘 .

3
It is observed in [39] that a fixing 𝑎𝑙𝑡 relation across all worlds is the key to ensuring

that the modality of 𝐵 enjoys positive introspection dynamically, namely, if we take

𝐾 (𝜙 ) to be𝐵 (𝜙 : 1) , then □𝐵 (𝜙 : 𝑟 ) ⊃ 𝐾 (𝐵 (𝜙 : 𝑟 ) ) is valid for any𝜙 . Allowing
𝑎𝑙𝑡 to be incomparable with 𝑤 means worlds might interpret predicate 𝑎𝑙𝑡 ( ·, · ) in a

different way, hence, losing this property.
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where ∥𝜙 ∥𝑑,alt𝑤,𝑧 = {(𝑤 ′, 𝑧′) | {𝑑},𝑤 ′, 𝑧′ |= 𝜙,𝑤 ′ ⊲⊳ alt, ⟨𝑧, 𝑧′⟩ ∈ alt∗}
is the alternative world and action pairs that might result in 𝜙 under

𝑑 and alt∗.
Truth of formulas is similar to truth in OBL, except for the

modalities. Truth of [𝑎] and □ simply push the action and action

sequences into the model, while truth of𝐵 needs to consider the

action sequence in the model now. Intuitively, 𝑒,𝑤, 𝑧 |= 𝐵(𝜙 : 𝑡)
if and only if after the action sequence 𝑧, the probability of 𝜙 is

𝑡 in all distributions 𝑑 ∈ 𝑒 , for which one needs to consider all

the alternative pairs (𝑤 ′, 𝑧′) of worlds and action sequence of that

might result in𝜙 , i.e., (𝑤 ′, 𝑧′) ∈ ∥𝜙𝑖 ∥𝑑,alt𝑤,𝑧 . This extends to𝑂. Logical

entailment, satisfiability, and validity are given similarly as in OBL.

5.2 Projection by AMC in DS
In what follows, we propose an AMC-based regression operator to

solve the projection problem in DS.

Projection. An important task in reasoning about actions is pro-
jection, which is to decide if a query is entailed by a knowledge base

after a given action sequence. This task is fundamentally important

for AI applications such as planning and decision-making. In order

to do projection, DS uses a variant of the basic action theories [44]
to specify the dynamics of a domain. Intuitively, they specify the

universal rules obeyed by the world, which include:

• Successor state axioms Σ𝑠𝑠𝑎 , one for each fluent proposition

𝑝 ∈ Ap and action 𝑎 ∈ Act of the form
4 □[𝑎]𝑝 ≡ 𝛾𝑎,𝑝 ,

where 𝛾𝑎,𝑝 is a fluent formula without modalities. That is, it

is always the case that after an action 𝑎, 𝑝 holds, if and only

if before the action, 𝛾𝑎,𝑝 holds;

• action alternatives axioms Σ𝑎𝑙𝑡 , one for each 𝑎, 𝑎′ ∈ Act, of
the form □alt (𝑎, 𝑎′) ≡ 𝜂𝑎,𝑎′ , where 𝜂𝑎,𝑎′ is either True or

False, s.t. that alt forms an equivalence relation in Act;
• likelihood axioms Σ𝑙 , one for each action 𝑎 ∈ Act, of the
form □𝑙 (𝑎, 𝑡), where 𝑡 is a rational number, subject to that∑

𝑎 𝑗 ∈Act𝑖 𝑡 𝑗 = 1 for all 𝑖 and equivalent class Act𝑗 induced by

Σ𝑎𝑙𝑡 where Σ𝑙 |= 𝑙 (𝑎 𝑗 , 𝑡 𝑗 ).
We lump these axioms as Σ, i.e., Σ = Σ𝑠𝑠𝑎 ∪ Σ𝑎𝑙𝑡 ∪ Σ𝑙 . Clearly, one
can easily syntactically identify the set of alternatives of a given

sequence 𝑧 = 𝑎1 · · ·𝑎𝑘 , i.e., alt∗ (𝑧) and the likelihood of 𝑧, i.e., 𝑙∗ (𝑧):
alt∗ (𝑧) = {𝑎′

1
· · ·𝑎′

𝑘
∈ Act∗ | □alt (𝑎1, 𝑎′1) ≡ True appears in Σalt ,

. . . , and □alt (𝑎𝑘 , 𝑎′𝑘 ) ≡ True appears in Σalt}, 𝑙∗ (𝑧) =
∏

𝑖 𝑡𝑖 where

□𝑙 (𝑎1, 𝑡1) appears in Σ𝑙 , . . . , and □𝑙 (𝑎𝑘 , 𝑡𝑘 ) appears in Σ𝑙 .

Example 5.1. The following is a basic action theories for a dy-

namic pick-holding domain. The two fluents {holdingA, holdingB}
describe that objects 𝐴, 𝐵 are holding respectively. They can be

affected by actions {pickupA, pickupB}.
□[pickupA]holdingA ≡ ¬holdingB ∨ holdingA (2)

□[pickupB]holdingA ≡ False (3)

□[pickupA]holdingB ≡ holdingB (4)

□[pickupB]holdingB ≡ True (5)

□alt (pickupA, pickupA), □alt (pickupB, pickupB) (6)

□alt (pickupA, pickupB), □alt (pickupB, pickupA) (7)

4
The □ modality has lower syntactic precedence than the connectives, and [ · ] has the
highest priority. Hence, the formula should be read as □

(
( [𝑎]𝑝 ) ≡ 𝛾𝑎,𝑝

)
.

□𝑙 (pickupA, 0.5), □𝑙 (pickupB, 0.5) (8)

In English, after picking up𝐴,𝐴 is held if and only if 𝐵 was not held

or 𝐴 was already held before the action (Eq. (2)); picking up 𝐵 will

cause 𝐴 no longer being held (Eq. (3)); picking up 𝐴 has no effects

on holdingB (Eq. (4)); picking up 𝐵 will cause 𝐵 being held (Eq. (5));

The actions Act𝑝𝑖𝑐𝑘𝑢𝑝 = {pickupA, pickupB} are mutual alternatives

and observationally indistinguishable to the agent (Eq. (6) (7)); both

actions might happen with likelihood 0.5 (Eq. (8)).

We are interested in the epistemic version of projection reason-

ing, i.e., dynamic epistemic reasoning, which is formulated as:

Definition 5.2 (Projection Reasoning). Given a probabilistic knowl-
edge base PKB :=𝑂(𝑝1 : 𝑡1, . . . , 𝑝𝑘 : 𝑡𝑘 ,−, Σ : 1) and a fluent formula

𝜙 , the projection reasoning task is to decide if PKB |= 𝜙 where “−”
denotes the concatenation of expressions such as “𝑝𝑖 ∧ 𝑝 𝑗 : 𝑡𝑖 × 𝑡 𝑗 ”,

indicating that propositions 𝑝1, . . . , 𝑝𝑘 are mutually independent.

Note that query 𝜙 might contain nested modal 𝐵 and modal [·].

Projection by AMC-based Regression. A classical mechanism to

solve the projection task is regression [34, 44], which recursively

replaces sub-formulas of the form [𝑎]𝑝 in the query by the right-

hand side of the appropriate successor state axioms of fluent 𝑝 and

action 𝑎 to eliminate action modalities [𝑎]. Yet, this does not apply
to queries with 𝐵. Here, we propose a variant of regression by

using the algebraic model counting techniques to handle queries

with 𝐵 even nested 𝐵.

Definition 5.3 (Regression). Given a probabilistic knowledge base

PKB :=𝑂(𝑝1 : 𝑡1, . . . , 𝑝𝑘 : 𝑡𝑘 ,−, Σ : 1), a fluent formula 𝜙 , we define

ℜPKB [𝜙] as ℜPKB [⟨⟩, 𝜙] with ℜPKB [𝑧, 𝜙] for any action sequence

𝑧 ∈ Act∗ defined as:

• ℜPKB [𝑧, 𝜙] := 𝜙 if 𝜙 is True or False;

• ℜPKB [𝑧,¬𝜙] := ¬ℜPKB [𝑧, 𝜙];
• ℜPKB [𝑧, 𝜙 ∧𝜓 ] := ℜPKB [𝑧, 𝜙] ∧ℜPKB [𝑧,𝜓 ];
• ℜPKB [𝑧, [𝑎]𝜙] := ℜPKB [𝑧 · 𝑎, 𝜙] for 𝑎 ∈ Act;
• ℜPKB [𝑧, 𝑝] is defined inductively for fluent proposition 𝑝:

(1) ℜPKB [⟨⟩, 𝑝] := 𝑝;

(2) ℜPKB [𝑧 · 𝑎, 𝑝] := ℜPKB [𝑧,𝛾𝑎,𝑝 ], where 𝛾𝑎,𝑝 the RHS of Σ𝑠𝑠𝑎
of fluent proposition 𝑝 and action 𝑎.

• for ℜPKB [𝑧,𝐵(𝜙 : 𝑡)], we have: ℜPKB [·] :={
True 𝑡 =

∑
𝑧′∈alt∗ (𝑧 ) APKB (ℜPKB [𝑧′, 𝜙]) × 𝑙∗ (𝑧′)

False otherwise .

where APKB (𝜙) is defined as in Def. 4.2.

With these definitions, we have a main result:

Theorem 5.4. Given a PKB := 𝑂(𝑝1 : 𝑡1, . . . , 𝑝𝑘 : 𝑡𝑘 ,−, Σ : 1), a
fluent query 𝜙 , PKB |= 𝜙 iff |= ℜPKB [𝜙] .

The proof is based on Theorem 2.3 and is by induction on the

structure of 𝜙 . The theorem suggests that the probabilistic pro-

jection of a certain knowledge base can be solved by combining

regression and AMC.

Example 5.5. Let Σ be as in Example 5.1, PKB be a probabilistic

knowledge base as PKB := 𝑂(holdingA :
1

2
; holdingB : 1

2
,−, Σ : 1) .

Then we have PKB entails

[pickupA]𝐵(holdingA ∧ [pickupA]𝐵(¬holdingB : 0.125) : 0.375) .
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holdingA holdingB 𝑡0 𝑡pickupA 𝑡pickupA·pickupA
𝜃1 0 0 0.25 0 0

𝜃2 0 1 0.25 0.625 0.8125

𝜃3 1 0 0.25 0.25 0.125

𝜃4 1 1 0.25 0.125 0.0625

Table 1: Joint probability distributions in Example 5.5 over
actions

The joint distribution of propositions holdingA and holdingB is

listed in Table 1, where 𝜃1, ...𝜃 are the truth assignments of the

propositions. Column 𝑡0 lists the initial joint distribution of PKB,

Column 𝑡pickupA and Column 𝑡pickupA·pickupA list the distributions

obtained after executing stochastic action pickupA and the action

sequence pickupA · pickupA respectively. The result holds because

(in the following, we use ℎ𝐴 for holdingA and ℎ𝐵 for holdingB)

ℜPKB [[pickupA]𝐵(ℎ𝐴 ∧ [pickupA]𝐵(¬ℎ𝐵 : 0.125) : 0.375)]
=ℜPKB [pickupA,𝐵(ℎ𝐴 ∧ [pickupA]𝐵(¬ℎ𝐵 : 0.125) : 0.375)]

which equals (by definition of ℜPKB) True if 0.375 =∑︁
𝑎∈Act𝑝𝑖𝑐𝑘𝑢𝑝

APKB (ℜPKB [𝑎, ℎ𝐴∧[pickupA]𝐵(¬ℎ𝐵 : 0.125)]) ·0.5 (9)

and False otherwise. Now, we show Eq. (9) indeed holds.

ℜPKB [pickupA, ℎ𝐴 ∧ [pickupA]𝐵(¬ℎ𝐵 : 0.125)]
=ℜPKB [pickupA, ℎ𝐴]
=¬ℎ𝐵 ∨ ℎ𝐴

The first “=” is due to ℜPKB [pickupA, [pickupA]𝐵(¬ℎ𝐵 : 0.125)] =
True. Likewise,

ℜPKB [pickupB, ℎ𝐴 ∧ [pickupA]𝐵(¬ℎ𝐵 : 0.125)]
=ℜPKB [pickupB, ℎ𝐴] = False

Hence,∑︁
𝑎∈Act𝑝𝑖𝑐𝑘𝑢𝑝

APKB (ℜPKB [𝑎, ℎ𝐴 ∧ [pickupA]𝐵(¬ℎ𝐵 : 0.125)]) · 0.5

= APKB (¬ℎ𝐵 ∨ ℎ𝐴) · 0.5 = (0.25 + 0.25 + 0.25) · 0.5 = 0.375

Thus, PKB |= [pickupA]𝐵(ℎ𝐴 ∧ [pickupA]𝐵(¬ℎ𝐵 : 0.125) : 0.375).

Theorem 5.4 has implications on the complexity of the projection

task in Def. 5.2. There are many factors involved, including: (1) the

size of query 𝜙 ; (2) the size of Σ𝑠𝑠𝑎 , ℜPKB is no longer a constant

number of reductions, ℜPKB [𝑧, ·[𝑎]𝑝] in fact will expand and result

in a lager formulaℜPKB [𝑧,𝛾𝑎,𝑝 ]; (3) the size of Actwhich bounds the
size of equivalent class of actions induced by Σalt and it determines

the number of AMC calls when handling 𝐵. Hence, we assume

these factors are relatively small constants, then we have:

Corollary 5.6. For queries 𝜙 , successor state axioms Σ𝑠𝑠𝑎 , and set
of action Act with constant size, the time complexity of the epistemic
reasoning task in Definition 5.2 is in 𝑃#𝑃 [O (1) ] .

We remark that our approach can be easily lifted to PKB with

arbitrary distributions as before. Besides, the proposed regression

operator is essentially an adaptation of the regression operator in

[39], where the regression of 𝐵 reduces to logical formulas with

infinite “

∑
” as logical terms. Although the regression operator in

[39] is more general in the sense that it can handle domains with

sensing or stochastic actions whose likelihood depends on fluents,

yet, evaluation of these formulas is, in general, undecidable, and

in practice, one might need to resort to Monte Carlo Sampling

[9]. In contrast, our proposed regression operator is a terminating

symbolic procedure that relies on AMC and knowledge compilation.

6 DISCUSSION AND CONCLUSION
To the best of our knowledge, this paper is the first to connect

algebraic model counting (AMC) with epistemic modal logic. We

briefly review relevant work in epistemic reasoning and AMC.

In epistemic logic, the foundational work by Fagin et al. [22]

systematically studies knowledge and its computational properties.

The notion of only-knowing was introduced by Levesque [35], and

further explored in relation to total knowledge [42] and minimal

knowledge [28]. This concept has since been extended to handle

actions [33], multi-agent systems [6, 23, 27], and probabilistic set-

tings [7, 25, 37]. The complexity of epistemic reasoning and only-

knowing has been studied in [22, 45], while Levesque [36] proved

a representation theorem that inspires our Theorem 3.4. Our sym-

bolic AMC-based operator “| · |AΣ ” extends the semantic operator

“| · |Σ” in that work: “∥ · ∥Σ” resolves to semantic entailment while our

“∥ · ∥AΣ ” is a symbolic procedure that relies on AMCs. Additionally,

Lakemeyer [32] showed that epistemic reasoning after actions can

be reduced to first-order entailment, a result extended to proba-

bilistic and multi-agent cases [39]. Our work differs by offering a

syntactic, decidable alternative based on AMC.

On the AMC side, weighted model counting (WMC) has proven

effective across formalisms such as Bayesian networks [14], fac-

tor graphs [15], probabilistic programming [24], and probabilistic

databases [47]. WMC extends model counting (#SAT) [1] by asso-

ciating weights to models, and is supported by SAT solvers and

knowledge compilation techniques [17, 19, 46]. Approximate infer-

ence methods use local search [50] or sampling [12]. Extensions to

relational domains, such as weighted first-order model counting

[18], allow more compact representations.

Algebraic model counting generalizes WMC by using arbitrary

semirings (e.g., max,min,∧,∨) instead of numeric summation, en-

abling a wider range of reasoning tasks [30]. Belle and De Raedt

[5] further extend this to semiring programming over continuous

domains. Our work builds on these ideas to explore how AMC can

support epistemic reasoning in a sound, symbolic manner.

To sum up, we show that algebraic model counting (AMC) can

be applied to certain forms of epistemic reasoning within the modal

logic of only-knowing.We further extended this idea to probabilistic

epistemic reasoning in both static and dynamic contexts.

For future work, we plan to implement the proposed procedure

for epistemic reasoning and systematically compare it to variants

of existing modal logic theorem provers. Besides, extending the

approach to a multi-agent setting is also an interesting direction.
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